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A contingency table approach based on nearest
neighbour relations for testing self and mixed
correspondence

Elvan Ceyhan

Abstract

Nearest neighbour methods are employed for drawing inferences about spatial patterns of points
from two or more classes. We introduce a new pattern called correspondence which is motivated
by (spatial) niche/habitat specificity and segregation, and define an associated contingency table
called a correspondence contingency table, and examine the relation of correspondence with
the motivating patterns (namely, segregation and niche specificity). We propose tests based on
the correspondence contingency table for testing self and mixed correspondence and determine
the appropriate null hypotheses and the underlying conditions appropriate for these tests. We
compare finite sample performance of the tests in terms of empirical size and power by extensive
Monte Carlo simulations and illustrate the methods on two artificial data sets and one real-life
ecological data set.
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1. Introduction

The spatial point patterns in natural populationsEhandR?) have received consid-
erable attention in statistical literature. Among the freqtly studied spatial patterns
between multiple classes/species are segregation andiag&so (Dixon, 2002a), and
niche specificity pattern (Primack, 1998). Pielou (196 Qpmsed various tests based
on nearest neighbour (NN) relations in a two-class settingjely, tests of segregation,
symmetry, and niche specificity, and also a coefficient ofesgagfion. Inspired by niche
specificity and segregation, we introduce new multi-classepns calledelf andmixed
correspondencim the NN structure. We use the NN relationships for testivese pat-
terns. In this article, we only use the first NN (i.e., 1-NN)aofy point so NN always
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2 A nearest neighbour approach for testing correspondence

refers to the 1-NN. Furthermore, the terms “class” and “g@®@re used interchange-
ably and refer to any characteristic of the subjects sucheasley, age group, health
condition, etc.

We also propose tests for the spatial patternsetff and mixed correspondende
the NN structure. These tests are based on a contingeneydaltdd ecorrespondence
contingency tabléCCT) which is constructed using the NN relations in the daia
base-NN pair(or simply theNN pair) is the pair of pointg ps, p2) in which p, is a
NN of p1, andp; is called thebase pointand p, is called theNN point The NN pair
(p1, p2) is called aself pair, if both p; andp, are from the same class, while it is called
a mixed pait if p; and p, are from different classesSelf correspondenda the NN
structure occurs when there is a tendency for points fromassdo be NNs to points
from the same class. That is, self correspondence occuns $éHENN pairs are more
abundant than expected. On the other hamited correspondenacurs when there
is a tendency for points and their NNs to be from differenssés, i.e., mixed NN pairs
are more abundant than expected.

There are many methods available for testing various typespatial patterns in
literature. These spatial tests include Pielou’s testgifeggation (Pielou, 1961), Ripley’s
K-function (Ripley, 2004), od-function (van Lieshout and Baddeley, 1999), and so
on. Some of these methods are based on nearest neighbourdldtiins between the
points in the data set (Dixon, 2002b). For example, Clark Budns (1954) use the
mean distance of points to their NNs in a spatial data set @sme the deviations of
plant species from spatial randomness and compare thetidegifor multiple species.
However, in this article, we base our analysis on the classidaof NN pairs as was
done in Pielou (1961) and Dixon (1994). An extensive suraaytlie tests of spatial
point patterns is provided by Kulldorff (2006) who categed and compared more
than 100 such tests. These tests are for testing spati&iGhgsin a one-class setting or
testing segregation of points in a multi-class setting. bk hypothesis is some type
of spatial randomness and is usually fully specified, butaternatives are often not
so definite, in the sense that for most tests the alternagirepresented as deviations
from the null case are of interest as in pure significance tfs€ox and Hinkley (1974);
only a few tests specify an explicit alternative clustersepeme. Most of the tests for
multiple classes deal with presence or lack of spatial &ctwn usually in the form of
spatial segregation or association between the classegeudo none of the numerous
tests surveyed by Kulldorff (2006) are designed for testingrespondence; and the
pattern of correspondence and the associated tests avduioéd in this article. The
tests for assessing the self and mixed correspondence MNhstructure are based on
the CCT which can also be constructed by collapsing the seaegghbour contingency
table (NNCT). See Ceyhan (2010, 2008a) for an extensiventieya of NNCT and tests
based on it.

We provide the description of correspondence and relattdrpa, the list of nota-
tions and two motivating (artificial) examples in Section®2list of abbreviations used
in the article is provided in Table 1. We propose the pattécoaespondence together
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with the associated tests and the contingency table (i@€T,)@nd the benchmark and
the null patterns for correspondence in Section 3 whereshmptotic distributions of

the cell counts in the CCT and of the tests based on them ardafived. We prove con-
sistency of the tests in Section 3.3, and provide an exteresiwirical size and power
analysis by Monte Carlo simulations in Section 4. We alssstiate the methodology
on one ecological data set in Section 5 and provide somesfismuand guidelines in
Section 6.

Table 1: A list of abbreviations used in the article.

CSR: Complete Spatial Randomness

NN: Nearest Neighbour

NNCT: Nearest Neighbour Contingency Table
RL: Random Labelling

CCT: Correspondence Contingency Table

2. Preliminaries

2.1. Spatial Correspondence and Related Patterns

We first introduce the motivating patterns of niche spedtifiand segregation and then
discuss their connection with correspondence.

Niche/habitat specificitis the collection of biotic and abiotic conditions favougin
the development, hence existence and abundance of a spe@espatial scale (Ranker
and Haufler, 2008). Thatis, niche specificity is the depeodefian organism on an en-
vironment (i.e., niche or habitat). In literature, nichesitat specificity is also discussed
within the context of species diversity under the titlehatbitat associatiorof two or
more species (Primack, 1998). Niche specificity is a broattept and is determined
by partitioning of the niche space. Furthermore, niche sjpas non-spatial coordinates
amenable for niche partitioning; e.g., Fargione and Tiln(2005) uses different phe-
nologies resulting in temporal partitioning of the nichesp and Werner and Gilliam
(1984) incorporate ontogenetic changes (i.e., changes iaslizidual develops in size)
to partition the niche space. However, in this article, weeraainly concerned with the
spatial aspect of multi-class interaction patterns.

In a multi-species settingegregatiorof a species is the pattern in which members
of a species occur near members of the same species (Dix@4). I@onverselyasso-
ciation of a species to another is the pattern in which members ofahmédr species
tend to occur near the members of the latter. That is, undgegation, the members of
a class or species enjoy the company of the conspecificseliema one class clumps
or clusters, while under association they tend to coexitst members of other class(es)
and form mixed clumps or clusters (see, e.g., Ceyhan, 2@h8adre detail).
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Niche specificity can be viewed as a factor that accountsdgregjation which can
account for self correspondence. In a multi-species ggtiireach species were con-
fined to its own support/niche, we would expect one-spediesgs (which would tend
to exclude other species). So if (spatial) niche specifisity effect for all species in
the study region, self correspondence would occur (i.¢f. N8¢ pairs would be more
abundant than mixed pairs). On the other hand, if niche Spigiis in effect for one
species, then that species would exhibit segregation flenrdst of the species. Self
correspondence is much closer to the concept of segregatiopared to niche speci-
ficity, as self correspondence and segregation are botld loase spatial proximity of
the conspecifics. Self correspondence in the NN structutaipe to the NN pair types
as self or mixed for each class among all base-NN pairs arglttha supra-species
characteristic. However segregation is a pattern at theiepéevel, in the sense that
one can only talk of segregation of a species from anothethars. That is, in a multi-
class or multi-species setting, self correspondencesedehe NN preference of species
for all species combined and so it is intended to measurehe&hspecies prefer their
conspecifics in a cumulative fashion, i.e., for all spec@éeh into account together.
Thus, segregation is defined at species level, while sefespondence is defined at
multi-species level; and the two patterns are related btgrdint in the sense that, e.g.,
all species together might exhibit self correspondenchawit significant segregation
for any of the species. But segregation of all or most spewitésuisually substanti-
ate the presence of self correspondence, hence segregatidre viewed as a factor
that accounts for self correspondence. Lack of segregatight indicate mixed corre-
spondence, which may or may not imply association, sincageociation one needs to
consider each pair of species separately and test thedtitardetween the two species
in the pair. Lack of segregation is guaranteed to imply presef association in the
two-class setting only.

2.2. Notation

For convenience to the reader, following the example of Mtd Saporta (2009), we
provide the notation and terminology used in the articlewel

X andY class labels (interchangeably 1 and 2, respectively);

Znhand?%;,, adata set of sizafrom classX and a data set of siza from classy;

Wh represents the combined data set for the CSR setting, athatkground
points for the RL setting;

Dn the set of ordered pair8M,L;), whereW stands for the location of the
point andL; stands for the corresponding class label,

S the number of self base-NN pairs for class

M; the number of mixed base-NN pairs with base point being frtasst;

SandM sum of the first column (for self pairs) i.&s= Zik:ls and sum of the

second column (for mixed pairs) i.Bl = E!‘:l M; in the CCT;
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the observed frequency of categdryj) in the NNCT, i.e., the num-
ber of (base,NN) pairs in which base classasmd NN class ig;

sum of columnj in the NNCT;

twice the number of reflexive pairs and the number of pointé wi
shared NNs, which occurs when two or more points share a NN;
the number of points that serve as a NN to other pdititaes;

the test statistics for celii,1) in the CCT and for sum of the self
column,S;

the cell-specific tests for cell,i) in the NNCT analysis;

the vector of combine& values (i.e., the self column in the CCT),
e, (S,S,...,%);

the variance-covariance matrix 8f

the (quadratic form) test statistic for the correspondence

the overall segregation test due to Dixon;

the vector of entries of NNCT concatenated row-wise andat&d-
ance matrix;

the generalized inverse of a matAx

the 10@!" percentile ofy? distribution with» degrees of freedom:;
the number of Monte Carlo samples generated for the empgiioa
and power comparison of the tests;

the empirical size estimate of a test statisTicat levela = 0.05;

the proportion of agreement in rejecting the null hypotbésitween
test statisticS; andT;

the uniform distribution on regioA;

