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Construction of multivariate distributions: a review
of some recent results
José Marı́a Sarabia1 and Emilio Gómez-Déniz2

Abstract
The construction of multivariate distributions is an active field of research in theoretical and applied
statistics. In this paper some recent developments in this field are reviewed. Specifically, we study
and review the following set of methods: (a) Construction of multivariate distributions based on order
statistics, (b) Methods based on mixtures, (c) Conditionally specified distributions, (d) Multivariate skew
distributions, (e) Distributions based on the method of the variables in common and (f) Other methods,
which include multivariate weighted distributions, vines and multivariate Zipf distributions.

MSC: 60E05, 62E15, 62H10
Keywords: Order statistics, Rosenblatt transformation, mixture distributions, conditionally specified distributions, skew distributions, variables in common, multivariate weighted distributions, vines, multivariate Zipf distributions, associated random variables

1 Introduction
The construction, study and applications of multivariate distributions is one of the
classical fields of research in statistics, and it continues to be an active field of research.
In recent years several books containing theory about multivariate nonnormal
distributions have been published: Hutchinson and Lai (1990), Joe (1997), Arnold,
Castillo and Sarabia (1999), Kotz, Balakrishnan and Johnson (2000), Kotz and
Nadarajah (2004), Nelsen (2006). In the discrete case specifically, we cannot ignore the
books of Kocherlakota and Kocherlakota (1992) and Johnson, Kotz and Balakrishnan
(1997) and the review papers by Balakrishnan (2004, 2005).
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In this paper some recent methods for constructing multivariate distributions are
reviewed. Reviews on constructions of discrete and continuous bivariate distributions
are given by Lai (2004 and 2006). One of the problems of this work is the impossibility
of producing a standard set of criteria that can always be applied to produce a unique
distribution which could unequivocally be called the multivariate version (Kemp and
Papageorgiou, 1982). In this sense, there is no satisfactory unified scheme of classifying
these methods. In the bivariate continuous case Lai (2004 and 2006) has considered the
following clusters of methods,
•
•
•
•
•
•
•
•
•
•
•
•

Marginal transformation method
Methods of construction of copulas
Mixing and compounding
Variables in common and trivariate reduction techniques
Conditionally specified distributions
Marginal replacement
Geometric approach
Constructions of extreme-value models
Limits of discrete distributions
Some classical methods
Distributions with a given variance-covariance matrix
Transformations

Some of these methods have merited considerable attention in the recent literature
and they will not be revised here. For instance, a detailed study on the construction of
copulas is provided by Nelsen (2006) and also in the review paper by Mikosch (2006).
The choice of the methods revised in this paper responds to a general interest and
our own research experience. Therefore, and as is obvious, this revision cannot be
considered as exhaustive regarding multivariate distributions.
The contents of this paper are as follows. In Section 2 we study multivariate
distributions based on order statistics. Section 3 reviews methods based on mixtures.
Conditionally specified distributions are studied in Section 4. Section 5 reviews
multivariate skew distributions. Some recent distributions based on the method of the
variables in common are studied in Section 6. Finally, other methods of construction
(multivariate weighted distributions, vines and multivariate Zipf distributions.) are
briefly commented in Section 7.

2 Multivariate Distributions based on Order Statistics
Order statistics and related topics (especially extreme value theory) have received a lot
of attention recently, see Arnold et al. (1992), Castillo et al. (2005), David and Nagaraja
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(2003) and Ahsanullah and Nevzorov (2005). In this section we review multivariate
distributions beginning with the idea of order statistics.

