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Abstract

For inferences from random-effect models Lee and Nelder (1996) proposed to use hierarchical
likelihood (h-likelihood). It allows inference from models that may include both fixed and random
parameters. Because of the presence of unobserved random variables h-likelihood is not a likelihood in
the Fisherian sense. The Fisher likelihood framework has advantages such as generality of application,
statistical and computational efficiency. We introduce an extended likelihood framework and discuss
why it is a proper extension, maintaining the advantages of the original likelihood framework. The new
framework allows likelihood inferences to be drawn for a much wider class of models.

MSC: 62F10 62F15 62F30
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1 Introduction

Ever since Fisher introduced the concept of likelihood in 1921, the likelihood function
has played an important part in the development of both the theory and the practice of
statistics. The likelihood framework has advantages such as generality of application,
algorithmic wiseness (Efron, 2003), consistency and asymptotic efficiency, which
can be summarized as computational and statistical efficiency. Savage (1976) states
“The most fruitful, and for Fisher, the usual definition of the likelihood associated
with an observation is the probability or density of observation as a function of the
parameter, modulo a multiplicative constant.” Edwards (1972, pp. 12) similarly defines
“the likelihood L(H|R) of the hypothesis H given data R, and a specific model, to
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142 Likelihood for random-effect models

be proportional to P(R|H), the constant of proportionality being arbitrary. However,
when the problem does not fit into the usual parametric framework, the definition of
the likelihood function is not immediately obvious.

Suppose that a model class consists of three types of object, observable random
variables (data), unobservable (or unobserved) random variables and unknown fixed
parameters. Special cases are subject-specific inferences for random-effect models,
prediction of unobserved future observations, missing data problems etc. Consider the
simplest example of a 2-level hierarchy with the model

yi j = β + ui + ei j,

where ui � N(0, λ) and ei j � N(0, φ) with ui and ei j uncorrelated. This model leads to
a specific multivariate distribution. From one point of view the parameters of the model
are β, λ and φ, and it is straightforward to write down the likelihood from the multivariate
normal distribution and to obtain estimates by maximizing it. However, although the ui

are thought of initially as having been obtained by sampling from a population, once
a particular sample has been obtained they are fixed quantities and estimates of them
will often be of interest (Searle et al 1992). The likelihood based upon the multivariate
normal distribution provides no information on these quantities.

There have been several attempts to extend likelihood beyond its use in parametric
inference to more general models that include unobserved random variables; see, for
example, Henderson (1975) and Lee and Nelder (1996) for random-effect models,
and Yates (1933) and Box et al. (1970) for missing data problems. Except for Lee
and Nelder, these extensions have been successful only for inference of location
parameters in limited classes of models. Pearson (1920) pointed out the limitation of
Fisher likelihood inferences in prediction. As a likelihood solution various predictive
likelihoods have been proposed (Bjørnstad, 1990): see Barndorff-Nielsen and Cox
(1996) for interval estimates. Interpretation of the profile predictive likelihood approach
of Mathiasen (1979) in the h-likelihood perspective is in Pawitan (2001, Chapter 16). In
this paper we concentrate on likelihood inferences for random effects.

Bayarri et al. (1988) considered the following example: There is a single fixed
parameter θ, a single unobervable random quantity U and a single observable quantity
Y. The unobserved random variable U has a probability function

fθ(u) = θ exp(−θu) for u > 0, θ > 0,

and an observable random variable Y has conditional probability function

fθ(y|u) = f (y|u) = u exp(−uy) for y > 0, u > 0,

free of θ. Throughout this paper we use fθ() as probability functions of random variables
with fixed parameters θ; the arguments within the brackets can be either conditional or
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unconditional. Thus, fθ(y|u) and fθ(u|y) have different functional forms even though we
use the same fθ() to mean probability functions with parameters θ.

Starting from a basic definition that the likelihood function is proportional to L(r|θ)
where r and θ denote two derived classes, Bayarri et al. (1988) argue that there is no
unique way of deciding which of the three classes should be regarded as part of r and
which part of θ and, furthermore, that there is no unique way of deciding which random
variables and parameters should explicitly enter the likelihood function. They consider
three possibilities for an extended-likelihood for three objects:

L(y|θ) ≡ fθ(y) =
∫

f (y|u) fθ(u)du = θ/(θ + y)2,

L(y|u, θ) ≡ f (y|u) = u exp(−uy),

L(u; y|θ) ≡ f (y|u) fθ(u) = uθ exp{−u(θ + y)}.

Here “L(y|θ) ≡ fθ(y)” means that L(y|θ) = fθ(y)c(y) for some c(y) > 0. The marginal
likelihood L(y|θ) gives the (marginal) maximum-likelihood (ML) estimator θ̂ = y, but is
totally uninformative about the unknown value of u of U. The conditional likelihood in
the form L(y|u, θ), which may be regarded as

L(observed|unobserved),

is uninformative about θ and loses the relationship between u and θ reflected in fθ(u).
Finally, the joint likelihood L(u; y|θ), which may be regarded as

L(random variables|parameters),

yields, if maximized with respect to θ and u, the useless estimators θ̂ = ∞ and û = 0.
Bayarri et al. (1988) therefore concluded that none is useful as a likelihood for more
general inferences.

In extended likelihood dividing the three types of object into two derived classes
would be confusing. For example the empirical Bayes method uses fθ(u|y), which
seems to belong to L(observed|unobserved). If so it cannot be distinguished from
L(y|u, θ) ≡ fθ(y|u). In this paper L(a; b) denotes the likelihood for the argument a using
the probability function fθ(b). Here L(θ, u; u|y) ≡ fθ(u|y) and L(θ, u; y|u) ≡ fθ(y|u). We
use capital letters such as L for likelihood and lowercase letters such as l = log L for log
likelihood which we shall abbreviate to loglihood (a useful contraction which we owe
to Michael Healy).

In this paper we resolve Bayarri et al.’s (1988) problem by showing that it is
possible to make unambiguous likelihood inferences about a wide class of models
having unobserved random variables. If in this example, instead of the joint likelihood
L(θ, u; y, u), we use a particular form of it, the so-called h-likelihood
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L(θ, u; y, log u) ≡ f (y| log u) fθ(log u) = u2θ exp{−u(θ + y)}

maximization gives the ML estimator θ̂ = y, and the random effect estimator û = 1/y.
When θ is known, the best predictor (BP; Searle et al 1992, pp. 261) of u is defined

by

û = E(u|y) = 2/(θ + y).

When θ is unknown, the h-likelihood gives the empirical BP of u

û = ̂E(u|y) = 2/(θ + y)|θ=θ̂ = 1/y.

The word predictor has often been used for random-effect estimates. For the prediction
of unobserved future observations we believe that it is the right one to use. However,
for inference about unknown random effects the word estimate seems more appropriate
because we are estimating unknown u, fixed once the data y are known, though possibly
changing in future samples.

Our goal is to establish an extended likelihood framework by showing that the
h-likelihood is a proper extension of the Fisher likelihood to random-effect models,
maintaining the original likelihood framework for parametric inferences. In Section
2 we define the h-likelihood for hierarchical generalized linear models (HGLMs). In
Section 3, we show why the h-likelihood, among joint likelihoods, should be used, and
in Section 4 we illustrate why we need to distinguish two classes of parameters, fixed
effects (for location) and dispersions. In Section 5, we describe the extended likelihood
framework, and in Section 6 we illustrate extended likelihood inferences using Bayarri
et al.’s (1988) example. We also explain how our method differs from Breslow and
Clayton’s (1993) penalized-quasi-likelihood (PQL) method and illustrate why the latter
suffers from severe bias. In Section 7 we discuss how the extended framework preserves
the advantages of the original likelihood framework, giving our conclusions in Section 8.

2 HGLMS

HGLMs are generalized linear models (GLMs) in which the linear predictor contains
both fixed and random parameters: They take the form

µ = E(y|u) and var(y|u) = φV(µ)

with a linear predictor

η = g(µ) = Xβ + Zv, (1)
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where g() is a GLM link function, X and Z are model matrices for fixed and
random parameters (effects) respectively, and vi = v(ui) are random effects after some
transformation v(). For simplicity we consider the case of just one random vector u.

Here the joint density of the responses y and the random effects u can be used to
define a joint likelihood

L(θ, u; y, u) ≡ fβ,φ(y|u) fλ(u), (2)

where θ = (β, φ, λ). In (2) fβ,φ(y|u) is a density with a distribution from a one-parameter
exponential family, while the second term fλ(u) is the density function of the random
effects u with parameter λ.

2.1 H-likelihoods

We call L(θ, u; y, u) a joint likelihood, a phrase first used by Henderson (1975) in the
context of linear mixed models; in our notation these are normal-normal HGLMs,
in which the first element refers to the distribution of y|u and the second to that
for u. A joint likelihood is not a likelihood in the Fisherian sense because of the
presence of unobservables, namely the random effects. Bjørnstad (1996) showed that
the joint likelihood satisfies the likelihood principle that the likelihood of the form
L(θ, u; y, u) carries all the (relevant experimental) information in the data about the
unobserved quantities u and θ (Edwards 1972, pp.30 and Berger 1985, pp.28). However,
the likelihood principle does not provide any obvious suggestions on how to use this
likelihood for statistical analysis. It tells us only that some joint likelihood should serve
as the basis for such an analysis. For example, the use of L(θ, u; y, u) in Bayarri et al.’s
(1988) example results in useless inferences about the random parameter.

A joint likelihood L(θ, u; y, k(u)) is not in general invariant with respect to the
choice of parametrization k(u) of the random parameter u, because a change in this
parametrization involves a Jacobian term for u. Lee and Nelder (1996) proposed to use
the joint density of y and the random effects v = v(u) on the particular scale as shown in
(1) to form a subclass of joint likelihoods,

L(θ, v; y, v) ≡ fβ,φ(y|v) fλ(v). (3)

These were called h-likelihoods by Lee and Nelder (1996), who used them as
extended likelihoods for HGLMs. Even though fβ,φ(y|v(u)) ≡ fβ,φ(y|u) mathematically,
we write the conditional density as fβ,φ(y|v(u)) to stress that the function v(u) defines
the scale on which the random effects are assumed to combine additively with the fixed
effects β in the linear predictor.
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3 Why h-likelihoods among joint likelihoods?

Given that some joint likelihood should serve as the basis for statistical inferences of
a general nature, we want find a particular one whose maximization gives meaningful
estimators of the random parameters. Maintaining invariance of inferences from the joint
likelihood for trivial re-expressions of the underlying model leads to a unique definition
of the h-likelihood. For further development we need the following property of joint
likelihoods.

Property. The joint likelihoods L(θ, u; y, u) and L(θ, u; y, k(u)) give identical
inferences about the random effects if k(u) is a linear parametrization of u.

This property of joint likelihoods is meaningful because the BP property can be
preserved only under linear transformation, i.e. E{k(u)|y} = k(E(u|y)) only if k() is linear.

Consider a simple normal-normal HGLM of the form: for i = 1, . . . ,m and j =
1, . . . , n with N = mn

yi j = β + vi + ei j, (4)

where vi � i.i.d. N(0, λ) and ei j � i.i.d. N(0, 1). Consider a linear transformation
vi = σv∗i where σ = λ1/2 and v∗i � i.i.d. N(0, 1). The joint loglihoods l(θ, v; y, v) and
l(θ, v∗; y, v∗) give the same inference for vi and v∗i . In (3) the first term log fβ,φ(y|v) is
invariant with respect to reparametrizations; in fact fβ,φ(y|v) = fβ,φ(y|u) functionally
for one-to-one parametrization v = v(u). Let v̂i and v̂∗i maximize l(θ, v; y; , v) and
l(θ, v∗; y, v∗), respectively. Then, we have invariant estimates v̂i = σv̂∗i because

−2 log fλ(v) = m log(2πσ2) +
∑

v2
i /σ

2 = −2 log fλ(v
∗) + m log(σ2),

these loglihoods differ only by a constant.
Consider now model (4), but with a parametrization

yi j = β + log ui + ei j, (5)

where log(ui) � i.i.d. N(0, λ). Let log(ui) = σ log u∗i and log(u∗i ) � i.i.d. N(0, 1). Here
we have

−2 log fλ(u) = m log(2πλ) +
∑

(log ui)
2/λ + 2

∑
log ui

= −2 log fλ(u
∗) + m log(λ) + 2

∑
log(ui/u

∗
i ).

Let ûi and û∗i maximize l(θ, u; y; , u) and l(θ, u∗; y, u∗), respectively. Then, log ûi �
σ log û∗i because log ui = σ log u∗i , i.e. ui = u∗σi , is no longer a linear transformation.

Clearly the two models (4) and (5) are equivalent, so that if h-likelihood is to be a
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useful notion we need their corresponding h-loglihoods be equivalent as well. In fact the
h-likelihood for model (5) is

L(θ, v; y, v) ≡ fβ,φ(y| log u) fλ(log u)

in accordance with the rule that the random effect appears linearly in the linear predictor
on the scale v = log u, giving

ηi j = µi j = β + vi with µi j = E(yi j|vi).

To maintain invariance of inference with respect to equivalent modellings, we must
define the h-likelihood on the particular scale v(u) on which the random effects combine
additively with the fixed effects β in the linear predictor.

For simplicity of argument, let λ = 1, so that there is no dispersion parameter, but
only a location parameter β. The h-loglihood l(θ, v; y, v) is given by

−2h = −2l(θ, v; y, v) ≡ {N log(2π) +
∑

i j

(yi j − β − vi)
2} + {m log(2π) +

∑
i

v2
i }.

This has its maximum at the BP

v̂i = E(vi|y) =
n

n + 1
(ȳi. − β).

Suppose that we estimate β and v by joint maximization of h. The solution is

β̂ = ȳ.. =
∑

i j

yi j/N and v̂i =
n

n + 1
(ȳi. − ȳ..) =

∑
j

(yi j − ȳ..)/(n + 1).

Now β̂ is the ML estimator and v̂i is the empirical BP defined by

v̂i = ̂E(vi|y),

and can be also justified as the best linear unbiased predictor (BLUP; Searle et al. 1992,
pp. 269).

The joint loglihood L(β, u; y, u) gives

−2L(β, u; y, u) ≡ {N log(2π)+
∑

(yi j−β−log ui)
2}+{m log(2π)+

∑
(log ui)

2+2
∑

(log ui)}
(6)

with an estimate

v̂i = log ûi =
n

n + 1
(ȳi. − β) − 1/(n + 1).
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The joint maximization of L(β, u; y, u) leads to

β̂ = ȳ.. + 1 and v̂i =
n

n + 1
(ȳi. − ȳ..) − 1.

Thus, in this example joint maximization of the h-loglihood provides satisfactory
estimates of both the location and random parameters for either parameterization, while
that of a joint loglihood may not.

4 Is joint maximization valid for estimation of dispersion parameters?

Lee and Nelder (1996, 2001a) distinguished two types of parameters, fixed effects
(location parameters) β and dispersion parameters (φ, λ). The use of restricted maximum
likelihood (REML) shows that different functions must be maximized to estimate
location and dispersion parameters. Our generalization of REML shows that an
appropriate adjusted profile h-likelihood (APHL) should be used for estimation of
dispersion parameters (Lee and Nelder, 1996, 2001).

Consider the following two equivalent non-normal models: for i = 1, . . . ,m

yi|ui � Poisson(δui) and ui � exp(1), (7)

and

yi|wi � Poisson(wi) and wi � exp(1/δ), (8)

where wi = δui; so we have E(ui) = 1 and E(wi) = δ.
Note that while fixed effects β appear only in fβ,φ(y|v), dispersion parameters (φ, λ)

can appear in both fβ,φ(y|v) and fλ(v). In model (7), use of the log link, on which the
fixed and random effects are additive, leads to

log µi = β + vi,

where µi = E(yi|ui) = E(yi|wi), β = log δ, and vi = log ui. Now β is a fixed effect, so that
δ = exp(β) is a location parameter in the HGLM context.

In model (8) there is only one random component and no fixed effect, so that
the choice of link function, and therefore of v(u), is arbitrary. With an identity link,
δ is no longer a fixed effect but becomes the dispersion parameter λ appearing in
fλ(w), for which the maximized h-likelihood maintains invariance only with respect to
translations. Lee and Nelder (1996, 2001a) proposed a different estimation scheme for
such parameters as we shall see in the next Section.

We now show that the joint maximization of the h-loglihoods cannot be used for
estimation of the dispersion parameters. Suppose that we have an identity link in model
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(8). Then h-loglihoods are L(θ, u; y, u) and L(θ,w; y,w) for the linear transformation
w = δu. Then,

log f (u) = −
∑

ui = −
∑

wi/δ = log fδ(w) + m log δ

so that given δ, random-effect predictions are given by ûi = ŵi/δ = yi/(δ + 1).
However, for δ the maximization of L(θ, u; y, u) yields an estimating equation

∑
yi =

δ
∑

ûi = δ
∑

yi/(δ + 1) with a solution δ̂ = ∞ and the use of L(θ,w; y,w) yields an
estimating equation δ =

∑
ŵi/m = δ

∑
yi/{m(δ + 1)} with a solution δ̂ = ȳ. − 1 where

ȳ. =
∑

yi/m. Thus, different estimates for the dispersion parameter δ are obtained by
jointly maximizing the h-loglihoods L(θ, u; y, u) and L(θ,w; y,w) from the same model
(8) but with a different parametrization w = δu.

In model (7), use of the log link leads to the h-loglihoods L(θ, u; y, log u) and
L(θ,w; y, log w) for linear transformation z = β + v where v = log u and z = log w.
Here, we have

log f (v) =
∑

(−ui + vi) =
∑

(−wi/δ + zi − log δ) = log fδ(z). (9)

The joint maximization of this h-loglihood L(θ, u; y, log u) with respect to δ and vi gives

ûi = (yi + 1)/(δ̂ + 1) = ̂E(ui|yi)

because E(ui|yi) = (yi+1)/(δ+1), and the marginal ML estimator δ̂ = ȳ. Similarly, joint
maximization of L(θ,w; y, log w) with respect to δ and zi gives

ŵi = δ̂(yi + 1)/(δ̂ + 1) = ̂E(wi|yi)

because E(wi|yi) = δ(yi + 1)/(δ + 1), so also ẑi = v̂i + log δ̂, and again the marginal ML
estimator is given by δ̂ = ȳ. Thus, identical estimates for the location parameter δ are
obtained by jointly maximizing the h-loglihoods L(θ, u; y, log u) and L(θ,w; y, log w).

In multiplicative models such as (7) because

E(yi|ui) = δui = (cδ)(ui/c) for any c > 0

we may put constraints on either the random effects or the fixed effects. Lee and Nelder
(1996) proposed to put constraints on the random effects; for example in model (7) we
put E(ui) = 1 which is convenient when there is more than one random component. This
strategy converts model (8) to an equivalent model (7), where the log link is an obvious
choice in forming the h-loglihood, giving invariant inference for the fixed effect δ. Thus,
putting constraints on random effects enlarges the set of fixed effects β = log δ which
can be estimated by a direct maximization of h. We recommend following this strategy
in defining h-loglihoods, though it is not compulsory.
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In the multiplicative model above neither ui nor β is separately identifiable because
they depend upon an arbitrary constraint. In an additive model such as (4) β is
identifiable as E(yi j) because of constraints E(vi) = 0 and E(ei j) = 0. The model (4)
assumes E(vi) = 0 and the model (7) assumes E(ui) = 1, so that care is necessary in
comparing parameter estimates from different models. Lee and Nelder (2004) showed
that differences in the behaviour of parameters between random-effect models and GEE
models are caused by assuming different constraints and therefore are based on a failure
to compare like with like.

5 Extended likelihood framework

The original Fisher likelihood framework had two types of object and two kinds of
inference:
Data Generation: Generate an instance of the data y from a probability function with
given fixed parameters θ

fθ(y).

Parameter Estimation: Given the data y,make an inference about an unknown fixed θ in
the stochastic model by using the likelihood

L(θ; y).

The connection between these two processes is given by

L(θ; y) ≡ fθ(y),

where L and f are algebraically identical, but on the left-hand side y is fixed while θ
varies and on the right-hand side θ is fixed while y varies.

The extended likelihood framework for three types of object can be described as
follows:
Data Generation: (i) Generate an instance of the random effects v from a probability
function fθ(v) and then with v fixed, (ii) generate an instance of the data y from a
probability function fθ(y|v). The combined stochastic model is given by the product
of the two probability functions

fθ(v) fθ(y|v). (10)

Parameter Estimation: Given the data y, we can (i) make inferences about θ by using the
marginal likelihood L(θ; y) ≡ fθ(y), and (ii) given θ, make inferences about v by using
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the conditional likelihood in the form

L(θ, v; v|y) ≡ fθ(v|y).

Given the data y, the extended likelihood for the joint unknowns (v, θ) is given by

L(θ, v; y, v) = L(θ; y)L(θ, v; v|y) ≡ fθ(y) fθ(v|y). (11)

The connection between these two processes is given by

fθ(y) fθ(v|y) ≡ L(θ, v; y, v) ≡ fθ(v, y) = fθ(v) fθ(y|v). (12)

On the left-hand side y is fixed while (v, θ) vary, while on the right-hand side θ is fixed
while (v, y) vary. In the extended likelihood framework the v appear in data generation
as random instances, but in parameter estimation as unknowns.

The combined stochastic model fθ(y|v) fθ(v) in (10) for data generation is often easily
available in an explicit form. However, the practical difficulties in extended likelihood
inference stem from the fact that the two components,

fθ(y) =
∫

fθ(y|v) fθ(v)dv and fθ(v|y) = fθ(y|v) fθ(v)/
∫

fθ(y|v) fθ(v)dv,

are generally hard to obtain, except for some conjugate families, because of the
integration involved. However, the h-likelihood can exploit the connection (12) to
give likelihood inferences of a general nature. In the next Section we show how to
implement inferential procedures without explicitly computing the two components
fθ(y) and fθ(v|y).

Let

h = m + log fθ(v|y) = log fθ(v) + log fθ(y|v), (13)

where m is the marginal loglihood m = log L(θ; y). This is the h-loglihood, which plays
the same role as the loglihood in Fisher’s likelihood inference.

5.1 Inference for random parameters

The relative simplicity of h-likelihood methods of inference becomes apparent when
we compare them with other methods. If the conditional density fθ(v|y) follows the
normal distribution, it is immediate that given θ, the maximum h-likelihood estimator
for v is a BP, i.e. v̂ = E(v|y). If there exists a transformation k() such that L(θ, v; v|y)
(≡ fθ(k(v)|y)) takes the form of a normal distribution, the h-likelihood gives a BP for
k̂(v) = k(v̂) = E{k(v)|y}. However, the h-likelihood gives more than this.
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Consider a mixed linear model

Y = Xβ + Zv + e,

where v � MVN(0,Λ) and e � MVN(0,Σ) and MVN stands for a multivariate normal
distribution. Henderson (1975) showed that the joint maximization of his joint loglihood
(which, for the normal-normal model, is the h-loglihood) leads to the estimating
equations (

XTΣ−1X XTΣ−1Z
ZTΣ−1X ZTΣ−1Z + Λ−1

) (
β̂

v̂

)
=

(
XTΣ−1Y
ZTΣ−1Y

)
.

Set H to be the square matrix of the left hand side, V = ZΛZT+Σ, and D = ZTΣ−1Z+Λ−1.

Then, given Λ and Σ, the solution for β gives the ML estimator, satisfying

XT V−1Xβ̂ =XT V−1Y,

and the solution for v gives the empirical BPs

v̂ = ̂E(v|Y) = E(v|Y)|β=β̂ = ΛZT V−1(Y − Xβ̂) = D−1ZTΣ−1(Y − Xβ̂).

Furthermore, H−1 gives estimates of

E

⎧⎪⎪⎨⎪⎪⎩
(
β̂ − β
v̂ − v

) (
β̂ − β
v̂ − v

)T⎫⎪⎪⎬⎪⎪⎭ .
This yields (XT V−1X)−1 as a variance estimate for β, which coincides with that for the
ML estimates. Now we see that H−1 also gives the correct estimate for E

{
(v̂−v) (v̂−v)t

}
.

When β is known we use the BP

ṽ = E(v|Y).

Then we have

var(ṽ − v) = E
{
(ṽ − v)(ṽ − v)T

}
= E {var(v|Y)} .

Note here that

var(v|Y) = Λ − ΛZT V−1ZΛ = D−1.

When β is known D−1 gives a proper estimate of the variance of ṽ − v.
The extended likelihood principle of Bjørnstad (1996) is that the joint likelihood

of the form L(θ, v; y, v) carries all the information in the data about the unobserved



Youngjo Lee and John A. Nelder 153

quantities v and θ. Because fθ(y) in (11) does not involve v, L(θ, v; v|y) ≡ fθ(v|y) seems
to carry all the information in the data about the random parameters. This leads to the
empirical Bayes (EB) method for inference about v, which uses the estimated posterior

fθ̂(v|y),

where θ̂ are usually the marginal ML estimators (Carlin and Louis, 2000). Thus,
maximization of the h-likelihood yields EB-mode estimators, and they can be obtained
without computing fθ(v|y). However, when β is unknown the estimated posterior fβ̂(v|y)
for the EB procedure gives D−1|β=β̂ as a naive estimate for var(v̂ − v), and this does
not properly account for the uncertainty caused by estimating β. Various complicated
remedies have been suggested for the EB interval estimate (Carlin and Louis, 2000).

By contrast, the h-loglihood gives a straightforward correction. Here we have

var(v̂ − v) = E {var(v|Y)} + E
{
(v̂ − ṽ)(v̂ − ṽ)T

}
,

where the second term shows the variance inflation caused by estimating the unknown
β. As an estimate for var(v̂ − v) the appropriate component of H−1 gives

{D−1 + D−1ZTΣ−1X(XT V−1X)−1XTΣ−1ZD−1}|β=β̂.

Because v̂ − ṽ = −ΛZT V−1X(β̂ − β) we can show that

E
{
(v̂ − ṽ)(v̂ − ṽ)T

}
= D−1ZTΣ−1X(XT V−1X)−1XTΣ−1ZD−1.

Thus, the h-loglihood handles correctly the variance inflation caused by estimating fixed
effects. From this we can construct confidence bounds for unknown v, fixed once the
data are observed. Lee and Nelder (1996) extended the results of this section to general
HGLMs under some regularity conditions. Later, we illustrate this further by using
Bayarri et al.’s (1988) example as a non-normal model.

We see that inferences about random effects cannot be made by using solely fθ(v|y),
as the EB method does. Because fθ(v|y) involves the fixed parameters θ we should use
the whole h-likelihood to reflect the uncertainty about θ; it is the other component fθ(y)
which carries the information about this. The notation L(θ, v; v|y) shows that the EB
problem is caused by the nuisance fixed parameters θ.

5.2 Inference for fixed parameters for both location and dispersion

The likelihood principle of Birnbaum (1962) is that the marginal likelihood L(θ; y)
carries all the (relevant experimental) information in the data about the fixed parameters
θ, so that L(θ; y) should be used for inferences about θ: see also Berger and Wolpert
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(1984). For inferences about fixed parameters θ we can use fθ(y) alone because L(θ; y)
does not involve nuisance random parameters at all. However, in general the marginal
likelihood requires intractable integration. One method of obtaining the marginal ML
estimators for θ is the expectation-maximization (EM) algorithm of Dempster et al.
(1977). This exploits the property (13) of joint loglihoods using the result that under
appropriate regularity conditions

E(∂h/∂θ|y) = ∂m/∂θ + E(∂ log fθ(v|y)/∂θ|y) = ∂m/∂θ.

The last equality is immediate from the fact that∫
fθ(v|y)dv = 1.

The EM algorithm is often numerically slow to converge and it is analytically hard
to evaluate the conditional expectation E(h|y). Alternatively, simulation methods,
such as Monte Carlo EM (Vaida and Meng, 2004) and Gibbs sampling (Karim and
Zeger, 1992), can be used to evaluate the conditional expectation, but these methods
are computationally intensive. Instead, numerical integration using Gauss-Hermite
quadrature (Crouch and Spiegelman, 1990) could be directly applied to obtain the ML
estimators, but this also becomes computationally heavier as the number of random
components increases.

By contrast, we can obtain estimators for θ by directly maximizing appropriate
quantities derived from the h-loglihood, and compute their standard error estimates from
the second derivatives. In our framework we do not need to evaluate an analytically
difficult expectation step nor use a computationally intensive method, such as Monte
Carlo EM or numerical integration. Instead we maximize adjusted profile h-likelihoods
(APHLs) to obtain ML and REML estimators. Ha and Lee (2005a) showed how h-
likelihood gives straightforward estimators of β for mixed linear models with censoring,
whereas the ordinary EM method has difficulty.

In our framework there are two useful adjusted profile loglihoods for inferences
about fixed parameters. The marginal loglihood m can be obtained from the h-loglihood
by integrating out the random parameters,

m ≡ log
∫

fθ(v, y)dv = log
∫

fθ(y|v) fθ(v)dv. (14)

In mixed linear models the conditional density,

fφ,λ(y|β̃) = fβ,θ(y)/ fβ,θ(β̃),

where β̃ are ML estimators given (φ, λ), is free of β (Smyth , 2002), so that the restricted
loglihood of Patterson and Thompson (1971) can be written as
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r = log L(φ, λ; y|β̃) ≡ log fφ,λ(y|β̃).

This has been proposed for inference about the dispersion parameters (φ, λ) to reduce
bias, especially in finite samples: see also Harville (1977).

In our framework the marginal loglihood m is an adjusted profile loglihood for the
fixed parameters θ, after eliminating random parameters v by integration from the h-
loglihood h, and the restricted loglihood r is that for the dispersion parameters (φ, λ),
after eliminating fixed parameters β by conditioning from the marginal loglihood m.
However, in general they hard to obtain because they use the marginal loglihood m.
Let l be a loglihood, either a marginal loglihood m or an h-loglihood h, with nuisance
parameter α, random or fixed. Lee and Nelder (2001a) considered a set of functions
pα(l), defined by

pα(l) = [l − 1
2

log det{D(l, α)/(2π)}]|α=α̃ (15)

where D(l, α) = −∂2l/∂α2 and α̃ solves ∂l/∂α = 0. For fixed effects β the use of pβ(m)
is equivalent to conditioning on β̃, i.e. pβ(m) � r = l(φ, λ; y|β̃) ≡ log fφ,λ(y|β̃) to the first
order (Cox and Reid, 1987), while for random effects v the use of pv(h) is equivalent
to integrating them out using the first-order Laplace approximation, i.e. pv(h) � m (Lee
and Nelder 2001a). The set of functions p∗() may be regarded as derived loglihoods for
various subsets of parameters.

In mixed linear models

m ≡ pv(h) and pβ(m) ≡ pβ,v(h).

Thus, here the marginal ML estimators for β and their standard error estimates can be
obtained by directly maximizing the adjusted profile h-loglihood pv(h), instead of the
joint maximization of the previous Section. The restricted loglihood r has been used only
in mixed linear models. Its natural extension is pβ(m) (Cox and Reid, 1987). To avoid
intractable integration, instead of pβ(m) we may use pβ,v(h) as the restricted likelihood
for dispersion parameters. The use of pβ,v(h) for estimating the dispersion parameters
(φ, λ) means that we can eliminate both random and fixed effects simultaneously from
the h-likelihood. Lee and Nelder (2001a) showed that in general pβ,v(h) is approximately
pβ(pv(h)) and that numerically pβ,v(h) provides good dispersion estimators for HGLMs.
This reduces bias of the ML estimator greatly in frailty models with nonparametric
baseline hazards where the number of nuisance β increases with sample (Ha and Lee,
2005b) .