Matérn cluster process with Poisson parameteasd . and radius
r

the empirical power estimate of a test statisticat levela = 0.05;
the p-value based on the asymptotic approximation (i.e., asgtiapt
critical value);

the p-value based on Monte Carlo randomization of the labels en th
given locations;

the p-value based on 10000 Monte Carlo replication of the CSR in-
dependence pattern in the study region

2.3. Motivating Examples

To motivate the patterns of self/mixed correspondence amdthey can be different
from segregation/association, we use two artificial dats, ssach of which has three
classes (representing tree species) ¥ay, andZ in a square study region. We could
also choose examples with two classes, but with two clasdg®oe of the newly intro-
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Example Data 1 Example Data 2
e e T %
— - X - . -
3y + M R x P F TRy
© #* « o |+ *. 7 « T x
s 1. X o+ + o x4 T
@ < + C X Do X ) Xt - X
£ © x + 2 © +X X X
© 2 + + © 2 - ++ =t +
c =] + c <} T X .
kel XX Tkt kel Xt X +
s < et «n x X+ s < | + . T
8 o X x + 8 o x X + o+ % +++ +
>« x T Cx+ T > o « % T X
= o +, + o 7 = x + “
o | - tx o | e o X+ T
S T T T T T S T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x coordinate x coordinate

Figurel: The scatterplots of the locations of three classes (reptasgthree tree species) in our artificial
data set 1 (left) and artificial data set 2 (right). There a@ @oints in each class/species.

duced tests provide new information compared to the egjstagregation tests and there
are more possibilities of different types of pairwise iatgtions between classes with
three or more classes. Hence it would be more informativégouds the differences
between the tests and patterns of self/mixed correspopderttsegregation/association
with three or more classes. We generate 40 points for eash alad the locations of
the points are plotted in Figure 1. The scatter plot for aitifidata set 1 on the left is
suggestive of mild self correspondence and segregatidnmwiiber of self NN pairs
being 54 and number of mixed NN pairs being 66. The scattéf@l@rtificial data set

2 on the right is suggestive of mild mixed correspondencesdadk of segregation with
number of self NN pairs being 34 and number of mixed NN paiiadp86. However,
these claims are not assessed rigorously yet to attach gm§icance (or lack of it) to
them. We will illustrate the correspondence and segregatitterns and the associated
tests using these examples in the following sections.

3. Correspondence in the NN Structure and the Associated
Contingency Table

3.1. Benchmark and Null Patterns for Multivariate Spatial Interaction

In this article, we are concerned with the (spatial) intéoscbetween two or more
classes of points, particularly with correspondence. Faltivariate spatial data analy-
sis, the benchmark pattern is usually complete spatialnaumeéss (CSR) independence
or random labelling (RL) (Diggle, 2003) depending on thetegh The distinction
between CSR independence and RL could be very importantictipe. Under CSR
independence the (locations of the) points from two classesa priori the result of
different processes (for instance, individuals of difféarepecies or age cohorts). On
the other hand, under RL, some processes affect the indildai a single population
a posteriori(for instance, diseased versus non-diseased individdassingle plant
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species) (Goreaud and Pélissier, 2003). Under CSR indeper, the points from each
class are independently uniformly distributed in the ragid interest conditioned on
the class sizes. That is, the points from each class are endent realizations from
a Homogeneous Poisson Process (HPP) with fixed class siegdlifey are indepen-
dent realizations from a binomial process). On the othedhander RL, class labels
are independently and randomly assigned to a set of givertitos which could be a
realization from any pattern such as HPP or some clustersghotar pattern.

For simplicity, we describe the benchmark patterns forwe tlass case. Extension
to multi-class case is straightforward. In a two-classirsgtiwe label the classes &s
andY (or interchangeably 1 and 2, respectively). L&t be a data set of siz® from
classX and#y,, be a data set of siz® from classy. Then under CSR independence, we
haveZn, = {X1,Xo,..., Xn, } @and%;,, = {Y1,Y>,...,Yn, } which are independent and are
both random samples fror (S), the uniform distribution on the common supp8rt
RY for classesX andY whereRY is thed-dimensional Euclidean space. Unless stated
otherwise, for simplicity and practical purposes, we tdke 2 (i.e., consider planar
data) throughout the article. We combit#,, and %, into one data se¥, = 2Z,, U
P, = {W, Wb, ... W, } wheren = n; +n,. In fact, we consider labeled data points as
Zn={(W,L;) fori=1,2,...,n} whereL; € {0,1} or {X,Y} are the class labels. Notice
that under CSR independence, the randomness is in thedpsaif the points\{ and
the class label is a fixed deterministic characteristic efgibint. Under the RL pattern,
the class labels or marks are assigned randomly to pointsentboations are given. The
spatial pattern generating these point locations is redeto as thdoackground pattern
henceforth. Ther?;, is the given set of locations far points from the background
pattern. We have the pair of observatigWs, L;) wherel; € {1,2} or {X,Y} is the class
label of the pointM fori=1,2,...,n. Thenn, (resp.n,) of these\ points are assigned
as classX (resp. clas¥) randomly; i.e., the labelk; are 1 orX approximately with
probability ny /n (resp. 2 ofY with probability n,/n) independently foi = 1,2,...,n.
Under RL, the locations of the points are fixed but the randesans in the label,;,
associated with these points.

There are two major types of interaction pattern types amtien from these bench-
mark patterns in the multivariate spatial pattern analyEigese interaction patterns are
segregation and association. Segregation/associatre specificity and correspon-
dence are related but different concepts (see Sectionghd)hence the corresponding
null hypotheses are different. Niche specificity might agtdfor or explain the self
correspondence or segregation patterns. In particulaighife specificity occurs at sig-
nificant levels for each species, then there will be signifisagregation for each species
and significant self correspondence for all species conabiBat if niche specificity oc-
curs for some species (but for other species niche spegiiiciiot significant or these
other species exist in mixed groups/clumps or scatteragharthe study region haphaz-
ardly), segregation is operating for these species, whlfesrrespondence may or may
not be in effect (e.g., segregation of species may not begtemough to render self
pairs significantly larger than expected, or the associpéid might hinder the occur-
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rence of self correspondence). Hence self correspondewnicesgregation are different
patterns with substantial overlap, but one is not the sutifsbie other. We provide the
explicit forms of the corresponding null hypotheses in thiessequent sections.

3.2. Tests of Correspondence and Their Relation to Segregation

The null case for self or mixed correspondence is that thaesrfor self (or mixed) pair
types in the CCT are as expected under RL or CSR independence.

For a species to exhibit self (resp. mixed) correspondenteel NN structure, self
(resp. mixed) NN pairs would be more abundant than expeatddruRL. To detect
such type of pattern, we construct a contingency table wRér@airs are classified as
self or mixed for each class. L& be the number of self NN pairs for clagssandM;
be the number of mixed NN pairs with base point being fromsilaBor simplicity, we
assume there are no ties in the NN relations, which occutspribability one, if#;, is
a random sample from a continuous distribution. Then

S= zn: zn)(z,- is a NN of )1 (L = L),

j#,i=1i=1
and

n n
M=n—-S= > ) I(ZjisaNNofZ)I(L #L;).
j#i,j=1i=1
Then the resulting contingency table ika 2 contingency table fok classes with
first column (called self column) comprising §fand the second column (called mixed
column) comprising oM; values. See also Table 3 (left). Notice that row sums aresclas
sizes (i.e., sum of rowis n;), and sum of the self column &= Z!‘le and sum of the
mixed column isM = 3" | M.

Remark 3.1. TiesintheNN Structure. If there are ties in the NN structure, which can
happen, e.g., due to truncation of the coordinates of thergbons when recording,
we can adjust the above formulas ®randM; by inserting a weight term for ties. For
instance, we can writefs| (Zj is a NN ofZ;) to account for the ties whemg™ is the
number of NNs of poinIZi. Note thatN"™" = 1 with probability 1 whern#;, is a random
sample from a continuous distribution. O

Thek x 2 CCT is closely related to thiex k nearest neighbour contingency table
(NNCT) based on the same data. Here we provide a brief déiscripf NNCTs (for
more detall, see, e.g., Ceyhan, 2008a). NNCTs are construstng the NN frequencies
of classes. Let; be the number of points from clas@ssumed fixed) fare {1,2,...,k}
andn= Z:(:l n;. If we record the class of each point and its NN, the NN refetiops
fall into the followingk? categories:
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(1,1),(1,2),...,(1,k); (2,1), (2,2),...,(2,K); ..., (kK k)

where in category or cefl, j), class is called thébase classand clasg is called theNN
class DenotingN;; as the observed frequency of categgiryj) for i, j € {1,2,...,k},
we obtain the NNCT in Table 3 (right). Then,

n n
Nj= > Y I(ZyisaNNofz)l(Ly

iA=L

1

The number of self pairs for clagss same as the number of base-NN pairs with both
base and NN classes are from clagddenceS = N; andM; = n, — N;.