2.1 An extension of the multivariate distribution of subsets of order statistics

Let X1 , . . . , Xn be a sample of size n drawn from a common probability density function
(pdf) f (x) and cumulative distribution function (cdf) F(x), and let X1:n ≤ · · · ≤ Xn:n
denote the corresponding order statistics. Now, let Xn :n , . . . , Xn :n be a subset of p order
statistics, where 1 ≤ n1 < · · · < n p ≤ n, p = 1, 2, . . . , n. The joint pdf of Xn :n , . . . , Xn :n is
1

p

1

 p
 p+1




n!
Y
Y
f (x j )
F(x j ) − F(x j−1 )

Q p+1




j=1 (n j − n j−1 − 1)!
j=1
j=1

n j −n j−1 −1

p

,

(1)

for x1 ≤ · · · ≤ x p , where x0 = −∞, x p+1 = +∞, n0 = 0 and n p+1 = n + 1.
Beginning with the idea of fractional order statistics (Stigler (1977) and Papadatos
(1995)) Jones and Larsen (2004) proposed generalizing (1) by considering real numbers
a1 , . . . , a p+1 > 0 instead of integers n1 , . . . , n p+1 , to obtain the joint pdf,
 p+1
 p



Γ(a1 + · · · + a p+1 ) 
Y
Y
f
(x
)
F(x j ) − F(x j−1 )
gF (x1 , . . . , x p ) =


Q p+1
j




j=1 Γ(a j )
j=1
j=1

a j −1

,

(2)

on −∞ = x0 ≤ x1 ≤ · · · ≤ x p ≤ x p+1 = ∞. Two particular cases merit our attention. If
F ∼ U[0, 1] is a uniform distribution on [0, 1], (2) becomes
p+1

Γ(a1 + · · · + a p+1 ) Y
(u j − u j−1 )a −1 ,
gU (u1 , . . . , u p ) =
Q p+1
Γ(a
)
j
j=1
j=1
j

(3)

defined on 0 = u0 ≤ u1 ≤ · · · ≤ u p ≤ u p+1 = 1, which is the generalization of
uniform order statistics. If {U j }, j = 1, 2, . . . , p is distributed as (3), then {X j = F −1 (U j )},
j = 1, 2, . . . , p is distributed as (1). Another important relation is obtained from the
Dirichlet distribution. Let (V1 , . . . , Vk ) a Dirichlet distribution with joint pdf

a
p
p
X

Γ(a1 + · · · + a p+1 ) Y a −1 
v p 1 −
v j 
Q p+1
j=1 Γ(a j )
j=1
j=1
k

p+1 −1

,

(4)

defined on the simplex v j ≥ 0, j = 1, 2, . . . , p, v1 + · · · + v p ≤ 1. In this case
Ui = V1 + · · · + Vi , i = 1, 2, . . . , p and Xi = F −1 (V1 + · · · + Vi ), i = 1, 2, . . . , p.
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In the univariate case, family (2) becomes
gF (x) =

Γ(a1 + a2 )
f (x)F a −1 (x)[1 − F(x)]a −1 ,
Γ(a1 )Γ(a2 )
1

(5)

2

which was also proposed by Jones (2004) and it is a generalization of the r-order
statistics. The idea of this author is to begin with a symmetric distribution f (a1 = a2 = 1
in (5)) and enlarge this family with parameters a1 and a2 , controlling skewness and tail
weight. If B ∼ Be(a1 , a2 ) is a beta distribution with parameters a1 and a2 , family (5) can
be obtained by the simple transformation X = F −1 (B).
As a last comment in this section, we mention the concept of generalized order
statistics introduced by Kamps (1995), as a unified model for ordered random variables,
which includes among others the usual order statistics, record values and k-record values
as special cases.

2.1.1 An example with the normal distribution

In this section we include an example with the normal distribution. If p = 2, F = Φ,
f = φ, where Φ and φ are the cdf and the pdf of the standard normal distribution,
respectively, general expression (2) becomes
gΦ (x, y; a) =

Γ(a1 + a2 + a3 )
φ(x)φ(y)[Φ(x)]a −1 [Φ(y) − Φ(x)]a −1 [1 − Φ(y)]a −1 ,
Γ(a1 )Γ(a2 )Γ(a3 )
1

2

3

(6)

on x < y, and a1 , a2 , a3 > 0. Both marginals distributions X and Y are like (5) with
parameters (a1 , a2 + a3 ) and (a1 + a2 , a3 ), respectively. The local dependence function is
given by
γ(x, y) =

∂2 log gΦ (x, y, a) (a2 − 1)φ(x)φ(y)
=
,
∂x∂y
[Φ(y) − Φ( x)]2

if x < y.
Figure 1 shows two examples of the bivariate distribution (6).