In principle we should use the h-loglihood h for inferences about v, the marginal-
loglihood m for β and the restricted loglihood pβ(m) for the dispersion parameters.
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When m is numerically hard to obtain, we propose to use APHLs pv(h) and pβ,v(h)
as approximations to m and pβ(m); pβ,v(h) gives approximate restricted ML estimators
for the dispersion parameters and pv(h) approximate ML estimators for the location
parameters. Higher-order approximations can be useful for improved accuracy (Lee and
Nelder 2001a). Although in general a joint maximization of the h-loglihood does not
provide marginal ML estimators for β the deviance differences constructed from h and
pv(h) are often very similar, so that we propose to use h for estimating β unless it yields
non-ignorable biases. For example, in HGLMs for binary data pv(h) should be used for
estimating β (Noh and Lee 2004).

Using the formula

pv(h) = [h − 1
2

log det{D(h, v)/(2π)}]|v=ṽ,

model (4) gives D(h, v) = diag(di) where di = n + 1, and model (7) gives di = yi + 1,
i.e. for both models D(h, v) is independent of the fixed effects β, depending only upon
dispersion parameters if these exist, so that the maximization of h also provides the ML
estimators for β. This is true for three models, the normal-normal, Poisson-gamma and
gamma-inverse gamma with log link; for these explicit forms for m are available (Lee
and Nelder 1996).

Breslow and Clayton (1993) proposed the use of the REML estimating equations
for normal mixed linear models to estimate dispersion parameters in GLMMs. In mixed
linear models the adjustment term D(h, δ) with δ = (v, β) does not involve δ. However,
this is not so in general, so that Breslow and Clayton’s (1993) method suffers from
severe bias because it ignores derivative terms ∂δ̃/∂λ and ∂δ̃/∂φ. Furthermore, Lin and
Breslow’s (1996) correction of the Breslow and Clayton’s method still suffers from the
non-ignorable bias caused by ignoring these important terms, while the h-likelihood
procedure does not (Noh and Lee, 2004).

We now illustrate the h-likelihood approach for random-effect models using Bayarri
et al.’s (1988) example.

6 Bayarri et al.’s example revisited

Let us return to Bayarri et al’s (1988) example:

y|u � exp(u) and u � exp(θ), (16)

and equivalently

y|w � exp(w/θ) and w � exp(1) (17)
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where E(w) = 1 and E(u) = 1/θ. Here we have the marginal loglihood

m = log L(θ; y) = log θ − 2 log(θ + y).

This gives the marginal ML estimator θ̂ = y and its variance estimator

̂var(θ̂) = −{∂2m/∂θ2|θ=θ̂}−1 = 2y2.

Following the strategy of putting the constraints on random effects E(w) = 1 let us
consider the model (17) first. Here because

µ = E(y|w) = θ/w,

the log link achieves additivity

η = log µ = β + v,

where β = log θ and v = − log w. This leads to the h-loglihood

h = l(θ, v; y, v) ≡ log fθ(y|v) + log f (v) = −v − log θ − wy/θ − w − v.

Suppose that θ and therefore β is known. The maximization ∂h/∂v = −2+(y/θ+1)w = 0
gives the BP

ŵ = 2θ/(y + θ) = E(w|y).

Here the BP is on the w scale. Then, the corresponding Hessian −∂2h/∂w2|w=ŵ = 2/ŵ2 =

(y + θ)2/(2θ2) gives as an estimate for var(ŵ − w)

var(w|y) = 2θ2/(y + θ)2.

Now suppose that θ and therefore β is unknown. The joint maximization

∂h/∂v = −2 + (y/θ + 1)w = 0 and ∂h/∂θ = −1/θ + yw/θ2 = 0

gives the ML estimator θ̂ = y and the empirical BP ŵ = 2θ̂/(y+ θ̂) = ̂E(w|y) = ̂θE(u|y) =
1. Because there is only one random effect in the model the constraint E(w) = 1 makes
ŵ = 1 = E(w): for more discussion see Lee and Nelder (1996, 2004). Because

−∂2h/∂w2|θ=θ̂,w=ŵ = 2, − ∂2h/∂θ2|θ=θ̂,w=ŵ = 1/y2, − ∂2h/∂θ∂w|θ=θ̂,w=ŵ = −1/y
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we have an estimator

̂var(θ̂) = 2y2,

which is the same as that from the marginal loglihood. Now we have

̂var(ŵ − w) = 1 = var(w),

which reflects the variance increase caused by estimating θ; note that

̂var(w|y) = 2θ2/(y + θ)2|θ=θ̂ = 1/2.

Here −∂2h/∂v2|w=ŵ = 2, so that h and pv(h) are proportional, showing that the joint
maximization is a convenient tool to compute an exact ML estimator and its standard
error estimates.

Suppose that we use the model (16) with an identity link. Now θ is a dispersion
parameter appearing in fθ(u) and the h-loglihood is given by

h = L(θ, u; y, u) ≡ log f (y|u) + log fθ(u) = log u + log θ − u(θ + y).

Then, the equation ∂h/∂u = 1/u − (θ + y) = 0 gives ũ = 1/(θ + y). From this we get

pu(h) ≡ log ũ + log θ − ũ(θ + y) − 1
2

log{1/(2πũ2)} = log θ − 2 log(θ + y) − 1 +
1
2

log 2π,

which is proportional to the marginal loglihood m, and so yields the same inference for θ.
Here −∂2h/∂u2|u=ũ = 1/ũ2 = (θ+ y)2 and thus h and pv(h) are no longer proportional, so
that the joint maximization cannot give an exact ML estimator for dispersion parameters.

Schall’s (1991) method is the same as Breslow and Clayton’s (1993) PQL method
for GLMMs. They are the same as the h-likelihood method, but ignore ∂ũ/∂θ in the
dispersion estimation (Lee and Nelder 2001a). Now suppose that the ∂ũ/∂θ term is
ignored in maximizing pu(h). Then we have the estimating equation

1 = θũ = θ/(θ + y), for y > 0

which gives an estimator θ̂ = ∞. Thus, the term ∂ũ/∂θ should not be ignored; if it is, it
can result in a severe bias in estimation and a distortion of the standard error estimate;
here, for example,

̂var(θ̂) = θ̂2 = ∞.

Similarly, in models (5) and (7) the joint maximization of l(y, u|λ) does not provide a
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valid inference for β as we saw, but pu(l(y, u|λ)) does provide the ML estimator of β for
both models. Thus, for model (8) even though we chose l(y,w|λ) as the h-loglihood our
inferential procedure provides equivalent inference to that from a model with a log-link.
Thus, with proper use of h-likelihood it is possible to have meaningful inferences about
both the random and fixed parameters.

For some non-linear random-effect models, such as those occurring in pharmaco-
kinetics, the definition of h-likelihood is less clear, but we may still use pu(l(y, u)) for
inference about non-random parameters. Lee and Nelder (1996) noted that pu(l(y, u)) is
invariant, i.e. gives invariant inference, with respect to an arbitrary linear transformation
of u. Even though the simplicity of the h-likelihood algorithm is lost, pu(l(y, u)) provides
a good inferential criterion because the Laplace approximation is often very accurate.

6.1 Discussion

There have been many alleged counterexamples similar to that of Bayarri et al. (1988),
purporting to show that an extension of the Fisher likelihood to three objects is not
possible. An important criticism is that we may get qualitatively different (i.e. non-
invariant) inferences for trivial re-expressions of the underlying model. We see that
defining the h-likelihood on the right scale avoids such difficulties. These complaints
are caused by a misunderstanding of the h-likelihood framework and the wrong use of
joint maximization to obtain all the parameter estimates. Another criticism has been
about the statistical efficiency of the h-likelihood procedures (for example, Little and
Rubin, 2002). An appropriate adjusted profile h-likelihood (APHL) should be used for
estimation of dispersion parameters (Lee and Nelder, 1996, 2001). The h-likelihood
is a natural way of making inferences about unobservables v. The definition of h
in the proper scale of v and the use of APHLs give valid inferences. All the alleged
counterexamples for missing data problems in Little and Rubin (2002; chapter 6.3) can
be refuted similarly as in Section 6: for detailed discussion see Yun et al. (2005).

Hinkley (1979) and Butler (1986) introduced predictive likelihood for inferences of
unobserved future observations. In missing data problemes and random-effect models,
the APHL pv(h), eliminating random parameters v, is used for inferences about fixed
θ. However, in prediction problems for an unobserved future observation v, various
predictive likelihoods, eliminating fixed parameters θ, have been proposed for inferences
about random v (Bjørnstad, 1990). Davison (1986) proposed to use the APHL pθ(h),
derived as an approximate predicted likelihood under a non-informative prior, which
Butler (1990) called the modified profile predictive loglihood. Following Barndorff-
Nielsen (1983) Bjørnstad (1990) suggested an approximation

log fθ(z|y) = pθ(h) + log det(∂θ̂/∂θ̂v),

where θ̂ is the ML estimator based upon y and θ̂v is the maximum h-logihood estimator.
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If the number of predictands remains fixed as the number of y grows we have
log{det(∂θ̂/∂θ̂v)} = Op(1/n), so that we can also derive the predictive likelihood pθ(h)
as the approximate conditional likelihood, following Cox and Reid (1987). So, with h-
likelihood perspectives, the predictive likelihood is an attempt to derive the APHL for
predictions, eliminating all fixed parameters.

7 Advantages of extended likelihood framework

The difficulty in obtaining the two components fθ(y) and fθ(v|y) has limited the class
of stochastic models that allow likelihood inference. Except for the limited conjugate
family there are few models which allow explicit forms for these two components. The
use of h-likelihood makes such limitations unnecessary, so that likelihood inference can
be drawn from a much wider class of models. Furthermore, the extended likelihood
framework preserves the advantages of the original framework.

7.1 Generality of application

HGLMs have become increasingly popular since the initial synthesis of GLMs,
random-effect models, and structured-dispersion models was found to be extendable
to include models for temporal and spatial correlations (Lee and Nelder 2001a, 2001b).
Heterogeneity of means between clusters (the so-called between-cluster variation) can
be modelled by introducing random effects in the mean. In HGLMs both fixed and
random effects are allowed for the mean but only fixed effects for the dispersion. We
have introduced double HGLMs (Lee and Nelder 2005), which allow both fixed and
random effects not only for the mean but also for the dispersion. This means that
heterogeneity of dispersion between clusters can be similarly modelled by introducing
random effects in the dispersion. We now have a systematic way of generating heavy-
tailed distributions for various types of data such as counts and proportions. This class
will, among other things, enable models of types widely used in the analysis of financial
data to be explored, and should give rise to new extended classes of models. The h-
likelihood plays a key role in the synthesis of the inferential tools needed for these
models.

7.2 Statistical efficiency of h-likelihood method

HGLMs have received increasing attention due to their wide applicability and ease
of interpretation. However, the computation of the ML estimation of the parameters
is a complex task. The marginal loglihood m, obtained by integrating out the random
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effects, is in general analytically intractable. The computational problems are magnified
when the random effects have a crossed design, where the data cannot be reduced to
small independent clusters. For example, in the Salamander data marginal likelihood
inference, based upon numerical integration using Gauss-Hermite quadrature is not
feasible since a 120-dimensional integral is required. Thus, various approximate
methods have been proposed by Schall (1991), Breslow and Clayton (1993), Drum
and McCullagh (1993), Shun and McCullagh (1995), Lee and Nelder (1996, 2001),
Lin and Breslow (1996) and Shun (1997). For binary data Noh and Lee (2004)
showed numerically that the h-likelihood estimator has less bias than the other methods
including MCMC-type methods: see also the simulation studies of Poisson and binomial
models (Lee and Nelder 2001a), of frailty models (Ha et al., 2001) and of mixed
linear models with censoring (Ha et al., 2002). We have not seen any method which
outperforms the h-likelihood procedure, though we do not say that the current h-
likelihood procedure is incapable of improvement.

7.3 Computational efficiency of h-likelihood method

The h-likelihood (13) gives a new definition of conjugate families (Lee and Nelder
2001a), showing that the likelihood for conjugate family for log fθ(v) takes the form of
a GLM. It is sum of component likelihoods, log fθ(v) and log fθ(y|v), both representable
as GLM likelihoods. This means that an extended class of models can be decomposed
into component GLMs (Lee and Nelder 2001a, 2005) and these extended models can
be fitted as an interconnected set of component GLMs. This greatly facilitates the
development of model-checking techniques for the whole class (Lee and Nelder 2001a).
A single algorithm, iterative weighted least squares, can be used throughout all these
extended classes of models and requires neither prior distributions of parameters nor
multi-dimensional quadrature. The h-likelihood plays a key role in the synthesis of the
computational algorithms needed for this extended class of models.

This formulation means that a great variety of models can be fitted by a single
algorithm and compared using extensions of standard GLM procedures. Thus we can
change the link function, allow various types of term in the linear predictor and use
model-selection methods for adding or deleting terms. Furthermore various model
assumptions can be checked by applying GLM model-checking procedures to the
component GLM. This establishes, we believe, algorithmic wiseness in the sense of
Efron (2003).
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8 Conclusion

In general the computation of the ML and/or REML estimation of the parameters is a
complex task due to the intractable integration to obtain the marginal loglihood. With
the use of h-likelihood we can obtain ML and REML estimators by maximizing APHLs.
However, still many believe that the marginal loglihood, without involving random
effects, is the default loglihood. However, its use has always left a problem of inference
about unobservable random variables (subject-specific inferences, Zeger et al., 1988)
and has restricted stochastic models to those having an explicit marginal likelihood.
Thus, Bayesian methods have been extensively used for models without an explicit
marginal likelihood, while likelihood inference is relatively less well developed, because
the definition of likelihood for such inferences is not agreed.

We do not object to the use of marginal likelihood for inferences about fixed
parameters, which in our approach appears as an APHL similar to the restricted
likelihood. The restricted likelihood cannot allow inferences about fixed effects because
they are eliminated. Similarly, the marginal likelihood cannot allow inferences about
individuals, so that some other method must be used for this. As we use the marginal
likelihood for inferences about β in the REML procedure it would be natural to use
the h-likelihood for inferences about random effects. Thus, it is the h-likelihood that is
fundamental, giving both marginal inference for fixed parameters and subject-specific
inference for random or combined fixed and random parameters.

It is perhaps unfortunate that Bayesians, from Lindley and Smith (1972) onwards,
seem to have made a take-over bid for all hierarchical models, implying that one has
to be a Bayesian to deal with them. The availability of Markov-chain Monte Carlo,
making models without an explicit marginal likelihood seem more easily handled via
Bayesian computations, has appeared to justify this. By using h-likelihood, we may deal
with models with random effects directly in a likelihood framework because there is an
explicit analytic form of the likelihood. Furthermore inferences about random effects are
possible without resorting to an empirical Bayesian framework. There seems to be no
evidence that MCMC-type methods give better estimators than the h-likelihood method
at least with binary data (Noh and Lee, 2004).

H-likelihood, as an extended likelihood, gives a powerful and practical framework
for statistical inference; being a natural extension of Fisher likelihood to models with
random parameters, it will become, we believe, widely used for inference for unobserved
random variables. Nevertheless, it remains to be seen if any further generalizations can
be made.
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The authors are congratulated in summarizing material from their extensive work over
the last few years into a paper which is readable by any well qualified postgraduate
statistician. The first example from Bayarri et al. (1988) is a very useful way to
demonstrate the definition of joint likelihood and its relationship to the marginal
likelihood L(y| θ)and the conditional likelihood L(y|u,θ). I will describe my points in
terms of this example.

If the joint likelihood was written as L(θ, u) = uθ exp{−u(θ + y)} dy du then there
would be no ambiguity about how the joint likelihood changes when a transformation
is made to the u space since on the new scale it simply becomes L(θ, log u) =
u2θ exp{−u(θ + y)} dy d log u. The problem occurs when one decides to choose a best
combination of θ and u by maximizing this function over both θ and u ignoring the
du or d log u. For different parametrizations one is ignoring a different multiplier. So
one derives different estimators depending upon the choice of the parameterization for
the random effect u. For joint estimation, one might at first sight think of optimizing
in the θ direction by maximization while using some other method in the u direction.
The median is an obvious choice for unidimensional u, but does not generalize easily,
and is awkward to solve. The h-likelihood approach selects a specific natural choice for
the parameterization of u and then uses maximization in both the θ and u directions. In
contrast, when solving for the fixed effect θ, one simply integrates over the probability
part of the joint likelihood to obtain the marginal likelihood, which is clearly a valid
procedure. The point of including du in the definition of the joint likelihood L(θ, u)
is that in the u direction it has to be interpreted as a probability density rather than a
likelihood. So if we maximize in this direction then this has to interpreted in terms of
the scale du.

This is a parallel problem to that of handling multiple nuisance parameters in a
model with only fixed effects. The profile likelihood is easy to use but is not a
proper likelihood. Conditional or marginal likelihoods can sometimes be found which
remove the nuisance parameters, while being proper likelihoods. The modified profile
likelihood (Barndorff-Nielsen, 1983) is an approximation to such a conditional or
marginal likelihood. It includes a Jacobean term that maintains invariance under
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transformation of the parameter space. Cox and Reid (1987) indicate that this Jacobean
term is often intractable and limits the application of the method. One approach is to
choose an appropriate scale and proceed without the Jacobean term hoping that it is
almost constant. However, Pawitan (Example 10.8, 2001) points out that for apparently
automatic parameterization, dropping the Jacobean can lead to the wrong form of
analysis. Another way to adjust the profile likelihood, when a suitable conditional or
marginal likelihood is not readily available, is to split the log-likelihood into the sum
of independent components and then profile each component using an estimate of the
nuisance parameters based on the other components ignoring the component itself,
in a jackknife-like procedure. The difference here, like the complete modified profile
likelihood, is that no choice needs to be made for an appropriate parameterization. This
problem of removing nuisance parameters can alternatively be handled by assuming
that the nuisance parameters have been sampled from a population with some rather flat
distribution and making the problem hierarchical. This allows one to effectively integrate
out the nuisance parameters within a likelihood framework. But here again some choice
needs to be made about an appropriate scale on which the probability should be flat.
Lastly, the nuisance parameters can be handled by a full Bayesian approach, but here
again a flat prior is described on some specific parameterization.

The relevance to this paper is that the authors are effectively working in the opposite
direction. They are taking the joint likelihood function which is partly defined in
terms of a probability structure, choosing a specific parameterization, and then allowing
themselves to maximize over all the parameters. This is in contrast to doing something
more appropriate such as integration in the probability direction, arriving at a marginal
likelihood and then maximizing across the likelihood space. The choice of a scale for
the random effects u is equivalent to choosing an noninformative prior. But the process
is going in the opposite direction, attempting to go from probability to likelihood rather
than the other direction. The motivation is to have a simple procedure for choosing a
best estimate - maximization. This procedure of attempting to move from probability
space to likelihood space might be classed as anti-Bayesian. However for location and
scale models, including random effects in this way, it may be an effective pragmatic
way forward when the marginal likelihood is intractable. Certainly many real statistical
problems fall into this framework.

Why should we want to estimate random effects? In a standard linear mixed model the
BLUP estimates are seen as best estimates for the individual. But the set of estimates as
a whole are not representative of the distribution from which they are drawn. It is well
known that they are shrunk. It is important to see that any estimate for a random effect
needs to be made in the light of what it is going to be used for. Then one can identify
whether an estimator delivers good estimates or not. One might argue that good involves
the estimates of the random effects together being representative of the underlying
distribution, in the way that one might want residuals to collectively represent the error
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distribution in a regression problem. Equally, they might be required for the basis of
some bootstrap procedure. However, when estimation of the random effects is purely
done to handle the random part from the model, as suggested in this paper, it may be
sufficient to ignore this aspect of the estimation process.

The paper provides insight into methods which are certainly going to become routinely
available and routinely practiced. Hopefully it will help users to understand both the
possible limitations and the pragmatic advantages of proceeding in this way.
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This is an important paper that systematically establishes an h-likelihood framework
for the inference of various random-effect models. In general, h-likelihood avoids the
integration that is necessary to obtain marginal likelihood and provides a statistically
efficient and simple unified framework for such models. However, it is not well known
that the h-likelihood can be used in some non-parametric settings. The h-likelihood
method, first introduced by Lee and Nelder (1996), has since been well developed and its
estimating properties have been extensively studied for HGLMs. Here, I should like to
concentrate on h-likelihood inferences of frailty models in multivariate survival analysis.
This model is an extension of Cox’s proportional-hazards model and has been used for
the analysis of correlated survival data in the form of recurrent or multiple event times
observed in the same cluster. For models with a gamma frailty distribution the marginal
likelihood has a closed form and has been frequently used; see for example Nielsen et al.
(1992). However, in general the marginal likelihood does not allow such a closed form
and requires a numerically intractable integration. As an alternative, Ha et al. (2001)
and Ha and Lee (2003) have proposed the use of Lee and Nelder’s (1996) h-likelihood
for the analysis of frailty models with a parametric or nonparametric baseline hazard.
Frailty models with parametric baseline hazards (e.g. Weibull) can be directly fitted
using a Poisson HGLM technique (Ha and Lee, 2003). Below, I would like to show how
the h-likelihood method can give a straightforward estimation for frailty models with a
nonparametric baseline hazard.

Given unobserved frailties Ui = ui (i = 1, . . . , q), the conditional hazard function for the
jth ( j = 1, . . . , ni) observation of the ith cluster has the form

λi j(t|ui) = λ0(t) exp(xT
i jβ)ui, (1)

where λ0(·) is an unspecified baseline hazard function and β is a p×1 vector of unknown
regression parameters for fixed covariates xi j = (xi j1, . . . , xi jp)T . The frailties Ui are
assumed to be independent and identically distributed random variables with frailty
parameter σ2, satisfying E(Ui) = 1 and var(Ui) = σ2; for example, gamma, lognormal
or inverse Gaussian can be considered as the distribution of Ui. Note that in frailty
models the additivity of fixed and random effects can be obtained via the log link,
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applied to the conditional hazard

log λi j(t|ui) = log λ0(t) + xT
i jβ + log ui.

Because in the frailty models (1) the functional form of baseline hazard λ0(t) is
unknown, we can follow Breslow’s idea, and consider the baseline cumulative hazard
function Λ0(t) to be a step function with jumps at the observed death times, Λ0(t) =∑

k:y(k)≤t λ0k, where y(k) is the kth (k = 1, . . . ,D) smallest distinct death time among the
observed event times or censored times ti j’s and λ0k = λ0(y(k)). In this semi-parametric
frailty model the number of nuisance parameters λ0k increases with sample size n =∑

ni. The objective of the study is inferences for β and σ2. Let ω = (ω1, ..., ωD)T , where
ωk = log λ0k. Following Lee and Nelder (1996), the h-likelihood for semi-parametric
frailty models (1), denoted by h, is defined by

h = h(ω, β, σ2) =
∑

i j

�1i j +
∑

i

�2i,

where ∑
i j

�1i j =
∑

k

d(k)ωk +
∑

i j

δi jηi j −
∑

k

exp(ωk)
{ ∑

(i, j)∈R(y(k))

exp(ηi j)
}
,

�1i j = �1i j(ω, β; yi j|ui) is the logarithm of the conditional density function for yi j =

(ti j, δi j) given Ui = ui, �2i = �2i(σ2; vi) is the logarithm of the density function for
Vi = log Ui with parameter σ2, ηi j = xT

i jβ + vi with vi = log ui, δi j is the censoring
indicator, being 1 if ti j is observed and 0 if it is censored, d(k) is the number of
deaths at y(k) and R(y(k)) = {(i, j) : ti j ≥ y(k)} is the risk set at y(k). Following
Section 5.2 of Lee and Nelder, we can use h for inferences about α = (ωT , βT , vT )T

with v = (v1, ..., vq)T and use an adjusted profile likelihood, pα(h) for inferences
about σ2. However, fitting frailty models (1) based on h can be difficult because the
number of nuisance parameters ω increases with sample size n. Thus, a computationally
efficient procedure is necessary to eliminate ω. The development of the adjusted profile
likelihood provides a straightforward solution. Ha et al. (2001) proposed to use a profile
likelihood h∗ after eliminating ω, defined by

h∗ = h|ω=ω̂ ,

where ω̂ are solutions of the estimating equations ∂h/∂ω = 0, which become a
multinomial likelihood with the ω eliminated (Ha and Lee, 2005b). For gamma or log-
normal frailty models, h∗ also becomes the kernel of the penalized partial likelihood
(Ripatti and Palmgren, 2000). Ha et al. (2001) further showed that given σ2 the
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estimating equations for τ = (βT , vT )T are obtained by the relationship

∂h∗/∂τ = (∂h/∂τ)|ω=ω̂ .

For inference about the frailty parameter σ2, Ha et al. (2001) used the adjusted
profile likelihood pβ,v(h∗), which gives an equivalent inference using pω,β,v(h). For
gamma frailty models, Ha and Lee (2003) confirmed that the second-order Laplace
approximation works better. Thus, Ha et al.’s (2001) method based on the profile
likelihood h∗ is a numerically efficient way of eliminating nuisance parameters in
the h-likelihood method for semi-parametric frailty models. Furthermore, Ha and Lee
(2003, 2005b) have demonstrated numerically that the h-likelihood method yields
parametric estimators which are less biased than those obtained using maximum
marginal likelihood (Nielsen et al., 1992), penalized likelihood (Ripatti and Palmgren,
2000) or best linear unbiased predictor method (Ma et al., 2003).

Various frailty models have been developed; for example, time dependent models (Yau
and McGilchrist, 1998), nested models (Yau, 2001), mixture cure models (Yau and
Ng, 2001), spatially correlated models (Li and Ryan, 2002) and treatment-by-center
interaction models (Glidden and Vittinghoff, 2004). That is, random components in
frailty models can be nested or crossed and also temporally and spatially correlated. Now
we illustrate how to handle more complex random-effect structures using h-likelihood.
The one-component frailty model (1), η = Xβ + Zv, can be extended to a multi-
component model as follows:

η = Xβ + Z1v(1) + Z2v(2) + · · · + Zkv
(k) , (2)

where X is the n × p model matrix corresponding to β, Zr (r = 1, . . . , k) are the
n × qr model matrices corresponding to the qr × 1 frailties v(r), and v(r) and v(l) are
independent for r � l. Let Z = (Z1, . . . ,Zk), v = (v(1)T , . . . , v(k)T )T , σ2 = (σ2

1, . . . , σ
2
k)T

and q =
∑

r qr. Then, the multi-component model (2) can be written as in (1). Thus,
the extension of h-likelihood results from one-component models to multi-component
models is straightforward. Furthermore, for the model selection in (2) we may use
deviance based on adjusted profile likelihood pv(h∗) or pβ,v(h∗) (Ha, Lee and MacKenzie,
2005). In these multi-component models the marginal likelihood is difficult to compute.
Moreover, Bayesian approaches using MCMC may be computationally intensive. The h-
likelihood approach provides a simple, unifying, framework and a numerically efficient
fitting algorithm for inference.

More recently, the h-likelihood methods have been applied to various survival areas:

(i) Random-effect models with non-proportional hazards (MacKenzie, Ha and Lee,
2003),

(ii) Joint modelling of repeated measures and survival data (Ha, Park and Lee, 2003),
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(iii) Frailty models with structured dispersion (Noh, Ha and Lee, 2005),
(iv) Multilevel mixed linear models with censoring (Ha and Lee, 2005a),
(v) Genetic mixed linear models for twin survival data (Ha, Lee and Pawitan, 2005).

In summary, the h-likelihood gives a systematic extended-likelihood inference for
various survival models such as frailty models and mixed linear models, leading to a
useful methodology for multivariate survival analysis.
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Repeatedly measured outcomes, generalized linear models, and random-effects models
are very common in statistical practice. Combining these for repeated non-Gaussian
responses has lead to a number of modeling families and inferential approaches.
Important work has been done by Breslow and Clayton (1993), Wolfinger and O’Connell
(1993), and Lee and Nelder (1996, 2001ab, 2004, 2005). While there is communality
between them, there are important differences, both in the model formulation as well as
in the inferential route taken (Molenberghs and Verbeke 2005).

To fix ideas, we will focus on the situation of subject i = 1, . . . ,N measured repeatedly
over time at a number of occasions j = 1, . . . , n, but our comments apply to general
correlated, hierarchical data settings. Denote the outcome for subject i at time j by Yi j.
The so-called generalized linear mixed model (GLMM) has become very popular, not
only due to the work by Breslow and Clayton (1993) and Wolfinger and O’Connell
(1993), but also generated by the existence of procedures in standard software packages,
such as SAS and MLwiN. The GLMM assumes a subject’s random effects to be
following a normal distribution, conditional upon which a generalized linear model is
followed for the individual measures. As the authors point out, a lot of emphasis as
been placed on marginal likelihood, where the marginal distribution, integrating out
the random effects, is considered the basis of inference for fixed effects and variance
components, perhaps complemented with empirical Bayes estimation for the random
effects. Unlike in very specific cases, such as a normally distributed outcome, the
marginal likelihood will be cumbersome because the integral mentioned earlier has no
analytic solution. This applies, in particular, to the very popular logistic-normal GLMM,
where the binary outcomes, given random effects, are modeled by logistic regression.
Within the marginal likelihood framework, common approaches to this problem involve
(1) approximation to the integrand (e.g., Laplace transforms), (2) approximation to the
data (so-called penalized quasi-likelihood, PQL, or marginal quasi-likelihood, MQL),
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and (3) approximation of the integral (numerical integration) (Molenberghs and Verbeke
2005). As Lee and Nelder correctly point out, all of these suffer from serious drawbacks.
Numerical integration, when done with sufficiently high numerical accuracy, is on one
hand appealing since it virtually avoids numerical bias, but the process is computer
intensive. On the other hand, such methods as PQL and MQL can be severely biased,
especially for short binary sequences, which often is the undoing of the advantage
deriving from numerical simplicity.

Therefore, the work by Lee and Nelder is very welcome, since joint likelihood or, more
precisely, properly conducted h-likelihood, provides a valuable third way in between
marginal likelihood and Bayesian methodology. The original papers perhaps have not
caught on as they should have, but the current paper clarifies a number of issues, giving
the methodology its proper place.

In the light of the numerical complexity and bias issues surrounding conventional
marginal likelihood, it is important to consider a proper alternative, even if that might be
subject, in some cases, to small amounts of bias, and necessitates careful guidelines
for its use. Let us expand on each of these in turn. First, as Lee and Nelder show,
bias is present in a number of joint likelihood settings, but they equally well show
that h-likelihood in some cases eliminates and in others drastically reduces bias. Both
the theoretical developments are convincing and the examples insightful, even though
developments for one or a few more general settings, such as a proper longitudinal
setting with replication, would have been welcome. Second, Lee and Nelder provide a
set of guidelines/rules to be followed when applying h-likelihood. One has to ensure the
model is formulated and the method applied at the proper scale, where fixed and random
effects add linearly. As the authors state, this is possible in broad classes of frequently
encountered models, although not in general. Further, one has to carefully distinguish
between inferences for location parameters, dispersion parameters, and random effects.
In some cases, the distinction between a location and a dispersion parameter is not clear,
and the distinction between both may depend on the parameterizations. These are subtle
issues and the user ought to appreciate the need to practice with the method before
getting a good feel for it. In this sense, the use of the functions of type similar to (15),
may appear somewhat off-putting for the novice user. But, especially in situations where
marginal likelihood, or a suitable approximation to it, is either biased or computationally
beyond reach, the authors’ method is a viable alternative. Moreover, in many other
frequently encountered settings, one is confronted with specific and somewhat ad hoc
looking guidelines as well such as, for example, generalized estimating equations (GEE,
Liang and Zeger 1986, Molenberghs and Verbeke 2005). Another setting where care is
needed occurs when choosing between ML and REML in linear mixed models. With the
latter method, likelihood ratios for variance components are valid, but for fixed effects
are not. In the same model, inference depends on whether or not negative variance
components are allowed (Verbeke and Molenberghs 2000).
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Note also that Henderson’s (1975) application of joint likelihood ideas has proven a
powerful tool, especially in the early days of the linear mixed model. It is still used in
a number of software packages, as an alternative to classical Fisher scoring or Newton
Raphson, the latter of which are inspired by marginal likelihood.