Table3: The CCT (left) and the NNCT (right) for k classes.

pair type
self mixed | total
classl| S My n
class2| S Mo ny
base : :
class classk | & My Nk
total S M n

NN class
class 1 classk | total
class1| N1 N1k ny
base - -
class classk N1 Nkk Nk
total Cy Ck n

Table4: The CCT (left) and the NNCT (right) for the three classes inatificial data set 1.

pair type NN class
self mixed | total class1 class2 class Btotal
class1| 18 22 40 class 1 18 13 9 40
bas bas
class class2| 18 22 40 class class 2 11 18 11 40
class3| 18 22 40 class 3 8 14 18 40
total 54 66 120 total 37 45 38 120

Table5: The CCT (left) and the NNCT (right) for the three classes inatificial data set 2.

pair type NN class
self mixed | total class1 class2 class Btotal
bas class1| 7 33 40 bas class 1 7 15 18 40
class class2| 19 21 40 class class 2 10 19 11 40
class3| 8 32 40 lass 3 18 14 8 40
total 34 86 120 total 35 48 37 120

We present the CCTs and NNCTs for the artificial data sets Ramdables 4 and 5,
respectively. For artificial data set 1, the CCT suggestsgrree of self correspondence
with self column entries being higher than expected. Edeitdy, the NNCT diagonal
entries are higher than expected suggesting presencerefisgign of the classes. For
artificial data set 2, based on the CCT, we observe that tleems to be mixed cor-
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respondence (with NN pairs in which base points are fromseled or 2). Likewise,
NNCT suggests that classes 1 and 3 are associated with deahand there is a lack
of segregation for these classes, and class 2 points seasrsagbegated from points of
other classes.

Under RL, we can determine the exact expected values, asamand asymptotic
distributions of the cell counts in the CCT. In particular,

E[S] =E[Ni] =m(ni—1)/(n—1) and BM] =E[n—Ni] =n(n—n;)/(n—1). (1)
Furthermore,
VarlS] = Var[Ni] = (n+R) pi + (2n — 2R+ Q) pii + (n* = 3n— Q+ R)piii — n°p (2)
and sincen; are fixed
Var[Mi] = Var(n; — Ni] = Var[Ni] = var(g].

In Equation (2),px. Pxxx and pxxxx are the probabilities that a randomly picked pair,
triplet, or quartet of points, respectively, are the inticbclasses and are given by

N (nifl) . ni(nifl) (ni72) ni(nifl) (nifZ) (ni73)

nn=1 P T mm-nn-2 P T nmen(n—2 -3 = O

pi =

andRis twice the number of reflexive pairs aflis the number of points with shared
NNs, which occurs when two or more points share a NN. TQea 2(Q, + 3Qz +
6Qs+ 10Qs5 + 15Qs) WhereQ, is the number of points that serve as a NN to other
points| times. Sincey; are fixed, the covariances of the cell counts can also bermatai
as

CoV[S, Sj] = Cov(Ni;,Njj) = (n* —3n—Q+R) piijj — N°pii pj;

and
COV[Mi,Mj] = Cov(ni - Nii,nj - ij) = COV(N“,N”‘)
wherepij; = % The covariance of cell counts in different columns is
CoVIN: . ni — N:i] = —Var[N: ifi=]j,
Covis, M;] = OV[N;i, i — Nii] ar(N;] =] @
CoV[Nj,nj — Njj] = —Cov[N;, Njj] if i # j.

See Dixon (1994, 2002a) for the derivation of the above wagaand covariance terms.
In a CCT, deviations o§ or M; from their expected values under RL or CSR inde-
pendence can be assessed. StheeN;, for cell (i,1) of the CCT, we have

s _S— E[S]  Ni —E[N;]
ST VVars]  /VarNg]

(®)
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fori=1,2,...,k Notice thatZs = Z; wherez; is the cell-specific tests for cefi, i) in
the NNCT analysis (see, Dixon, 1994 and Ceyhan, 2008a foe mhetails). Notice also
that the mixed column entries carry the same informatiohaself column entries, and
they will yield the test statistic with negative sign. That(M; — E[M;])/+/VarM;] =
—Zs for eachi, hence the test statistics with mixed column entries ardtechiFor large
n;, Zs approximately hasl(0,1) distribution (Dixon, 2002a).

The test statistics for the self cells of the CCT are as fatowor artificial data
set 1, we havels = Z1y = Zs, = Zp» = Zs, = Z33 = 1.4409 which is in agreement
with our observation in the CCT that all classes exhibit nsigdjregation. For artificial
data set 2251 =711 = —1.8033,252 =2Zor = 1.7388, andZS3 = 233 = —1.5081 which
is in agreement with our observation in the CCT that classasdlL3 exhibit lack of
segregation at a moderate level while class 2 exhibits raitdllof segregation.

One can combine th§ values (i.e., the self column in the CCT) into a veckoe
(S1,S, ..., &) = (N11,Nop, ... ,Nkk). So BS] is the vector of expected values of the en-
tries of S. The variance-covariance matrixgfdenoteds, is thek x k matrix with entry
(i,1) being VafS] = Var|N;] and entry(i, j) with i # j being CoyS, Sj] = CoVv|Ni, Nj;].
With the self column as the vect8r we have the quadratic form

Zc = (S—E[S)) 25 (S~ E[8)). (6)

whereZg1 is the inverse ofs. For largen;, 2¢ approximately has g2 distribution.
Observe that the test statisti#: is obtained similar to the overall segregation test as
described in Ceyhan (2008a). Briefly, the overall segregdést due to Dixon is

25 = (N~ E[N))"Z (N~ EIN) (7)

whereN is the vector of entries of NNCT concatenated row-wise Bgds the covari-
ance matrix oN andA~ is the generalized inverse of a matAXSearle, 2006).

For the artificial data set 1, we haw&: = 5.0761(p = 0.1664) and Zp = 7.1274
(p=0.3092. Notice that neither test is significant, although the cspomdence test
yields a lowerp-value. This suggests lack of significant deviations from élpected
cell counts in either contingency table. On the other haodtHe artificial data set 2,
we haveZc = 9.4670(p = 0.0237) and Zp = 9.7879(p = 0.1339. Notice that the
overall segregation test is not significant at the .05 lewhlich suggests that the cell
counts do not deviate significantly from their expected @allOn the other handc is
significant, which is suggesting significant deviation ia flist column of CCT (or the
diagonal of NNCT). However, to determine the direction ofrespondence, we assess
the cell counts in the CCT and conclude that there is an almoedaf self pairs for class
2, while there is a lower number of self pairs (or there is asmalance of mixed pairs)
for the other classes. Together with the column sums in th€ @€ observe that there
is evidence for mixed correspondence compared to selfsporelence.
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Alternatively, we could also concatenate self and mixediwwls of CCT to obtain
the vector§, = (Nlla Noo, ..., Nk, N1 —Ni11,n2 — Noo, ..., Nk — Nkk) with the test statistic
Zn = (Si —E[Su])'E;, (St — E[Su]), but this version is highly unstable due to severe
rank deficiency (see Ceyhan, 2014). Thus we employ the finst & the test statistic,
Z¢, which is they? test for the self column and omit;; in our further discussion.

WhenZ¢ is significant, it implies the presence of significant deeiabf some of the
cell countsS than expected undéf, in Equation (9) or small deviations of cell counts
in positive or negative direction might accumulate in thadpatic form in Equation (6)
and cause a significant result f@. Furthermore, if some significant deviation exists
for some cell(s), this deviation could be toward significa@gregation or lack of seg-
regation for a class, or significant association of thisclagh some other class(es). If
additionally, the deviations of cells are all toward pastdirection (i.e., segregation) or
deviations of some cells toward segregation are stronggimnaben the self pairs might
be more abundant indicating presence of self correspoed&wwith.Z¢ to infer self
or mixed correspondence, one needs to check the directtbmagnitude of deviation
for each class (after a significaitc), hence should look at the sign and magnitude
of the cell-specifiZ tests (i.e., the diagonal cell-specific tests) in Equat®n Thus
this process tests self or mixed correspondence by a twoagteroach which may be
somewhat a subjective assessment of magnitude of the idedafFor example, in our
artificial data set 2, the correspondence test statistigisficant, but by itself, does not
indicate it is self or mixed correspondence. To determirmetyipe of correspondence,
we either look at the CCT or the sign and magnitude of the feste cells in the self
column of the CCT. In particular, in this data set, we obséne¢ the correspondence is
of mixed type due to large negative values for lygandZs,.

As an alternative approach, we propose a test based on thefdhm self column,

S, in the CCT. That s,

_ S—E[§
Zc= NS (8)
Here
k k k n, (ni . 1)
EIS =B | N =2 BN =) T
and

Var[§ = Var

k k k
Z Nii] = ZV&I’[NH] + ZCOV[N“ s ij].
i=1 i=1 i#]
Observe that VA§ is the sum of entries ofs s, the covariance matrix db. As n;
values tend to infinityZc converges in law tdN(0O,1) distribution. Large (positive)
values ofZ: indicate that self pairs are more abundant than expectegriRidor CSR
independence, hence indicate presence of self correspoadehile smaller (negative)
values ofZ¢ indicate presence of mixed correspondence.
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For artificial data set 1Zc = 2.2529(p = 0.0123) which indicates that the self col-
umn sum is significantly larger than its expected value. &emch cell count deviates
in the same direction, this constitutes evidence for setiempondence in the NN struc-
ture. Notice that although segregation is mild (and notifiicant) for each class, their
cumulative effect makes the number of self NN pairs signifilyghigher than expected
yielding a significant self correspondence. As for artificiata set 27c = —0.8137
which implies the self column sum in the CCT is not signifidpdifferent from its ex-
pected value. However, this is not a contradiction with cudifig of significantZc, as
the deviations in the first column are in opposite directjtrence cancel each other out
in the summation.