2.2 Multivariate distribution involving the Rosenblatt construction

As a multivariate version of Jones’ (2004) univariate construction defined in equation
(5), Arnold, Castillo and Sarabia (2006) have proposed multivariate distributions
based on an enriching process using a representation of a p-dimensional random
vector with a given distribution due to Rosenblatt (1952). Consider an initial family
of p-dimensional joint distribution functions F(x1 , . . . , x p ). We assume that these
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and associated conditional densities
f1 (x1 ), f2 (x2 |x1 ), . . . , f p (x p |x1 , . . . , x p−1 ).

(7)

In the spirit of the Rosenblatt transformation, these authors proposed the multivariate
distribution of X = (X1 , . . . , X p ) defined by
X1 = F1−1 (V1 ),
X2 = F2−1 (V1 |X1 ),
..
.
X p = F −1
p (V p |X1 , . . . , X p−1 ),
where V1 , . . . , V p represent independent beta distributions Vi ∼ Be(ai , bi ). The resulting
joint density for X is that given by
g(x1 , . . . , x p ; a, b) = f (x1 , . . . , x p )

p
Y
i=1

fBe(a ,b ) (Fi (xi |x1 , . . . , xi−1 )),
i

i

(8)

where fBe(a ,b ) , i = 1, . . . , p denotes the density of a beta random variable with parameters
(ai , bi ). It is clear from (8) that the initial joint density f (x1 , . . . , x p ) is included in (8) as
a special case setting ai = bi = 1, i = 1, . . . , p. All the conditional densities (7) are
of the form (5). The proposed method is quite general, and several new p-dimensional
parametric families have been proposed, including: Frank-beta distribution, the FarlieGumbel-Morgenstern-beta family, the normal-beta family, the Dirichlet-beta family and
the Pareto-beta family. The families of distributions obtained in this way are very flexible
and easy to estimate. Details can be found in Arnold, Castillo and Sarabia (2006).
i

i

3 Methods Based on Mixtures
The use of mixtures to obtain flexible families of densities has a long history, especially
in the univariate case. The advantages of the mixtures mechanism are diverse. The
new classes of distributions obtained by mixing are more flexible than the original,
overdispersed with tails larger than the original distribution and often providing better fits.
The extension of a mixture to the multivariate case is usually simple, and the
marginal distributions belong to the same family. On the other hand, simulation
and Bayesian estimation of mixtures are quite direct. Since the introduction of
simulation-based methods for inference (particularly the Gibbs sampler in a Bayesian
framework), complicated densities such as those having mixture representation have
been satisfactorily handled.
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3.1 Common mixture models

In this model we assume conditional independence among components and a common
parameter shared by all components. The joint cdf is given by
 p





Y

F
(x
|θ)
dF (θ), x = (x1 , . . . , x p ),
F X (x) =


k
k



 Θ
−∞
Z

∞

(9)

k=1

or in terms of joint densities,

 p





Y

f
(x
|θ)
dF (θ), x = (x1 , . . . , x p ).
fX (x) =


k
k



 Θ
−∞
Z

∞

(10)

k=1

In these models θ acts as a frailty parameter. In the joint cdf (9), if each component
Fk (xk |θ) is stochastically increasing in θ, then X1 , . . . , X p are associated and
cov(u(X1 , . . . , X p ), v(X1 , . . . , X p )) ≥ 0,

(11)

for all increasing functions u, v for which the covariance exists.