The h-loglikelihood has a number of appealing side properties, such as correctly
handling the variance inflation in D, caused by estimating fixed effects.

A tangential issue is that random-effects models, regardless of the inferential path
followed, can be applied to cross-sectional data, as long as the random effects and the
residual error are not in a linear relationship. This applies to most GLM settings, as well
as to survival outcomes with random effects, in that context usually termed frailties.
However, a researcher should then reflect very carefully on whether the parameters,
resulting from such a model, really have substantive meaning, or merely allow for a
slightly more flexible model than the one without random effects. This contrasts with
proper longitudinal or clustered data, where a genuine hierarchy applies.
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Authors’ rejoinder

We thank the discussants for raising many interesting points, and regret that space
restriction does not allow us to reply in detail.

Professors Molenbergs and Verbeke point out that marginal likelihood has been
considered as basis of inferences about fixed parameters, complemented with
empirical Bayes (EB) estimation for random effects. Numerical integration is often
computationally intensive (often not feasible) and other methods, such as PQL and
MQL, are severely biased. Thus, our h-likelihood procedure provides a valuable third
way between marginal and Bayesian methodology. We believe that our approach
completes Fisher likelihood by allowing inferences about random parameters. As we
noted, the EB procedure uses information only on a component log fθ(v|y) of the h-
loglihood h = log fθ(v|y) + log fθ(y), so that it cannot reflect the uncertainty about
θ in the other component log fθ(y). Thus, the h-likelihood approach handles correctly
the variance inflation of standard errors of estimates of random parameters caused by
estimating extra fixed parameters. As we shall show below it also handles correctly those
of fixed parameters caused by estimating extra random parameters. The h-likelihood
provides satisfactory estimation in wide class of models, and extensive simulation
studies have been done for HGLMs for longitudinal studies by Noh and Lee (2004).
There seems to be no other method which performs better than the h-likelihood
method, even in the extreme case of binary matched pairs. Furthermore, there can be
several alternative random-effect models leading to the same marginal model and the
h-likelihood inferences from these are equivalent (Lee and Nelder, 2005). GLMs with
random effects (HGLMs) can also be applied to repeated measures of survival outcomes.

Professor Ha explains his experience of using the h-likelihood methods for the analysis
of such survival data. He explains how the h-likelihood gives a straightforward
procedure for eliminating nuisance parameters associated with the non-parametric
baseline hazards, by simply profiling them. Furthermore, he points out that in frailty
models the h-likelihood provides estimators less biased than those obtained by using
ML, penalized likelihood or the best linear unbiased predictor method. It is also nice
that these frailty models,either with parametric or non-parametric baseline hazards, can
be fitted by Poisson HGLMs. The use of h-likelihood makes this point clear (Ha and
Lee, 2005). Furthermore, the h-likelihood method can be applied to left truncation and
genetic studies. He also pointed out that the h-likelihood procedure contributes to model-
selection problems for random-effect models, which is not well understood yet. We hope
that this paper will improve the understanding of the h-likelihood approach.

Dr Roger points out that the original modified (adjusted in our paper) profile likelihood
of Barndorff-Nielsen (1983), to eliminate nuisance fixed parameters such as pβ(m),
also includes a Jacobian term and it is the cunning parameterization, allowing the
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parameter orthogonality of Cox and Reid (1987), that makes the Jacobian term almost
constant. Similarly, the h-likelihood procedure overcomes a difficulty associated with
intractable Jacobian terms by choosing a proper parameterization of random parameters.
If orthogonal parameterization of fixed parameters is not available, the intractable
Jacobian term may not be eliminated, which limits the application of the method.
However, for models without an apparent parameterization of random parameters
the adjusted profile likelihood pu(h), we show, can still gives satisfactory estimation
for fixed parameters. He distinguishes random-effect BLUP estimation from error
estimation. We can show that error estimators ê are also BLUP and that there is
shrinkage estimation because E(

∑
ê2

i /n) < σ2. Therefore, there is no clear distinction
between random-effect estimation and error estimation. Thus, random-effects estimates
can represent the underlying distribution after a proper standardization, and these are
useful for model checking, using normal probability plots etc. (Lee and Nelder, 2001a).
We thank him also for his insightful comments about joint estimation. Professor Pawitan
suggest us an alternative justification of natural parameterization of u for joint estimation
as follows.

When joint estimation gives the marginal ML estimation

In this paper we have shown that in HGLMs there is a particular joint likelihood whose
maximization gives meaningful estimators of the random parameters. Maintaining
invariance of inferences from the joint likelihood for trivial re-expressions of the
underlying model leads to a unique definition of the h-likelihood. In some HGLMs
simple maximization of the h-likelihood gives the marginal ML estimators for the
location parameters. We now give a condition for the joint inference from the h-
likelihood to be the same as that from marginal likelihood. Let β1 and β2 be an arbitrary
pair of values of β. The evidence about these two parameter values is contained in the
likelihood ratio

L(β1; y)
L(β2; y)

Suppose there exists a scale v, such that the likelihood ratio is preserved in the following
sense

L(β1, v̂β1 ; y, v)

L(β2, v̂β2 ; y, v)
=

L(β1; y)
L(β2; y)

, (1)

where v̂β1 and v̂β2 are the MLEs of v when β is known at β1 and β2, so that v̂β is
information-neutral concerning β. Alternatively, (1) is equivalent to

L(β1, v̂β1 ; v|y)

L(β2, v̂β2 ; v|y)
= 1,



181

which means that neither the likelihood component L(β, v̂β; v|y) nor v̂β carry any
information about β, as is required by the classical likelihood principle.

Let Im(β̂) be the observed Fisher information of the MLE β̂ from the marginal likelihood
L(β; y) and let the partitioned matrix

I−1
h (β̂, v̂) =

(
I11 I12

I21 I22

)

be the inverse of the observed Fisher information matrix of (β̂, v̂) from the h-loglihood
h(β, v; y, v), where I11 corresponds to the β̂ part. If the condition (1) holds, then we can
show the following:

(i) The MLE β̂ from the marginal likelihood L(β; y) coincides with the β̂ from the
joint maximizer of the h-likelihood h(β, v; y, v).

(ii) The information matrices for β̂ from the two likelihoods also match, in the sense
that

I−1
m = I11,

which means that Wald-based inference on the fixed parameter β can be obtained
directly from the h-likelihood framework.

(iii) Furthermore, I22 yields an estimate of var(v̂ − v). If v̂ = E(v|y)|β=β this estimates
var(v̂ − v) ≥ E{var(v|y)}, accounting for the inflation of variance caused by
estimating β. �

Condition (1) is too restrictive because it does not cover models with dispersion
parameters φ, so that we may generalize it as follows. Suppose there are two subsets
of the fixed parameters (β, φ) such that

L(β1, φ, v̂β1,φ; y, v)

L(β2, φ, v̂β2,φ; y, v)
=

L(β1, φ; y)
L(β2, φ; y)

, (2)

but

L(β, φ1, v̂β,φ1 ; y, v)

L(β, φ2, v̂β,φ2 ; y, v)
�

L(β, φ1; y)
L(β, φ2; y)

.

Here v is information-neutral for β not for φ. This means that joint inference using the
h-likelihood is possible only for (β, v), with φ needing a marginal loglihood or pv(h). In
HGLMs the location parameters, we believe, approximately satisfy the condition (1) or
its generalized version (2).
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Finally, h-likelihood gives indeed a unified and pragmatic way of implementing
likelihood inferences for complex models involving unobservables. The simplicity of
inferential procedure of h-likelihood is important for inferences about complex models
having many components. We believe that h-likelihood will become a major apparatus
for statistical inference.

Lee, Y. and Nelder, J. A. (2005). Fitting via alternative random-effect models. to appear
at Statist. Comp.
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We derive the exact distributions of R = X + Y, P = X Y and W = X/(X + Y) and the corresponding
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1 Introduction

Since the 1930s, the statistics literature has seen many developments in the theory
and applications of linear combinations and ratios of random variables. Some of these
include:

• Ratios of normal random variables appear as sampling distributions in single
equation models, in simultaneous equations models, as posterior distributions
for parameters of regression models and as modeling distributions, especially in
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economics when demand models involve the indirect utility function (details in
Yatchew, 1986).

• Weighted sums of uniform random variables –in addition to the well known
application to the generation of random variables– have applications in stochastic
processes which in many cases can be modeled by these weighted sums. In
computer vision algorithms these weighted sums play a pivotal role (Kamgar-
Parsi et al., 1995). An earlier application of the linear combinations of uniform
random variables is given in connection with the distribution of errors in nth
tabular differences ∆n (Lowan and Laderman, 1939).

• Ratio of linear combinations of chi-squared random variables are part of von
Neumann’s (1941) test statistics (mean square successive difference divided by
the variance). These ratios appear in various two-stage tests (Toyoda and Ohtani,
1986). They are also used in tests on structural coefficients of a multivariate linear
functional relationship model (details in Chaubey and Nur Enayet Talukder (1983)
and Provost and Rudiuk (1994)).

• Sums of independent gamma random variables have applications in queuing
theory problems such as determination of the total waiting time and in civil
engineering problems such as determination of the total excess water flow into a
dam. They also appear in test statistics used to determine the confidence limits for
the coefficient of variation of fiber diameters (Linhart (1965) and Jackson (1969))
and in connection with the inference about the mean of the two-parameter gamma
distribution (Grice and Bain, 1980).

• Linear combinations of inverted gamma random variables are used for testing
hypotheses and interval estimation based on generalized p-values, specifically for
the Behrens-Fisher problem and variance components in balanced mixed linear
models (Witkovský, 2001).

• As to the Beta distributions their linear combinations occur in calculations of
the power of a number of tests in ANOVA (Monti and Sen, 1976) among
other applications. More generally, the linear combinations are used for detecting
changes in the location of the distribution of a sequence of observations in quality
control problems (Lai, 1974). Pham-Gia and Turkkan (1993, 1994, 1998, 2002)
and Pham-Gia (2000) provided applications of sums and ratios to availability,
Bayesian quality control and reliability.

• Linear combinations of the form T = a1t f1 + a2t f2 , where t f denotes the Student
t random variable based on f degrees of freedom, represents the Behrens-Fisher
statistic and – as early as the middle of the twentieth century – Stein (1945) and
Chapman (1950) developed a two-stage sampling procedure involving the T to test
whether the ratio of two normal random variables is equal to a specified constant.
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• Weighted sums of the Poisson parameters are used in medical applications for
directly standardized mortality rates (Dobson et al., 1991).

In this paper, we consider the distributions of R = X+Y , P = XY and W = X/(X+Y)
when X and Y are correlated Pareto random variables with the joint survivor function
expressed as the mixture of two components:

F̄ (x, y) =
λ1 + λ2

λ0 + λ1 + λ2
F̄a (x, y) +

λ0

λ0 + λ1 + λ2
F̄s (x, y) , (1)

where F̄a(x, y) is the absolutely continuous part with respect to Lebesgue measure given
by

F̄a (x, y) =

(
x
β

)−λ1
(
y
β

)−λ2
{

max

(
x
β
,

y
β

)}−λ0

(2)

and F̄s(x, y) is the singular part concentrating on the line x = y given by

F̄s (x, y) =

{
max

(
x
β
,

y
β

)}−(λ0+λ1+λ2)

(3)

for x ≥ β, y ≥ β, β > 0, λ0 > 0, λ1 > 0 and λ2 > 0. The joint density of the absolutely
continuous part is:

fa (x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ2 (λ0 + λ1)

β2

(
x
β

)−(1+λ0+λ1) ( y
β

)−(1+λ2)

, if x > y ≥ β,

λ1 (λ0 + λ2)

β2

(
y
β

)−(1+λ0+λ2) ( x
β

)−(1+λ1)

, if y > x ≥ β.

This distribution is due to Muliere and Scarsini (1987) and therefore known as Muliere
and Scarsini’s bivariate Pareto distribution. It has received applications in several areas
especially in reliability (see, for example, Kotz et al (2000)).

The paper is organized as follows. In Sections 2 and 3, we derive explicit expressions
for the pdfs and moments of R = X + Y , P = XY and W = X/(X + Y). In Section 4,
we provide extensive tabulations of the associated percentage points, obtained by means
of intensive computing power. These values will be of use to the practitioners of the
bivariate Pareto distribution.

The calculations of this paper involve several special functions, including the
incomplete beta function defined by

Bx(a, b) =
∫ x

0
ta−1(1 − t)b−1dt



186 Muliere and Scarsini’s bivariate Pareto distribution: sums, products, and ratios

and, the Gauss hypergeometric function defined by

G (a, b; c; x) =
∞∑

k=0

(a)k(b)k

(c)k

xk

k!
,

where (e)k = e(e + 1) · · · (e + k − 1) denotes the ascending factorial. We also need the
following important lemma.

Lemma 1 (Equation (3.194.2), Gradshteyn and Ryzhik, 2000) For µ > ν,

∫ ∞
u

xµ−1

(1 + βx)ν
dx =

uµ−ν

βν(ν − µ)G

(
ν, ν − µ; ν − µ + 1;− 1

βu

)
.

The properties of the above special functions can be found in Prudnikov et al. (1986)
and Gradshteyn and Ryzhik (2000).

2 Probability density functions

Theorems 1 to 3 derive the pdfs of R = X + Y , P = XY and W = X/(X + Y) when X and
Y are distributed according to (1)–(3).

Theorem 1 If X and Y are jointly distributed according to (1)–(3) then

fR(r) =
λ0 (2β)λ0+λ1+λ2

r1+λ0+λ1+λ2
+

(λ0 + λ1) (λ1 + λ2)βλ0+λ1+λ2

(λ0 + λ1 + λ2)r1+λ0+λ1+λ2
K1(r)

+
(λ0 + λ2) (λ1 + λ2)βλ0+λ1+λ2

(λ0 + λ1 + λ2)r1+λ0+λ1+λ2
K2(r) (4)

for 2β ≤ r < ∞, where

K1(r) =

(
r
β
− 1

)λ2

G

(
−λ0 − λ1 − λ2,−λ2; 1 − λ2;− β

r − β
)

−G (−λ0 − λ1 − λ2,−λ2; 1 − λ2;−1)

and

K2(r) = G (−λ0 − λ1 − λ2,−λ1; 1 − λ1;−1)

−
(
r
β
− 1

)λ1

G

(
−λ0 − λ1 − λ2,−λ1; 1 − λ1;− β

r − β
)
.
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Proof. Set (R,W) = (X + Y, X/R) and note that the Jacobian is R for the continuous
part and 1/2 for the singular part. From (1)–(3), the joint pdf of (R,W) can be written as

f (r,w) =
λ1 + λ2

λ0 + λ1 + λ2
fa (r,w) +

λ0

λ0 + λ1 + λ2
fs (r,w) , (5)

where

fa(r,w) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
λ2 (λ0 + λ1) βλ0+λ1+λ2r (rw)−(1+λ0+λ1) (r(1 − w))−(1+λ2) , if w > 1/2,

λ1 (λ0 + λ2) βλ0+λ1+λ2r (rw)−(1+λ1) (r(1 − w))−(1+λ0+λ2) , if w < 1/2
(6)

and

fs(r,w) = (1/2)(λ0 + λ1 + λ2)βλ0+λ1+λ2 (rw)−(1+λ0+λ1+λ2) . (7)

Note that fa(r,w) is the joint density of the absolutely continuous part and that fs(r,w) is
the density of the singular part along the line w = 1/2. Thus, the pdf of R can be written
as

fR(r) =
λ0 (2β)λ0+λ1+λ2

r1+λ0+λ1+λ2
+
λ2 (λ0 + λ1) (λ1 + λ2) βλ0+λ1+λ2

(λ0 + λ1 + λ2)r1+λ0+λ1+λ2
I1(r)

+
λ1 (λ0 + λ2) (λ1 + λ2) βλ0+λ1+λ2

(λ0 + λ1 + λ2)r1+λ0+λ1+λ2
I2(r), (8)

where

I1(r) =
∫ 1−β/r

1/2
w−(1+λ0+λ1)(1 − w)−(1+λ2)dw

and

I2(r) =
∫ 1/2

β/r
w−(1+λ1)(1 − w)−(1+λ0+λ2)dw.

These integrals can be calculated by application of Lemma 1. Setting u = w/(1 − w),
one can calculate

I1(r) =
∫ r/β−1

1
u−(1+λ0+λ1)(1 + u)λ0+λ1+λ2du

= λ−1
2 K1(r), (9)

where the second step follows by application of Lemma 1. Similarly, setting u =
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(1 − w)/w, one can show that

I2(r) =
∫ 1

r/β−1
u−(1+λ0+λ2)(1 + u)λ0+λ1+λ2du

= λ−1
1 K2(r). (10)

The result of the theorem follows by substituting (9) and (10) into (8). �

Theorem 2 If X and Y are jointly distributed according to (1)–(3) then

fP(p) =
λ2 (λ0 + λ1) (λ1 + λ2)

(λ2 − λ1 − λ0) (λ0 + λ1 + λ2)
βλ0+λ1+λ2 p−(λ0+λ1+λ2)/2−1

{
βλ0+λ1−λ2 p(λ2−λ1−λ0)/2 − 1

}
+(1/2)λ0β

λ0+λ1+λ2 p−(λ0+λ1+λ2)/2−1

+
λ1 (λ0 + λ2) (λ1 + λ2)

(λ0 + λ2 − λ1) (λ0 + λ1 + λ2)
βλ0+λ1+λ2 p−(1+λ0+λ2)

{
p(λ0+λ2−λ1)/2 − βλ0+λ2−λ1

}
(11)

for β2 < p < ∞.

Proof. Set (X, P) = (X, XY) and note that the Jacobian is 1/X. From (1)–(3), the joint
pdf of (X, P) can be written as

f (x, p) =
λ1 + λ2

λ0 + λ1 + λ2
fa (x, p) +

λ0

λ0 + λ1 + λ2
fs (x, p) ,

where

fa(x, p) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
λ2 (λ0 + λ1) βλ0+λ1+λ2 x−(2+λ0+λ1) (p/x)−(1+λ2) , if x >

√
p,

λ1 (λ0 + λ2) βλ0+λ1+λ2 x−(2+λ1) (p/x)−(1+λ0+λ2) , if x <
√

p

and

fs(x, p) = (1/2)(λ0 + λ1 + λ2)βλ0+λ1+λ2 p−(λ0+λ1+λ2)/2−1.

Note that fa(x, p) is the joint density of the absolutely continuous part and that fs(x, p) is
the density of the singular part along the line x =

√
p. Thus, the pdf of P can be written
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as

fP(p) =
λ2 (λ0 + λ1) (λ1 + λ2)
λ0 + λ1 + λ2

βλ0+λ1+λ2 p−(1+λ2)
∫ p/β

√
p

x−(1+λ0+λ1−λ2)dx

+(1/2)λ0β
λ0+λ1+λ2 p−(λ0+λ1+λ2)/2−1

+
λ1 (λ0 + λ2) (λ1 + λ2)
λ0 + λ1 + λ2

βλ0+λ1+λ2 p−(1+λ0+λ2)
∫ √

p

β

xλ0+λ2−λ1−1dx.

The result of the theorem follows by elementary integration of the above integrals. �

Theorem 3 If X and Y are jointly distributed according to (1)–(3) then

fW(w) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ2 (λ0 + λ1) (λ1 + λ2)

(λ0 + λ1 + λ2)2

(1 − w)λ0+λ1−1

wλ0+λ1+1
, if w > 1/2,

λ0

λ0 + λ1 + λ2
, if w = 1/2,

λ1 (λ0 + λ2) (λ1 + λ2)

(λ0 + λ1 + λ2)2

wλ0+λ2−1

(1 − w)λ0+λ2+1
, if w < 1/2

(12)

for 0 < w < 1.

Proof. Using (5)–(7), one can write

fW(w) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ2 (λ0 + λ1) (λ1 + λ2)
λ0 + λ1 + λ2

βλ0+λ1+λ2w−(1+λ0+λ1)(1 − w)−(1+λ2)

×
∫ ∞
β/(1−w)

r−(1+λ0+λ1+λ2)dr if w > 1/2,

(1/2)λ0β
λ0+λ1+λ2w−(1+λ0+λ1+λ2)

∫ ∞
2β

r−(1+λ0+λ1+λ2)dr,

if w = 1/2,

λ1 (λ0 + λ2) (λ1 + λ2)
λ0 + λ1 + λ2

βλ0+λ1+λ2w−(1+λ1)(1 − w)−(1+λ0+λ2)

×
∫ ∞
β/w

r−(1+λ0+λ1+λ2)dr if w < 1/2.

(13)

The result of the theorem follows by elementary integration of the above integrals. �
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Using special properties of the hypergeometric functions, one can derive elementary
forms for the pdf in (4). This is illustrated in the corollaries below.

Corollary 1 If X and Y are jointly distributed according to (1)–(3) and if λ1 ≥ 1 is an
integer then the pdf of R is given by (4) with

K2(r) =
λ1∑

k=0

(−λ0 − λ1 − λ2)k (−λ1)k (−1)k

(1 − λ1)k k!

−
(
r
β
− 1

)λ1 λ1∑
k=0

(−λ0 − λ1 − λ2)k (−λ1)k (−1)k

(1 − λ1)k k!

(
β

r − β
)k
.

Corollary 2 If X and Y are jointly distributed according to (1)–(3) and if λ2 ≥ 1 is an
integer then the pdf of R is given by (4) with

K1(r) =

(
r
β
− 1

)λ2 λ2∑
k=0

(−λ0 − λ1 − λ2)k (−λ2)k (−1)k

(1 − λ2)k k!

(
β

r − β
)k

−
λ2∑

k=0

(−λ0 − λ1 − λ2)k (−λ2)k (−1)k

(1 − λ2)k k!
.

Corollary 3 If X and Y are jointly distributed according to (1)–(3) and if λ0+λ1+λ2 ≥ 1
is an integer then the pdf of R is given by (4) with

K1(r) =

(
r
β
− 1

)λ2 λ0+λ1+λ2∑
k=0

(−λ0 − λ1 − λ2)k (−λ2)k (−1)k

(1 − λ2)k k!

(
β

r − β
)k

−
λ0+λ1+λ2∑

k=0

(−λ0 − λ1 − λ2)k (−λ2)k (−1)k

(1 − λ2)k k!

and

K2(r) =
λ0+λ1+λ2∑

k=0

(−λ0 − λ1 − λ2)k (−λ1)k (−1)k

(1 − λ1)k k!

−
(
r
β
− 1

)λ1 λ0+λ1+λ2∑
k=0

(−λ0 − λ1 − λ2)k (−λ1)k (−1)k

(1 − λ1)k k!

(
β

r − β
)k
.

Figures 1 to 3 illustrate the shape of the pdfs (4), (11) and (12) for selected values of
λ0, λ1 and λ2. Each plot contains four curves corresponding to selected values of λ1 and
λ2. The effect of the parameters is evident.
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Figure 1: Plots of the pdf of (4) for β = 1 and (a): λ0 = 0.1; (b): λ0 = 0.5; (c): λ0 = 1; and, (d): λ0 = 3.
The four curves in each plot are: the solid curve (λ1 = 1, λ2 = 1), the curve of lines (λ1 = 3, λ2 = 1), the
curve of dots (λ1 = 3, λ2 = 2), and the curve of lines and dots (λ1 = 3, λ2 = 3).



192 Muliere and Scarsini’s bivariate Pareto distribution: sums, products, and ratios

1 2 3 4 5 6

0.
0

0.
4

0.
8

(a)

p

P
D

F

1 2 3 4 5 6

0.
0

0.
4

0.
8

1 2 3 4 5 6

0.
0

0.
4

0.
8

1 2 3 4 5 6

0.
0

0.
4

0.
8

1 2 3 4 5 6

0.
0

0.
4

0.
8

(b)

p

P
D

F
1 2 3 4 5 6

0.
0

0.
4

0.
8

1 2 3 4 5 6

0.
0

0.
4

0.
8

1 2 3 4 5 6

0.
0

0.
4

0.
8

1 2 3 4 5 6

0.
0

0.
4

0.
8

1.
2

(c)

p

P
D

F

1 2 3 4 5 6

0.
0

0.
4

0.
8

1.
2

1 2 3 4 5 6

0.
0

0.
4

0.
8

1.
2

1 2 3 4 5 6

0.
0

0.
4

0.
8

1.
2

1 2 3 4 5 6

0.
0

1.
0

2.
0

3.
0

(d)

p

P
D

F

1 2 3 4 5 6

0.
0

1.
0

2.
0

3.
0

1 2 3 4 5 6

0.
0

1.
0

2.
0

3.
0

1 2 3 4 5 6

0.
0

1.
0

2.
0

3.
0

Figure 2: Plots of the pdf of (11) for β = 1 and (a): λ0 = 0.1; (b): λ0 = 0.5; (c): λ0 = 1; and, (d): λ0 = 3.
The four curves in each plot are: the solid curve (λ1 = 1, λ2 = 1), the curve of lines (λ1 = 3, λ2 = 1), the
curve of dots (λ1 = 3, λ2 = 2), and the curve of lines and dots (λ1 = 3, λ2 = 3).
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Figure 3: Plots of the pdf of (12) for β = 1 and (a): λ0 = 0.1; (b): λ0 = 0.5; (c): λ0 = 2; and, (d): λ0 = 10.
The four curves in each plot are: the solid curve (λ1 = 1, λ2 = 1), the curve of lines (λ1 = 1, λ2 = 3), the
curve of dots (λ1 = 3, λ2 = 1), and the curve of lines and dots (λ1 = 3, λ2 = 3).
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3 Moments

Here, we derive the moments of R = X + Y , P = XY and W = X/(X + Y) when X and Y
are distributed according to (1)–(3). We need the following lemma.

Lemma 2 If X and Y are jointly distributed according to (1)–(3) then

E (XmYn) =
βm+nλ2 (λ0 + λ1) (λ1 + λ2)

(m − λ0 − λ1) (m + n − λ0 − λ1 − λ2) (λ0 + λ1 + λ2)

+
βm+nλ1 (λ0 + λ2) (λ1 + λ2)

(n − λ0 − λ2) (m + n − λ0 − λ1 − λ2) (λ0 + λ1 + λ2)

+
βm+nλ0

m + n + λ0 + λ1 + λ2

for m ≥ 1 and n ≥ 1.

Proof. One can write

E (XmYn) =
λ2 (λ0 + λ1) (λ1 + λ2)
λ0 + λ1 + λ2

βλ0+λ1+λ2

∫ ∞
β

∫ ∞
y

xm−1−λ0−λ1yn−1−λ2dxdy

+λ0β
λ0+λ1+λ2

∫ ∞
β

xm+n−1−λ0−λ1−λ2dx

+
λ1 (λ0 + λ2) (λ1 + λ2)
λ0 + λ1 + λ2

βλ0+λ1+λ2

∫ ∞
β

∫ ∞
x

y−(1+λ0+λ2)x−(1+λ1)dydx.

The result of the theorem follows by elementary integration of the above integrals. �
The moments of R = X +Y and P = XY are now simple consequences of this lemma

as illustrated in Theorems 4 and 5. The moments of W = X/(X + Y) require a separate
treatment as shown by Theorem 6.

Theorem 4 If X and Y are jointly distributed according to (1)–(3) then

E (Rn) =
2nβnλ0

n + λ0 + λ1 + λ2
+

n∑
k=0

(
n
k

)[
βnλ2 (λ0 + λ1) (λ1 + λ2)

(n − k − λ0 − λ1) (n − λ0 − λ1 − λ2) (λ0 + λ1 + λ2)

+
βnλ1 (λ0 + λ2) (λ1 + λ2)

(k − λ0 − λ2) (n − λ0 − λ1 − λ2) (λ0 + λ1 + λ2)

]

for n ≥ 1.



Saralees Nadarajah, Samuel Kotz 195

Proof. the result follows by writing

E ((X + Y)n) =
n∑

k=0

(
n
k

)
E
(
Xn−kYk

)

and applying Lemma 2 to each expectation in the sum. �

Theorem 5 If X and Y are jointly distributed according to (1)–(3) then

E (Pn) =
β2nλ2 (λ0 + λ1) (λ1 + λ2)

(n − λ0 − λ1) (2n − λ0 − λ1 − λ2) (λ0 + λ1 + λ2)

+
β2nλ1 (λ0 + λ2) (λ1 + λ2)

(n − λ0 − λ2) (2n − λ0 − λ1 − λ2) (λ0 + λ1 + λ2)

+
β2nλ0

2n + λ0 + λ1 + λ2

for n ≥ 1.

Proof. follows by writing E(Pn) = E(XnYn) and applying Lemma 2 with m = n. �

Theorem 6 If X and Y are jointly distributed according to (1)–(3) then

E (Wn) =
21−nλ0

λ0 + λ1 + λ2
+
λ2 (λ0 + λ1) (λ1 + λ2)

(λ0 + λ1 + λ2)2
B1/2 (λ0 + λ1, n − λ0 − λ1)

+
λ1 (λ0 + λ2) (λ1 + λ2)

(λ0 + λ1 + λ2)2
B1/2 (n + λ0 + λ2,−λ0 − λ2) (14)

for n ≥ 1.

Proof. Using (12), one can write

E (Wn) =
λ2 (λ0 + λ1) (λ1 + λ2)

(λ0 + λ1 + λ2)2

∫ 1

1/2

wn(1 − w)λ0+λ1−1

wλ0+λ1+1
dw +

21−nλ0

λ0 + λ1 + λ2

+
λ1 (λ0 + λ2) (λ1 + λ2)

(λ0 + λ1 + λ2)2

∫ 1/2

0

wn+λ0+λ2−1

(1 − w)λ0+λ2+1
dw.

The result of the theorem follows by the definition of the incomplete beta function. �
Using special properties of the incomplete beta function, one can derive elementary

forms of (14). This is shown in the corollaries below.
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Corollary 4 If X and Y are jointly distributed according to (1)–(3) and if λ0 + λ1 ≥ 1 is
an integer then E(Wn) is given by (14) with

B1/2 (λ0 + λ1, n − λ0 − λ1) = 1 − 2λ0+λ1−n
λ0+λ1∑
k=1

Γ (n − λ0 − λ1 + k − 1)
Γ (n − λ0 − λ1) Γ(k)

21−k.

Corollary 5 If X and Y are jointly distributed according to (1)–(3) and if λ0 + λ2 ≥ 1 is
an integer then E(Wn) is given by (14) with

B1/2 (n + λ0 + λ2,−λ0 − λ2) = 1 − 2λ0+λ2

n+λ0+λ2∑
k=1

Γ (n − λ0 − λ2 − 1)
Γ (−λ0 − λ2)Γ(k)

21−k.