Although the test statisticsZ¢, Zji, andZ: are all related to correspondence and
segregation, they test different null hypotheses. Thehygdbthesis for correspondence
is

H, : self (or mixed) NN pairs are as expected under RL and CSRperagence. (9)

Hence, by construction, the cell-specific tEgtests the hypothesis

ni(ni—1
Ho: E[Zi] = % (10)
and Z¢ tests the hypothesis
HO:E[Zn]Z%forallizl,z,...,k (11)
andZc tests the hypothesis
K ni(n —1)
Ho:E[g =) ﬁ (12)

The right (resp. left) sided alternative fét, in Equation (12) will imply self (resp.
mixed) correspondence, and the right sided alternatividdam Equation (10) will imply
segregation of speciéfrom others. On the other hand, the left sided alternativédfo
in Equation (10) will imply lack of segregation of speciegfsom others (in a two-class
setting, this is equivalent to association of the specidis tlie other, but in a multi-class
setting, this may or may not imply association).

Fork = 2 classesZ¢ is equivalent to the overall test of segregation of Dixor9dQ
2b, since the CCT and NNCT convey the same information and lesits fare effec-
tively based oriN;; andNa, only. In particular,N;; andN,, constitute the first column
of the CCT and the diagonal entries of the NNCT a&hd andN,; constitute the sec-
ond column of the CCT and the off-diagonal entries of the NNBIt for k > 2, the
information conveyed by the NNCT and CCT are different ard%fz depends only on
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S = N; values in CCT, while the overall segregation test dependalldy; values in
NNCT.

Remark 3.2. Relation of Null Hypotheses with CSR Independence and RL. The
above null hypotheses in Equation (10)-(12) in terms of ttmeeted values can result
from a more general setting. In particular, these null céséswv provided that there
is randomness in the NN structure in such a way that the piiigabf a NN of a
point being from a class is proportional to the relative frexacy of that class. This
assumption holds, e.g., under CSR independence or RL ofdimsgrom each class.
Both CSR independence and RL patterns imply that there iomespondence in the
NN structure. In fact, it is conceivable that other indepamzk patterns (in which all
classes are independently generated from the same proadissibution) can yield the
same null hypothesis, but we restrict our attention to RL@GB® independence as they
are considered to be the benchmark patterns in spatial datgsis. O

Remark 3.3. Statusof Q and Runder RL and CSR independence. Note the status of
the quantitie®) andRunder CSR independence and RL models. Under@RandR are
fixed, while, under CSR independence, they are random. Hhbecests in Equations
(5)-(8) are conditional on the observed value®a@ndRunder CSR independence while
no such conditioning is required under RL. The variance avdigance terms in Section
3.2 and all the corresponding tests also depen@ andR. Hence these expressions are
appropriate for the RL pattern, but for the CSR independpattern, they are variances
and covariances conditioned @andR. The unconditional variances and covariances
can be obtained by replaciigandR with their expectations. Under HPP in the infinite
plane, Cox (1981) computed/n|] — .6215 and Cuzick and Edwards (1990) computed
E[Q/n] — .633 asn — «. However, these results are assuming an infinite plane, and
our CSR independence case requires a bounded supporth{e.gnit square) and fixed
number of points which renders their computation for exact asymptotic settings an
arduous task (due to, e.g., the edge effects). Alternatitted expected values @f and

R can be empirically approximated and used in the expressibosexample, for the
binomial process on the unit squaré(Q¥n] tends approximately to .6324 andRZn|
tends approximately to 0.6219 (estimated empirically dame 1000000 Monte Carlo
simulations for increasing values nf. Notice that these estimates are pretty close to
the results under HPP. Hence one could also replaead R with 0.63n and Q62n,
respectively and obtain the so-call@iR-adjustedests but we use the observed values
of Q andR in computing our test statistics even when assessing tediaxdor under
CSR independence. As shown in Ceyhan (2008b), QR-adjusthoes not improve on
the unadjusted NNCT-tests. O

Remark 3.4. Recommended Strategy for k > 2 Classes. In the multi-class case with
k > 2, we recommend the following strategy for the practicallempentation of the cor-
responding tests: Perfortic andZc to check presence of self or mixed correspondence
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or any deviation in the self column and then perform the spéeific tests to determine
which species (if any) exhibit segregation or lack of it. O

3.3. Consistency of Tests

A reasonable test should have more power as the sample sizages, so, we prove
the consistency of the tests in question under approprigietheses. Lek,zj,a be the
100! percentile ofy? distribution with» degrees of freedom.

Theorem 3.5. Let the CCT be constructed from completely mapped spattal wiader
RL. Then
(i) the one-sided (hence the two-sided) cell-specific 1esitsy Z given in Equation
(5) rejecting H, in Equation(10) are consistent,
(ii) the test rejecting Hin Equation(11)for Z¢ > XE.l—a with Z¢ as in Equation6)
is consistent, ’
(iii) the one-sided (hence the two-sided) tests usingiZen in Equatior(8) rejecting
Ho in Equation(12) are consistent.

Proof. (i) In the k class case, IeF,; = S/ES/M _ N/DEN /N henT = 7; fori =

\/Varls /n| \/Var|N;i /n]
1,2,... k. Consistency oZ;; was proved in Ceyhan (2010) for alj which includes the

special case af= j, but we still present it here for the sake of completenessidURL,
E[Thi] = E[Zi] = 0 andZ; = (N; — E[N;])/+/Var[N;] are approximately distributed as
N(0,1) for largen; fori =1,2,...,k. Under the right sided (resp. left sided) alternative
Ha, for anyi € {1,2,...,k}, we have EZ; |H,| = i > O (resp. BZ;j|Ha] = ¢; < 0) where

gi is a parameterization of the alternative for clager i = 1,2,... k. LetR(g) and
Q(&i) be the numbers of reflexive pairs and shared NNs, respactivek;), pii (si), and

piii (i) be the counterparts g, pii, andp;i in Equation (3). Then undét,, we have
VariN; /n] = (1/n+R(e)/m?) pi (1) + (2/n— 2R(&) /r?+Q(ei) /) pi (1) + (1—3/n—
Q(&i)/M? + R(&i)/n?) piii (i) — (pii(si))2. S0, undeHs,, it follows that VafN; /n] — 0
asn; — . Hence the test using; is consistent for the right-sided (resp. left sided)
alternative. Consistency for the two-sided alternatiiofes similarly.

(i) Let & = (eq,...,ex), then we havéd, : € # O, with 0 being the vector ok zeros.
Also let \(2) be the non-centrality parameter gf distribution for 2¢ underH,. The
a-level test based of¢ is consistent, sinc& ¢ is a quadratic form based & values,
i.e., 2c ~ x2(\(?)) for some) () > 0. Furthermore, for large, the null and alternative
hypotheses are equivalentlty : A = 0 versusH, : A = A(¢) > 0. Then by standard
arguments for the consistencypf tests, consistency follows.

_ s/nElsn K aNi/n—E[SK Ni/n] B
(i) Let Thsc = et \/Var[zik:lN”/n] , thenTysc = Zc. Under RL,

E[Thsd = E[Zc] =0 andZc = (S—E[S)) //Var[] is approximately distributed &$(0, 1)
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for largen. Under right-sided (resp. left sided) alternatitg we have ESH,) = >0
(resp. BESHa] = ¢ < 0) wheree is a parameterization of the alternative with> 0
(resp. € < 0) characterizing self (resp. mixed) correspondence. R(ej and Q(¢)
be the numbers of reflexive pairs and shared NNs, respegtipgls), pii(¢), and
piii (¢) be the counterparts g, p;i, andp;i in Equation (3). Then undét,, we have
Var(Ni /] = (1/n +R(e) /m)pi (¢) + (2/n — 2R(e) /r2 + Q(e) /m?) pii (€) + (1~ 3/n —
Q(e)/r2 + R(e) /m) pii () — (pi (€))% and CoyNy /n,Njj /n] = (1 3/n— Q(e)/n? +
R(e)/n?)piijj — i Pjj- SO, undeH,, it follows that VaiN; /n] — 0 and CoyN;i /n, Nj; /n]
— 0 asn; — «. Hence Vaf§ — 0 asn; — «. Thus the test usingc is consistent for
the right-sided (resp. left sided) alternative. Consisydor the two-sided alternative is
similar. |

4. Empirical Size and Power Analysis

In this section we investigate the finite sample performaofche tests under RL or
CSR independence and under various alternatives via Maarie €imulations.

4.1. Empirical Size Analysis

To determine empirical size performance of the tests, weQ&R independence and
RL as our null hypotheses. Under these patterns, corregpordvould occur at ex-
pected levels. That is, under these patterns we h&&¢En;(n; —1)/(n— 1) for all

i =1,2,...,k as in Equation (11) and[g§ = Z!‘:lni(ni —1)/(n—1) as in Equation
12).

We estimate the empirical sizes (i.e., significance leviedsed on the asymptotic
critical values. For example, I8t be a test with a3, distribution asymptotically, and
let T, be the value of test statistic for the sample generatét! &onte Carlo repli-
cation fori = 1,2,...,Nme. Then the empirical size of at levela = 0.05, denoted

ar is computed ast = = ZNmCI (Ti > ngyo_gs). Furthermore, |leZ be a test with a

N(0, 1) asymptotic dlstrlbutlon, and I& be the value of test statistic féf sample gen-
erated. Then the empirical size Bffor the left-sided (resp. right-sided) alternative at
levela = 0.05, denotedvz is computed a&; = Nimc Zi’\':’“fl (Z < 2905 = —1.645) (resp.
Qz = ZN““I (Z > 2095 = 1.645)). The empirical size for the two-sided alternative
is computed afz = - ZNWI (1Zi| > Zo.975 = 1.96).

4.1.1. Empirical Size Analysis under CSR Independence

We consider the two-class and three-class cases. For the-thass case, we have
classesX, Y, andZ (or classes 1, 2, and 3) of sizeg n,, andns respectively. Under
Ho, at each oy, = 10000 replications, we generateX points Zn, = {X,...,Xn, }



Elvan Ceyhan 17

N2 Y points%,, = {Y1,...,Yn, }, andng Z points 2, = {Z1,...,Z,,} independently of
each other and iid fron%/((0,1) x (0,1)) and combineX, Y andZ points as#;, =

oy U, U 20y = {Wi, W, ... W, }. For the two-class case, we only generate points
from classes< andY and combine them ag;, = 2, U%,, = {W,Wb, ... \W,}. We
consider four cases for CSR independence:

CSR Case 1 (with 2 classes);:=n, = n=10,20,30,40,50

CSR Case 2 (with 2 classeg);:= 20 andn, = 20,30,...,60.