3.2 A more general model

In this situation we have the general models,

Z 
p




Y

F
(x
|θ
)
dF (θ), x = (x1 , . . . , x p ),
F X (x) =


k
k
k



 Θ
Rp

(12)

k=1

or in terms of joint densities,


Z 
p




Y

fX (x) =
f
(x
|θ
)
dF (θ), x = (x1 , . . . , x p ),


k
k
k



 Θ
Rp

(13)

k=1

where θ = (θ1 , . . . , θ p ).
In the following sections we include some recent multivariate distributions proposed
in the literature obtained by using previous formulations.

3.3 Multivariate discrete distributions

The study of the variability of multivariate counts arises in many practical situations. In
ecology the counts may be the different species of animals in different geographical
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areas whilst in insurance, the number of claims of different policyholders in the
portfolio.

3.3.1 Multivariate Poisson-lognormal distribution

The multivariate Poisson-lognormal distribution (Aitchison and Ho, 1989) is one of
the most relevant models. This distribution is the mixture of conditional independent
Poisson distributions, where the mean vector θ = (θ1 , . . . , θ p ) follows a p-dimensional
lognormal distribution with probability density function,
"
#
1
g(θ; µ, Σ) = (2π)−p/2 (θ1 · · · θ p )−1 |Σ|−1/2 exp − (log θ − µ)⊤ Σ−1 (log θ − µ) .
2
The probability mass function is given by (formula (13)):
Pr(X1 = x1 , . . . , X p = x p ) =

Z Y
p
R+p i=1

f (xi |θi )g(θ; µ, Σ)dθ,
x1 , . . . , x p = 0, 1, . . . ,

(14)

where R+p denotes the positive orthant of p-dimensional real space R p . Although it is
not possible to obtain a closed expression for the probability mass function in (14), its
moments can be easily obtained by conditioning
!
1
E(Xi ) = exp µi + σii = αi ,
2

2
Var(Xi ) = αi + αi exp(σii ) − 1 ,


cov(Xi , X j ) = αi α j exp(σii ) − 1 , i, j = 1, . . . , p, i , j.

(15)
(16)
(17)

From (15) and (16) it is obvious than the marginal distributions are overdispersed and
from (17) the model admits both negative and positive correlations. Other versions of
this model can be viewed in Tonda (2005).

3.3.2 Multivariate Poisson-generalized inverse Gaussian distribution

Departing from the Sichel distribution (Poisson-generalized inverse Gaussian
distribution) in Sichel (1971) investigated bivariate extensions of that distribution. In
Stein et al. (1987) one of them is studied in order to obtain the estimation of the
parameters via the likelihood method.
Conditionally given λ, the Xi are independently distributed as Poisson random
variables with parameter λξi , where ξi is a scale factor (i = 1, . . . , p) and the parameter
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λ follows a generalized inverse Gaussian distribution with parameters 1, w > 0 and
γ ∈ R. The multivariate mixture is:
Pr(X1 = x1 , . . . , X p = x p ) =

P

KP x +y w1/2 (w + ξi )1/2
Kγ (w)
!(P x +y)/2 Y
p
ξix
w
P
,
w + 2 ξi
xi !
i=1
i

i

×

i

x1 , . . . , x p = 0, 1, . . . , α,

ξ1 , . . . ξ p > 0, −∞ < γ < ∞,
where Kν (z) denotes the modified Bessel function of the second kind of order ν and
argument z. The basic moments and the correlation matrix are
E(Xi ) = ξi Rγ (w),
Var(Xi ) = ξi2 Kγ+2 (w)/Kγ (w) + E(Xi ) [1 − E(Xi )] ,

−1/2
corr(Xi , X j ) = (1 + 1/ξi g(w, γ)) (1 + 1/ξ j g(w, γ)
,

i, j = 1, . . . , p, i , j,

where Rν (z) = Kν+1 (z)/Kν (z) and g(w, γ) = Rγ+1 (w) − Rγ (w). The correlations between
marginals are positive.