Percentage points for R = X + Y

λ0 λ1 λ2 α

0.9 0.95 0.975 0.99 0.995 0.999 0.9995
1 1 1 9.62379 16.49151 29.78508 70.40482 137.2642 662.6351 1259.997
1 1 2 6.38258 9.402676 14.83461 30.03895 55.16546 260.3903 511.3611
1 1 3 5.419237 7.756518 12.03189 24.47247 45.52252 212.9589 429.7302
1 1 4 5.028103 7.113937 10.81814 21.20653 38.43352 183.8694 342.4035
1 2 1 6.390126 9.439726 14.88197 30.05685 54.93929 265.512 551.438
1 2 2 4.709026 5.991161 7.717563 11.07508 14.77118 30.48835 43.03218
1 2 3 4.108536 5.012974 6.194804 8.438637 10.91330 21.23383 29.51412
1 2 4 3.806872 4.581755 5.616983 7.630785 9.834232 19.15476 25.87484
1 3 1 5.435317 7.754701 11.96454 23.94088 44.06230 218.9689 440.4970
1 3 2 4.104989 5.016544 6.21157 8.413445 10.88446 21.34119 29.27734
1 3 3 3.617398 4.213916 4.936576 6.121482 7.261394 11.20831 13.68865
1 3 4 3.369725 3.85984 4.433214 5.385524 6.294604 9.31356 11.19996
1 4 1 5.011635 7.096623 10.78617 21.23060 38.18032 175.2684 338.8366
1 4 2 3.80762 4.58071 5.625067 7.593149 9.829113 18.83798 25.31333
1 4 3 3.372456 3.862036 4.436062 5.373236 6.295974 9.400779 11.25767
1 4 4 3.149176 3.525237 3.951599 4.617037 5.197676 7.02943 7.937064
2 1 1 6.908587 11.80303 21.87108 52.17421 103.0996 499.1869 997.795
2 1 2 5.026371 7.20023 11.28552 23.11933 42.80327 195.6307 377.0428
2 1 3 4.290314 5.792941 8.742232 18.13929 34.57562 164.6154 310.1243
2 1 4 3.932082 5.174204 7.661537 16.03917 29.84287 150.3417 292.0324
2 2 1 5.022213 7.195747 11.29309 23.38030 43.37083 202.7843 408.1873
2 2 2 4.13171 5.197745 6.670142 9.64867 12.99950 27.08907 37.89176
2 2 3 3.688318 4.443407 5.44835 7.400021 9.607725 18.71532 25.11885
2 2 4 3.446081 4.072247 4.913453 6.573777 8.551287 17.07842 23.09799
2 3 1 4.29382 5.793729 8.750932 18.24647 35.13249 172.9237 343.8436
2 3 2 3.695045 4.449435 5.443715 7.428022 9.612759 19.03360 25.71027
2 3 3 3.365524 3.891746 4.532711 5.631077 6.69489 10.43221 12.59107
2 3 4 3.170085 3.599843 4.105821 4.970653 5.800506 8.645942 10.33633
2 4 1 3.938950 5.184407 7.665587 15.86660 30.17476 143.1466 284.7486
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2 4 2 3.444092 4.074746 4.925434 6.631013 8.602288 17.32115 23.43268
2 4 3 3.174564 3.601501 4.110391 4.961649 5.79828 8.581511 10.37010
2 4 4 3.003146 3.33961 3.724340 4.33036 4.89138 6.589682 7.558714
3 1 1 5.556553 9.369284 17.22973 41.75966 82.96045 402.7553 777.0871
3 1 2 4.356332 6.135416 9.57303 19.70144 36.90099 170.3009 324.3305
3 1 3 3.798096 5.011188 7.527998 15.77983 29.90835 145.9120 283.4977
3 1 4 3.499727 4.460710 6.534267 13.78972 26.22162 132.2372 284.8490
3 2 1 4.346251 6.141804 9.52928 19.51615 35.56617 174.0592 359.7555
3 2 2 3.795461 4.756487 6.126913 8.92387 12.12327 25.40350 35.55154
3 2 3 3.446532 4.123285 5.055806 6.904248 9.032536 17.89067 24.55036
3 2 4 3.234209 3.78897 4.564601 6.174418 8.080741 16.08926 22.26428
3 3 1 3.797431 5.014095 7.522061 15.69015 29.62894 147.5539 316.1749
3 3 2 3.445716 4.130013 5.054499 6.874383 9.011033 17.91510 24.94480
3 3 3 3.199305 3.686841 4.28561 5.317371 6.38796 10.10062 12.19057
3 3 4 3.035728 3.430755 3.906324 4.714228 5.508655 8.228773 9.973009
3 4 1 3.491053 4.432245 6.497168 13.59319 25.43914 123.7052 239.6344
3 4 2 3.234879 3.797424 4.571231 6.147995 8.042847 16.38848 22.63103
3 4 3 3.036627 3.430917 3.905991 4.727645 5.506118 8.309395 9.892161
3 4 4 2.905312 3.219497 3.58608 4.175939 4.700929 6.402495 7.481372
4 1 1 4.751449 8.002954 14.64670 34.75727 67.59802 329.042 666.0516
4 1 2 3.928277 5.493376 8.457637 17.04472 31.56688 148.9422 289.8442
4 1 3 3.496069 4.542001 6.688109 13.90893 26.0087 119.8621 241.3712
4 1 4 3.244412 4.050198 5.87665 12.53929 24.00743 113.0687 238.5718
4 2 1 3.941387 5.541231 8.624192 17.4132 32.66607 151.8941 300.2353
4 2 2 3.552877 4.440468 5.732454 8.303123 11.28017 24.11745 34.02633
4 2 3 3.273833 3.909206 4.794988 6.536048 8.465026 16.80705 23.01364
4 2 4 3.089486 3.605092 4.332355 5.847722 7.649926 15.64277 21.51948
4 3 1 3.490893 4.541283 6.738373 14.01726 26.40212 125.2505 243.3163
4 3 2 3.269694 3.89497 4.77076 6.543371 8.531305 17.14365 23.55384
4 3 3 3.077487 3.536144 4.113783 5.12258 6.14586 9.683466 11.84106
4 3 4 2.937028 3.308072 3.77329 4.567861 5.368209 8.138209 9.9069
4 4 1 3.246128 4.043495 5.834828 12.46214 23.63761 113.7882 219.6971
4 4 2 3.08685 3.599695 4.323378 5.837564 7.619 15.45620 21.34394
4 4 3 2.935896 3.307082 3.767617 4.569923 5.372604 8.09562 9.654783
4 4 4 2.826395 3.128217 3.478607 4.048215 4.57136 6.206746 7.152812

4 Percentiles

In this section, we provide extensive tabulations of the percentiles of the distribution
of R (percentiles for P and W are not given since their pdfs are elementary). These
percentiles are computed numerically by solving the equation∫ rα

0
fR(r)dr = α,
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where fR(r) is given by (4). Evidently, this involves computation of the hypergeometric
functions and routines for this are widely available. We used the function hypergeom (·)
in the algebraic manipulation package, MAPLE. The percentiles are given for α = 0.90,
0.95, 0.975, 0.99, 0.995, 0.999, 0.9995, β = 1, λ0 = 1, 2, 3, 4, λ1 = 1, 2, 3, 4 and
λ2 = 1, 2, 3, 4.

Similar tabulations could be easily derived for other values of λ0, λ1 and λ2. We hope
these numbers will be of use to the practitioners of the bivariate Pareto distribution (see
Section 1).
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Abstract

For the Bickel-Rosenblatt goodness-of-fit test with fixed bandwidth studied by Fan (1998) we derive
its Bahadur exact slopes in a neighbourhood of a simple hypothesis f = f0 and we use them to get a
better understanding on the role played by the smoothing parameter in the detection of departures
from the null hypothesis. When f0 is a univariate normal distribution and we take for kernel the standard
normal density function, we compute these slopes for a set of Edgeworth alternatives which give us a
description of the test properties in terms of the bandwidth h. A simulation study is presented which
indicates that finite sample properties are in good accordance with the theoretical properties based on
Bahadur local efficiency. Comparisons with the quadratic classical EDF tests lead us to recommend
a test based on a combination of bandwidths in alternative to Anderson-Darling or Cramér-von Mises
tests.
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1 Introduction

Let X1, X2, . . . , Xn, . . . be a sequence of independent and identically distributed d-
dimensional random vectors with unknown density function f . As it has been shown
by Bickel and Rosenblatt (1973), a test of the simple hypothesis H0 : f = f0 against the
alternative Ha : f � f0, where f0 is a fixed density function on R

d, can be based on the
L2 distance between the kernel density estimator of f introduced by Rosenblatt (1956)
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and Parzen (1962), and its mathematical expectation under the null hypothesis (see also
Fan (1994) and Gouriéroux and Tenreiro (2001)):

I2
n(hn) = n

∫
{ fn(x) − E0 fn(x)}2dx, (1)

where, for x ∈ R
d,

fn(x) =
1
n

n∑
i=1

Khn(x − Xi),

Khn = K(·/hn)/hd
n with K a kernel, that is, a bounded and integrable function on R

d, and
(hn) is a sequence of strictly positive real numbers converging to zero, when n goes to
infinity (bandwidth). The Bickel-Rosenblatt test is asymptotically consistent and has a
normal asymptotic distribution under the null hypothesis.

Following an idea of Anderson, Hall and Titterington (1994) that have used kernel
density estimators with fixed bandwidth for testing the equality of two multivariate
probability density functions, Fan (1998) uses the statistic (1) with a constant bandwidth
for testing the composite hypothesis that f is a member of a general parametric
family of density functions. He provides an alternative asymptotic approximation for
the finite-sample properties of the Bickel-Rosenblatt test by showing that, for a fixed
h, the asymptotic distribution of I2

n(h) is an infinite sum of weighted χ2 random
variables. Moreover, Fan (1998) proves that I2

n(h) can be interpreted as a L2 weighted
distance between the empirical characteristic function and the parametric estimate of
the characteristic function implied by the null model with weight function t→|φK(th)|2.
In the important case of testing univariate or multivariate normality, and taking for K
the standard normal density function, the role played by h in the power performance of
the test is assessed in simulation studies by Epps and Pulley (1983), Henze and Zirkler
(1990) and Henze and Wagner (1997).

Restricting our attention to the test of a simple hypothesis, the main purpose of this
paper is to derive the Bahadur local exact slopes of goodness-of-fit tests based on I2

n(h),
for a fixed h > 0, and use them to get a better understanding of the role played by
the smoothing parameter in the detection of departures from the null hypothesis. For
completeness reasons we give in Section 2 the asymptotic null distribution and the
consistency of the test based on kernel density estimators with a fixed bandwidth. Using
the integral and quadratic form of I2

n(h), we derive in Section 3 its Bahadur local exact
slopes. They naturally depend on the smoothing parameter, on the kernel, on the null
density f0 and, finally, on the considered departure direction from the null hypothesis. In
Section 4, in the particular case of a test for a simple univariate hypothesis of normality
and taking for K the standard normal density function, the Bahadur local slopes are
numerically evaluated for different values of h for a set of Edgeworth alternatives. These
alternatives express departures from the null hypothesis in terms of each one of the first
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four moments. The tests based on I2
n(h) for different values of h are compared with the

corresponding ones of the quadratic EDF tests of Anderson-Darling (A2) and Cramér-
von Mises (W2). The results we obtain suggest that a large bandwidth is adequate for
detection of location alternatives whereas a small bandwidth is adequate for detection
of alternatives for scale, skewness and kurtosis. A simulation study indicating that finite
sample properties of tests I2 are in good accordance with the theoretical properties based
on the Bahadur local slopes is also presented. Moreover, if one does not know much
about the unknown density function it suggests that a test based on a combination of
bandwidths, that establish a compromise between the two opposite effects that the choice
of h has in the detection of location and nonlocation alternatives, is a good practical
recommendation in alternative to traditional A2 or W2 tests.

For convenience of presentation the proofs of some results in this article are given
in Section 5. We denote by as

n→+∞−→ the convergence with probability 1 and by d
n→+∞−→ the

convergence in distribution.

2 Asymptotic null distribution and consistency

Consider the following assumptions on K which ensure that d( f , g) =
(∫ {Kh � f (x) −

Kh � g(x)}2dx
)1/2, where � denotes the convolution product, is a distance on the set of

integrable functions (see Anderson et al. (1994)).

Assumptions on K (K)
K is a bounded and integrable function on R

d with Fourier transform φK such that
{t ∈ R

d : φK(t) = 0} has Lebesgue measure zero.

In order to derive the asymptotic distribution of I2
n(h) under H0 for a fixed h > 0, we

first note that I2
n(h) is a V-statistic, that is,

I2
n(h) =

1
n

n∑
i, j=1

Qh(Xi, Xj), (2)

with kernel

Qh(u, v) =
∫

k(x, u; h)k(x, v; h)dx,

where

k(x, u; h) = Kh(x − u) − Kh � f0(x), (3)

for u, v, x ∈ R
d. From the hypothesis on K, the kernel Qh is bounded. Therefore the
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functions u→Qh(u, u) and Qh are P0 and P0 ⊗ P0 integrable, respectively, where P0 =

f0λ and λ is the Lebesgue measure in B(Rd). Moreover, Qh is symmetric and degenerate,
i.e.,
∫

Qh(·, v)dP0(v) = 0, a.e. (P0). From Gregory (1977), we know that the asymptotic
distribution of I2

n(h) under H0 can be characterized in terms of the eigenvalues of the
symmetric Hilbert-Schmidt operator Ah defined, for q ∈ L2(Rd,B(Rd), P0) =: L2(P0),
by

(Ahq)(u) =
∫

Qh(u, v)q(v)dP0(v). (4)

In view of the degeneracy property of Qh, q0,h = 1 is an eigenfunction of Ah

corresponding to the eigenvalue λ0,h = 0. Denoting by 〈 1 〉 the subspace generated
by q0,h and H(P0) =

{
g ∈ L2(P0) :

∫
gdP0 = 0

}
the tangent space of P0, we have

L2(P0) = 〈 1 〉⊕ H(P0). The operator Ah is positive definite on H(P0) as follows from the
integral form (3) of Qh and assumption (K). In fact, if 〈Ahq, q〉 = 0, for some q ∈ H(P0),
where 〈·, ·〉 denotes the usual inner product in L2(P0), we have

0 =

∫
q(u)k(·, u; h)dP0(u)

= K � (q f0)(·), a.e. (λ),

yielding φK(t)φq f0(t) = 0, for all t ∈ R
d.

From assumption (K) and the continuity of the Fourier transform, we deduce that
φq f0 (t) = 0, t ∈ R

d, i.e., q = 0, a.e. (P0).
Finally, using the the infinite-dimensionality of H(P0) and the positivity of Ah on

H(P0) we can conclude that Ah has a countable infinite collection {λk,h, k ∈ N} of strictly
positive eigenvalues (see Dunford and Schwartz (1963), Corollary X.4.5).

The following result follows from the limit distribution of degenerate V-statistics
(cf. Theorem 4.3.2 of Koroljuk and Borovskich (1989)). Remark that the asymptotic
distribution presented by Fan (1998) in Theorem 4.2, is not correct. In general the P0-
integrability of u→Qh(u, u) is not a sufficient condition for

∑
λk,h < ∞.

Theorem 1 If assumption (K) is fulfilled then, under H0 we have

I2
n(h)

d

n→+∞
−→ I∞,

with

I∞ =
∫

Qh(u, u)dP0(u) +
∞∑

k=1

λk,h(Z2
k − 1),

where the sequence (λk,h), with λ1,h ≥ λ2,h ≥ . . . and λk,h→ 0, k → +∞, is described
above and (Zk) are i.i.d. standard normal variables. Moreover, the test I2(h) = (I2

n(h))
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defined by the critical regions {I2
n(h) > cα}, where P(I∞ > cα) = α, is asymptotically of

level α and consistent to test H0 against Ha.

Remark 1 If the density f0 has a compact support S and Qh is continuous in S ×S , from
the Mercer’s expansion for Qh (see Dunford and Schwartz (1963), p. 1088) it follows
that
∫

Qh(u, u)dP0(u) =
∑∞

k=1 λk,h and therefore I∞ takes the form I∞ =
∑∞

k=1 λk,hZ2
k .

3 Bahadur local efficiency

In order to compare the test I2(h) with other test procedures, or to compare I2(h) tests
obtained for different values of h, we derive in the following its Bahadur exact slopes
CI2(h)( f ), for f in a neighbourhood of f0. They coincide with the Bahadur approximate
slopes (and then with the Bahadur local approximate slopes) derived by Gregory (1980).
For the description of Bahadur’s concept of efficiency, see Bahadur (1967, 1971) or
Nikitin (1995).

Throughout, || · ||p denotes the norm of the Lebesgue space Lp(Rd,B(Rd), λ) =: Lp(λ).
The proof of the following result is given in Section 5.

Theorem 2 We have

CI2(h)( f ) =
bI2(h)( f )

λ1,h
(1 + o(1)), as || f − f0||1→0,

where

bI2(h)( f ) =
∫
{Kh � f (x) − Kh � f0(x)}2dx,

and λ1,h is the largest eigenvalue of the operator Ah defined by (4).

If f0 belongs to a family of probability density functions of the form { f (·; θ) : θ ∈ Θ},
where Θ is a nontrivial closed real interval and f0 = f (·; θ0), for some θ0 ∈ Θ, it is
natural to compare a set of competitor tests through its Bahadur local exact slopes when
θ→θ0.

Consider the following assumptions on the previous parametric family:

Assumptions on { f (·; θ) : θ ∈ Θ} (P)
For all x ∈ R

d the function θ → f (x; θ) is continuously differentiable on Θ, and
there exists a neighbourhood V ⊂ Θ of θ0 such that the function x→ supθ∈V

∣∣∣ ∂ f
∂θ

(x; θ)
∣∣∣ is

integrable on R
d.

The following result comes easily from Theorem 2, assumption (P) and the
dominated convergence theorem.
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Corollary 1 Under assumption (P), we have

|| f (·; θ) − f (·; θ0)||1→0, when θ→θ0,

and

CI2(h)( f (·; θ)) =
bo

I2(h)
( f (·; θ))
λ1,h

(θ − θ0)2 (1 + o(1)), when θ→θ0

where

bo
I2(h)( f (·; θ)) =

∫ (
Kh �

∂ f
∂θ

(·; θ0)(x)
)2

dx.

Let us denote by {qk,h, k ∈ N0} the orthonormal basis for L2(P0) corresponding to
the infinite collection of eigenvalues of Ah, i.e., for all k and j,

∫
Qh(·, v)qk,h(v)dP0(v) =

λk,hqk,h, a.e. (P0) and 〈 qk,h, q j,h 〉 = δk j, where δk j is the Kronecker symbol. In the
following result, we establish a representation for the local slope CI2(h)( f (·; θ)) when
θ→θ0, in terms of the weights (λk,h) and the principal components (qk,h). It is proven in
Section 5.

Corollary 2 Under assumption (P), if
∂ ln f
∂θ

(·; θ0) ∈ L2(P0), then

CI2(h)( f (·; θ)) =
∞∑

k=1

λk,h

λ1,h
a2

k,h(θ − θ0)2(1 + o(1)), when θ→θ0,

where, for k = 1, 2, . . . ,

ak,h =
〈

qk,h,
∂ ln f
∂θ

(·; θ0)
〉
.

From the previous representation, in particular from the fact that the weights (λk,h)
converge to zero, it is clear that only a finite directions of alternatives effectively
contribute to CI2(h)( f (·; θ)). The natural question, that we discuss in the next section
for the test of a simple hypothesis of normality, is how rapidly the principal directions
loose influence.

4 Testing a simple hypothesis of normality

In this section we consider the test of the simple hypothesis of normality. Without loss of
generality we restrict our attention to the test of the hypothesis H0 : f = fN(0,1) against
the alternative hypothesis Ha : f � fN(0,1).
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4.1 Local alternatives

In order to get a better understanding of the role played by the smoothing parameter in
the detection of departures from the null hypothesis, we consider a set of alternatives
that satisfy (P) with f = f j and θ0 = 0, such that

(A. j)
∂ ln f j

∂θ
(·; 0) = Hj(·)/ j!, (5)

for j = 1, . . . , 4, where Hj is the jth Hermite polynomial defined by:

H1(x) = x;

H2(x) = x2 − 1;

H3(x) = x3 − 3x;

H4(x) = x4 − 6x2 + 3.

These alternatives are based on the Edgeworth series for the density and the
corresponding value of θ indicate departures from the null hypothesis in the jth moment
(about Edgeworth expansion see Hall (1997) and the references therein). Remark that the
location alternative f (·; θ) = fN(θ,1)(·) and the scale alternative f (·; θ) = fN(0,1+θ)(·), when
θ→0, satisfy (A.1) and (A.2), respectively. The alternative f (·; θ) = 2 fN(0,1)(·)FN(0,1)(θ·),
when θ ↓ 0, considered by Durio and Nikitin (2003), satisfies (A.1) up to the
multiplication by a constant. Finally, the skew and kurtosis alternatives considered by
Durbin et al. (1975) satisfy (A.3) and (A.4), respectively.

4.2 The test statistic

From now on we take for K the standard normal density K = fN(0,1). This choice for the
kernel was mainly motivated by the fact that the function bo

I2(h)
( f (·; θ)) given in Corollary

1 can be explicitly evaluated for the set of alternatives described above. Also remark that
in this case the calculation of I2

n(h) does not involve any integration. In fact, the kernel
Qh given by (3) takes the form

Qh(u, v) = fN(0,2h2)(u − v) − fN(0,2h2+1)(u) − fN(0,2h2+1)(v) + fN(0,2h2+2)(0), (6)

for u, v ∈ R (see Bowman (1992), Bowman and Foster (1993) and Henze and Wagner
(1997)).
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4.3 Most significant weights

As described in Section 3, the Bahadur local slope of I2
n(h) depends on the weights (λk,h)

and on the principal components (qk,h). Numerical evaluations of the most significant
weights are shown in Table 1 for four values of h. These approximations have been
obtained through the projection method. We have considered the restriction, Ah|L, of the
operator Ah defined by (4) with kernel given by (3) to the finite dimension subspace
L of H(P0) given by L = {g ∈ H(P0) : g =

∑n
i=1 g(x̄i)1I]xi,xi+1]}, where n = 1400,

xi = −7 + 0.01(i − 1) and x̄i = (xi + xi+1)/2, for i = 1, . . . , n. The numerical calculation
of the eigenvalues of Ah|L have been performed using Lapack routines (cf. Anderson et
al. (1999)).

From these values and the representation for the Bahadur local slopes given in
Corollary 2, we expect that test I2

n(h) for small values of h could use information
contained in others components different from the first ones. However, for moderate
or large values of h, it appears that I2

n(h) might exclusively use information contained in
the first components.

Table 1: Weights for I2(h) with K = fN(0,1) and f0 = fN(0,1)

h = 0.05 h = 0.2 h = 1.0 h = 2.0

λ1,h 3.59 × 10−1 2.61 × 10−1 5.53 × 10−2 1.28 × 10−2

λ2,h 3.54 × 10−1 2.36 × 10−1 2.16 × 10−2 1.93 × 10−3

λ3,h 3.11 × 10−1 1.49 × 10−1 3.97 × 10−3 1.31 × 10−4

λ4,h 3.06 × 10−1 1.29 × 10−1 1.32 × 10−3 1.65 × 10−5

λ5,h 2.70 × 10−1 8.46 × 10−2 2.85 × 10−4 1.33 × 10−6

λ6,h 2.64 × 10−1 7.15 × 10−2 8.90 × 10−5 1.57 × 10−7

λ7,h 2.35 × 10−1 4.82 × 10−2 2.05 × 10−5 1.36 × 10−8

λ8,h 2.29 × 10−1 4.00 × 10−2 6.17 × 10−6 1.55 × 10−9

λ9,h 2.04 × 10−1 2.74 × 10−2 1.47 × 10−6 1.39 × 10−10

λ10,h 1.98 × 10−1 2.24 × 10−2 4.33 × 10−7 1.54 × 10−11

λ11,h 1.77 × 10−1 1.56 × 10−2 1.06 × 10−7 1.42 × 10−12

λ12,h 1.71 × 10−1 1.26 × 10−2 3.06 × 10−8 1.54 × 10−13

4.4 Bahadur local exact slopes

Similarly to the quadratic EDF tests of Anderson-Darling (A2) and Cramér-von Mises
(W2) (see Nikitin (1995), p. 73–81), for each one of the alternatives (5) the Bahadur local
exact slopes of the tests based on I2(h) take the form θ2(1+o(1)), up to the multiplication
by a constant, when θ→0. Therefore, for the comparison of such tests it is sufficient to
compare the coefficients of θ2. They are usually called local indices and are plotted in
Figure 1 for h ∈ [0.01, 3] and Qh given by (6). We also plot the local indices for A2 and
W2 tests.
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Alternative .1A

Alternative .3A

Alternative .2A

Alternative .4A

Figure 1: Local indices for: I2(h) – solid line; A2– broken line; W2– broken and dotted line

It is clear from Figure 1 that a large bandwidth leads to a strong predominance
of the first principal component whereas a small bandwidth leads to a test that uses
the information contained in the other components. For the location alternative, we
note that the local indices obtained numerically for large values of h are close to one
which is, from Bahadur-Raghavachari inequality (see Nikitin (1995), Theorem 1.2.3),
the optimal Bahadur local efficiency for this alternative. However, the gain of efficiency
in the location alternative by taking a large value of h implies a severe loss of efficiency
in the other moment alternatives.

4.5 Combining bandwidths effects

A compromise between the two opposite effects that the choice of h has in the
detection of location and nonlocation alternatives can be achieved by considering a
test based on a combination of bandwidths, i.e., a test based on the statistic (2) with
Kh = (1 − α)Kh1 + αKh2 , where h1 (small bandwidth) and h2 (large bandwidth) are two
fixed bandwidths, and α ∈ [0, 1].

Denoting by I2(α; h1, h2) such test and assuming that { f (·; θ) : θ ∈ Θ} satisfies (P),
we have
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bo
I2(α;h1,h2)( f (·; θ))
= (1 − α)2 bo

I2(h1)( f (·; θ)) + α2 bo
I2(h2)( f (·; θ))

+ 2α(1 − α)
∫

Kh1 �
∂ f
∂θ

(·; θ0)(x)Kh2 �
∂ f
∂θ

(·; θ0)(x) dx.

For alternatives (5) we plot in Figure 2 the local indices for the combined test
I2(α; 0.3, 2.0) for α ∈ [0.7, 1]. Notice that h1 = 0.3 and h2 = 2.0 are appropriated
bandwidths for the detection of nonlocation and location alternatives, respectively (see
Figure 1). It follows that the test I2(0.8; 0.3, 2.0) is superior to W2 for all the considered
alternatives (A.1-4), and is superior to A2 for alternatives (A.2-4). Remark that this
behaviour cannot be achieved by a test I2(h) for a fixed h (see Figure 1). The test
I2(0.9; 0.3, 2.0) is superior to A2 for alternative (A.1) but is inferior to A2 for alternatives
(A.2-4). However, the loss of efficiency for these last alternatives is not as significant as
if we take a test I2(h) with a relative local Bahadur efficiency close to one with respect
to I2(0.9; 0.3, 2.0) for alternative (A.1).

Alternative .1A

Alternative .3A

Alternative .2A

Alternative .4A

Figure 2: Local indices for: I2(α; 0.3, 2.0) – solid line; A2– broken line; W2– broken and dotted line
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4.6 Some simulation results

The main purpose of this section is to know if the finite sample properties of the I2 tests
for fixed alternatives are in accordance with the theoretical properties based on Bahadur
local efficiency. For that reason we present a simulation study including the tests I2(0.3)
(small bandwidth), I2(0.8) (medium bandwidth) and I2(2.0) (large bandwidth) based
on fixed bandwidths, and the test I2(c) := I2(0.8; 0.3, 2.0) based on a combination of
bandwidths. Moreover, as before, the EDF tests A2 and W2 will be use for comparison.

To examine the performance of these tests when the null hypothesis is false, we
consider three normal alternatives and four nonnormal alternative distribution shapes
shown in Figure 3. The nonnormal distributions are members of the generalized lambda
family discussed in Ramberg and Schmeiser (1974). The distributions of this family
are easily generated because they are defined in terms of the inverses of the cumulative
distribution functions: F−1(u) = λ1 + (uλ3 − (1− u)λ4)/λ2, for 0 < u < 1. The parameters
defining the distributions used in the study and the associated mean (µ), variance (σ2),
skewness (α3) and kurtosis (α4) values, are given in Table 2. Some of these distributions
are used in Fan (1994) to examine the performance of the Bickel-Rosenblatt test with a
bandwidth converging to zero as n tends to infinity.

Alternative S0

Alternative A0

Alternative SS0

Alternative AA0

Figure 3: Distribution shapes considered in the simulation study: Alternative density – solid line; Standard
Normal density – broken line
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Table 2: Distributions used in the simulation study

Normal distributions

Case µ σ2 α3 α4 λ1 λ2 λ3 λ4

N1 0.4 1 ” ” — — — —
N2 0 0.36 ” ” — — — —
N3 0.4 0.36 ” ” — — — —

Nonnormal distributions

Symmetric distributions

S0 0 1 0 1.8000 0 0.577350 1 1
S1 0.4 1 ” ” 0.4 ” ” ”
S2 0 0.36 ” ” 0 0.962250 ” ”
S3 0.4 0.36 ” ” 0.4 ” ” ”
SS0 0 1 0 11.6136 0 −0.397012 −0.16 −0.16
SS1 0.4 1 ” ” 0.4 ” ” ”
SS2 0 0.36 ” ” 0 −0.663187 ” ”
SS3 0.4 0.36 ” ” 0.4 ” ” ”

Asymmetric distributions

A0 0 1 0.5129 2.2212 0.835034 0.459063 1.4 0.25
A1 0.4 1 ” ” 1.235034 ” ” ”
A2 0 0.36 ” ” 0.501020 0.765105 ” ”
A3 0.4 0.36 ” ” 0.901020 ” ” ”
AA0 0 1 0.7588 11.4308 −0.116734 −0.351663 −0.13 −0.16
AA1 0.4 1 ” ” −0.283266 ” ” ”
AA2 0 0.36 ” ” −0.070040 −0.586106 ” ”
AA3 0.4 0.36 ” ” 0.329960 ” ” ”

In Table 3 we present the Monte-Carlo empirical power results for the previous tests
drawn from the considered alternatives. These results are based on 104 Monte-Carlo
samples of different sizes for a significance level of 0.05. For the evaluation of the
critical values of the I2 tests we have used 104 replications. In applying the tests A2

and W2 we have followed Stephens (1986).
From Table 3, and Figures 1 and 2, we conclude that the theoretical results based

on Bahadur local efficiency are in good accordance with empirical ones. The theoretical
properties of I2 tests are well transferred to finite sample situations.