CSR Case 3 (with 3 classes);: = n, = ng =n=10,20,30,40,50
CSR Case 4 (with 3 classes);:= 20, n, = 40, andnz = 40,40,....,80.

In CSR cases 1 and 3, the sample sizes are equal and increasdegermine the
influence of the increasing balanced sample sizes on theiealpévels of the tests. On
the other hand, CSR cases 2 and 4 are designed to determin#éubace of differences
in the sample sizes (i.e., differences in relative abunédsiof classes) on the empirical
levels of the tests.

The empirical significance levels for the tests under CSRpetidence are presented
in Table 6, whereyz,,, az,,, andaz,, are for the cell-specific tests for ce(l$, 1), (2,2),
and(3,3) (for segregation); (see, e.g., Dixon, 1994 and Ceyhan,2@88etails on the
cell-specific tests)y 4. is for they? test.2¢, testing the self column in CCTiz is for
Zc, testing the sum of the self columaiy, is for Dixon’s overall segregation test; and
0 2¢.z- 1S the proportion of agreement in rejecting the null hypstsdor Z¢ andZc;
Q2;p,2¢ 1S the proportion of agreement fo¥p and Z¢; anda y;, z. is the proportion
of agreement forZp andZc. For Ny, = 10000 replications, an empirical size estimate
is deemed conservative, if smaller than .0464 while it isnoee liberal, if larger than
.0536 at .05 level (based on binomial critical values with 10000 trials and probability
of success 0.05).

In the two-class cases (i.e., CSR cases 1 and 2), we do namprieson’s overall
test of segregation as it is identical & for two classes. Under CSR case4¢ and
Zc are slightly conservative for smaller sample sizes. Und@R@Case 2,2¢ andZ;;
are conservative (with the latter being more so) when sasipés are unbalanced (i.e.,
the relative abundance ratioz/n;, gets larger than two). Note also th&t seems to be
robust to differences in relative abundance of the clasBes.proportion of agreement
in rejecting the null hypothesis by andZ: is significantly smaller than .05, which
implies these tests have significantly different rejedagneptance regions (i.e., they are
testing substantially different hypotheses).

Under the three-class cases of CSR cases 3 and 4, we alsatddesan’s overall
test of segregation as it is different frofic for more than two classes. Under CSR
case 3, all tests are slightly conservative for smaller $amsiges and cell-specific tests
are slightly liberal for larger sample sizes. Under CSR ehs&; is conservative for
all sample size combinations (since it has the smallest Easige in this case where



18 A nearest neighbour approach for testing correspondence

Table6: The empirical significance levels of the tests under CSPpemftence cases 1-4 with,p= 10000
ata =.05. az,,, az,,, andaz,, are the empirical significance levels for the cell-specé&ts for cell§1, 1),
(2,2), and(3,3) (for segregation)f 4, for Dixon’s overall segregation tesZp; a 4, for the 2 test2¢;
az. for Zc; and a4, 7. is the proportion of agreement in rejecting the null hypsikefor Zc and Z;
ag;,. 2 is the proportion of agreement fo#p and Z¢; and a g, z. is the proportion of agreement for
Zp and Z. Size estimates larger than .0536 (resp. smaller than Jpd6etliberal (resp. conservative)
and are superscripted with(resp.€).

CSRcasel CSR case 2
n afZﬁ: azc aflﬁ: Zc azn a222 n a%c aZ(: a%c Zc azn azzz
10 || .043% | .043% | .0216 | .0454 | .0465 20 || .043F | .0448 | .0197 | .0482 | .0517
20 || .045F | .044%F | .0207 | .0517 | .0522 30|| .0480| .0493 | .0253 | .0521 | .0479
30| .0485|.046Z% | .0237 | .0573 | .0493 40| .0489 | .0521 | .0237 | .031F | .045%
40 || .0501 | .0548 | .0254 | .0507 | .0525 50 || .042F | .0526 | .0219 | .029% | .0478
50| .0472| .0468 | .0215 | .0454 | .0472 60| .045Z% | .0465| .0233 | .0395 | .0495
CSR case 3

N @ay | Qo | Gz |Q2p.9: | 02pzc | 02eze | Oz | Oz | Qzsg
10 || .042F | .042% | .0491| .0179 | .0084 | .0312 | .027F | .0283 | .025C
20| .0408& | .0438 | .0481| .0180 | .0094 | .0293 | .033Z | .028%F | .0318
30|| .0465 | .0473 | .0496 | .0204 | .0110 | .0320 | .0530 | .0526 | .0549
40| .045% | .0495 | .046F | .0205 | .0092 | .032C° | .0509 | .0558 | .0595
50|| .0474 | .0497 | .0504 | .0229 | .0120 | .0329 | .0605 | .058¢ | .0564

CSR case 4

N3 || Ggp | Ouc | Oz |Q9p.90 | 0902 | O2cze | Ozy | 0z | Ozg
40]| .0490] .0509 | .0492| .0233 | .0126 | .0342 | .0418 | .0557 | .0510
50| .0412 | .044%F | .0450 | .0187 | .0100 | .0297 | .0344 | .0460 | .0489
60| .0488 | .0466 | .0528| .0212 | .0123 | .0354 | .023¢ | .0543 | .0492
70| .0528 | .0496 | .0498 | .0261 | .0156 | .0344 | .0458 | .0520 | .0517
80| .0500 | .0492| .0518| .0228 | .0116 | .0302 | .033% [ .043F | .0522

there is substantial class imbalance) whergashas the best size performance as it
corresponds to the class with the largest samples. The pirmp® of agreement by the
tests in rejecting the null hypothesis are all significasthaller than .05, which implies
these tests have significantly different rejection/acaeqs regions (withZc and Z¢
having the largest overlap (i.e., these statistics arentgstore similar hypotheses) and
Zp and Zc having the smallest overlap in rejection regions (i.e.s¢hstatistics are
testing more different hypotheses compared to other pairs)

For unbalanced or small sample sizes, the tests are usaalbeovative (especially
for the cell-specific tests for the smaller samples), so veermenend the use of the
Monte Carlo randomized versions or the use of Monte Cartativalues for the cell-
specific test for the smaller class. A Monte Carlo criticalueais determined as the
appropriately ranked value of the test statistic in a cemaimber of generated data sets
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from the distribution under the null hypothesis. The clazssare said to blealanced
if the relative abundances of the classes are close to od¢hayare callednbalanced
if the relative abundances deviate substantially from one.

4.1.2. Empirical Size Analysis under RL

Under the RL pattern, the class labels or marks are assigmeldbmly to points whose
locations are given. Recall th#t, = {wi,W,, ..., w,} is the given set of locations far
points from the background pattern. For two classes, atleackground realizatiom;
of the points are labeled as class Xoand the remaining, = n— ny points are labeled
as class 2 o¥. Similarly, for three classes, at each background re@izah; of the
points are labeled as claXs n, of the points are labeled as clasésand the remaining
nz = n— (Ny+ny) points are labeled as cla&s

Types of the Background Patterns (Two Classes)

RL Case 1: The background points are a realizatiofi & % ((0,1) x (0,1)) for
i=12,...,n. Thatis, the background point¢;, are generated iid uniform in the
unit squarg0,1) x (0,1). We considen; = n, = 10, 20,...,50.

RL Case 2: The background point#;, are generated as in case 1 above with
n, = 20 andn, = 20,30,...,60.

RL Case 3: The background point#;,, are generated from a Matérn cluster pro-
cess, MatClusk,r, ) (Baddeley and Turner, 2005). In this process, first “parent”
points are generated from a Poisson process with intensifyhen each parent
point is replaced bl ~ Poissolfi) new points which are generated iid inside the
circle of radiusr centered at the parent point. Each background realizadian i
realization of#;, and is generated from MatClgstr,.). Letn be the number
of points in a particular realization. Then = |n/2] of these points are labeled
as class 1 wherex| stands for the floor o, andn, = n—n; as class 2. In our
simulations, we use = 2,4,...,10, u = [100/x], andr = 0.1. That is, we take
(k,u) € {(2,50),(4,25)...,(10,10)} so as to have about 100 background points
on the average with about half of them being from class 1 amdther half being
from class 2.

To reduce the influence of a particular background reatimatin the size perfor-
mance of the tests, we generate 100 different realizatibeach background pattern.
For each case, the RL scheme described is repeated 100G dineaEh(n,, ny) combi-
nation at each of 100 different background realizationsw8daveN,,; = 100000. In
RL cases 1 and 2, the points are from HPP in the unit squarefiwgt n; andn, (i.e.,
from binomial process), where RL case 1 is for assessingthet ef equal but increas-
ing sample sizes on the tests, while RL case 2 is for assebsmdfect of increasing dif-
ferences in sample sizes of the classes (with one classeaiizg fixed, while the other is



20 A nearest neighbour approach for testing correspondence

increasing). On the other hand, in the background readimatf RL case 3, centers and
numbers of clusters are random. On the average, with inagasthe cluster sizes tend
to decrease and the number of clusters tend to increase {edhase fixed class sizes
on the average). Hence in RL case 3, we investigate the irfuehincreasing num-

ber of clusters with randomly determined centers on the pézéormance of the tests.