3.3.3 Multivariate negative binomial-inverse Gaussian distribution

Gómez-Déniz et al. (2008) have considered a new distribution by mixing a negative
binomial distribution with an inverse Gaussian distribution, where the parameterization
p̂ = exp(−λ) was considered. This new formulation provides a tractable model with
attractive properties, which makes it suitable for application in disciplines where
overdispersion is observed.
The multivariate negative binomial-inverse Gaussian distribution can be considered
as the mixture of independent NB(ri , p̂ = e−λ ), i = 1, 2, . . . , p combined with an inverse
Gaussian distribution for λ. The joint probability mass function is given by (formula
(10)),
Pr(X1 = x1 , X2 = x2 , . . . , X p
! x̃
p
Y
ri + xi − 1 X
=
(−1) j
x
i
i=1
j=0

= xp)
 
s

!





x̃
2(r̃ + j)µ2 
 ψ 

1 − 1 +

exp 
,




j
ψ
µ


where x1 , x2 , . . . , x p = 0, 1, 2, . . . ; µ, ψ, r1 , . . . , r p > 0 and r = r1 +· · ·+r p , x̃ = x1 +· · ·+ x p
and the moments,
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E(Xi ) = ri [Mλ (1) − 1] , i = 1, 2, . . . , r

Var(Xi ) = (ri + ri2 )Mλ (2) − ri Mλ (1) − ri2 Mλ2 (1), i = 1, 2, . . . , p
h
i
cov(Xi , X j ) = ri r j Mλ (2) − Mλ2 (1) , i, j = 1, . . . , p, i , j.

where Mλ (t) is the moment generating function of the inverse Gaussian distribution.
Since Mλ (2) − Mλ2 (1) = Var(eλ ), the correlation is always positive. Applications of this
model in insurance can be found in Gómez-Déniz et al. (2008).

3.3.4 Multivariate Poisson-beta distribution

Sarabia and Gómez-Déniz (2008) have proposed multivariate versions of the beta
mixture of Poisson distribution considered by Gurland (1957) and Katti (1966). The
new class of distributions can be used for modelling multivariate dependent count
data when marginal overdispersion is also observed. The basic multivariate distribution
Poisson-Beta (X1 , . . . , X p )⊤ is defined through p independent Poisson distributions with
parameters φi θ, φi > 0, i = 1, 2, . . . , p, where θ ∼ Be(a, b) with a, b > 0. The
probability mass function is given by:
Pr(X1 = x1 , . . . , X p = x p )


Pp
p
p
p
p
Y
X
X
X


xi )
φix Γ(a + b)Γ(a + i=1
a +
Pp
·
xi ; a + b +
xi ; −
φi  ,
=
1 F1 
xi ! Γ(a)Γ(a + b + i=1 xi )
i=1
i=1
i=1
i=1
i

where 1 F1 (a; c; x) represents the confluent hypergeometric function. The previous model
has the advantage of its simplicity but presents two shortcomings. On the one hand,
the parameters in the marginal distributions are not free, in the sense that all marginal
distributions share parameters a and b. On the other hand, the model is not valid
for representing multivariate count data with negative correlation between pairs of
variables. This can be overcome by defining a multivariate Poisson-Beta distribution
by the stochastic representation
Xi |θi ∼ Po(φi θi ), i = 1, 2, . . . , p independent,

(θ1 , . . . , θ p ) ∼

f (θ1 , . . . , θ p ),

θi ∼ Be(ai , bi ), i = 1, 2, . . . , p,

where f (·) represents a multivariate distribution with beta marginals Be(ai , bi ) and
φi > 0, i = 1, 2, . . . , p. Although there is not a closed form for the joint probability mass
function, the means, variances and covariance vector are computed straightforwardly
by conditioning. By choosing the Sarmanov-Lee distribution described in Sarmanov
(1966), Lee (1996) and Kotz et al. (2000) and which has been used by Sarabia and
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Castillo (2006), Sarabia and Gómez-Déniz (2008) built a bivariate distribution that
admits non-limited correlations of any sign.