In practice, the choice among the considered tests depends on the available
information about the alternative to the null hypothesis. For alternatives f whose mean
and variance satisfy µ f � 0 and σ2

f = 1 (Type I alternatives), A2 is in general the best

test, and each one of the tests I2(0.8), I2(2.0) or I2(c) is better than I2(0.3) test. For
alternatives f satisfying µ f = 0 or σ2

f � 1 (Type II alternatives), I2(0.3) is globally the

best test. Moreover, for these alternatives each one of the tests I2(0.3), I2(0.8) or I2(c) is
better or significantly better than A2 or W2 tests.
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Table 3: Empirical power at level 0.05 for different values of n

Case n I2(0.3) I2(0.8) I2(2.0) I2(c) A2 W2

N1 20 .210 .347 .423 .376 .404 .384
50 .499 .722 .807 .759 .785 .761

N2 20 .432 .238 .005 .171 .080 .080
50 .928 .930 .026 .811 .719 .536

N3 10 .362 .357 .183 .319 .245 .335
20 .745 .805 .551 .750 .702 .743

S0 50 .452 .152 .060 .208 .148 .119
100 .780 .277 .068 .450 .292 .211
200 .982 .539 .067 .826 .666 .457

S1 20 .331 .359 .421 .413 .434 .363
50 .712 .712 .784 .804 .816 .720

S2 20 .272 .138 .007 .087 .048 .052
50 .986 .917 .030 .760 .636 .244

S3 10 .259 .299 .183 .260 .221 .276
20 .671 .742 .531 .669 .633 .651

SS0 50 .316 .130 .032 .128 .094 .071
100 .621 .326 .035 .335 .234 .170
200 .915 .704 .041 .715 .613 .476

SS1 20 .391 .458 .455 .484 .494 .500
50 .820 .885 .856 .896 .894 .898

SS2 20 .789 .463 .003 .461 .252 .246
50 .998 .987 .027 .984 .955 .925

SS3 10 .596 .480 .167 .477 .339 .460
20 .934 .903 .581 .899 .844 .881

A0 50 .581 .225 .069 .289 .207 .176
100 .895 .442 .069 .613 .445 .323
200 .998 .780 .082 .957 .905 .686

A1 20 .217 .223 .368 .315 .358 .251
50 .588 .516 .740 .763 .790 .592

A2 20 .427 .187 .006 .156 .085 .086
50 .995 .927 .030 .904 .790 .445

A3 10 .266 .241 .162 .210 .171 .229
20 .870 .824 .519 .861 .739 .772

AA0 50 .320 .149 .038 .140 .107 .087
100 .620 .350 .044 .346 .251 .184
200 .909 .711 .054 .705 .619 .477

AA1 20 .315 .365 .394 .401 .425 .419
50 .739 .828 .822 .857 .864 .857

AA2 20 .781 .455 .003 .449 .248 .241
50 .998 .986 .028 .983 .954 .924

AA3 10 .575 .433 .150 .440 .301 .422
20 .930 .903 .565 .899 .847 .881

If one does not know much about the unknown density function, the undertaken
simulation study suggests that the test I2(c) is a good alternative to both A2 and W2

tests. In fact, for Type I alternatives the I2(c) performance is close to that one of A2 or
W2, and for Type II alternatives I2(c) is better or significantly better than A2 or W2 tests.

The practical performance shown by the Bickel-Rosenblatt test with fixed bandwidth
impels the generalization of the results presented in this paper to the test of a composite
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null hypothesis. In case of location-scale null families of density functions, this demands
the use of a kernel density estimator with data-dependent fixed bandwidth matrix which
is out of the scope of this paper. In a future paper we intend to address this subject.

5 Proofs of Theorem 2 and Corollary 2

Proof of Theorem 2: In order to use Theorem 1.2.2 of Nikitin (1995) due to Bahadur
(1967, 1971), we first note that from the strong law of large number for U-statistics (cf.
Theorem 3.1.1 of Koroljuk and Borovskich (1989)) we have

n−1I2
n(h)

as

n→+∞
−→ bI2(h)( f ),

for all f , where bI2(h)(·) is given in Theorem 2. Secondly, it is necessary to solve the
problem of determining large deviation asymptotics of the sequence (I2

n(h)) under the
null hypothesis. This problem can be solved by using the integral and quadratic form of
I2
n(h) and a generalization of Chernoff large-deviation result due to Sethuraman (1964)

(see also Nikitin (1995), p. 23). In fact, we have

I2
n(h) =

(
n−1||Z1,h + · · · + Zn,h||2

)2
,

where (Zi,h) are i.i.d. random variables taking values on L2(λ) given by Zi,h(x) = Kh(x −
Xi)−Kh � f0(x), for x ∈ R

d. Moreover, for all g ∈ L2(λ) we have
∫ ∫

g(x)Z1,h(x)dxdP =∫
g(x)
∫

Z1,h(x)dPdx = 0, and, for all z ∈ R,
∫

exp(z||Z1,h||2)dP ≤ exp(z
∫ ||Z1,h||2dP) <

+∞, since ||Z1,h||2 is a bounded random variable. The conditions of Sethuraman’s theorem
are thus fulfilled. Then, for all a > 0,

lim
n→+∞ n−1 ln P(n−1I2

n(h) ≥ a) = G(a),

where G is a continuous function in a neighbourhood V0 of zero such that

G(a) = − a

2σ2
h

(1 + o(1)), as a→0,

and

σ2
h = sup

{∫ ( ∫
g(x)Z1,h(x)dx

)2dP : ||g||2 = 1
}

= sup
{∫ ∫

g(x)g(y)
∫

Z1,h(x)Z1,h(y)dPdxdy : ||g||2 = 1
}

= sup
{∫ ∫

g(x)g(y)Q̄h(x, y)dxdy : ||g||2 = 1
}
,

with Q̄h(x, y) =
∫

k(x, u; h)k(y, u; h)dP0(u) and k is given by (3).
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By the Rayleigh equation (see Dunford and Schwartz (1963)), σ2
h is the largest

eigenvalue of the integral operator Āh, with kernel Q̄h, defined on L2(λ). Since the set
of eigenvalues of Āh coincide with the corresponding one of the operator Ah defined by
(4), we get

G(a) = − a
2λ1,h

(1 + o(1)), as a→0,

where λ1,h is the largest eigenvalue of the operator Ah.
Finally, from the continuity in f0 of the function bI2(h)(·) from L1(λ) to [0,+∞[, there

exists a neigbourhood Vf0 of f0 such that {bI2(h)( f ) : f ∈ Vf0} ⊂ V0, and therefore, from
Theorem 1.2.2 of Nikitin (1995), we conclude that

CI2(h)( f ) = −2 G
(
bI2(h)( f )

)
,

for all f ∈ Vf0 . �

Proof of Corollary 2: For bo
I2(h)

( f (·; θ)) given in Corollary 1, we have

bo
I2(h)( f (·; θ)) =

∫ ∫
Qh(u, v)

∂ ln f
∂θ

(u; θ0)
∂ ln f
∂θ

(v; θ0) dP0(u)dP0(v)

=
〈
Ah
∂ ln f
∂θ

(·; θ0) ,
∂ ln f
∂θ

(·; θ0)
〉
.

The result follows now from Corollary 1 and the representation Ahq =∑∞
k=1 λk,h〈 q, qk,h 〉 qk,h, for all q ∈ L2(P0). �
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1 Introduction

The family of exponential type distributions play an important role in a wide variety of
areas in probability and statistics. For example, the gamma distribution which belong to
the family of exponential distributions is used to model lifetimes of various practical
situations including but not limited to lengths of time between catastrophic events
(floods, earthquakes and so on), lengths of time between emergency arrivals at a hospital
and distance traveled by a wildlife ecologist between sighting of an endangered species.
The exponential distribution which is a special case of the gamma distribution have
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been used to describe the amount of time between occurrences of random events such as
those described above. Further examples of the exponential type distributions include
the Poisson and binomial distributions. The Poisson distribution provides a realistic
model for many random phenomena such as number of fatal traffic accident per week
at a busy intersection, the number of radioactive particle emissions per unit time, the
number of telephone calls per hour arriving at a switchboard to mention a few. In this
paper, we consider the problem of designing an experiment to estimate the difference
between two population means for distributions belonging to the exponential family
plus expected cost of drawing samples from either groups using a Bayesian approach.
We explore and compare the Bayes risk due to estimation plus the expected cost of
sampling. Numerical results on the relative efficiency are also presented.

This paper is organized as follows. Section 2 contains some preliminaries and basic
results for the class of exponential type distributions. In Section 3, the problem is
presented and the mathematical results on the fully sequential and best fixed designs
derived. Some bounds are presented. In Section 4, we present applications and numerical
results on the comparisons of the Bayes risk for the procedures described in Section 3.
Applications are presented for the comparisons of two Poisson means, comparisons of
two exponential means and the comparison of two Bernoulli means. Applications on
the comparisons of the normal means with known variances as well as the comparisons
of two normal variances with known means will be treated in the future. This paper
concludes with a summary and discussion.

2 Preliminaries and basic results

In this section, we consider the family of exponential-type probability distributions on
the real line, given by the family of densities G with respect to the Lebesgue measure. A
natural form of an exponential family is as follows:

f (x, θ) = exp{θT (x) + S (x) − ψ(θ)}, (1)

where f ∈ G. In this setting E(T (X)) = ψ
′
(θ) and var(T (X)) = ψ

′′
(θ). See Lehmann [3].

Consider two independent random variables X and Y with densities given by f (x, θ) =
exp{θT (x) + S (x) − ψ(θ)}, and g(y, ω) = exp{ωT (y) + U(y) − φ(ω)} respectively. Our
objective is to estimate λ = Eθ[T (X)]−Eω[T (X)] = ψ

′
(θ)−φ′(ω) with square error loss.

Definition 1 The Bayes risk of an estimate λ̂ with respect to the prior distribution π(θ)
is

r(θ, λ̂) = E[R(θ, λ̂)], (2)

where R(θ, λ̂) = E[L(θ, λ̂)] and L(θ, λ̂) is the loss function.
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The adopted approach in this paper is Bayesian and it is assumed that the prior
distributions of θ and ω are the conjugate priors given by: π1(θ) ∝ exp[t(θµ1 − φ(θ))]
and π2(ω) ∝ exp[s(ωµ2 − φ(ω))], where µ1 = Eπ1 [φ

′
(θ)] and µ2 = Eπ2 [ψ

′
(ω)] are

prior estimations of Eθ[T (X)] and Eω[T (X)] respectively, if these densities and their
derivatives decay to zero in the tails, (See West, 1985, 1986), and t > 0 and s > 0 are
positive real numbers that can be interpreted as prior sample sizes.

If X1, X2, . . . , Xm is a random sample of X and Y1,Y2, . . . ,Yn is a random sample of
Y, the Bayes estimator of λ is given by

λ̂(x1, . . . , xm, y1, . . . , yn) = E[λ|x1, . . . , xm, y1, . . . , yn]

= E[ψ
′
(θ)|x1, . . . , xm] − E[ψ

′
(ω)|y1, . . . , yn], (3)

where

E[ψ
′
(θ)|x1, . . . , xm] =

mT
X
m + tµ1

m + t

with T
X
m =

T (x1)+···+T (xm)
m and

E[ψ
′
)(ω)|y1, . . . , yn] =

mT
Y
n + sµ2

n + s

with T
Y
n =

T (y1)+···+T (yn)
n .

If X=(X1, . . . , Xm) and Y=(Y1, . . . ,Yn), x=(x1, . . . , xm) and y=(y1, . . . , yn), the Bayes
risk is given by

r(π1, π2) = r(λ̂(x, y))

= E(X,Y)

[
Eλ|(X,Y)

[
(λ − λ̂(x, y))2

]]
= E(X,Y)[var(λ|(X,Y))]

= E(X,Y)[var(ψ
′
(θ)|X) + var(φ

′
(ω)|Y)]

= EX

[
Eθ|X
[
ψ
′′
(θ)

m + t

]]
+ EY

[
Eω|Y
[
φ
′′
(ω)

n + s

]]
. (4)
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3 Sequential and best fixed designs

3.1 The problem

In order to set up the problem we adopt the notation given in Berger (1985, Chapter 7).
The loss function is given by

L(λ, a,m, n) = (λ − a)2 + c1m + c2n, (5)

and the decision rule are sequential decision procedures ∆S = (τ, δ) where τ is called
the stopping rule of the procedure and consist of functions τm,n(x1, . . . , xm, y1, . . . , yn)
that specify the probability of stopping sampling and making a decision after observing
(x1, . . . , xm, y1, . . . , yn); δ is the decision rule of the design ∆S and consists of a series of
decision functions δm,n(x1, . . . , xm, y1, . . . , yn) that specify the estimated value of λ when
the sampling has stopped after observing (x1, . . . , xm, y1, . . . , yn).

For the stopping rule τ, the Bayes risk is given by:

r(τ, π1, π2) = E(X,Y,τ)

[ Um

m + t
+

Vn

n + s
+ c1m + c2n

]

= E(X,τm)

[ Um

m + t
+ c1m

]
+ E(Y,τn)

[ Vn

n + s
+ c2n

]
, (6)

where τm and τn are the marginal stopping rules of τ, and Um = E(X,τm)[ψ
′′
(θ)],

Vn = E(Y,τn)[φ
′′
(ω)], t and s are fixed and depend on the posteriors, m and n are unknown.

The fixed designs are particular cases of ∆S where the stopping rules τm and τn are
equal to one if m = mF and n = nF and zero otherwise and their optimal values mopt(π)
and nopt(π) are given in this section.

3.2 Mathematical results

In this subsection, the mathematical results are presented. We compare the best fixed
design with the sequential optimal random design. Let c1 and c2 be the cost of sampling
per observation from populations 1 and 2 respectively. The Bayes risk due to estimation
plus expected sampling cost is given by equation (6). The objective or goal is to
minimize r(τ, π1, π2).

In the sequential allocation, for a fixed total number of observations the problem is
to allocate the number of observations to be taken from each population to achieve or
nearly achieve some optimality condition such as minimizing the Bayes risk when the
allocation is done sequentially. That is, at each stage the decision to observe X or Y may
depend on available information from all previous stages.
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Note that at stage t:

a) If U1/2
m ≥ c1/2

1 (m + t) take another observation of X; otherwise stop observing X.
b) If V1/2

n ≥ c1/2
2 (n + s) take another observation of Y; otherwise stop observing X.

The rule takes an additional observation of X (respectively Y) if mopt(θ|x1, . . . , xm) ≥
1 (respectively nopt(θ|y1, . . . , yn) ≥ 1,where mopt(π) =

(
Eπ[ψ

′′
(θ)]/c1

)1/2−t (respectively

nopt(π) =
(
Eπ[φ

′′
(ω)]/c2

)1/2 − s) are the sample sizes of the fixed design when the
distribution of θ (respectively ω) is π. The sequential design achieves the lower bound.
That is,

lim inf
c1,c2→0

(
r(∆)

(c1 + c2)1/2

)
= 2E[(γ1ψ

′′
(θ))1/2 + (γ2φ

′′
(ω))1/2]. (7)

To see this, and for simplicity of the computations, we take the exponential family
with probability distribution of the form fθ(x) = exp[θx − ψ(θ)], x ∈ R, θ ∈ Ω. Clearly,
Eθ(X) = ψ

′
(θ) and varθ(X) = ψ

′′
(θ), after differentiating the identity

∫
eθx−ψ(θ)dx = 1,

once and twice with respect to θ and simplifying each expression respectively. Similarly,
Eω(Y) = φ

′
(ω) and varω(Y) = φ

′′
(ω). Following Diaconis and Ylvisaker [2], the form of

the conjugate for exponential families, for t > 0 and s > 0 are

π(θ) =
et[µθ−ψ(θ)]∫
et[µθ−ψ(θ)]dθ

, (8)

and

γ(ω) =
es[µω−φ(ω)]∫
es[µω−φ(ω)]dω

, (9)

respectively. We assume that θ and ω are independent random variables with conjugate
prior distributions given above. If (X1, X2, . . . , Xm) is a random sample of X and
(Y1,Y2, . . . ,Yn) is a random sample of Y, then

fθ(X1, . . . , Xm) = exp[m(θX − ψ(θ))], (10)

where X = (X1, . . . , Xm)/m and

gω(Y1, . . . ,Yn) = exp[n(ωY − φ(ω))], (11)

where Y = (Y1, . . . ,Yn)/n.
The posterior distribution of θ when m observations (X1, X2, . . . , Xm) are sampled

from population 1 is
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π(θ|X1, X2, . . . , Xm) = fθ(X1, . . . , Xm)/
∫

fθ(X1, . . . , Xm)π(θ)dθ

=

em(θX−ψ(θ)) et[µθ−ψ(θ)]∫
et[µθ−ψ(θ)]dθ∫

em(θX−ψ(θ)) et[µθ−ψ(θ)]∫
et[µθ−ψ(θ)]dθ

dθ

=
eθ[mX+tµ]−(m+t)ψ(θ)∫
eθ[mX+tµ]−(m+t)ψ(θ)dθ

. (12)

Set t1 = m + t and µ1 =
t
t1
µ + m

t1
X. Then

π(θ|X1, . . . , Xm) =
et1[µ1θ−ψ(θ)]∫
et1[µ1θ−ψ(θ)]dθ

. (13)

Similarly,

γ(ω|Y1, . . . ,Yn) =
es1[µ2ω−φ(ω)]∫
es1[ν1ω−φ(ω)]dω

, (14)

where s1 = n + s and µ2 =
s
s1
ν + n

s1
Y .

Next we show that the posterior mean and variance of ψ
′
(θ) given x1, . . . , xm are

E[ψ
′
(θ)|x1, . . . , xm] = µ1 and var[ψ

′
(θ)|x1, . . . , xm] = Eθ|X[ψ

′′
(θ)

m+t ] respectively. First we
state a useful lemma. For a proof of the lemma see Hajek and Sidak (1967).

Lemma 1 If f is an absolutely continuous integrable and real valued function for which∫ | f (ω)|dω < ∞, then limω→−∞ f (ω) = 0 and limω→+∞ f (ω) = 0.

The posterior mean of ψ
′
(θ) given x1, . . . , xm is

E[ψ
′
(θ)|x1, . . . , xm] =

∫
ψ
′
(θ)π(θ|X1, . . . , Xm)dθ

=

∫
ψ
′
(θ)

et[µθ−ψ(θ)]∫
et[µθ−ψ(θ)]dθ

dθ

=
1∫

et[µθ−ψ(θ)]dθ

∫
ψ
′
(θ)et[µθ−ψ(θ)]dθ

= − 1

t1
∫

et[µθ−ψ(θ)]dθ

∫
[t1(µ1 − ψ′(θ))et[µθ−ψ(θ)] − t1µ1et[µθ−ψ(θ)]]dθ
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= − 1

t1
∫

et[µθ−ψ(θ)]dθ

∫
d
dθ

[et[µθ−ψ(θ)]]dθ + µ1

∫
et[µθ−ψ(θ)]∫
et[µθ−ψ(θ)]dθ

dθ

= − 1

t1
∫

et[µθ−ψ(θ)]dθ

∫
d
dθ

[et[µθ−ψ(θ)]]dθ + µ1

= µ1 − 1

t1
∫

et[µθ−ψ(θ)]dθ
[ lim
θ→+∞ et[µθ−ψ(θ)] − lim

θ→+∞ et[µθ−ψ(θ)]]

= µ1, (15)

since the two limits vanish by virtue of the lemma given above.
The posterior variance of ψ

′
(θ) given x1, . . . , xm is

var[ψ
′
(θ)|x1, . . . , xm] =

∫
[ψ
′
(θ) − E(ψ

′
(θ))]2π(θ|X1, . . . , Xm)dθ

=
1∫

et[µθ−ψ(θ)]dθ

∫
[ψ
′
(θ) − E(ψ

′
(θ))]2et[µθ−ψ(θ)]dθ. (16)

Let α(θ) = t1[µθ − ψ(θ)], then

[E(ψ
′
(θ)) − ψ′(θ)]2 = [

1
t1

dα(θ)
dθ

]2, (17)

so that

var[ψ
′
(θ)|x1, . . . , xm] =

1

t2
1

∫
et[µθ−ψ(θ)]dθ

∫
[
dα(θ)

dθ
]2eα(θ)dθ

=
1

t2
1

∫
et[µθ−ψ(θ)]dθ

[[α
′
(θ)eα(θ)]∞−∞ −

∫ ∞
−∞
α
′′
(θ)eα(θ)dθ]

=
1

t2
1

∫
et[µθ−ψ(θ)]dθ

[ lim
θ→+∞α

′
(θ)eα(θ)] − [ lim

θ→−∞α
′
(θ)eα(θ)]

−
∫ ∞
−∞
α
′′
(θ)eα(θ)dθ

= − 1

t2
1

∫
et[µθ−ψ(θ)]dθ

∫ ∞
−∞
α
′′
(θ)eα(θ)dθ

=
t1

t2
1

∫
et[µθ−ψ(θ)]dθ

∫
ψ
′′
(θ)et[µθ−ψ(θ)]dθ
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=
1
t1

∫
ψ
′′
(θ)et[µθ−ψ(θ)]∫
et[µθ−ψ(θ)]dθ

dθ

=
1
t1

E[ψ
′′
(θ)|x1, . . . , xm]

=
E[ψ

′′
(θ)|x1, . . . , xm]

m + t

= E[
ψ
′′
(θ)

m + t
|x1, . . . , xm]

= Eθ|X[
ψ
′′
(θ)

m + t
],

(18)

which also gives the proof of equation 4. �
In the best fixed design or policy the risk function r(∆) is minimized as a function

of fixed sample sizes m and n. This policy is asymptotically the best among the non-
sequential or non-random policies. The best fixed design is determined by mopt(π) =
(E[ψ

′′
(θ)]/c1)1/2 − t and nopt(π) = (E[φ

′′
(ω)]/c2)1/2 − s, and achieves the lower bound

under suitable conditions.

Theorem 1 Let c1 and c2 be such that c1
c1+c2

→ γ1, as c1, c2 → 0, 0 < γ1 < 1 and
γ2 = 1 − γ1. Then for any random design ∆,

lim inf
c1,c2→0

(
r(∆)

(c1 + c2)1/2

)
≥ 2E[(γ1ψ

′′
(θ))1/2 + (γ2φ

′′
(ω))1/2].

Proof. Observe that

r(∆) ≥ 2E
[
(c1Um)1/2 + (c2Vn)1/2

]
− tc1 − sc2. (19)

for any procedure ∆.
Now, (

r(∆)
(c1 + c2)1/2

)
≥ 2E

[
(c1Um)1/2

(c1 + c2)1/2
+

(c2Vn)1/2

(c1 + c2)1/2

]

− tc1/2
1

(
c1

c1 + c2

)1/2
− sc1/2

2

(
c2

c1 + c2

)1/2
. (20)
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Consequently,

lim inf
c1,c2→0

(
r(∆)

(c1 + c2)1/2

)
≥ 2E[(γ1ψ

′′
(θ))1/2 + (γ2φ

′′
(ω))1/2].

The last inequality follows from the application of Fatou’s lemma.
Note that for any fixed design ∆F,

r(∆F) = 2[(c1Eθ[ψ
′′
(θ)])1/2 + (c2Eω[ψ

′′
(ω)])1/2]

+ (m + t)−1[Eθ(ψ
′′
(θ))1/2 − (m + t)c1/2

1 ]2

+ (n + s)−1[Eω(φ
′′
(ω))1/2 − (n + s)c1/2

2 ]2 − (tc1 + sc2). (21)

If m =
(
Eπ[ψ

′′
(θ)]/c1

)1/2 − t and n =
(
Eπ[φ

′′
(ω)]/c2

)1/2 − s, then

r(∆F) = 2E[(c1Eθ[ψ
′′
(θ)])1/2 + (c2Eω[φ

′′
(ω)])1/2] − (tc1 + sc2). (22)

Moreover, if c1 and c2 are such that c1
c1+c2

→ γ1, as c1, c2 → 0, 0 < γ1 < 1 and γ2 = 1−γ1,

then

lim inf
c1,c2→0

(
r(∆F)

(c1 + c2)1/2

)
= 2[(γ1Eθ[ψ

′′
(θ)])1/2 + (γ2Eω[φ

′′
(ω)])1/2].

�

Theorem 2 Let ∆S and ∆F denote the first order sequential and fixed designs
respectively. Then

0 ≤ lim inf
c1,c2→0

r(∆S)
r(∆F)

≤ 1. (23)

Proof. Note that

lim inf
c1,c2→0

r(∆S)
r(∆F)

=
(γ1)1/2E(ψ

′′
(θ))1/2 + (γ2)1/2E(ϕ

′′
(ω))1/2

(γ1Eψ′′(θ))1/2 + (γ2Eϕ′′(ω))1/2
. (24)

Applying Jensen’s inequality, we have

0 ≤ lim inf
c1,c2→0

r(∆S)
r(∆F)

≤ 1. (25)

�
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Theorem 3 If c1 = c2 then

lim inf
c1→0

r(∆S)
r(∆F)

=
E(ψ

′′
(θ))1/2 + E(ϕ

′′
(ω))1/2

(Eψ′′(θ))1/2 + (Eϕ′′(ω))1/2
. (26)

Proof. We have

lim inf
c1,c2→0

r(∆S)
r(∆F)

=
(γ1)1/2E(ψ

′′
(θ))1/2 + (γ2)1/2E(ϕ

′′
(ω))1/2

(γ1Eψ′′(θ))1/2 + (γ2Eϕ′′(ω))1/2
. (27)

If c1 = c2, then γ1 = γ2 and the result follows. �

Corollary 1 If c1 = c2, ψ
′′
(θ) = ϕ

′′
(ω), and π1 = π2, then

lim inf
c1→0

r(∆S)
r(∆F)

=
E(ψ

′′
(θ))1/2

(Eφ′′(ω))1/2
. (28)

�
The asymptotic results in section 3 are derived in the following sense. Sampling sizes

tending to infinity are achieved by taking the costs of sampling (c1, c2) tending to zero,
since c1 and c2 may differ from population to population. Simultaneous control over c1

and c2 is maintained by assuming that c1
c1+c2

→ γ1,
c2

c1+c2
→ γ2, so that c1 and c2 tend to

zero at the same rate.
Theorem 2 states that the lower bound for the sequential design is smaller than the

lower bound for the best fixed design. This makes sense due to the fact that we use
all previous information about the population for the sequential design as well as the
information on the priors for the best fixed design.

4 Application

In this section, we present applications of the results in Sections 2 and 3. Specifically,
applications involving the Poisson and exponential distributions with gamma priors as
well as the Bernoulli distribution with beta priors are given. Some numerical results on
the relative efficiency of the estimation problem concerning the Poisson and exponential
distributions with gamma priors are also presented.

4.1 Comparison of two Poisson means

Let the distribution of the random variables X and Y be given by f (x, θ) and g(y, ω)
respectively, where
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f (x, θ) =
θxe−θ

x!
, (29)

x = 0, 1, 2, . . . , θ > 0 and

g(y, ω) =
ωye−ω

y!
, (30)

y = 0, 1, 2, . . . , ω > 0 . We assume that θ and ω are independent and distributed as
Gamma(a, p), a > 0, p > 0 and Gamma(c, q), c > 0, q > 0. It follows therefore from
Theorem 1 that

lim inf
c1,c2→0

R(∆S)
R(∆F)

=

(
Γ(a+1/2)
p1/2Γ(a) +

Γ(c+1/2)
q1/2Γ(c)

)
((a/p)1/2 + (c/q)1/2)

, (31)

a > 0, c > 0, p > 0, q > 0. �

Note that (a) If a/p = c/q = d > 0, then

r(∆S)
r(∆F)

= (1/2)

(
Γ(a + 1/2)
a1/2Γ(a)

+
Γ(c + 1/2)
c1/2Γ(c)

)
. (32)

(b) If a→ 0 and c→ ∞, then

r(∆S)
r(∆F)

→ 1
2
. (33)

(c) If a = c and p = q, then

r(∆S)
r(∆F)

=
Γ(a + 1/2)
a1/2Γ(a)

. (34)

(d) If a = c = p = q = 1/2, then

r(∆S)
r(∆F)

= 0.7979. (35)

�

4.2 Comparison of two Bernoulli means

Let the distribution of the random variables X and Y be given by f (x, θ) and g(y, ω)
respectively, where
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f (x, θ) = θx(1 − θ)1−x, (36)

x = 0, 1, 0 < θ < 1 and

g(y, ω) = ωy(1 − ω)1−y, (37)

y = 0, 1, 0 < ω < 1 . We assume that θ and ω are independent and distributed as
Beta(a, b), a > 0, b > 0 and Beta(c, d), c > 0, d > 0. It follows therefore from Theorem
3 that

lim inf
c1,c2→0

R(∆S)
R(∆F)

=
E(θ(1 − θ))1/2 + E(ω(1 − ω))1/2

(E[θ(1 − θ)])1/2 + (E[ω(1 − ω)])1/2
, (38)

where

E(θ(1 − θ))1/2 =
Γ(a + 1/2)Γ(b + 1/2)

(a + b)Γ(a)Γ(b)
, (39)

for a > 0, b > 0, and

E(ω(1 − ω))1/2 =
Γ(c + 1/2)Γ(d + 1/2)

(c + d)Γ(c)Γ(d)
, (40)

for c > 0, d > 0. Similarly,

E[θ(1 − θ)] = ab/(a + b + 1)(a + b), (41)

for a > 0, b > 0, and

E[ω(1 − ω)] = cd/(c + d + 1)(c + d), (42)

for c > 0, d > 0. For the beta distribution, that is, θ ∼ Beta(a, b), it is well known that
E(θ) = a

a+b , and var(θ) = ab
(a+b+1)(a+b)2 . Similarly, if ω ∼ Beta(c, d), then E(ω) = c

c+d , and

var(ω) = cd
(c+d+1)(c+d)2 .

The ratio of the sequential to the best fixed design is

r(∆S)
r(∆F)

=

Γ(a + 1/2)Γ(b + 1/2)
(a + b)Γ(a)Γ(b)

+
Γ(c + 1/2)Γ(d + 1/2)

(c + d)Γ(c)Γ(d)
(ab/(a + b + 1)(a + b))1/2 + (cd/(c + d + 1)(c + d))1/2

, (43)

a > 0, b > 0, c > 0, d > 0.
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Note that (a) If a = c and b = d, then

lim inf
c1,c2→0

r(∆S)
r(∆F)

=
Γ(a + 1/2)Γ(b + 1/2)

a1/2Γ(a)b1/2Γ(b)
. (44)

(b) For any fixed b

r(∆S)
r(∆F)

→ Γ(b + 1/2)
b1/2Γ(b)

, (45)

as a→ ∞, and as a, b→ ∞
r(∆S)
r(∆F)

→ 1, (46)

(c) If a = b = c = d, then

r(∆S)
r(∆F)

=

(
Γ(a + 1/2)
a1/2Γ(a)

)2 (2a + 1
2a

)1/2
. (47)

(d) If a = b = c = d = 1, then

r(∆S)
r(∆F)

= [Γ(3/2)]2(3/2)1/2 = 0.9619. (48)

(e) If a, b→ 0 then

r(∆S)
r(∆F)

→ 0. (49)

�

4.3 Comparison of two exponential means

We next consider the estimation of the difference of the means of two exponential
populations with gamma priors. Let the distribution of X and Y be given by

f (x, θ) = θe−θx, (50)

for x > 0, θ > 0 and

g(y, ω) = ωe−ωy, (51)

for y > 0, ω > 0 respectively. We assume the prior distributions are Gamma(a, p), a > 2,
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p > 0 and Gamma(c, q), c > 2, q > 0 respectively. The ratio of the sequential to the best
fixed design is given by

lim inf
c1,c2→0

r(∆S)
r(∆F)

=
E(θ−1) + E(ω−1)

(E(θ−2))1/2 + (E(ω−2))1/2
. (52)

Therefore the ratio of the sequential to the best fixed design becomes

lim inf
c1,c2→0

r(∆S)
r(∆F)

=

p
a − 1

+
q

c − 1
p

((a − 1)(a − 2))1/2
+

q

((c − 1)(c − 2))1/2

, (53)

a > 2, p > 0, c > 2, q > 0.
If a = p and q = c then the ratio becomes

lim inf
c1,c2→0

r(∆S)
r(∆F)

=

a
a − 1

+
c

c − 1
a

((a − 1)(a − 2))1/2
+

c

((c − 1)(c − 2))1/2

, (54)

a > 2, and c > 2.