The empirical size estimates of the tests for two classegmuRd cases 1-3 are
presented in Table 7. Fdi,, = 100000 replications, if all the Monte Carlo replications
were independent, an empirical size estimate would have theemed conservative, if
smaller than .04887 while it would have been deemed libéiakger than .05113 at .05
level (based on binomial critical values with= 100000 trials and probability of success
0.05). This approach is like providing critical values fotve-sided hypothesis test.
Equivalently, one might construct a confidence intervay @a %) for the proportion
of rejections (i.e., empirical size estimate) and checktiveit contains the nominal
level of .05 or lies completely at one side of .05. Howevedemour RL scheme, the
Monte Carlo replications are not independent as 100 rditsiare performed at each
of 100 background realizations, hence within sample inddpace is violated rending
both the critical value and the confidence interval apprea@re not appropriate. But
we can account for dependence due to the use of same bacHgemalization for 100
of the realizations, at each of which 1000 Monte Carlo repiims are performed, by
using a linear mixed effects model. In particular, in the é4ii package in R, we can
employ “Imer” command with properly declaring the errorusture for dependence
in the background realization. For example, let “bg” staodthe background factor
(i.e., takes the same value for each Monte Carlo replicadiotihe same background
realization). Then we can apply a mixed modeling with “Imedmmand by declaring
the error structure as(1|bg)” and construct a 95 % confidence interval for the size
estimate value. We mark the empirical sizes not signifigatifferent from .05 with an
asterisk.

Under RL case 1, tests are either slightly conservativebardil (with more con-
servative for smaller samples), and under RL case 2, celiiip tests for the smaller
sample is moderately conservative, and the other testdightiys conservative or lib-
eral. The tests have sizes about the nominal level under B& 8asince in this case,
the class sizes are about 50, which seems large enough feoithial approximation to
take effect. Moreover, the size performance of the tests doedepend on the number
and size of the clusters in the background pattern and the imgrortant factor is the
sample sizes.

Types of the Background Patterns (Three Classes)

RL Case (i): Same as in RL Case 1 of the two class settingmyith n, = nz =
10,20,...,50.

RL Case (ii): Same as in RL Case 2 of the two class settingmyith 20,n, = 40
andnz = 40,50,...,80.
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RL Case (iii): Same as in RL Case 3 of the two class setting mjith n, = |n/3]
points are labeled as classes 1 and 2 ane n— (n; +ny) as class 3. In our
simulations, we use = 2,4,...,10, u = |150/x], andr = 0.1. That is, we take
(k,p) € {(2,75),(4,37)...,(10,15)} so as to have about 150 background points
on the average with about a third of them being from each akea 1-3.

Table 7: The empirical significance levels of the tests for two claaseder RL cases 1-3 withN=
100000(1000 replications for each of 100 background realizatjositsy = .05. The empirical size labeling
for the tests is as in Table 6. Size estimates not signifigdifferent from .05 are marked with an asterisk.

RL case 1 RL case 2
n || ax azg azy, | Qzy N2 || @z | az azy 0z,
10 .04281 | .04276 | .04513| .04625 20 || .04602 | .04670| .05479 | .05414
20 .04511 | .04612 | .05349| .05209 30 || .04735| .04783 | .05050* | .04886*
30 || .04862* | .04616 | .05220 | .05258 40 || .04551 | .05357 | .03375 | .04358
40 .04782 | .05398 | .05232| .05217 50 || .04611 | .05649 | .03456 | .04893*
50 || .04942* | .04932* | .04740| .04642 60 || .04395| .04670| .04042 | .04749
RL case 3

r Qg 0z 0z, 0z,

2 .04700 | .04957* | .04734 | .04577

4 .04804 | .04959* | .04901* | .04860*

6 .04905* | .05023* | .05103* | .04926*

8 .04859 | .04983* | .05096* | .04914*

10 || .04869* | .05011* | .05042* | .05097*

The empirical size estimates of the tests for three classderuRL cases (i)-(iii)
are presented in Table 8. Under all casés and Z¢ are slightly conservative (with
the former being more conservative), afiglis closest to the nominal level. Under RL
case (i) cell-specific tests are conservative for smallendas, under RL case (ii), cell-
specific tests for the smaller samples are conservativée laiger samples are close to
the nominal level. Under RL case (iii) altests are at about the desired level.

Based on the empirical size performance of the tests undBri@@&pendence and
RL, we observe that the new tes#&: andZ: are more appropriate for both balanced
or unbalanced sample sizes (with the latter being more tdabuke imbalance in class
sizes).

4.2. Empirical Power Analysis

To compare the empirical power performance of the tests,omsider various alterna-
tive cases with the two and three classes for deviations tt@mull case in the NN
structure. The empirical power estimates are computed-at05 as in the size estima-
tion in Section 4.1.
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Table8: The empirical significance levels of the tests with threesga under RL cases (i)-(iii) with,ly=
10000at o = .05. The notation is as in Table 6. Size estimates not significdifferent from .05 are marked
with an asterisk.

RL Case (i)

n a,?fD a%: 6‘\Z(: azu 62222 é2233
10 || .03879| .03957 | .04964* | .02536 | .02585 | .02528
20 || .04479| .04571 | .05043* | .03293| .03364 | .03175
30 || .04558 | .04756 .05151 | .05292 | .05365 | .05370
40 || .04628| .04773 | .04789 | .05328 | .05231 | .05280
50 || .04797 | .04877* | .05009* | .05855 | .05804 | .05823

RL Case (ii)
n3 a% a% azc azn azzz az33
40 .04701 | .04728 | .04674 | .04048 | .05155* | .04995*
50 .04674 | .04736 | .05120* | .03374| .04592 | .05375
60 || .04696 | .04578 | .05006* | .02355| .05240 | .05036*
70 || .04870* | .04881* | .04689 | .04483| .05102* | .04662
80 .04798 | .04970* | .05085* | .03427 | .04768 | .04747

RL Case (iii)

a2, a9t azg 0z 0z 0z
04692 | .04728 | .04940* | .05081* | .05069* | .04764*
04650 | .04836 | .04878* | .04752 | .04813* | .04886*
.04860 | .04900* | .04927* | .04825* | .04878* | .04959*
04743 | .04836 | .04736 | .04994* | .04923* | .04833*
10 || .04693 | .04791 | .04868* | .04918* | .04881* | .05032*

O~ |IN|=

4.2.1. Empirical Power Analysis for Two Classes

For the two classes, we consider five alternative cases.

Case |: For this class of alternatives, we gen@n(aiide%((o, 1)x(0,1))fori=1,...,m
andY; S BVN(1/2,1/2,01,02,p) for j = 1,...,n,, where BVN iy, 112, 01,02, p) is the
Lo C . . o1 p
bivariate normal distribution with meafus, 12) and covarianc . In our
p 02
simulations, we set; = 0, = 0 andp = 0. We consider the following three alternatives:

H':0=1/5 H?:0=2/15 andH?: o =1/10. (13)

The classes 1 and 2 (i.&,andY) have different distributions with different local inten-
sities. In particularX points are a realization of uniform distribution in the usdgjuare,
while Y points are clustered around the center of the unit sq(isi2 1/2) where the
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level of clustering increases asdecreases. This suggests a high level of niche speci-
ficity for Y points around the center of the unit square compared points, which in
turn implies segregation &f points fromX points. Furthermore, self NN pairs would
be more likely to occur compared to mixed NN pairs, henceamifespondence is ex-
pected to be observed.

The empirical power estimates under the alternatits;- H?, with ny = np = 40
are presented in Table 9, WhQ@@fc is power estimate for thg? test for the self col-
umn, 2¢; Bz, and 3z, are for the cell-specific tests for celig, 1) and (2,2) (for
segregation), anﬂzC is for the Z test for the sum of self columZ:. Under the case |
alternatives, the power estimates increase decreases. In particular, the self column
test,-Zc, and the right-sided cell-specific tests for c¢llsl) and(2, 2) have high power
estimates, which indicates segregatiofygjoints fromX points and vice versa. Since
segregation occurs for both classes, &ighas high power implies self correspondence.
Also, the right-sided test for the sum of the self column has high power, confirming
self correspondence in this case. Notice thatzkhbas the highest power estimates.

Case lI: For this type of alternatives, first, we genebat'éq 2 ((0,1) x (0,1)) for i =

1,2,...,n; and for eachj = 1,2,...,n,, we generat&(; around a randomly pickeX;
with probability p in such a way tha¥; = X + R; (cosTj,sinT;)! whereV* stands for
transpose of the vectat R; ~ % (0, mini; d(X, X)) andTj ~ % (0,27) or generate
Y; uniformly in the unit square with probability-1 p. In the pattern generated, are
more associated with. The three values g constitute the following alternatives:

Hl:p=.25 H2:p=.50 andHS:p=.75. (14)

Table9: The power estimates under the case I-Ill, and V alternafiv&xjuationg13)-(15), and(17) with
Nmc=1000Q ny = np =40at o = .05. Bzm and BZzz are is power estimates for the cell-specific tests for
cells (1,1) and (2,2) (for segregation),@g,fC is for Z¢, testing deviations in the self column, aﬁgc is

for Z¢, testing the sum of self column. The™(resp. “ <") sign in the superscript implies the power is
estimated for the right-sided (resp. left-sided) alteivat

Power estimates under Power estimates under
case | alternatives case |l alternatives
ﬂ%(': ’BZ>C ﬂz>11 BZ>22 B%C ’BZ<C ﬂz<11 BZ<22
HY | .2226 | .4167 | .2648 | .3320 Hi | .1469 | .3998 | .2658 | .2330
H|2 .8523 .9599 .8403 .9164 H|2| .4051 .7788 .5625 .4054
H,3 .9929 .9994 .9887 .9972 HF,’ .5393 .9003 7373 .3366
case lll alternatives case V alternatives
Bac A Prn | Pz, Bac P P
Hi | 4196 | .6812 | .5141 | .5134 Hy | .1795 | .3499 | .2160 | .3867
H3, | .9247 | .9876 | .9437 | .9439 HZ | .4384 | .7081 | .5562 | .6280
H3 | .9999 | 1.000 | .9999 | .9997 H3 | .6808 | .8937 | .7937 | .7795
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In this caseX points constitute a realization of the uniform distribatim the unit
square, whileYy points are clustered around tiepoints, and the level of clustering
increases ap increases. The empirical power estimates under the afiegsgH? —
H3, with n; = n, = 40 are presented in Table 9. Notice that implies significant
deviations in the self column, bdk; andZ,, have high power estimates for the left-
sided alternative, which implies significant associatietween the classeg;; having
higher power for the left-sided alternative is due to seVack of segregation of class
X points from clas¥ points (or clas¥ points being significantly associated with class
X points), andZ,, has smaller power sincé points are clustered arouriXl points,
which also causes slight clustering\opoints. FurthermoreZc has high power for the
left-sided alternative, which implies mixed NN pairs arermmabundant, hence there is
significant mixed correspondence in the NN structure.