3.4 Continuous distributions

Walker and Stephens (1999) have observed a simple representation of the Weibull
distribution as a mixture in such a way that,
X|θ ∼

f (x|θ) =

axa−1
I(0 < xa < θ),
θ

θ ∼ G(2, c),
where I(·) is the indicator function and G represents the gamma distribution. However, a
Weibull distribution has only two parameters and the skewness is defined once the mean
and variance are defined. The idea of these authors is to replace the gamma mixing with
a two-parameter lognormal distribution
axa−1
I(0 < x < eθ )
eaθ
θ ∼ N(µ, σ2 ),

X|θ ∼

f (x|θ) =

(18)
(19)

which we will represent as X ∼ PLN(a, µ, σ). If we use formula (10) we obtain the
joint density,
f (x1 , . . . , x p ) =

p
Y
i=1


ai xia −1 exp(−ãµ + ã2 σ2 /2) 1 − Φ(log z̃ + ãσ) ,
i

(20)

where log z̃ = (log(max{xi }) − µ)/σ and ã = a1 + · · · + a p .
The multivariate version of Walker and Stephens (1999) based on (18)-(19) and
general models (12)-(13) is quite direct. The joint p-dimensional density function can
be written as
p
Y
ak xa −1
k

f (x1 , . . . , x p |θ1 , . . . , θ p ) =

k
ak θk

k=1

e

I(0 < xk < eθ )
k

(θ1 , . . . , θ p ) ∼ N p (µ, Σ).
Marginally X j ∼ PLN(a j , µ j , σ j ), j = 1, . . . , p and
cov(X j , Xk ) =

a j ak [exp(σ jk ) − 1]
exp[µ j + µk + (σ2j + σ2k )/2], j , k,
(1 + a j )(1 + ak )

where both positive and negative correlations are possible.
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3.4.1 The multivariate normal-inverse Gaussian distribution

A multivariate version of the normal inverse Gaussian distribution introduced by
Barndorff-Nielsen (1997) has been developed by Protassov (2004) and Øigard and
Hanssen (2002). The model is a mean-variance mixture of a p-dimensional normal
random variable with a univariate inverse Gaussian distribution. The probability density
function is
δ
f (x; α, β, µ, δ, Γ) =
2

p−1
2

"

α
q(x)

#

p+1
2

h
i
exp p(x) K

p+1
2

h

i
αq(x) ,

(21)

where
q
p(x) = δ α2 − β⊤ Γβ + β⊤ (x − µ),
q
h
i
q(x) =
δ2 + (x − µ)⊤ Γ−1 (x − µ) ,

Kν (z) denotes the modified Bessel function of the second kind of order ν and argument
z, α > 0, β ∈ R p , δ > 0, µ ∈ R p and Γ is a p × p matrix. The distribution is symmetric if
and only if Γ = I and β = 0. This multivariate distribution has been shown to be useful
in risk theory and the framework of physics.

4 Conditionally Specified Distributions
A bivariate random variable can be written as the product of a marginal distribution and
the corresponding conditional distribution,
fX,Y (x, y) = fX (x) fY|X (y|x).
This is a simple method for generating bivariate distributions, and has been used in the
practical literature as a common approach for obtaining dependent models, especially
when Y can be thought of as caused by X.
Now, the conditional distribution of X given Y together with the other conditional
distribution Y given X = x0 determines the joint pdf from
fX,Y (x, y) ∝

fX|Y (x|y) fY|X (y|x0 )
,
fX|Y (x0 |y)

uniquely for each x0 . If we consider all possible values of x0 , we obviously obtain a
richer model. In this sense, a bivariate random variable can be specified through its
conditional distributions. If we assume that both conditional distributions belong to
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certain parametric classes of distributions, it is possible to obtain the joint distribution
using the methodology proposed in Arnold, Castillo and Sarabia (1992, 1999) (see also
Arnold, Castillo and Sarabia (2001)). To obtain the joint pdf it is necessary to solve
certain functional equations. This methodology provides highly flexible multiparametric
distributions, with some “unexpected” and interesting properties.