4.4 Numerical comparisons

In this section we examine the ratio of the sequential to the best fixed designs for the
estimation problem. We consider the case of balanced and unbalanced designs. This
numerical study is conducted for the case of exponential distribution means with gamma
priors and Poisson distribution means with gamma priors. For the balanced designs,
E(θ) = E(ω) and var(θ) = var(ω), that is a = c and p = q. Note that for the Poisson
means with gamma priors with a/p = c/q = k, where k > 0 is fixed, the ratio r(∆S)

r(∆F) is
given by

r(∆S)
r(∆F)

=
Γ(a + 0.5)
2a1/2Γ(a)

+
Γ(c + 0.5)
2c1/2Γ(c)

. (55)

Table 1 gives the r(∆S)
r(∆F) for the exponential distribution with gamma priors when a = p

and c = q.
In the tables below, we present the results of numerical comparisons of the best fixed

and fully sequential procedures for several values of the parameters. The tables depict
the efficiency for the balanced and unbalanced designs. The results are presented for the
comparisons of Poisson means with gamma priors.
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Table 1: Relative efficiency when a = p and c = q.

a 2.0001 2.0010 2.0100 2.1000 10 50 100 200
2.0001 0.0100 0.0152 0.0181 0.0189 0.0155 0.0150 0.0150 0.0149
2.0010 0.0152 0.0316 0.0479 0.0563 0.0483 0.0470 0.0468 0.0468
2.0100 0.0181 0.0479 0.0995 0.1481 0.1461 0.1431 0.1428 0.1426
2.1000 0.0189 0.0562 0.1481 0.3015 0.4021 0.3979 0.3973 0.3971

10 0.0155 0.0483 0.1461 0.4021 0.9428 0.9647 0.9670 0.9680
50 0.0150 0.0470 0.1431 0.3979 0.9647 0.9900 0.9923 0.9936
100 0.0150 0.0468 0.1428 0.3973 0.9670 0.9923 0.9949 0.9962
200 0.0149 0.0468 0.1426 0.3971 0.9680 0.9936 0.9962 0.9975

Table 2: Relative efficiency when µ1 = µ2 and σ1 < σ2, a = 2p, c = 2q, and a > c.

(a, c) Ratio

(2.0001, 2.000001) 0.0048
(2.001, 2.0005) 0.0262
(2.01, 2.005) 0.0825

(2.1, 2.05) 0.2527
(10, 5) 0.9005
(50, 10) 0.9647

(100, 50) 0.9923
(200, 100) 0.9962

Table 3 gives the efficiency r(∆S)
r(∆F) for the Poisson distribution with gamma priors

when a = p and c = q.

Table 3: Relative efficiency when a = p and c = q.

a 10−10 .001 .010 .100 1 10 50 100
10−10 2 ∗ 10−5 .0280 .0874 .2475 .4431 .4938 .4988 .4994
0.001 .0280 .0560 .1154 .2755 .4711 .5218 .5267 .5274
0.010 .0874 .1154 .1748 .3349 .5305 .5812 .5868 .5868
0.100 .2475 .2755 .3349 .4950 .6906 .7413 .7463 .7469

1 .4431 .4711 .5305 .6906 .8862 .9369 .9419 .9425
10 .4938 .5218 .5812 .7413 .9369 .9876 .9925 .9932
50 .4988 .5267 .5868 .7463 .9419 .9925 .9975 .9981
100 .4994 .5274 .5868 .7469 .9425 .9933 .9981 .9988

The comparisons in Table 3 are for the balanced design.
Table 4 is given for p = 10−10 with a/p = c/q and p > q.
Table 6 gives the numerical values of the efficiency for c = 4a and q = 2p.
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Table 4: Relative Efficiency when µ1 = µ2 and σ1 < σ2.

(a, c) Ratio

(10−10, 10−10) 0.0000
(0.0010, 10−5) 0.0308
(0.0100, 10−6) 0.1333
(0.1000, 10−7) 0.4510
(1.0000, 10−8) 0.8591

(10.0000, 10−9) 0.9778
(50.0000, 10−10) 0.9931

(100.0000, 10−10) 0.9956

Table 5: Relative Efficiency when µ1 < µ2 and σ1 = σ2, a = 2p, c = 2q, and a > c.

(a, c) Ratio

(10−10, 4 ∗ 10−10) 0.0000
(0.0010, 0.0040) 0.0885
(0.0100, 0.0400) 0.2694
(0.1000, 0.0400) 0.6513
(1.0000, 4.0000) 0.9349

(10.0000, 40.0000) 0.9930
(50.0000, 200.0000) 0.9903
(100.0000, 400.0000) 0.9993

Table 6: Relative Efficiency when µ1 < µ2 and σ1 < σ2, a < c, and p < q.

(a, c) Ratio

(10−10, 4 ∗ 10−10) 0.0000
(0.0010, 0.0040) 0.1039
(0.0100, 0.0400) 0.3142
(0.1000, 0.0400) 0.6793
(1.0000, 4.0000) 0.9436

(10.0000, 40.0000) 0.9940
(50.0000, 200.0000) 0.9989
(100.0000, 400.0000) 0.9991

5 Concluding remarks

We have shown that the sequential procedure for the problem of estimating the
difference of the means of two independent populations from the exponential family
with conjugate priors when compared with the best fixed design reveal the superiority
of the random design. The lower bound for the Bayes risk plus the expected costs
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determined. Application of the results to the Poisson and exponential distributions using
gamma priors as well as the Bernoulli distribution with beta priors are given. Numerical
comparisons of the best fixed and fully sequential procedures for several values of the
parameters conducted. There are other random designs that are of interest including the
two stage design, and the myopic design (see Terbeche, 2000). These designs seem to
perform better than the best fixed design.
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One of the most important probabilities related with ruin is the probability that the
process of surplus reaches a certain level before ruin occurs (Dickson and Gray (1984),
Dickson (1992) and Dickson and Egidio dos Reis (1994) analyzed this probability in the
classical risk model). The aim of this paper is the study of this probability, χ (u, b) .

In this paper the Poisson number process of the classical risk model is replaced
with a more general renewal risk process with interoccurrence times of Erlangian type
(see, e.g., Dickson and Hipp (1998, 2001), Dickson (1998), Cheng and Tang (2003),
Sun and Yang (2004), Albrecher et al. (2005)). Dickson (1998) analyzed χ (u, b) for
the particular case in which the interoccurrence times between claims are distributed
as Erlang(2,2) and the individual claim amount has also an Erlang(2,2) distribution.
Our main contribution in this paper is the generalization obtained in the computation of
χ (u, b) for the case of interoccurrence time distributed as Erlang(2, β) and the individual
claim amount as Erlang (n,γ). Note that the Erlang distribution is a special case of the
Gamma distribution where the shape parameter n is a positive integer.

The organization of the paper is as follows. In Section 2 we summarize the main
results related to χ (u, b) in the classical risk model. In Section 3, we obtain an
integro-differential equation for χ (u, b) in an ordinary Erlangian(2, β) model, i.e. with
interoccurrence time Erlang (2, β). In Section 3.1 we obtain and solve the corresponding
differential equation for χ (u, b) assuming a general Erlang(n,γ) distribution for the
individual claim amount. In Section 3.2 we provide numerical results for the particular
case when the individual claim amount is distributed as an Erlang(2, γ) , and in Section
3.3 for the case of an Erlang (1,γ) , i.e. exponential(γ) distribution. In Section 3.4
we analyze the influence of the individual claim amount distribution on χ (u, b) by
comparing the numerical results.

2 Classical model

In the classical model of risk theory, the surplus,R(t), at a given time t ∈ [0,∞) is defined

as R (t) = u + ct −
N(t)∑
i=1

Xi, with u = R (0) being the insurer’s initial surplus. N (t) , the

number of claims occurred until time t, follows a Poisson process with parameter λ,
and Xi is the amount of the i-th claim and has density function f (x) with mean µ. The
instantaneous premium rate, c, is c = λµ (1 + ρ) , where ρ, called the security loading, is
a positive constant.

In this model, and in the more general ordinary renewal model, the interoccurrence
time between claims, Ti, i = 1, 2, ... is modeled as a sequence of independent and
identically distributed random variables. T1 denotes the time until the first claim and, in
general, Ti denotes the time between the i − 1-th and i-th claims. Note that in a Poisson
process with parameter λ, Ti, i ≥ 1 has an exponential distribution with mean 1

λ
.

Given that the time of the first claim, T1, follows an exponential distribution with
density function fT1 (t) = λe

−λt, the probability χ (u, b) that the surplus process reaches
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the level b > u before the time until ruin, defined as τ = inf {t : R (t) < 0}, can be
obtained as

χ (u, b) =
∫ t0

0
λe−λt

∫ u+ct

0
χ (u + ct − x, b) f (x) dxdt +

∫ ∞
t0

λe−λtdt, (1)

where u + ct0 = b, so that the surplus process will reach b at time t0 if no claims occur
by time t0 (Dickson and Gray, 1984).

The function χ (u, b) has also been related with ruin probabilities. The probability of
ultimate ruin is defined as

ψ (u) = P [R (t) < 0 for some t > 0] ,

and δ (u) = 1−ψ (u) denotes the survival probability. It can be proved that (Dickson and
Gray, 1984),

δ (u) = χ (u, b) δ (b) . (2)

It is clear then that χ (u, b) can be computed as this ratio of survival probabilities as an
alternative to using expression (1) .

In a model with upper absorbing barrier b, such that when the reserve level reaches
this barrier the process is finished, the quantity 1 − χ (u, b) is also, by definition, the
probability of ruin given that the initial reserve is u.
χ (u, b) plays also an important role in the model with a constant dividend barrier.

In this model whenever the surplus reaches the level b, dividends are paid out in such
amount that surplus stays at the barrier until the next claim. Obviously, the present value
of the dividends paid out, D (u, b) , is a random variable that has a non-null probability
at zero. This is the probability that dividends paid out are zero (Mármol et al., 2003),
i.e.,

P [D (u, b) = 0] = 1 − χ (u, b) .

3 Ordinary renewal model with Ti ∼Ti ∼Ti ∼ Erlang (2, β)(2, β)(2, β)

The classical Poisson risk model is an ordinary renewal process, with Ti ∼ Erlang (1, λ).
In this section we assume that the number of claims is an ordinary renewal process in
which the Ti are i.i.d. Erlang(2, β) with density function,

k (t) = β2te−βt, t > 0, (3)
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and distribution function

K (t) = 1 − e−βt (βt + 1) for t ≥ 0.

Then, as in expression (1), in Dickson (1998) it is obtained

χ (u, b) =
∫ t0

0
k (t)
∫ u+ct

0
χ (u + ct − x, b) f (x) dxdt +

∫ ∞
t0

k (t) dt. (4)

Substituting s = u + ct in (4) and differentiating twice with respect to u,

c2χ′′ (u, b) − 2βcχ′ (u, b) + β2χ (u, b) = β2
∫ u

0
χ(u − x, b) f (x) dx. (5)

Notice that equation (2), which in the classical model relates the survival probability
with χ (u, b), is not true in the Ordinary Erlangian (2, β) model because the lack of
memory property is exclusive of the Exponencial distribution and does not hold for
the general Erlang distribution (Dickson, 1998). As a result, χ (u, b) cannot be obtained
as a ratio of survival probabilities, and for its calculation expression (5) must be used.

From (5) we obtain and solve the differential equation assuming that the individual
claim amount is Erlang(n, γ), following the procedure presented by Dickson (1998).

3.1 Individual claim amount Erlang (n, γγγ)

In this section we assume that the individual claim amount follows an Erlang(n, γ)
distribution with pdf

f (x) =
γnxn−1e−γx

(n − 1)!
. (6)

To solve (5) let us define

h (u) = β2
∫ u

0
χ(x, b) f (u − x) dx. (7)

Substituting (6) in (7) yields

h (u) =
β2γne−γu

(n − 1)!

∫ u

0
χ(x, b) (u − x)n−1 eγxdx.

Later on we will need an expression for the n-th derivative of the function above in terms
of the lower order derivatives. This result is the essence of the following lemma.
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Lemma 1 The n-th derivative of the function h (u) is given by

h(n) (u) = −
n−1∑
i=0

(
n
i

)
h(i) (u) γn−i + β2γnχ(u, b) (8)

(see the proof in Appendix A)

After rewriting equation (5) in the form

c2χ′′ (u, b) − 2βcχ′ (u, b) + β2χ (u, b) = h (u) ,

it is clear that after differentiating i and n times, respectively, we obtain

c2χ(i+2) (u, b) − 2βcχ(i+1) (u, b) + β2χ(i) (u, b) = h(i) (u) , (9)

and

c2χ(n+2) (u, b) − 2βcχ(n+1) (u, b) + β2χ(n) (u, b) = h(n) (u) . (10)

Substitution in (10) of the value of h(n) (u) found in (8) and the value of h(i) (u) from (9)
yields the following ordinary differential equation of order (n + 2) for χ (u, b):

an+2χ
(n+2) (u, b) + an+1χ

(n+1) (u, b) + anχ
(n) (u, b) −

n−1∑
j=1

a jχ
( j) (u, b) = 0. (11)

The value of the constant coefficients is given by

an+2 = c2

an+1 = c2γn − 2βc

an = β
2 − 2βcγn +

(
n

n−2

)
c2γ2

a j = −c2
(

n
j−2

)
γn+2− j +

(
n

j−1

)
2βcγn+1− j − β2

(
n
j

)
γn− j, j = 1, . . . , n − 1.

If all the roots of the characteristic equation of (11) , {ri}n+1
i=0 , are different, it is a trivial

matter to write down the solution for the ordinary differential equation above, namely:

χ (u, b) =
n+1∑
i=0

αie
riu, (12)
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where {ri}n+1
i=0 are functions of γ, β and c, while the {αi}n+1

i=0 depend additionally on b. To
obtain the values of {αi}n+1

i=0 we need (n + 2) equations.
The first of them is obtained from the boundary condition χ(b, b) = 1. Then,

n+1∑
i=0

αie
rib = 1. (13)

From (12) we know χ′(u, b) and χ′′(u, b). Substituting in (5), after rearranging terms,
one easily obtains n equations, namely,

n+1∑
i=0

αi

(ri + γ)
s = 0 , s = 1, . . . , n. (14)

From (4) , differentiating with respect to u, and considering (12) and its first and second
derivatives, we obtain the last equation

1 = α0 +
1
β

n+1∑
i=1

αi (β − cri) erib. (15)

Consequently, after the combination of (13) , (14) and (15), we obtain the required set
of (n + 2) equations from which to calculate the coefficients {αi}n+1

i=0 . They are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n+1∑
i=0
αierib = 1

n+1∑
i=0

αi

(ri + γ)
s = 0 , s = 1, 2, . . . , n

1
β

n+1∑
i=0
αi (β − cri) erib = 1.

(16)

3.2 Ti ∼Ti ∼Ti ∼ Erlang (2, β)(2, β)(2, β) and X ∼X ∼X ∼ Erlang (2, γ)(2, γ)(2, γ)

In this section we study the case n = 2. The ODE can be obtained directly from (11) as

c2χ′′′′(u, b) +
(
2γc2 − 2βc

)
χ′′′(u, b)+(

β2 − 4γβc + γ2c2
)
χ′′(u, b) +

(
2γβ2 − 2γ2βc

)
χ′(u, b) = 0.

(17)

This equation generalizes the one obtained by Dickson (1998) for the particular case
c = 1.1, β = 2 and γ = 2.
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The solution of (17) gives

χ(u, b) =
3∑

i=0

αie
riu,

where {ri}3i=0 are the roots of the characteristic equation of (17) .
From (16) , the system of equations required to find {αi}3i=0 is,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3∑
i=0
αierib = 1

3∑
i=0

αi

(ri + γ)
= 0

3∑
i=0

αi

(ri + γ)
2
= 0

1
β

3∑
i=0
αi (β − cri) erib = 1.

(18)

For γ = 2, β = 2, and c = 1.1, solving (18) and finding the roots of the characteristic
equation (17) , we obtain in Table 1 the results for χ (u, b) for different values of u and b,

Table 1.

u/b 0 1 2 3 4 5

0 1 0.5802 0.3694 0.2805 0.2335 0.2049

1 1 0.7600 0.5828 0.4854 0.4258

2 1 0.8472 0.7096 0.6228

3 1 0.8939 0.7875

4 1 0.9224

5 1
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Figure 1: χ(u, b) for u = 0, 1, 2, 3, 4, 5.



242 On the probability of reaching a barrier in an Erlang(2) risk process

Graphically we can represent the evolution of χ(u, b) with respect to b for different
values of the initial surplus u. In Figure 1 χ(u, b) is plotted for u = 0, 1, 2, 3, 4, 5. For a
given value of b, the probability of the reserves reaching that value before ruin, χ(u, b),
is increasing in u. On the other hand, for a given value of u, the probability χ(u, b) is
decreasing in b, and for each value of u tends toward a limiting value, as shown in Table
2 below.

Table 2.

u 0 1 2 3 4 5

lim
b→∞
χ(u, b) 0.1268 0.2636 0.3855 0.4876 0.5727 0.6438

Obviously, as b tends to infinity, the probability χ(u, b) includes only those
trajectories of the reserve process which do not lead to ruin. In other words,

lim
b→∞
χ(u, b) = δ (u) . (19)

Consequently, the limiting values for χ(u, b) just obtained are the values of the survival
probability for the corresponding initial reserves u (they can be found in the discussion
section written by De Vylder and Goovaerts in Dickson (1998)).

3.3 Ti ∼Ti ∼Ti ∼ Erlang (2, β)(2, β)(2, β) and X ∼X ∼X ∼ exp (γ)(γ)(γ)

Here we study the case n = 1. The corresponding ODE, from (11) is

c2χ′′′(u, b) +
(
γc2 − 2βc

)
χ′′(u, b) +

(
β2 − 2βγc

)
χ′(u, b) = 0,

with solution

χ(u, b) = α0 +

2∑
i=1

αie
riu,

where r1 and r2 are the roots of

c2r2 +
(
γc2 − 2βc

)
r +
(
β2 − 2βγc

)
= 0.
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In order to obtain {αi}2i=0 , we put n = 1 in (16) ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2∑
i=0
αierib = 1

2∑
i=0

αi

(ri + γ)
= 0

1
β

2∑
i=0

(β − cri) · αi · eri·b = 1.

For γ = 1, β = 2, and c = 1.1, we obtain in Table 3 the following results of χ (u, b)

Table 3.

u/b 0 1 2 3 4 5 · · · ∞
0 1 0.6363 0.4318 0.3339 0.2779 0.2419 · · · 0.1199

1 1 0.7838 0.6106 0.5083 0.4425 · · · 0.2194

2 1 0.8518 0.7125 0.6204 · · · 0.3076

3 1 0.8906 0.7781 · · · 0.3858

4 1 0.9155 · · · 0.4552

5 1 · · · 0.5168

The behaviour of this probability in this case turns out to be the same as in Section 2.1
where the Erlang(2, γ) distribution was assumed.

3.4 Numerical comparison

In order to study the influence of the distribution of the claim amount on the probability
χ (u, b) we find the behaviour of the latter when the individual claim amount follows an
Erlang(n, γ), n = 1, 2, 3, 4, 5 distribution. To ensure that the results can be compared to
one another we set n = γ and call the resulting distribution simply an Erlang(n). Note
that in this case the mean of the claim n/γ is 1.

For n = 1 and n = 2 the probability χ (u, b) behaves as indicated in Sections 2.3 and
2.2, respectively, i.e., takes the value 1 for u = b, and for a fixed u, it is decreasing in b
and tends to a limiting value which is the same as the survival probability in the model
without a barrier.

The effect of the claim amount distribution on χ (u, b) depends, as expected, on the
initial reserve and barrier levels u and b, and on the difference u−b as well. The following
three figures show the behavior of χ (u, b) as a function of b for initial reserve levels
u = 0, u = 1 and u = 2, respectively. For the given u the graphs in each figure show the
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dependence of χ (u, b) on the Erlang parameter n for n = 1, 2, 3, 4, 5. These values have
been chosen for illustration only, and carry no special significance.
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Figure 2: χ(u, b) for u = 0, assuming n = 1, 2, 3, 4, 5.
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Figure 3: χ(u, b) for u = 1, assuming n = 1, 2, 3, 4, 5.
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Figure 4: χ(u, b) for u = 2, assuming n = 1, 2, 3, 4, 5.
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Figure 5: pdf Erlang(n) for u = 1, assuming n = 1, 2, 3, 4, 5.

Before analyzing our results further, in Figure 5 we provide the graphs of an

Erlang(n) pdf with mean E [·] = 1 and variance Var[·] = 1
n

, also for n = 1, 2, 3, 4, 5.

It is clear from the figure that with increasing n both the variance and the asymmetry
decrease, and the pdf concentrates more and more around its mean 1.

Moreover, from Figures 2, 3 and 4, it follows that for values of u near zero and
small b, χ (u, b) decreases as n increases. This behaviour is reversed as b grows larger
(the graphs intersect at different points, and eventually those corresponding to larger n
appear on top). A plausible explanation for this behaviour can be found in Figure 5, from
which we see that for small n (recall that n = 1 coincides with the exponential case) the
probability of occurrence of small and large claims is greater than that corresponding
to large n. As a consequence, for values of u near zero and small b, the probability
of reaching b before ruin occurs is greater for small n. For b � u, large claims take
preponderance in reaching the ruin state and they are more likely for small n, thus χ (u, b)
is smaller for small n.

Table 4.

δ (u) n = 1 n = 2 n = 3 n = 4 n = 5
δ (0) 0.1199 0.1268 0.1300 0.1319 0.1332

δ (1) 0.2194 0.2636 0.2882 0.3041 0.3153

δ (2) 0.3076 0.3855 0.4282 0.4552 0.4738

δ (3) 0.3858 0.4876 0.5409 0.5736 0.5956

δ (4) 0.4552 0.5727 0.6314 0.6663 0.6892

δ (5) 0.5168 0.6438 0.7041 0.7388 0.7612
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As u increases, the inversion process with increasing b disappears rapidly. In fact the
graphs intersect very close to the initial abscissa b. This fact may be taken to mean that
for initial reserves of substantial magnitude, the greater probability of small claims for
small n loses relevance.

Below, in Table 4, we provide an additional table with the survival probabilities for
all cases n = 1, 2, 3, 4, 5 (recall expression (19)). Note that they represent the survival
probability in the absence of a barrier. In our case, as the table clearly shows, in the limit
χ (u, b) decreases with increasing n in accordance with the results above.

Appendix A

Proof of Lemma 1.
Since the function h (u) depends explicitly on n, for notational convenience we

rewrite it as

hn (u) =
β2γne−γu

(n − 1)!

∫ u

0
χ(x, b) (u − x)n−1 eγxdx

= Ane−γu
∫ u

0
B (u − x)n−1 dx, (20)

where, An =
β2γn

(n − 1)!
and B = χ(x, b)eγx.

For n = 1 we have

h1(u) = β2γe−γυ
∫ u

0
χ(x, b)eγxdx,

and it readily follows through differentiation and substitution that

h′1(u) = −γh1(u) + β2γχ(u, b) (21)

For n > 1, differentiating (20) once yields

h′n (u) = Ane−γu (n − 1)
∫ u

0
B (u − x)n−2 dx − γAne−γu

∫ u

0
B (u − x)n−1 dx,

which, after dropping the argument u, can be written as the recurrence relation

h′n = −γhn + γhn−1 , n > 1 (22)

Obviously we can obtain all the required derivatives of hn(u) by successive differentia-
tion of (22).
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From (22) we have

h′′n = −γh′n + γh′n−1 = −γh′n + γ (−γhn−1 + γhn−2)

= −γh′n − γ
(
h′n + γhn

)
+ γ2hn−2

= −2γh′n − γ2hn + γ
2hn−2. (23)

In the first line we used (22) to obtain h′n−1, and again in the second line to obtain γhn−1.

In the same manner, from (23) we get

h′′′n = −2γh′′n − γ2h′n + γ
2h′n−2 = −2γh′′n − γ2h′n + γ

2 (−γhn−2 + γhn−3)

= −2γh′′n − γ2h′n − γ
(
h′′n + 2γh′n + γ

2hn) + γhn−3

)
= −3γh′′n − 3γ2h′n − γ3hn + γ

3hn−3. (24)

Here we used in the first line (22) to obtain h′n−2, and in the second (23) to obtain γ2hn−2.

It is clear that in the fourth derivative we would have to make use of (22) and
of (24) and, in general, each derivative requires the use of (22) and of the previous
one. Moreover, it follows easily from (22), (23) and (24), after transposing, that the
rightmost term in the derivative of order k can be formally written as the k-th derivative
of the product γhn (this follows from Leibniz formula) provided the derivatives of γ are
interpreted as regular powers. In other words, recalling that h(0)

n = hn,

γkhn−k = (γhn)(k) =

k∑
j=0

(
k
j

)
γ jh(k− j)

n , k < n. (25)

In particular, for k = n − 1, (25) becomes

γn−1h1 = (γhn)(n−1) =

n−1∑
j=0

(
n − 1

j

)
γ jh(n−1− j)

n . (26)

Note that in (21) h′1 is given in terms of h1, that is, in terms of the summation
appearing in (26). If we now differentiate (26) and make the appropriate substitutions,
after transposing we obtain

β2γnχ(u, b) =
n−1∑
j=0

(
n − 1

j

)
γ jh(n− j)

n +

n−1∑
j=0

(
n − 1

j

)
γ j+1h(n−1− j)

n .

In the first summation above we can safely change the upper limit to n because
(

n−1
n

)
= 0.

In the second summation, by substitution of the dummy variable j with j − 1 the
summation limits are changed from j = 1 to j = n. But since

(
n−1
−1

)
= 0, we put the lower

limit at j = 0. Combining the resulting summations and given that
(

n−1
j

)
+
(

n−1
j−1

)
=
(

n
j

)
we
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finally obtain

β2γnχ(u, b) =
n∑

j=0

(
n
j

)
γ jh(n− j)

n .

The equivalence of this expression to (8) is evident. The proof of the Lemma is complete.
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S. Dossou-Gbété and W. Tinsson
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1 Introduction

Experimental designs are usually used in a linear context, i.e. assuming that the mean
response can be correctly fitted by a linear model (polynomial of degree one or two
in most cases). This assumption is often associated with the normality of the observed
responses. Some classical and efficient experimental designs are then well known in
this context (see the books of Box and Draper (1987) or Khuri and Cornell (1996)).
However, it is clear that these linear assumptions are inadequate for some applications.

Many books and papers deal with the question of relaxing the linear model and
the gaussian model framework (see, for example, chapter 10 of the book of Khuri and
Cornell (1996) for a synthesis). But there are two main difficulties with this approach.
First, the choice of a good nonlinear model is not always easy. Second, assuming the
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nonlinear model is given, using a classical design (factorial, central composite, etc.) is
not in general the best choice. This fact can be problematic when industrial results are
first obtained with a classical design. If a linear model turns out to be inappropriate it is
then impossible in general to make new experiments because they are too expensive.

Our goal in this paper is to propose another class of solutions. These solutions have
to be, on the one hand, more general than the linear case and the gaussian framework
and, on the other hand, easier to improve than nonlinear modeling.

This intermediate solution consists of the choice of a generalized linear model (see,
for example, McCullagh and Nelder (1989) or Green and Silverman (1994)). In other
words, we assume that the image of the mean response by a given “link function” can
be modelled via a linear relationship. Such an assumption allows us to consider any
responses with a distribution in the exponential family (Bernoulli, binomial, Poisson,
Gamma, etc.) and then we do not have the restrictions of the classical linear case. These
models have been studied in order to construct D-optimal designs (see the book of
Pukelsheim (1993) for the general problem of optimality). The main problem of this
approach is the fact that the information matrix depends on the unknown parameters
of the model. Some authors have then developed Bayesian methods (see Chaloner and
Larntz (1989)) or robust designs (see Chipman and Welch (1996) or Sebastiani and
Settimi (1997)) but these are available only for logistic regression. Our goal in this paper
is to propose a general method of analysis with a simple information matrix, independent
of the parameters of the model. When there is no prior knowledge the canonical link
function is classically used for the modelization of the mean. We prove in the following
that if we use the alternative choice of an appropriate link function, called the surrogate
function, then classical factorial designs can be advantageously used.

Our paper is organized as follows. Section 2 is devoted to notations and preliminary
results concerning the generalized linear model, the Fisher scoring algorithm and
factorial designs. Section 3 makes a link between these methods and the choice of an
experimental design. At the end we present an example of application.

2 Experimental designs and GLM

2.1 The generalized linear model

We consider in the following a generalized linear model as it was introduced by Nelder
and Wedderburn (1972). Suppose that we have n observed responses yi (i = 1, . . . , n)
associated with the independent random variables Yi having the same distribution, a
member of exponential family. Denoting mi = E (Yi) , we then have a generalized linear
model if and only if:

∀ i = 1, . . . , n , g (mi) = xT
i βββ
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where xi ∈ Rr is the vector of independant variables, βββ ∈ Rr is the vector of unknown
parameters of the model and g is the link function (assumed to be bijective and
differentiable). Because Yi (i = 1, . . . , n) is a member of exponential family we have
the following classe of density functions:

f (yi, θi, φ) = h (yi, φ) exp

(
yiθi − v (θi)
φ

)
with φ known. (1)

We say that θi is the canonical parameter of the distribution (associated with Yi) and that
φ is a dispersion parameter. It is usual to use the canonical link function which means
that:

∀ i = 1, . . . , n , g (mi) = θi.

Recall that for every element of an exponential family we have the following relations:

E (Yi) = mi = v′(θi) and Var (Yi) = φv
′′(θi) . (2)

Hence we can write Var (Yi) = V (mi) with V (mi) = φm′i(θi) .

Example 1 Consider the common case of binary responses. Every observed response
yi is then a realization of a Bernoulli distribution of parameter pi (unknown in most
cases). Such a distribution belongs to the exponential family because its density satisfies
relation (1) with :

θi = ln
pi

1 − pi
, v (θi) = − ln

(
1 + eθi

)
, φi = 1 and h (yi, φi) = I{0,1} (yi, φi) .

For the function V and the canonical link function we have mi = pi and Var (Yi) =
pi (1 − pi) so:

V (t) = t (1 − t) and g (t) = ln
t

1 − t
.

2.2 Estimation of the parameters

For a given generalized linear model, our problem is then to estimate the unknown
parameters for the specification of the mean. Using the maximum likelihood method,
our goal is then to maximize the likelihood of the sample or (equivalently) its logarithm,
that is:
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L (y, θθθ,φφφ) =
n∑

i=1

yiθi − v (θi)
φi

+

n∑
i=1

ln (h (yi, φi)) . (3)

The likelihood maximization involves a nonlinear equation for which the solution is not
in closed form. Nelder and Wedderburn (1972) proposed the Fisher-scoring algorithm
in order to find a numerical approximation of the maximum likelihood estimator β̂ββ.
Fisher-scoring is one of the best known quasi-Newton method to solve the likelihood
maximization problem (see Smyth (2002)). For the implementation of this algorithm
we have to choose an initial value βββ(0) for the parameters of the model and then to apply
iteratively the relation:

∀ k ∈ N∗ , βββ(k+1) = βββ(k) +
(
XT W(k)X

)−1
q(k) (4)

where βββ(k) ∈ Rr is an approximation of the solution at iteration k, X is the model matrix
(with n rows and r columns), W(k) and q(k) depend on the vector βββ at iteration k as
follows:

W(k) = diag(ωi, i = 1, . . . , n) with ωi =
1

Var (Yi)

(
∂mi

∂ηi

)2
,

ηi = g (mi) and q(k) as
∂L (y, θθθ,φφφ)
∂β j

for j-th element( j = 1, . . . , r).

Note that the matrix W(k) has to be computed at every iteration because it depends on mi

and mi = g−1(xT
i βββ) depends on the value of the approximation of the solution at iteration

k (vector βββ(k)).

Remark 1 It is also possible to find a vector z(k) such that relation (4) becomes:

βββ(k+1) =
(
XT W(k)X

)−1
XT W(k)z(k).

In other words, the Fisher scoring algorithm is also an iteratively reweighted least
squares method.