Case III: For this class of alternatives, we considel® % ((0,1—s) x (0,1—y9)) for
i=1,...,ng, andy; v % ((s,1)x (s, 1)) for j=1,...,n,. Thethree values afconstitute
the following alternatives;

Hi :s=1/6, H3 :s=1/4, andH3 :s=1/3. (15)

Notice that these alternatives are the segregation atteesa@onsidered for Monte Carlo
simulations in Ceyhan (2010). The empirical power estisatieder the segregation
alternativesH}, — H3, are presented in Table 9. The tests have high power which in-
creases asincreases. There is significant segregation (at the sarakftaboth classes

by construction), and the cell-specific tests are also fggmit for the right-sided alter-
natives. FurthermoreZ¢ indicates significant deviations in the self column, aad
has high power for the right-sided alternative, indicasedf correspondence in the NN
structure.

Case IV: We also consider alternatives in which, by consibac self-refle}give pairs
are more frequent tha__n expected under CSR independence.eiéeadeX; v S for
i=1,...,[n/2] andy; X s, for j=1...,[n2/2]. Thenfork= |n1 /2] +1,...,m, we
generateX = Xy_|n, /2 + I (cosTj,sinT;)! and forl = [ny/2| +1,...,ny, we generate
Yi =Yi_|n, /2 + (cosTj,sinT;)" wherer € (0,1) andT; ~ % (0,2). Appropriate small
choices ofr will yield an abundance of self-reflexive pairs. The thretuga ofr we
consider constitute the self-reflexivity alternatives atke support paifS;,S;). Then
the nine alternative combinations we consider are given by

(i) H&, 15 =%=(0,1)x(0,1), (8r=1/7, (b)r=1/8, (c)r=1/9,
(i) HY, : S1 = (0,5/6) x (0,5/6) andS, = (1/6,1) x (1/6,1), (a)r = 1/7, (b)r =1/8, (c)r =1/9,
(16)
(iii ) HR, 1S =(0,3/4) x (0,3/4) andS, = (1/4,1) x (1/4,1) (a)r =1/7, (b)r =1/8, (c)r =1/9.



Elvan Ceyhan 25

Table10: The power estimates under the case IV alternatives wjf-N1000Q n; = np =40at « = .05.
The empirical power labeling and superscripting for™ and “ >" are as in Table 9.

Power estimates under
the case |V alternatives

r B Pz Bz, | Pz

1/7 .8671 .9572 .8866 .8848

HY | 1/8 | .9377 | .9834 | .9455 | .9436

1/9 .9735 .9949 .9746 .9743

1/7 .9440 .9885 .9522 .9523

HZ | 1/8 | .9740 | .9949 | .9769 | .9779

1/9 .9890 | .9982 | .9895 | .9908

1/7 9930 | .9990 | .9925 | .9932

HY | us | 9973 | .9996 | .9967 | .9973

1/9 .9991 .9999 .9984 .9989

In this case, unddd?, andH3,, by construction, there is segregation of the classes
due to the choices of the supports. The empirical power astisrunder the alternatives
HY —Hg are presented in Table 10. Notice that the tests all havehighypower es-
timates. Furthermore, there is significant segregatiothéasame level for both classes
at each alternative by construction), and the cell-speteifits are also significant for the
right-sided alternatives. Furthermor2c has high power estimates indicating signifi-
cant deviation in the self column aixgd has high power for the right-sided alternative,
indicating self correspondence in the NN structure. Thegrastimates for these tests
increase fronH}, to H?, and they also increase aslecreases from (a) to (c) at each
(S1,S) combination. Hence the power estimates increase as this lefveegregation
increases.

Case V: In this case, first, we genera(té'g 7 ((0,1) x (0,1)) and then generatg as
Y; = X +r (cosTj,sinT;)! wherer € (0,1) andT; ~ % (0,27). In the pattern generated,
appropriate choices afwill causeY; andX; more associated; that is,Yapoint will be
more likely to be the NN of aX point, and vice versa. The three values afe consider
constitute the three association alternatives;

Hy:r=1/4, H7:r=1/7,andH :r =1/10. (17)

These are also the association alternatives considerdddote Carlo simulations in
Ceyhan (2010).
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The empirical power estimates und&f — HZ are presented in Table 9. Notice that
Zc has high power estimates indicating significant deviatiarthe self column, and
the cell-specific tests have high power estimates for thesldéd alternatives indicating
presence of significant association of the classes. Funtrer,Z- has high power for
the left-sided alternative indicating that there is siguaifit mixed correspondence in the
NN structure. The power estimates for these tests increasdexreases.

4.2.2. Empirical Power Analysis for Three Classes

For the three classes, we consider two cases. We gemgeate, = nz = 40 points from
classes(, Y andZ.

Case 1: For this class of alternatives, we genefaadY points as in Case Il of power
analysis for two classes of Section 4.2.1, @points asy points in Case | of Section
4.2.1. We consider the following two alternatives:

Hl:s=1/6,0=1/5 andH2:s=1/4 o=2/15 (18)

The classes 1 and 2 (i.eX, andY) are segregated with shifted supports and class 3
is clustered aroundl/2,1/2). Furthermore, by construction a higher level of niche
specificity forZ points exists around the center of the unit square compar¥dndY
points, which in turn implies segregationofoints fromX andY points as well.

The empirical power estimates under the aIternatiVFisande, with ng =n, =
nz = 40 are presented in Table 11, wh@r@D is power estimate for Dixon’s overall test
of segregationBz33 is for the cell-specific test for ce(B, 3) (for segregation), the other
notation is as in Table 9. Under the case 1 alternatives,dhwepestimates increase as
o decreases armglincreases. In particular, Dixon’s overall test and the selfimn test,
Zc have high power estimates, and the right-sided cell-spetgfits for cell§1,1),
(2,2) and (3,3) have high power, which indicate segregation of each clasa the
others. Also, the right-sided test for the sum of the self columig, has high power,
implying self correspondence is operating as well. Notleg theZ: has the highest
power estimates.

Case 2: For this class of alternatives, we again genetatedY points as in Case llI
of Section 4.2.1, and points asy points in Case V of Section 4.2.1. We consider the
following two alternatives:

H}:s=1/6,r=1/7, andH?:s=1/4,r=1/10. (19)

The classes 1 and 2 (i.e€,andY) are segregated with shifted supports and class 3 is
clustered aroun&k andY points.
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Table 11: The power estimates under the case 1 and 2 alternatives wjtr=NLO00Q n; = np = nz3 =40
ata = .05. B4; is the power estimate for Dixon's overall segregation tgst, is for the cell-specific test
for cell (3,3). The other notation and superscripting fog” and “ >" are as in Table 9.

Power estimates under

case 1 alternatives
. 3 > > > >
ﬁﬂD 5,%; 5zc 5211 5222 5233

Hll .3297 4453 .6453 .5186 .5254 1951

le .9527 | .9809 9958 | .9606 .9570 | .6985

case 2 alternatives
B 2 > > > 2<
ﬁﬂD 5,%; 5zc 5211 5222 5233

H2l .2620 .2289 .0539 .1877 .1834 .2954

HZ | .6514 | .4818 | .1032 | .3488 | .3433 | .4099

The empirical power estimates under the alternativésand H22, with ng =ny =
nz = 40 are presented in Table 11. Under the case 2 alternathepoiver estimates
increase as decreases amglincreases. In particular, Dixon’s overall test and the self
column test,Z¢c have high power, and the right-sided cell-specific testxédis (1,1)
and(2,2), and left-sided test for ce(B, 3) have high power, which indicate segregation
of X andY points from other classes, and lack of segregatiaf pbints fromX andY
points which might be association @fpoints with one or both of classésandY. To
determine the specifics one needs to check the off-diag@fiadecific tests in row 3
of the corresponding NNCT. Also, the right-sidédest for the sum of the self column
is mildly significant, implying a mild level of self correspdence is operating as well.
Notice also that th&: has the lowest power estimates.

In alternative cases I-V the classes are either both segegaassociated (i.e., the
direction of the deviation in each diagonal cell is same fothbclasses). Hence this
cumulative effect is better captured By which has the highest power estimates under
all these cases. Similarly, in alternative case 1, by consitn, each class is segregated
from others (although the type and level of segregatiorfisréint for clasZ compared
to X andY), hence the direction of the deviation in the self column @ildi.e., diagonal
cellsin NNCT) is same for all classes, thereby rendezinthe most powerful test again.
However, in alternative case 2, whi¥eandY are segregated, is associated with both
classes. Hence direction of deviation in the self columisaake positive foiX andY
and negative foZ. So this sign difference tends to nullify the deviationgirthe null
case, which causeg have the lowest power estimates.
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5. Real-Life Example Data Set

To illustrate the methodology, we use an example data shtéifiasses: the Lansing
Woods data which is available in the spatstat package in Rd&ay and Turner, 2005).

The Lansing Woods data contains locations of trees (in fo¢tahd botanical clas-
sification of trees according to their species in a 924 924 ft (19.6 acre) plot in
Lansing Woods, Clinton County, Michigan, USA (Gerrard, 2P6The data set com-
prises of 2251 trees together with their species as hickoneples, red oaks, white
oaks, black oaks and miscellaneous trees. In our analysispwsider each species as
a class and miscellaneous trees as another class. TheEochidé these tree locations
are presented in Figure 2.

Lansing Woods
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Figure2: The scatterplot of the locations of hickories (circtgs maples (triangle\), white oaks (pluses
+), red oaks (crosses), black oaks (diamond shape¥ and other species (inverse triangl@s in the
Lansing Woods, Clinton County, Michigan, USA.

The CCT for this data is presented in Table 12. Notice thatesoell counts in
the contingency tables are not integers, since there agartithe NN relations. For
self correspondence, the abundance proportions for thetespis hickories:maples:whit
oaks:red oaks:black oaks:other6 : 70 : 490 : 427 : 330 : 129 : 100 and the propor-
tions of the entries in the self columna$14.14:970:550: 420: 108 : 100, which
seems to be much different than the abundance proportioggesting significant pres-
ence of self correspondence.
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Table 12: The CCT for the Lansing Woods data.

pair type
self mixed total
hickory 353.5 3495 703
maple 2425 2715 514
white oak 137.5 310.5 448
base species red oak 105 241 346
black oak 27 108 135
other 25 80 105
total 890.5 1360.5| 2251

29

Table 13: The test statistics and the p-values for Lansing Woods datare cell-specific tests for cells
(i,iyfori=1,2,...,6, Zp is Dixon’s overall test of segregationcZand Z¢ are as defined in the text; TS
stands for the test statistiCag), Pmc: @and Rang stand for the p-values based on the asymptotic approxima-

tion, Monte Carlo simulation, and randomization of the sesespectively.

Test statistics ang-values for Lansing Woods data
2b 2c Zg Zy Z3 Z3, 25 Zgs Zgs
TS | 376.8609| 325.9750| 16.4759| 9.4622 | 11.0934| 4.7895 | 6.3717 | 5.5085 | 7.4514
Pasy | <.0001 | <.0001 | <.0001| <.0001| <.0001| <.0001| <.0001| <.0001| < .0001
Prand | <.0001 | <.0001 | <.0001| <.0001| <.0001| <.0001| <.0001| < .0001| < .0001
Pmec | <.0001 | <.0001 | <.0001| <.0001| <.0001| <.0001| <.0001| < .0001| < .0001

We computeQ = 1560 andR = 1400. Again the more appropriate null hypothesis
is the CSR independence pattern, since the locations ofgbespecies can be viewed a
priori resulting from different processes (Goreaud aniikBier, 2003). We present the
test statistics and the associafedalues in Table 13, where in this talgsy stands for
the p-value based on the asymptotic approximation (i.e., asgtigatritical value),prang
is based on Monte Carlo randomization of the labels on thergiocations of the trees
10000 times angby is the p-value based on 10000 Monte Carlo replication of the CSR
independence pattern in the region plotted in Figure 2.dédhatpasy, Pranaandpmc are
similar and highly significant for all tests. The cell-sgexiests are all significant for the
right-sided alternative, and the test for the self columnZc, is significant, implying
significant self correspondence for these species, ancersguoificant segregation of
the species (from each other). SimilarBg is significant confirming significant self
correspondence for all species combined.

6. Discussion and Conclusions

In this article, we introduce the correspondence in the Ndcstire pattern for multiple
classes/species and tests for it based on a contingeneydalldd correspondence con-
tingency table (CCT) which can also be derived from the dasedt nearest neighbour
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contingency table (NNCT). These tests arg?test of correspondence for the first
column of CCT (called self-columny2c, and aZ test for the sum of the self column of
CCT, Zc. We show that in the two class case, the CCT and the NNCT cotitaisame
information (but in different order in their entries), amtcorresponding quadratic test
for the self column,Z¢ and Dixon’s overall test of segregatiofdp, are equivalent. For
more than two classes, these tests are different and heomed@different information.
On the other hand, regardless of the number of clagsds different fromZ¢ and Zp
(i.e.,Zc provides new information not provided by the segregatiststéor two or more
classes) whereas; andz; are identical (i.e., they always give the same information)

For k > 2 classes, NNCT is of dimensidax k and the corresponding CCT is of
dimensiork x 2, where the entries in the first column (i.e., self colume)tae diagonal
entries of the NNCT and each entry in the second column ifniged column) of CCT is
the sum of off-diagonal entries at each row of NNCT. Overadjregation test based on
NNCT measures any deviation in the entries of the NNCT andlaspecific test based
on NNCT measures the deviation in the corresponding entityediINCT (Dixon, 1994,
2002b). On the other hand, the tests based on the CCT g ¢eat for the self column
and aZ test for the sum of the self column. The former test is basatkwerations of the
frequencies of the self NN pairs, and the latter is based ®@suim of these frequencies.
Both tests might indicate presence of self or mixed corredpoce which can not be
tested directly in the NNCT, hence the need to introduce CCT.

We show thatZ¢ provides information on the overall deviations jointly metself
column (or in the mixed column) in CCEc provides information on the abundance
of self pairs when all classes are combined. Hence to daterthie level and type of
correspondence as self or mixe#lg should be employed together with the cell-specific
testsz; (see Equation (5)) so that whelxy is significant cell-specific tests will provide
the direction and significance of the deviations for eaclyaial cell in the NNCT (or
each cell in the self-column of CCT). If they are all or mostiythe positive (resp.
negative) direction, the pattern would be segregatiomp(riesk of segregation) for the
classes corresponding to the positive (resp. negativeifisigntZ; values and self (resp.
mixed) correspondence for all classes combined. On the btred, forZ: we do not
need to confer to the cell-specific tests, as it by itself Bicdant to indicate that the
correspondence is of type self or mixed. Another advantdgg-as that it is more
robust to differences in relative abundances of the cla@sesto the class imbalance
problem).

Among the tests consideredy; is more powerful if all or most classes are segregated.
The same holds if all or most class pairs are associatedf B pattern is mixed (i.e.,
some classes are segregated while some pairs are asspttiatddviations in the self
column tend to cancel each other in the sum, rendeZingerform rather poorly. In
such a case?Z¢ (together with the cell-specific tests) provide a more aai@picture of
the patterns in the data and are more powerful.
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Based on our simulations and example data sets, we recomimeedorm both of
the testsZc and Z¢, and if any of them is significant, then the cell-specificiastn be
performed (to determine segregation or lack of it at thestgmecies level). When the
cell counts in the self column of CCT are all larger than 13 #afe to employZ¢ with
the asymptotic approximation, and if some cell count is ®es] it is better to use Monte
Carlo randomized version of the test. If some cell countsbatereen 5 and 10, both
versions (i.e., asymptotic approximation and Monte Catwomization) can be used to
reach more reliable conclusions. Singkeis the sum of the self column, the cell counts
are not that relevant as long as column sum is 20 or largen(#9er larger seems to
work in practice). We recommend randomization versio@®if column sum is 10 or
less, and for sum between 10 and 20, one can employ both astyerggbproximation
and randomization versions for more reliable conclusions.

Throughout this article, we assume the total sample sizekass sizes are all fixed.
If it is desired to have the sample size be a random varialdanay consider a spatial
Poisson point process on the region of interest insteadedbitiomial process. In fact,
this case is also a realistic situation for data collectidmesnes in plant ecology. That is,
in the region of interest, one can examine each subjectirdigte its species and that of
its NN. In this framework, all margins of the NNCT and CCT wdbble random. The ef-
fect of such randomness on the behavior (e.g., distribytgire and power performance
of the tests is a topic of prospective research. For the celsese CSR independence
is the appropriate benchmark (see Section 3.1), this framlemight be more realis-
tic, but for the cases where RL is the appropriate benchntiaek, our approach in this
article is more realistic.

We have discussed the patterns of segregation and (self xad)ncorrespondence
mostly in the context of plant ecology. However, the patiesind the associated tests
can be applied in other contexts as well. For example, oneapaly them in an epi-
demiological or a social context by using the residencesopfe as their location. In
the epidemiological context, the question of interest ddad the distribution (i.e., clus-
tering or lack of it) of a disease. In disease clusteringifitant segregation of disease
cases can have further implications (e.g., one can thewrtséar the reasons of such
clustering which can help in controlling the spread of treedse or curing the diseased
people). In the social context of racial distribution ofidesices, segregation of any
particular race would imply their clustering in certain gig#bourhoods; self correspon-
dence would mean that all racial groups tend to live in clumpslusters of same race
residents (i.e., there is lack of local diversity in the oepiOn the other hand, mixed
correspondence of racial status of residents would img@ttie society is diverse at the
local level as people of different races live side by side miged neighbourhood and
there is no preference of the residents to live by peopleeostime race.

In the literature, usually NN relationships are based ondistance metrics. For
example, in this article, Euclidean distanceéifiis the only metric used. The NN rela-
tions based on dissimilarity measures is an extension oféfions based on distance
metrics. In such an extension, NN of an objectefers to the object with the minimum
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dissimilarity tox. We assume that the objects (events) lie in a finite or infiditeen-
sional space satisfying the lack of any inter-dependendehnimplies lack of self or
mixed correspondence in the NN structure. Under RL, theatdfjéocations are fixed
yielding fixed interpoint dissimilarity measures, but thbéls are assigned randomly to
the objects. Although our correspondence tests are catstrassuming data arelRf,
the extension to higher dimensions is straightforward.
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