2.3 Factorial designs

We assume now that every variable is coded in such a way that its values always
belong to the interval [−1, 1] (this can be done in a very simple way by using a linear
transformation, see chapter 2 of Khuri and Cornell (1996)). A complete factorial design,
for m factors, is then constituted by all the vertices of the cube [−1, 1]m. Nevertheless,
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using such designs is not possible when the number of factors m becomes high (because
of the 2m experimental units). So we also consider in the following some regular
fractions of these factorial designs (see Box and Hunter, 1961a, b). In other words,
we are now working with configurations given by:

1) 2m−q vertices of the cube [−1, 1]m ,

2) n0 central replications of the experimental domain.

Example 2 For m = 3 factors we can consider first the complete factorial design
associated to the design matrix DC (i.e. the n × m matrix with row i made up from
the m coordinates of the i-th design point). Another choice is given by a regular fraction
associated with the matrix DF (with n0 = 1 central point in our case):

DC =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 −1 −1
1 −1 −1
−1 1 −1

1 1 −1
−1 −1 1

1 −1 1
−1 1 1

1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and DF =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 −1
−1 1 −1
−1 −1 1

1 1 1
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

This fraction is obtained by keeping the experimental units such that x1x2x3 = +1 where
xi denotes the i-th coordinate of each design point of the factorial part. We say in a classic
way that this regular fraction is generated by the relation 123 = I where 1, 2 and 3 are
the three different columns of the design matrix and 123 is 1�2�3 with � the Hadamard
product operator (also called elementwise product).

In the framework of linear models these factorial designs can be used in order to fit
linear (L) or interaction (I) models such that:

(L) , ∀ i = 1, . . . , n , mi = E (Yi) = β0 +

m∑
j=1

β jxi j ,

(I) , ∀ i = 1, . . . , n , mi = E (Yi) = β0 +

m∑
j=1

β jxi j +
∑∑

j<l

β jlxi jxil.

We denote in the following by D the design matrix, by D j (1 ≤ j ≤ m) the j-th column
of this matrix and we put Q jl = D j �Dl (1 ≤ j < l ≤ m). The model matrix is then given
by:

X = [In | D1 . . .Dm] for the model (L) ,

X =
[
In | D1 . . .Dm | Q12 . . .Q(m−1)m

]
for the model (I) .
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It is well known that the matrix model X is of full rank (i.e. XT X is regular) for the two
models when the factorial design is complete. In the case of a regular fraction then it
will be of resolution at least III for the model (L) and at least V for the model (I) in order
the obtain a full rank matrix X (see Box and Hunter, 1961a, b). When a factorial regular
design is used we have also an orthogonal configuration such that (for the two models):

XT X = diag
(
2m−q + n0, 2

m−q, · · · , 2m−q) .
Example 3 (continuation) The complete factorial design associated with matrix DC can
be used to fit model (L) or (I) . For the regular fraction associated with the matrix DF it
is a fraction of resolution III because it has only one generator (123) and this generator
is a word of length 3. So such a fraction can be used to fit model (L) but is not able to fit
model (I) . In other words the following model matrix X1

F for model (L) is of full rank
but X2

F for model (I) is not (because, for example, columns 2 and 7 are the same):

X1
F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
1 1 1 1
1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, X2

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 −1 −1 −1 1
1 −1 1 −1 −1 1 −1
1 −1 −1 1 1 −1 −1
1 1 1 1 1 1 1
1 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

3 The surrogate link function

3.1 Modified Fisher-scoring method

Our goal is now to simplify the algorithm of Fisher scoring by dropping out the diagonal
weighting matrix W. This can be done by a judicious choice of the link function. In fact
our objective is:

W = Id ⇔ ∀ i = 1, . . . , n ,
1

Var (Yi)

(
∂mi

∂ηi

)2
= 1. (5)

But we know, from relation (2), that Var (Yi) = V (mi) . Then mi = g−1 (ηi) implies that:

(5)⇔ ∂mi

∂ηi
=
√

V (mi)⇐⇒ 1
g′(mi)

=
√

V (mi).

Our proposal relies on the following lemma:
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Lemma 1 The matrix W is the identity matrix if and only if the link function g satisfies:

∀ i = 1, . . . , n , g′(mi) = V−1/2 (mi) .

Such a function is then called the surrogate link function.

Table 1 gives, for some exponential families of distributions, the surrogate link
functions (depending on t) verifying the differential equations of lemma 1 (with the
additive constant chosen to be zero). We also recall in this table the associated canonical
link functions.

Table 1: Surrogate link function for different distributions.

Distribution of Yi Function V Surrogate link fn. Canonical link fn.

Bernoulli (p) t (1 − t) arcsin (2t − 1) ln
( t

1 − t

)

Binomial B (n, p) t
(
1 − t

n

) √
n arcsin

(
2t
n
− 1

)
ln
( t

n − t

)

Neg. Bin. (n, p) t
( t

n
+ 1
) √

n arccosh

(
2t
n
+ 1

)
ln
( t

n + t

)

Poisson P (λ) t 2
√

t ln t

Gamma G (a, p)
t2

p
√

p ln t
p
t

Remark 2 We have seen in Section 2.2 that the Fisher-scoring algorithm is in fact an
iteratively reweighted least squares method. Then, the use of the surrogate link function
allows us to have an iteratively unweighted least squares method.

The algorithm of Fisher scoring needs also the use of a vector q with j-th element
∂L (y, θθθ,φφφ) /∂β j for j = 1, . . . , r (see section 2.2). We have the following relation, using
the chain rule:

∂L
∂β j
=
∂L
∂θi

∂θi
∂mi

∂mi

∂ηi

∂ηi

∂β j
.

Then we obtain immediately for the likelihood of every sample of the exponential family
(see formula (3)):

∀ j = 1, . . . , r ,
∂L
∂β j
=

n∑
i=1

(yi − mi)
Var Yi

∂mi

∂ηi
[X]i j
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where [X]i j is the element of row i and column j of the matrix model X. This general
relation can be simplified in our case because we have:

ηi = g (mi) with g′(mi) = V−1/2 (mi) so
∂mi

∂ηi
=
√

V (mi).

Thus, we can state the following lemma:

Lemma 2 If the link function is the surrogate link function the vector q is then defined
by:

∀ j = 1, . . . , r ,
∂L
∂β j
=

n∑
i=1

[X]i j y∗i with y∗i =
yi − mi√

V (mi)
.

We see from lemma 2 that the vector q has a very simple expression when the surrogate
link function is used. It needs only the observations y∗i in their standardized and centred
form.

Example 4 (continuation) Consider a random binary phenomenon such that every
observed response yi is a realization of a Bernoulli distribution with parameter pi

(unknown). Here we make the assumption that this phenomenon depends on three
factors and the true response is given by:

∀ i = 1, . . . , n , pi = 0.2xi1 − 0.1xi2 − 0.1xi3 + 0.6

where xi1, xi2 and xi3 are the coded levels for the three factors. In other words, we assume
that the probabilities associated with each Bernoulli distribution can be correctly fitted
by a Taylor series of order one in the experimental domain. We also assume that the
effects of factors 2 and 3 are opposite (and lower) to the effect of the factor 1 on the
response. In order to make a modelization of this phenomenon using the surrogate link
function (such that g (t) = arcsin (2t − 1) in our case) we can consider the following
model (with mi = E (Yi) = pi):

∀ i = 1, . . . , n , arcsin (2mi − 1) = β0 + β1xi1 + β2xi2 + β3xi3.

3.2 Application to factorial designs

Consider a random phenomenon of m factors that may be checked by the experimenter.
We have seen that the choice of the surrogate link function allows us to put the matrix
XT X in place of the initial matrix XT WX in the algorithm of Fisher scoring. The optimal
situation is then reached when a complete factorial design or a well chosen regular
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fraction is used, because we have seen in Section 2.3 that XT X is then a diagonal matrix
(i.e. the design is orthogonal). Now we consider in the following the two non-linear
models given below:

(L∗) , ∀ i = 1, . . . , n , g (mi) = β0 +

m∑
j=1

β jxi j ,

(I∗) , ∀ i = 1, . . . , n , g (mi) = β0 +

m∑
j=1

β jxi j +
∑∑

j<l

β jlxi jxil,

Models (L∗) and (I∗) are then two generalized linear models with a polynomial linear
part of degree one for (L∗) and of degree two with interactions for (I∗) . Using relation
(4) and lemmas 1 and 2 we can state the following simplified iterative treatment when
factorial designs are used:

Proposition 3 Consider the model (L∗) or (I∗) used with the surrogate link function.
For a complete factorial design or a regular fraction of resolution at least III, the Fisher
scoring algorithm is given for the model (L∗) by:

1) β(k+1)
0 = β(k)

0 +
1

2m−q + n0

n∑
i=1

y∗i ,

2) ∀ j = 1, . . . ,m , β(k+1)
j = β(k)

j +
1

2m−q

n∑
i=1

xi jy∗i .

For a complete factorial design or a regular fraction of resolution at least V, the
algorithm of Fisher scoring for the model (I∗) verifies, in addition to the two previous
relations:

3) ∀ j, l = 1, . . . ,m with j < l , β(k+1)
jl = β(k)

jl +
1

2m−q

n∑
i=1

xi jxily∗i .

The implementation of the Fisher scoring algorithm is then very simple in our case
because we only have to apply iteratively results from this proposition and no use of
matrix calculus is needed (in particular we do not have to invert any matrix). Note also
that factorial designs have only two levels, so the values for the coded variables xi j are
only −1, 0 (if at least one central point is used) or 1. This algorithm has to be initialized
by judicious values for β(0). This can be done, for example, by a classic linear regression
on the transformed response (i.e. on the g (yi) with g surrogate link function in place
of the yi). It can also be stopped using different criteria: when the likelihood seems to
be constant (i.e. when |L(k+1)

max − L(k)
max| < ε with ε small positive) or when the estimated

parameters seem to be constant (i.e. when ||β(k) − β(k+1)|| < ε where ‖.‖ is a chosen norm)
for example.

Example 5 (continuation) For the binary responses we assume that the experimenter
has conducted the experiment according to a complete factorial design with two centre



258 Factorial experimental designs and generalized linear models

points (the low number of factors allow us to consider the complete design in this case).
We have then a total of 10 trials given in Table 2 with the probabilities pi associated
for each experimental unit (column pi) and simulated results for the different responses
(column yi).

Table 2: Results for the complete factorial design.

Trial Fac. 1 Fac.2 Fac. 3 pi yi p̂i ŷi

1 1 1 1 0.60 1 0.54 (0.75) 1 (1)
2 −1 1 1 0.20 0 0.27 (0.00) 0 (0)
3 1 −1 1 0.80 1 1.00 (1.00) 1 (1)
4 1 1 −1 0.80 1 1.00 (1.00) 1 (1)
5 −1 −1 1 0.30 0 0.03 (0.00) 0 (0)
6 −1 1 −1 0.30 0 0.03 (0.00) 0 (0)
7 1 −1 −1 1.00 1 0.59 (1.00) 1 (1)
8 −1 −1 −1 0.60 1 0.60 (0.75) 1 (1)
9 0 0 0 0.60 1 0.57 (0.75) 1 (1)
10 0 0 0 0.60 0 0.57 (0.75) 1 (1)

If we have no information concerning the choice for the initial values of the
algorithm, we can take, for example:

β(0)
0 = 1 , β(0)

1 = β
(0)
2 = β

(0)
3 = 0.

Then the iterative treatment of Proposition 3 leads us very quickly (in two iterations) to
the maximum likelihood solution:

β̂0 = 0.143 , β̂1 = 1.376 , β̂2 = −0.719 and β̂3 = −0.719.

In other words, the best fitted model satisfies (∀ x1, x2 ∈ [−1, 1]):

p̂ (x1, x2) =
sin (0.143 + 1.376x1 − 0.719x2 − 0.719x3) + 1

2
.

Predicted values of the probabilities pi are given in Table 2 (column p̂i) with the
predicted responses (column ŷi), that is the values of p̂i rounded to the nearest integer.
We also present, in brackets, results obtained by the classical analysis with the canonical
link function (these results come from the SAS software). We observe the good global
quality of the results since observed responses yi and predicted responses ŷi are always
the same (except, of course, for the two last trials where it is impossible to predict at
once 0 and 1). If we consider probabilities pi we note, on the one hand, that predictions
are very good for half of the experiments (i.e. trials 1, 2, 8, 9 and 10). On the other hand,
these results are not so good for trials 3 and 4 and they are bad for trials 5, 6 and 7. These
problems of prediction are principally due to the small number of trials, and also to the
nature of the responses which give poor information because we have only two levels.
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We can finally note that the adjusted model allows us to find again the correct effect of
each factor (i.e. factor 1 has a preponderant effect on the response and factors 2 and 3
have equal effects, opposite to factor 1).

3.3 Dispersion of the estimations

We know (see Green and Silverman (1994)) that asymptotically the maximum likelihood
estimator of βββ has a Gaussian distribution and a dispersion given by:

Var β̂̂β̂β = φ
(
XT WX

)−1
.

If φ is unknown then it can be estimated by means of Pearson statistics. This result is
very interesting in our case because we know that XT WX is a diagonal matrix and the
diagonal elements are given in the last subsection. So we have the following proposition:

Proposition 4 Consider the model (L∗) or (I∗) used with the surrogate link function
and a complete factorial design or an appropriate regular fraction (of resolution at
least III for (L∗) and at least V for (I∗)). The maximum likelihood estimator β̂ satisfies
asymptotically the following properties:

1) its components are non-correlated,

2) its dispersion is given by:

Var β̂0 =
φ

2m−q + n0
and ∀ j, l = 1, . . . ,m , j < l , Var β̂ j = Var β̂ jl =

φ

2m−q
.

Remark 3 The dispersion parameter φ is needed in order to obtain these different
dispersions. This is not a serious problem in practice because φ has often a simple form
(for example, φ = 1 for a binomial distribution, a Poisson distribution and a negative-
binomial distribution).

3.4 Considering submodels

For m quantitative factors, models (L∗) and (I∗) are not often the best choice because
some linear effects or interactions may be sometimes removed. Then it is preferable
to use a submodel. Propositions 3 and 4 follow from the orthogonal properties of the
model matrix X when the model is complete. These results are then a fortiori true in the
case of a submodel. The main problem for an experimenter is the validation of such a
submodel. In other words, is the chosen submodel really better than the complete model?
To answer to this question it is usually advised to use the notion of deviance (see Green
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and Silverman [6]). For a given model and a submodel, the deviance is defined as:

D = −2 [Lmax (submodel) − Lmax (model)] (6)

where Lmax (.) is the maximal value of the likelihood for the (sub)model (i.e. L(β̂̂β̂β) where
β̂̂β̂β is the maximum likelihood estimator). The choice of the submodel is then a good
alternative when the deviance D is close to zero. In order to quantify this notion we
usually use the following rule: when the model has r unknown parameters and the
submodel has r′ < r unknown parameters, the submodel is then a better one if and
only if:

D < χ2
p−p′,0.05

with χ2
p−p′,0.05 the upper 5% point of a χ2 distribution with (r − r′) degrees of freedom.

4 Application to the geometric distribution

4.1 Utilization of a full model

We consider in this part responses with a binomial negative distribution and, more
precisely, the particular case of the geometric distribution. It is, once again, a very
classical situation and such a distribution is in the exponential family because its density
satisfies relation (1) with:

θi = ln (1 − pi) , v (θi) = − ln
(
1 − eθi

)
, φ = 1 and h (yi, φ) = IN (yi, φ) .

We can illustrate such model by considering experiments made in order to test the tensile
strength of ropes. The experimenter makes identical tractions and the response is then
the number of tractions endured by the rope before breaking. We assume in the following
that the tensile strength of the rope depends mainly on five concentrations of chemicals
(called now factors 1, 2, 3, 4 and 5).

From section 2.3 we consider the surrogate link function g (t) = arccosh (2t + 1) and
we can use the interaction model (with mi = E (Yi) = (1 − pi) /pi):

∀ i = 1, . . . , n , arccosh (2mi + 1) = β0 +

5∑
j=1

β jxi j +
∑∑

j<k

β jk xi jxik.

We consider in the following the experimental design obtained by the regular fraction of
the factorial design such that I16 = 12345.With the addition of three central replications,
we have then a total of 19 experiments given in Table 3 (with 1 denoted by + and −1 by
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−). Responses given in this table are obtained by simulation of geometric distributions
with pi parameters such that :

∀ i = 1, . . . , 19 , arccosh (2mi + 1) =

xi1 + 0.5xi2 + 0.5xi3 + 0.5xi4 − 0.5xi5 + xi1xi2 + 0.5xi1xi4 + 2.
(7)

In other words, we make two important assumptions in this part. First, we assume that
there are only two interaction effects in this phenomenon and they are associated with
the pair of factors {1, 2} and {1, 4} . Secondly, we assume here that we are in “optimal”
conditions because the true model uses the surrogate link function (simulations with
another link function will be used later).
Now we can implement the Fisher-scoring algorithm with a set of simulated responses
(given in column yi of Table 3). Concerning the initial values, we take:

β(0)
0 = arccosh (2y − 1) and all the others components of βββ(0) are zero.

So, the algorithm is initiated with the best choice for a constant model.

Table 3: Results for the fractional factorial design, the full model and the submodel (in
brackets).

Exp f 1 f 2 f 3 f 4 f 5 pi yi p̂i ŷi

1 + + + + + 0.02 40 0.03 (0.02) 39 (64)

2 − − + + + 0.60 1 0.51 (0.50) 1 (1)

3 − + − + + 0.94 0 0.99 (0.94) 0 (0)

4 − + + − + 0.94 0 0.99 (0.99) 0 (0)

5 − + + + − 0.60 1 0.51 (0.63) 1 (1)

6 + − − + + 0.60 2 0.34 (0.52) 2 (1)

7 + − + − + 0.94 0 0.99 (0.97) 0 (0)

8 + − + + − 0.11 7 0.13 (0.10) 7 (9)

9 + + − − + 0.28 4 0.21 (0.29) 4 (2)

10 + + − + − 0.02 72 0.01 (0.01) 70 (76)

11 + + + − − 0.04 20 0.05 (0.05) 19 (19)

12 − − − − + 0.94 0 0.99 (0.89) 0 (0)

13 − − − + − 0.60 1 0.51 (0.44) 1 (1)

14 − − + − − 0.28 5 0.17 (0.26) 5 (3)

15 − + − − − 0.94 0 0.99 (0.97) 0 (0)

16 + − − − − 0.94 0 0.99 (0.64) 0 (0)

17 0 0 0 0 0 0.42 0 0.44 (0.41) 1 (1)

18 0 0 0 0 0 0.42 2 0.44 (0.41) 1 (1)

19 0 0 0 0 0 0.42 1 0.44 (0.41) 1 (1)

The iterations continue until the likelihood increases by only a small amount (i.e. until
L(k+1)

max − L(k)
max < ε with ε = 0.001). Then, we obtain the following estimates after 10

iterations:
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β̂0 = 1.946 β̂1 = 0.971 β̂12 = 1.097 β̂23 = −0.094 β̂34 = −0.145

β̂2 = 0.469 β̂13 = −0.186 β̂24 = −0.067 β̂35 = −0.233

β̂3 = 0.441 β̂14 = 0.435 β̂25 = 0.021 β̂45 = 0.072

β̂4 = 0.731 β̂15 = 0.113

β̂5 = −0.514

The predicted probabilities p̂i and the predicted mean responses (i.e. the rounded values
to the nearest integer of (1 − p̂i) /p̂i) are then reported in Table 3 (results in brackets will
be discussed in the next subsection). We note the global good fit of the model: observed
responses and predicted responses are always very close. The maximum likelihood
associated with this model is equal to −32.523.

4.2 Utilization of a submodel

Our goal in this part is to find a good submodel of the previous full polynomial model.
Again we find that the submodel containing only the interactions x1x2 and x1x4 is
interesting because it is associated with a maximum likelihood equal to −33.531. In
other words, the deviance between the full model (with r = 16 parameters) and this
submodel (with r′ = 8 parameters) is:

D = −2 (−33.531 + 32.523) = 2.016.

But we have χ2
8,0.05 = 15.51 so results from Section 3.4 show us that this submodel

is a good alternative to the full model. The Fisher-scoring algorithm leads us (after 8
iterations and until L(k+1)

max − L(k)
max < ε with ε = 0.001) to the following estimates:

β̂0 = 2.039 β̂1 = 0.987 β̂4 = 0.612 β̂12 = 1.095

β̂2 = 0.396 β̂5 = −0.518 β̂14 = 0.507

β̂3 = 0.429

In conclusion, the best fitted model is then given by the following formula (for every
x = (x1, x2, x3, x4, x5) ∈ [−1, 1]5) :

p̂ (x) =
2

cosh
(
β̂0 + β̂1x1 + β̂2x2 + β̂3x3 + β̂4x4 + β̂5x5 + β̂12x1x2 + β̂14x1x4

)
+ 1

Results concerning this submodel are given in brackets in Table 3. Once again, we note
the good quality of predicted probabilities and estimated responses.
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4.3 Quality of the parameter estimations

Results from Sections 5.1 and 5.2 are obtained with only one simulation of the responses
yi (i = 1, . . . , 19). So it is natural to perform now a large number of simulations in order
to evaluate the global quality of this method. Table 4 presents, for each parameter of
the model, the basic statistical results (mean and dispersion) for 1000 simulations of the
geometric distribution.

Table 4: Simulation results.

Param. Mean Variance Param. Mean Variance

β̂0 1.712 0.074 β̂4 0.532 0.100

β̂1 0.967 0.095 β̂5 −0.457 0.099

β̂2 0.556 0.085 β̂12 0.981 0.089

β̂3 0.470 0.095 β̂14 0.485 0.096

Figure 1: Boxplots of values of the estimated parameters; the length of the whiskers is 1.5 times the
interquartile range.

A graphical representation of these results, using boxplots, is also given (Figure 1). We
deduce from Table 4 and Figure 1 that this method of estimation is adequate concerning
the stability of the estimated parameters (i.e. only a very few of these parameters are
outside the whiskers). We have also a good convergence speed of this iterative method
because, for the 1000 simulations, the algorithm needs an average of 8.7 iterations in
order to converge (less than 10 iterations are needed in 94 % of the cases and the
maximum does not exceed 20). Concerning the linear and interaction effects we note
the good quality of the estimated values, with mean and median very close from the
theoretical values of the model of Section 5.1. The only imprecision concerns the general
mean effect β0 which is underestimated.
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Figure 2: Estimation of β2 (histogram and QQ-plot).

Another important problem concerns the validity of Proposition 4. The goal in
statistical planning is to reduce the number of experiments so we must be very careful
with asymptotic results. Nevertheless, some properties of this proposition are true in our
case. First, we find again that dispersions of linear and interaction effects seem to be very
close whereas the dispersion of the general mean effect is smaller (because of the three
central replications). Secondly, Figure 2 (the histogram and QQ-plot for the estimated
values of the parameter β2) shows us that we can assume that this parameter follows a
normal distribution, and we obtain similar results in the case of the other parameters).

We have the same problem for the choice of a submodel with the deviance criterion.
We know that D follows asymptotically a χ2

r−r′ distribution but is this result true for
our 19 experiments ? We have computed, for each simulation, the deviance between
the full model and the chosen submodel with only interactions x1x2 and x1x4. Figure 3
gives a graphical representation (the histogram and QQ-plot) for these deviances. The
line of the QQ-plot represents the best fitted χ2 distribution and we find that it has
6 degrees of freedom (i.e. it is a gamma distribution with parameters 1/2 and 3). In
conclusion, we note that the deviance is close to a χ2 distribution but we have to be
careful because the observed degrees of freedom (6) are smaller than the theoretical
ones (r − r′ = 8). This fact implies that theoretical results lead us to reject the
submodel when D > χ2

8,0.05 = 15.51 but it seems more adequate to reject it as soon
as D > χ2

6,0.05 = 12.59. Note that it has a weak influence for the validation of the
submodel because, for our 1000 simulations, we have only 16 values of D in the interval
[12.59, 15.51].
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Figure 3: Deviance (histogram and QQ-plot).

4.4 Comparison with the classical method

The previous Sections 5.1, 5.2 and 5.3 use simulated responses given by the model
(7) (i.e. responses obtained with the surrogate link function). Now we are going to use
other simulations in order to compare our method to a classical one. For the classical
method we use the GENMOD procedure of the SAS program. In the case of a geometric
distribution this procedure uses by default the logarithm function for the link. So,
responses are now obtained by simulation of a geometric distribution with probabilites
given by (with mi = E (Yi) = (1 − pi) /pi):

∀ i = 1, . . . , 19 , ln (mi) =

xi1 + 0.5xi2 + 0.5xi3 + 0.5xi4 − 0.5xi5 + xi1xi2 + 0.5xi1xi4 + 2.
(8)

This model is then the optimal choice concerning the classical method because it uses
the same link function. The values of the pi are given for each point of the design
in Table 5. For each of these parameters 1000 simulations have been made and the
means of the estimated values for the pi parameters are given in Table 5. We can note
that these two methods gives very close estimations. Note also that the convergence is
obtained for the surrogate link function with a mean of 8.7 iterations (and the number
of iterations is always between 2 and 34) but for the classical method the SAS software
stops the algorithm, in most of the cases, after 50 iterations because the convergence is
not reached.
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Figure 4 and 5 allow us to compare these two methods with a graphical
representation using boxplots of the 17 estimated probabilities associated with every
experimental unit. Once again the two results seem to be very close. Figure 6 is a
graphical representation for the estimated values of the model parameters. We note
that the stability of the estimated parameters is again satisfactory (i.e. all the observed
distributions are very close to a normal distribution).

Table 5: Simulation results (mean values of p̂i) SLF: surrogate link function. CLF:
classical link function.

Exp pi SLF p̂i CLF p̂i Exp pi SLF p̂i CLF p̂i

1 0.06 0.10 0.11 10 0.06 0.10 0.11
2 0.32 0.42 0.41 11 0.10 0.16 0.16
3 0.56 0.64 0.61 12 0.44 0.51 0.50
4 0.44 0.54 0.52 13 0.32 0.41 0.40
5 0.32 0.43 0.42 14 0.22 0.31 0.31
6 0.32 0.39 0.40 15 0.44 0.52 0.51
7 0.44 0.53 0.50 16 0.44 0.52 0.50
8 0.15 0.22 0.23 17 0.27 0.32 0.35
9 0.22 0.29 0.30

Figure 4: Estimated probabilities for the surrogate link function.

4.5 Conclusion

In this paper we have presented a new method in order to extend the classical one
associated with the analysis of a linear model. The constraint of this new method
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concerns the utilization of the surrogate link function. Neverthless, the two examples
of this paper have suggested that this choice for the link is a good choice. This method
has two principal advantages:

1) the Fisher-scoring algorithm is now very easy to improve (and then computations
can be done faster),

2) classical designs like factorial designs, well known in the linear case, can be used.

Figure 5: Estimated probabilities for the canonical link function.

Figure 6: Values of the estimated parameters (natural link function).
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The parametric graduation of mortality data has as its objective the satisfactory estimation of the death
rates based on mortality data but using an age-dependent function whose parameters are adjusted
from the crude rates obtainable directly from the data. This paper proposes a revision of the most
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1 Introduction

Historically, Actuarial Science has worked with the mortality data of a population. The
first step, and perhaps one of the fundamental ways in which statistics plays a part, is the
graduation of mortality data. We define graduation (Haberman and Renshaw, 1996) as
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the set of principles and methods by which the observed (or crude) probabilities are fitted
to provide a smooth basis for making practical inferences and calculations of premiums
and reserves. Graduation is necessary (London, 1985) because the sequence of crude
death probabilities generally presents brusque changes, which do not correspond the
plausible hypothesis that the probabilities of death for two consecutive ages should be
very close.

The graduation methods suggested in the literature, and used in practice, can be
classified into two fundamental types: parametric and non-parametric, depending on
whether they adjust the data to a function or simply achieve smoothness. Within the first
type are the now classic Gompertz (1825) and Makeham (1860) models, used especially
for advanced age groups: the former postulate that the force of mortality would grow
exponentially with age, and the second adds a constant, an age independent component,
to the exponential growth. These authors’ proposals gave good results for data from
the late 19th and early 20th centuries. Over time a mortality pattern evolved with an
increase in mortality among the young and a relative hump among the middle-aged,
such that it was difficult to obtain a good graduation with the Makeham formula, which
in turn led to the introduction of new models known as the Heligman and Pollard laws
(Heligman and Pollard, 1980). The Gompertz-Makeham function described in Forfar
et al. (1988) generalizes the original models proposed by Gompertz and Makeham. In
Renshaw (1991) and Renshaw et al. (1997), generalized linear and non-linear models
are used for adjusting these functions. An example of non-parametric graduation by
means of kernel smoothing can be found in Gavin et al. (1993, 1995).

The objective of this paper is to revise and compare different parametric graduation
models by applying them to real mortality data for the Valencia Region, on the Spanish
Mediterranean coast. The paper is organized as follows. In Section 2 we present the
parametric graduation models: the methodology developed by the Continuous Mortality
Investigation (CMI) Bureau and its extension to generalized linear models, and the so-
called Heligman and Pollard model. Section 3 is devoted to obtaining crude estimations
of the probability of death in the Valencia Region for the period 1999-2001. We apply
the different graduation methods to these estimations, commenting on their advantages
and disadvantages, as well as on their suitability for the mortality analysis in question.
In Section 4 the different fittings are compared by means of the usual non-parametric
tests, and in Section 5 the most relevant conclusions are presented.

2 A review of parametric models for mortality graduation

The representation of mortality data by means of parametric models attracted the
attention of actuaries, demographers and statisticians throughout the past century. These
methods are based on the hypothesis that the chosen measurement of mortality is a
function of age, x, fα(x) with α = (α1, α2, . . . , αk) being parameters to be determined. In
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short, obtaining the graduation consists of applying the regression techniques which are
widely described and used in statistics literature to the particular case of mortality data.

The objective of applying these procedures is to obtain the best possible fitting
with the minimum number of parameters. It is therefore necessary to obtain a balance
between the number of parameters and the goodness of fit. Congdon (1993) warns how
many demographic graduation studies have emphasized the goodness of fit without
considering the statistical stability of the parameters involved in the regression, usually
leading to an overparameterization of the model, which shows up when the following are
observed: standard errors for the parameter estimates that are too big, high correlations
between the parameter estimates and failures of convergence in the iterative routines of
non-linear fitting. An overparameterization also has practical implications on the use of
graduation. For example, in the comparison of the time series of the parameters obtained
when fitting mortality data corresponding to different years, the prediction of values for
future years can show irregular erratic fluctuations that can make prediction difficult.
There is also a strong relation between overparameterization and the instability of the
parameters over time. There are therefore reasons to prefer parsimonious functions, with
few parameters, despite producing slight losses in the goodness of fit.

The form of the functions that fit the data are diverse and fundamentally based
on the profile presented by the crude estimations of the mortality measure used. The
different models proposed by various authors are collected together in Gerber (1997)
and Benjamin and Pollard (1992).

2.1 CMI Bureau Methodology

The Continuous Mortality Investigation (CMI) Bureau of the Institute and Faculty of
Actuaries of London was created in 1924, when the continuous collection of mortality
data began. It is responsible for constructing standard life tables for use in Great Britain’s
insurance industry. Forfar et al. (1988) have given an easily-understood description
of the methodology that is normally used by the CMI to produce such tables. This
methodology is a generalization of the Gompertz (1825) and Makeham (1860) models.
It was applied to Spanish data by Navarro (1991) and to data of the Valencia Region by
Navarro et al. (1995).

In order to get the graduation, the CMI Bureau uses the Gompertz-Makeham
functions of the type (r,s). They are functions with r + s parameters of the form

GMr,s
α (x) =

r∑
i=1

αix
i−1 + exp

⎛⎜⎜⎜⎜⎜⎜⎝
r+s∑

j=r+1

αix
j−r−1

⎞⎟⎟⎟⎟⎟⎟⎠ ,
with the convention that if r = 0, they only present an exponential part, and if s = 0,
they only possess a polynomial term. The Logit Gompertz-Makeham of the type (r,s) are
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alternative models that can be derived from the GM functions, the general expression of
which is

LGMr,s
α (x) =

GMr,s
α (x)

1 +GMr,s
α (x)

.

In order to estimate the value of the parameters included in these functions, two
optimization criteria are considered, that of maximum likelihood or that of minimum χ2,
which in practice produce very similar graduations (a detailed discussion is presented
by Forfar et al., (1988)). The minimum χ2 criterium is the usual χ2 statistic, that is the
sum of squared standardized residuals.

This methodology can be reformulated and extended by using the schemes
of generalized linear and non-linear models. The experience in graduation using
generalized linear models has been compiled in actuarial literature by Renshaw (1991),
Renshaw and Hatzopoulos (1996), Renshaw et al. (1997) and Verrall (1996). The
use of generalized linear models (GLM) for the graduation of both the probability of
death at age x, qx, and the force of mortality at age x, µx, is justified because both
response variables are not normal. Details about modelling and probability distribution
assumptions for both mortality measures follow.

2.1.1 GLM for µx

Let us suppose that Ec
x persons enter observation under hypothesis that the force

of mortality (instantaneous mortality rate) is a constant, µx+ 1
2
, during the period of

observation and that the death or survival of each one is independent. In this case Ec
x

represents those central exposed to risk, which can get modified throughout the duration
of the study, meaning that the number of individuals in the study is not determined.
The number of deaths which occur in the period of observation, Dx, will have a Poisson
distribution with average and variance equal to Ec

xµx+ 1
2
. We consider the graduation of

µx, with Dx ∼ Po(Ec
xµx+ 1

2
) independent, the link utilized being log

(
µx+ 1

2

)
, which is the

canonical link of the Poisson family, and the model which is used is µx+ 1
2
= GM(r, s),

which gives rise to a linear predictor when r = 0.
When the predictor is not linear, Renshaw (1991) suggests an iterative method which

enables the application of a similar methodology that is based on Makeham’s historical
formula ηx = A + Bcx. Given that is not possible to transform this non-linear form
into a linear one unless A = 0, it is possible to introduce a trivial reparametrization in
exponential form and write

ηx = α + βexp(φx). (1)
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The non-linear term

g(x; φ) = exp(φx), (2)

can be approximated

g(x; φ) � g(x; φ0) + (φ − φ0)

(
∂g
∂φ

)
φ=φ0

,

so that βexp(φx) can be replaced in (1) by βu + γv with

u = g(x; φ0), v =

(
∂g
∂φ

)
φ=φ0

and γ = β(φ − φ0)

In this way, the non-linear term (2) has been converted into a linear expression which
can be inserted in the predictor of a generalized linear model.

So, starting from an initial value φ0, we calculate the covariables

u = exp(φ0x) and v = x exp(φ0x),

and the parameters β and γ estimated following the adjustment of the model as in any
linear estimator.

We then update

φ1 = φ0 +
γ̂

β̂

and this process is repeated until convergence, which is not guaranteed for very distant
initial values. We found that an initial value of φ0 = 0.0005 produced convergence in
many of the sets of typical data which we graduated in this way. This method enables the
graduation of µx, with a Poisson distribution and identity link, through models GMx(r, 2)
with r � 0.

Another alternative consists of considering Dx as fixed and equal to the number of
observed deaths, dx, and assuming therefore that Ec

x follows a Gamma distribution with
parameters α = dx y β = µx+ 1

2
. Gerber (1997) considered this distribution and it was

used by Renshaw et al. (1997) to graduate 1/µx, force of vitality according to Lambert
(1772) terminology, through a generalized linear model. We can therefore use response

Ec
x variables with averages λx = dx

1
µx+ 1

2

, variances σ2
x = dx

1

µ2
x+ 1

2

and weights ωx = dx.

Taking the log link, we get

log λx = log dx − log µx+ 1
2
= log dx + ηx,
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where ηx is the linear predictor. Renshaw (1991) obtained results for his data which were
very similar to both of the µx graduation proposals.

2.1.2 GLM for qx

Let us suppose that Ei
x persons come under observation at age x and continue under

observation until they survive to x + 1 or die before. In this case we denote initial
exposed to risk as Ei

x, which determines the number of individuals in the study. Also, let
us suppose that the probability of death during the year for each one of them is qx, and
that the death or survival of one is independent of the death or survival of the others. If
we call Dx the random variable which represents the number of deaths that occur in the
year, we will get Dx ∼ B(Ei

x, qx).
We perform the graduation of qx using the function

qx = LGM(r, s) =
GM(r, s)

1 +GM(r, s)
, (3)

using the transformation logit(qx) as the link, which is the canonical link of the binomial
family. From (3) we easily obtain

qx

1 − qx
= GM(r, s),

so that if r = 0, logit(qx) corresponds to a linear predictor.

Heligman and Pollard’s laws. An alternative to the previous functions are the Heligman
and Pollard laws (Heligman and Pollard, 1980). These laws have been used by various
countries (England, Sweden, Germany, Spain, United States of America and Australia)
since the UN promoted the fitting of mortality through Heligman and Pollard’s first
law. Heligman and Pollard, inspired by Thiele (1972), adjusted a new mortality law to
post-war Australian data with the general expression

qx

1 − qx
=

n∑
i=1

Ai exp
(
−Bi ( fi(x) −Ci)

Di
)
,

where Ai, Bi, Ci, Di, i = 1, 2, ..., n, are the parameters to be estimated, and where fi(x) is
usually the identity function, fi(x) = x, or fi(x) = ln(x)

The three expressions that really fitted Australian mortality were as follows:
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Heligman and Pollard’s first law

qx

1 − qx
= A(x+B)C

+ D exp
(
−E(ln x − ln F)2

)
+GH(x−x0)

an expression that they consider cannot be distinguished from

qx = A(x+B)C
+ D exp

(
−E(ln x − ln F)2

)
+

GHx

1 +GHx
.

Heligman and Pollard’s second law

qx = A(x+B)C
+ D exp

(
−E(ln x − ln F)2

)
+

GHx

1 + KGHx
(4)

Heligman and Pollard’s third law

qx = A(x+B)C
+ D exp

(
−E(ln x − ln F)2

)
+

GHxk

1 +GHxk

The first term models childhood mortality, the second one the accident hump and
the third term natural mortality caused by senescence (Heligman and Pollard, 1980).
The graph in Figure 1 shows this decomposition. The interpretation of the parameters
is as follows: A represents the infant mortality rate; B represents death probability for
children who are 1 year old; C is closely related with the rate at which an individual
adapts to his environment, three parameters taking values in the interval (0,1). D, E and
F are referred as the accident hump, D indicates the severity of the accident hump with
values in (0,1), E with large values, in (0,∞), indicate a concentrated accident hump
and F from 15 to advanced age indicates the location of the hump maximum. Finally, G
indicates the base level of later adult mortality, and H is the rate of increase in mortality
at the later adult ages and its domains are (0,1) and (0,∞) respectively.

Figure 1: Decomposition of Heligman and Pollard’s Law.
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In order to estimate the coefficients, given the heterocedasticity of the data, the
error structure should be accommodated by differential weighting of the rates for
different ages (Congdon, 1993). Using criteria of weighted least squares WLS (α) =∑

x

ωx(q̇x − fα(x))2, with fα(x) as in Heligman and Pollard’s laws, and weights inversely

proportional to binomial sampling variances

var(q̇x) =
q̇x(1 − q̇x)

ex
,

and taking into consideration that (1 − qx) ≈ 1, we obtain the following expressions:

a)
∑

x

ex

q̇x
(q̇x − fα(x))2 (5)

b)
∑

x

(q̇x − fα(x))2

c)
∑

x

ex

q̇2
x
(q̇x − fα(x))2

d)
∑

x

1
q̇2

x
(q̇x − fα(x))2

including unweighted least squares in item b). In these expressions, q̇x is the crude
estimate of qx and ex is the estimate of initial exposure to risk Ei

x.
An example of the application of these laws to mortality data of our geographic and

social surroundings can be found in Felipe and Guillén (1999). They apply the second
law to Spanish data for the period 1979-82. A Bayesian approach for Heligman and
Pollard’s laws has been proposed by Dellaportas et al. (2001), using Markov chain
Monte Carlo simulation for avoiding the numerical problems that arise in classical
methods.

3 Application to mortality data of the Valencia Region

The comparative study of the different parametric models of graduation is done by
applying them to the mortality data of the Valencia Region, using aggregate population
and death figures corresponding to the three-year period 1999-2001. These two data sets
were published by the Spanish National Institute of Statistics (INE) and are classified
by age (ranging from 0 to 100 or older) and sex. They both refer to the Valencia Region
as the place of residence, which means the two sets of figures correspond to each other
coherently.

As the population census takes place every 10 years and during the first year of the
ten year period, only the data for 2001 are real counts, the data for 1999 and 2000 being
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Table 1: Age, x, initial number exposed to risk, ex, and number of deaths, dx, observed
in the period 1999-2001.

MEN WOMEN MEN WOMEN
x ex dx ex dx Age ex dx ex dx

0 39199.70 180.00 36955.70 182.00
1 38315.50 21.00 36211.50 17.00 49 48797.50 212.00 50280.50 137.00
2 38139.50 5.00 35822.50 11.00 50 48223.00 234.00 49786.00 132.00
3 38096.00 7.00 35797.00 10.00 51 47697.50 254.00 49363.50 151.00
4 38345.00 6.00 36114.50 6.00 52 47301.50 298.00 49073.50 160.00
5 39066.00 8.00 36755.50 7.00 53 46565.50 265.00 48400.50 180.00
6 39971.50 9.00 37689.00 1.00 54 45335.00 318.00 47270.00 195.00
7 40772.50 10.00 38576.00 11.00 55 43837.00 345.00 45854.00 189.00
8 41449.00 8.00 39300.50 7.00 56 42854.00 349.00 44903.00 205.00
9 42046.50 2.00 39956.00 8.00 57 42080.50 376.00 44140.00 199.00

10 42696.50 8.00 40522.50 9.00 58 40376.50 359.00 42484.00 227.00
11 43574.50 5.00 41207.00 3.00 59 38943.50 457.00 41196.00 268.00
12 44781.00 5.00 42271.00 4.00 60 38785.00 440.00 41292.50 248.00
13 46223.00 10.00 43662.50 9.00 61 38629.50 476.00 41424.50 303.00
14 47927.00 11.00 45348.50 8.00 62 38341.50 487.00 41368.00 347.00
15 50014.50 20.00 47414.00 19.00 63 39109.00 591.00 42455.00 398.00
16 52505.50 34.00 49799.50 19.00 64 39885.50 656.00 43643.50 416.00
17 55265.50 50.00 52413.50 26.00 65 39758.50 706.00 43911.00 488.00
18 58202.00 66.00 55256.00 24.00 66 39325.00 744.00 43958.00 507.00
19 61265.00 49.00 58248.50 29.00 67 38834.50 868.00 43998.50 614.00
20 64133.00 66.00 61040.00 30.00 68 37958.00 939.00 43610.00 665.00
21 66470.00 60.00 63360.50 22.00 69 36676.50 922.00 42844.00 748.00
22 68160.50 58.00 65063.50 36.00 70 35290.50 994.00 42032.50 821.00
23 68999.50 59.00 66045.50 31.00 71 33869.00 1043.00 41144.50 881.00
24 69101.50 70.00 66303.00 31.00 72 32269.50 1146.00 40023.00 977.00
25 68737.50 56.00 66035.00 33.00 73 30646.50 1245.00 38763.00 1136.00
26 68178.00 71.00 65598.00 29.00 74 29109.00 1276.00 37516.50 1281.00
27 67544.00 73.00 65109.00 33.00 75 27468.00 1273.00 36204.50 1383.00
28 66988.50 69.00 64620.50 40.00 76 25565.00 1327.00 34564.00 1542.00
29 66568.50 81.00 64415.50 40.00 77 23332.00 1484.00 32491.50 1579.00
30 66311.00 71.00 64476.50 37.00 78 20987.50 1488.00 30287.50 1715.00
31 66111.00 99.00 64526.00 41.00 79 18440.50 1290.00 27841.50 1704.00
32 65994.00 77.00 64630.00 52.00 80 15972.00 1199.00 25308.50 1796.00
33 65963.00 93.00 64775.00 65.00 81 13771.50 1148.00 22870.00 1856.00
34 65564.00 111.00 64497.50 41.00 82 12148.50 1169.00 20833.00 2095.00
35 64618.50 109.00 63797.00 75.00 83 10820.00 1040.00 18958.50 2096.00
36 63513.00 123.00 63059.50 72.00 84 9785.50 1094.00 17317.00 2256.00
37 62503.50 102.00 62347.00 68.00 85 8764.50 1074.00 15721.50 2325.00
38 61467.00 117.00 61572.50 69.00 86 7716.50 1021.00 14113.00 2332.00
39 60471.00 128.00 60830.50 83.00 87 6670.50 973.00 12400.50 2306.00
40 59447.50 136.00 59983.00 89.00 88 5589.50 845.00 10596.00 2141.00
41 58063.00 128.00 58719.00 85.00 89 4631.00 733.00 8933.00 2051.00
42 56272.50 164.00 57007.00 90.00 90 3737.00 593.00 7320.00 1809.00
43 54271.00 162.00 55168.50 104.00 91 2995.50 550.00 5883.00 1654.00
44 52509.00 165.00 53575.00 102.00 92 2301.00 462.00 4558.50 1396.00
45 51236.50 165.00 52366.50 122.00 93 1702.50 334.00 3416.50 1097.00
46 50214.50 173.00 51369.50 118.00 94 1269.50 234.00 2535.00 936.00
47 49358.50 202.00 50587.50 116.00 95 852.50 179.00 1740.00 667.00
48 48993.50 188.00 50376.00 133.00 96 576.50 130.00 1148.50 530.00
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inter-census estimations obtained from various INE publications, (INE, 1997) and (INE,
2001).

The first step is to calculate the crude estimates of qx from these data. From among
the different existing proposals for carrying out such estimates, we have used that of
Navarro et al. (1995):

q̇x =
Dx(t−1) + Dxt

1/2Px(t−1) + Pxt + 1/2Px(t+1) + 1/2(Dx(t−1) + Dxt)
, (6)

where Pxt is the population of people whose ages are between x and x + 1 years old
on 1st January of the year t, and Dxt is the number of individuals deaths whose ages
were between x and x + 1 during the year t. This choice is made because as we do not
have the deaths classified according to the year of birth, but according to age and sex,
the expression (6) allows us to avoid this difficulty because it supposes uniform death
distribution throughout the year. The denominator of the expression is ex, an estimation
of Ei

x.
The same expression, adequately corrected in denominator, can be used for the crude

estimation of µx,

µ̇x =
Dx(t−1) + Dxt

1/2Px(t−1) + Pxt + 1/2Px(t+1)
, (7)

where the denominator is now ex − dx/2, an estimation of Ec
x.

The graphic representation of the logarithms of the crude estimations led us to take
a range of between 0 to 96 years old for age, which seems to us compatible with the use
of the maximum possible and with the demand for relatively stable behavior. Beyond
this age the logarithms decrease, showing behaviour which is difficult to explain.

In the period under study, there were nearly 3.96 million men and 4.11 million
women exposed to risk. 77% of these were over 20 years of age. In the same period,
nearly 39.3 thousand men and 51.4 women died, with the great majority, approximately
99%, doing so after the age of 20 (see Table 1).

3.1 Modelling µxµxµx

The modelling µx has been done by means of GM(r, s) functions, using GLM and
generalized non-linear models (GNLM) of the Poisson and Gamma families. The
goodness of fit of the models involved has been measured by means of the log-likelihood
and the χ2. Since the fitting must improve as the number of parameters increase, we must
to see if that improvement is significant and to do so we use the deviance and Mallow’s
Cp statistic, both testing the improvement of the fitting in relation to the increase in
complexity of the model.
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Table 2 summarizes the results obtained. It is divided into two parts, according to
sex, and then each part into three groups of results.

1. Those corresponding to the functions GM(0, s), s = 2, . . . , 12, fitted through the
generalized linear models of the Poisson family using the log as a link.

2. Those corresponding to the functions GM(r, 2), r = 1, . . . , 10, fitted through
generalized non linear models of the Poisson family using the identity as a link;

3. Those corresponding to the functions GM(0, s), s = 2, . . . , 12 fitted through
generalized linear models of the Gamma family using the log as a link, even though
what we adjust in this case is the vitality force, 1/µx.

The first column of the table contains the initial reference values corresponding to
the null model for the deviance and to the saturated model for the log-likelihood. We
conclude that the best model is GM(0, 11), obtained through generalized linear models
using the Poisson family (GM(0, 12) has an insignificant improvement of deviance.
Once its coefficients have been calculated, we test that they are significant for both sexes
in Table 3.

We should point out that for making the results of Poisson and Gamma models
comparable, we have evaluated the inverse of the Gamma model predictions. Thus, the
results shown in Table 2 have been calculated from the Poisson Likelihood obtained
with these inverses.

Figure 2 shows the graphic comparison of the GM(0, s) models, from s = 7 to
s = 12 for each sex. In order to make the results obtained with all models and functions
comparable, the above comparison is made in terms of qx in place of the fitted µx.

Table 3: Coefficients of models GM(0, 11)

MENa WOMENb

coef std error p-value t-value coef std error t-value p-value

const. -5.439e+00 1.046e-01 -51.985 < 2e-16 -5.369e+00 8.434e-02 -63.655 < 2e-16

age -1.874e+00 1.613e-01 -11.614 < 2e-16 -1.902e+00 1.313e-01 -14.481 < 2e-16

age2 3.165e-01 3.776e-02 8.383 8.85e-13 3.430e-01 3.137e-02 10.935 < 2e-16

age3 -2.428e-02 3.788e-03 -6.409 7.55e-09 -2.917e-02 3.174e-03 -9.192 2.00e-14

age4 1.061e-03 2.081e-04 5.098 2.02e-06 1.418e-03 1.742e-04 8.139 2.77e-12

age5 -2.883e-05 6.910e-06 -4.172 7.20e-05 -4.257e-05 5.743e-06 -7.412 8.04e-11

age6 5.060e-07 1.448e-07 3.494 0.000755 8.187e-07 1.191e-07 6.875 9.34e-10

age7 -5.756e-09 1.929e-09 -2.984 0.003703 -1.012e-08 1.566e-09 -6.461 5.99e-09

age8 4.106e-11 1.584e-11 2.592 0.011210 7.776e-11 1.268e-11 6.134 2.54e-08

age9 -1.672e-13 7.316e-14 -2.285 0.024762 -3.386e-13 5.767e-14 -5.871 7.94e-08

age10 2.968e-16 1.454e-16 2.041 0.044275 6.384e-16 1.128e-16 5.657 1.98e-07

a. deviance= 165.85 on 86 d. f.; over-dispersion parameter φ = 1.977649

b. deviance= 113.46 on 86 df; over-dispersion parameter φ = 1.296974
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Figure 2: Comparison of the qx corresponding to the models GM(0,s) for men and women.

3.2 Modelling qxqxqx

The modelling qx has been done through the functions LGM(0, s), s = 2, . . . , 12,
using generalized linear models of the binomial family, and through Heligman and
Pollard’s second law for whose estimation we have used weighted least squares. Table
4 summarizes the results obtained. The first column of the table contains the initial
reference values corresponding to the null model for the deviance and to the saturated
model for the log-likelihood. The observed values indicate that the best model for
both sexes, taking into consideration the commitment between goodness of fit and its
complexity, is LGM(0, 11). The coefficients of these models for both sexes are shown in
Table 5.

Figure 3 shows the graphic comparison of the models from s = 7 to s = 12 for each
sex. Both are presented in logit scale.
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Figure 3: Comparison of models LGM (0,s) for men and women
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Table 5: Coefficients of models LGM(0, 11)

MENa WOMENb

coef std error t-value p-value coef std error t-value p-value

const. -5.438e+00 1.049e-01 -51.825 < 2e-16 -5.367e+00 8.476e-02 -63.316 < 2e-16

age -1.875e+00 1.623e-01 -11.549 < 2e-16 -1.913e+00 1.328e-01 -14.401 < 2e-16

age2 3.167e-01 3.814e-02 8.305 1.27e-12 3.467e-01 3.190e-02 10.868 < 2e-16

age3 -2.430e-02 3.842e-03 -6.326 1.09e-08 -2.962e-02 3.244e-03 -9.132 2.65e-14

age4 1.063e-03 2.119e-04 5.015 2.82e-06 1.446e-03 1.789e-04 8.081 3.63e-12

age5 -2.890e-05 7.063e-06 -4.092 9.63e-05 -4.360e-05 5.928e-06 -7.355 1.05e-10

age6 5.078e-07 1.486e-07 3.417 0.000968 8.421e-07 1.235e-07 6.817 1.21e-09

age7 -5.783e-09 1.986e-09 -2.911 0.004583 -1.045e-08 1.632e-09 -6.402 7.79e-09

age8 4.131e-11 1.637e-11 2.523 0.013468 8.059e-11 1.327e-11 6.072 3.32e-08

age9 -1.684e-13 7.586e-14 -2.220 0.029045 -3.522e-13 6.066e-14 -5.806 1.05e-07

age10 2.994e-16 1.513e-16 1.980 0.050947 6.662e-16 1.192e-16 5.588 2.66e-07

a. deviance= 166.14 on 86 d. f.; over-dispersion parameter φ = 1.980545

b. deviance= 114.16 on 86 d. f.; over-dispersion parameter φ = 1.304967

The graduation results for Heligman and Pollard’s second law are presented
graphically in Figure 4. The criterion used for weighting the square difference was the
first in 5), the choice being based on the number of relative deviations greater than 2 and
3 and the value of the χ2 for the goodness of fit.
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Figure 4: Comparison of Heligman and Pollard’s models for men and women

The coefficients corresponding to the Heligman-Pollard model have not presented
great difficulty for men. This was not the case for women because they do not present
the accident hump. The Spanish female population has high mortality spread over many
more years (Felipe and Guillén, 1999). The problem was solved by fixing the parameter
F = 96. This technique of fixing the values of some parameters and fitting the rest was
used by Congdon (1993). In order not to fall into the problem pointed out by Congdon
(1993), we have also carried out a study of the meaningfulness of the parameters.
Some problems related to the singularity of the matrix of the coefficients were found



284 A comparison of parametric models for mortality graduation

in this study, and have been overcome through the use of generalized non-linear least
squares. The parameter estimates are shown in Table 6, some of them not significant, in
particular, A, B, C, D and E for men, and B and C for women.

Table 6: Coefficients of Heligman and Pollard models

MEN WOMEN
coef std error t-value p-value coef std error t-value p-value

A 0.00054 0.00035 1.5670 0.1207 0.000335 0.0000746 4.4886 <0.0001

B 0.12921 0.21037 0.6142 0.5407 0 0.0000030 0.1073 0.9148

C 0.16301 0.09059 1.7993 0.0754 0.027444 0.0153661 1.7860 0.0775

D 0.00138 0.00065 2.1289 0.0361 0.002757 0.0003135 8.7939 <0.0001

E 0.74764 0.44753 1.6706 0.0984 1.140099 0.1308293 8.7144 <0.0001

F 63.03293 37.14621 1.6969 0.0933 96 — — —

G 0.00002 0 3.4307 0.0009 0.000001 0.0000001 4.5996 <.0001

H 1.11313 0.00425 262.0285 < .0001 1.159430 0.0031811 364.4753 <.0001

K 0.91755 0.26233 3.4977 0.0007 1.108379 0.0822712 13.4723 <.0001

4 Comparison of the models

We have compared the different models by choosing the best fitting model for each
one of them. Specifically, we have compared the GM(0, 11) for µx, the LGM(0, 11) for
qx and Heligman and Pollard’s second law (HP) for qx. In order to make the first one
comparable to the other two, the values of µx have been transformed through the relation

qx = 1 − exp(−µx+ 1
2
).

The comparison is carried out by applying the tests proposed by Forfar et al. (1988),
which Navarro (1991) and Navarro et al. (1995) also used in their work. In order to
obtain an expected number of deaths not inferior to 5, we have had to aggregate data
for ages between 4 and 10, with the consequent decrease in the number of degrees of
freedom.

We have also obtained the values of the mean absolute percentage error (MAPE)
and R2 that Felipe and Guillén (1999) used in their work. The value of R2 has been
obtained as 1 minus the proportion of the variance that remains unexplained, because if
we calculate it directly as a percentage of explained variance, in some cases it exceeded
1. This can happen when the models are not linear.

Table 7 presents the results of the tests for the three models. Figure 5 shows the
autocorrelations of standarized residuals for all the models. In all the cases there are
a few isolated correlated values out of the Heligman and Pollard model adjusted for
women. This agrees with the worst behaviour of this adjustment.
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Table 7: Comparison of the three best fitted parametric models.

GM(0,11) for µx LGM(0,11) for qx HP for qx

Men Women Men Women Men Women
Relative > 2 8 3 8 4 6 10
Desv. a > 3 3 0 3 0 6 2
Signs pos.(neg.) 46 (48) 53 (42) 46 (48) 53 (42) 50 (44) 47 (50)
test p-value 0.4589 0.8909 0.4589 0.8909 0.7647 0.4196

Runs runs 44 50 44 50 41 35
test p-value 0.4319 0.5372 0.4319 0.5372 0.3839 0.2731
K-S K-S 0.0433 0.0316 0.0426 0.0316 0.0532 0.0825
testb p-value 1 1 0.9994 1 1 0.8987
χ2 χ2 164.32 102.44 164.18 101.07 224.31 165.56

test c d.f. 83 84 83 84 85 88
p(χ2) 2.69e-07 0.0836 2.80e-07 0.0989 1.66e-04 1.11e-06

R2 0.9972 0.9991 0.9972 0.9991 0.9967 0.9981
MAPE 16.34 16.44 16.35 16.44 15.13 21.17

a. standarized residuals

b. Kolmogorov-Smirnov test

c. χ2 statistic, sum of squared standarized residuals

5 Conclusions

From Table 7 and Figure 5, we can conclude that

1. Heligman and Pollard’s models fit worse than the other two,
2. Women provide a better fitting in the three models, and
3. The model LGM(0, 11) provides the most acceptable results for both sexes.

In relation to the work of other authors, we should highlight two distinctive features
of the methodology presented here:

• The first one is the possibility of comparing the different models, as all of them
end up producing estimates of qx and are susceptible to having their goodness of
fit measured with the same criteria.
• The second one is that all the models have been fitted for the full range of ages

without the need to recur to a division into sections of that range. In this respect,
it is interesting to compare our best model, the LGM(0, 11), with that obtained by
other authors for data of the same origin (Navarro et al, 1995). This comparison
can be seen in Debón et al. (2003). They obtain a slightly better fit, but the
resulting function presents irregularities (peaks) in the junction points between
the sections due to the restrictions imposed on the functions to be fitted in each
section. Moreover, the fitting of a single function entails a great saving of time.



286 A comparison of parametric models for mortality graduation

Lag

A
C

F

0 5 10 15

-0
.4

-0
.2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 GM(0,11) : men

Lag

A
C

F
0 5 10 15

-0
.2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 women

Lag

A
C

F

0 5 10 15

-0
.4

-0
.2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 LGM(0,11) : men

Lag

A
C

F

0 5 10 15

-0
.2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 women

Lag

A
C

F

0 5 10 15

-0
.2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 HP : women

Lag

A
C

F

0 5 10 15

-0
.2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

 women

Figure 5: Autocorrelations of standarized residuals
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We should point out that all the models present problems for younger ages due to
the irregular profile of crude mortality rates. We can observe a greater distance between
the values predicted by the models and the observations for the lower ages in Figures 2,
3 and 4. This is a well-known problem when graduating mortality data. Many authors
achieve better fits by eliminating this group of ages, which they justify by arguing that
the actuarial operations begin at a more advanced age.

Contrary to this criterion, we have decided to include the young ages groups for two
reasons. The first one is that it enables as to compare our results with those obtained
by Navarro et al. (1995), who graduate mortality data for the Valencia Region for the
years 1990-92 for the complete range of ages. As far as we know, that is the only study
that covers the same geographical area as ours and a comparison is vital. The second
argument in favour of our approach is to remember that the double exponential which
appears in Heligman and Pollard’s laws was introduced specifically to deal with the
difficulty of adjusting young age groups.

Finally, in line with the work of Butt and Haberman (2004), we conclude that
the GLM method has a stronger theoretical justification and yields models with more
favourable properties than the classical non-linear least squares method.
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3, 475-599.

London, D. (1985). Graduation: the Revision of Estimates. Actex Publication, Winsted, Cunnecticud.
Makeham, W. (1860). On the law of mortality. Journal of the Institute of Actuaries, 13, 325-358.
Navarro, E. (1991). Tablas de Mortalidad de la Población Española 1982. Metodologı́a y Fuentes. Madrid:
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MODELS FOR DISCRETE LONGITUDINAL DATA

G. Molenberghs and G. Verbeke

Springer, New York, 2005
ISBN 0-387-25144-8
pp. 687 + XXII, 61 illustrations, hardcover

This book covers a wide variety of statistical techniques for longitudinal data analysis.
The authors, Geert Molenberghs and Geert Verbeke –both well known in this field– have
extended their previous textbook (Verbeke and Molenberghs, 1997), mainly focused on
linear mixed model for continuous data, to the non-Gaussian setting, including binary,
ordinal, and counts repeated measures.

The book has 32 chapters divided in six main sections. It starts (Section I: Chapters 1
to 5) by providing a general perspective of generalised linear models and extensions to
linear mixed models for Gaussian longitudinal data. Following sections are focussed on
the special non-linear models, showing and examining differences between the classes
of marginal (Section II: Chapters 6 to 10), conditional (Section III: Chapters 11 and
12) and subject-specific (Section IV: Chapters 13 to 16) models. In these sections,
approximate numerical methods are shown for each model, including a description of
its advantages and limitations. Many practical examples are provided in these sections.
In addition, Section V presents a set of case-studies (Chapters 17 to 20) showing how
different problems, mainly from the pharmaceutical and medical research field, may
call for different models presented in previous chapters. Finally, the authors show how
to deal with missing data in longitudinal studies (Section IV, Chapters 26 to 32).

The book is clearly written, and the theoretical bases for the different models described
in all sections are comprehensively treated. However, the authors prefer to emphasize
practice rather than mathematical enhancements. For this reason, a large number of
practical examples using SAS procedures, such as MIXED, GENMOD GLIMMIX,
NLMIXED, MI, and MIANALYZE, are presented as illustrations. A limited number of
examples are also analysed using other statistical software, such as S-Plus or MLwiN.
Selected programs, macros and datasets used as examples in the book are available at
the authors’ web site (http://www.censtat.be/research/software.asp).



In summary, this book provides very useful guidance and advice on practical issues
when dealing with longitudinal studies, specially for non-Gaussian data, and is an
essential and highly recommendable reference for applied statisticians and other
researchers in this field.
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Generalitat de Catalunya

Quatre modalitats
de subscripció al DOGC

(Diari Oficial de la Generalitat de Catalunya)

EADOP · Informació i subscripcions · Rocafort, 120 - Calàbria, 147 · 08015 Barcelona
Tel. 93.292.54.17 · Fax 93.292.54.18 · subsdogc@gencat.net · www.gencat.net/eadop

A la carta, servei diari personalitzat

Imprès, edició diària Base de dades, actualització diària

DVD, edició semestral

L’Administració més a prop

A més, per als subscriptors
de l’edició impresa i del DVD,
tramesa gratuïta d’un
CD-ROM trimestral que conté
les pàgines en format PDF
(DOGC en imatges)
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