4.1 Compatible conditional densities

The existence of a bivariate distribution with given conditional distributions is a previous
question. Let (X, Y) be a random vector with joint density with respect to some product
measure µ1 × µ2 on S (X) × S (Y), where S (X) denotes the set of possible values of X
and S (Y) the set of possible values of Y (note that one variable could be discrete and
the other absolutely continuous with respect to the Lebesgue measure). The marginal,
conditional and joint densities are denoted by fX (x), fY (y), fX|Y (x|y), fY|X (y|x), fX,Y (x, y)
and the sets of possible values S (X) and S (Y) can be finite, countable or uncountable.
Consider two possible families of conditional densities a(x, y) and b(x, y). We ask when
it is true that there will exist a joint density for (X, Y) such that

and

fX|Y (x|y) = a(x, y), x ∈ S (X), y ∈ S (Y)
fY|X (y|x) = b(x, y), x ∈ S (X), y ∈ S (Y).

If such a density exists we will say that a and b are compatible families of conditional
densities. We define

and

Na = {(x, y) : a(x, y) > 0}
Nb = {(x, y) : b(x, y) > 0}.

The following compatibility theorem was stated by Arnold and Press (1989).
Theorem 1 (Compatible conditionals) A joint density f (x, y), with a(x, y) and b(x, y)
as its conditional densities, will exist iff
(i) Na = Nb = N, say
(ii) there exist functions u(x) and v(y) such that for every (x, y) ∈ N we have
a(x, y)
= u(x)v(y)
b(x, y)
R
in which u(x) is integrable, i.e. S (X) u(x)dµ1 (x) < ∞.

(22)

Construction of multivariate distributions: a review of some recent results

16

4.2 Results in exponential families

One of the most important results in conditional specification is a Theorem provided
by Arnold and Strauss (1991), dealing with bivariate distributions with conditionals in
prescribed exponential families. Then, we consider two different exponential families of
densities { f1 (x; θ) : θ ∈ Θ ⊂ Rℓ } and { f2 (y; τ) : τ ∈ T ⊂ Rℓ } where:
1

2

 ℓ

X

f1 (x; θ) = r1 (x)β2 (θ) exp  θi q1i (x)
1

(23)

i=1

and

 ℓ

X

f2 (y; τ) = r2 (y)β2 (τ) exp  τ j q2 j (y) .
2

(24)

j=1

We are interested in the identification of the class of bivariate densities f (x, y) with
respect to µ1 × µ2 on S x × S y for which conditional densities are well defined and satisfy
the following:
• for every y for which f (x|y) is defined, this conditional density belongs to family
(23) for some θ which may depend on y and
• for every x for which f (y|x) is defined, this conditional density belongs to family
(24) for some τ which may depend on x.
The class of all bivariate pdf f (x, y) with conditionals in these prescribed exponential
families, can be obtained as follows.
Theorem 2 Let f (x, y) be a bivariate density whose conditional densities satisfy:
f (x|y) = f1 (x; θ(y))
and
f (y|x) = f2 (y; τ(x))
for every x and y for some functions θ(y) and τ(x) where f1 and f2 are as defined in (23)
and (24). It follows that f (x, y) is of the form:
n
o
f (x, y) = r1 (x)r2 (y) exp q(1) (x)⊤ Mq(2) (y)
(25)
in which

q(1) (x) = (1, q11 (x), . . . , q1ℓ (x))⊤
1
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and
q(2) (y) = (1, q21 (y), . . . , q2ℓ (y))⊤
2

and M is a matrix of parameters of dimension (ℓ1 +1)×(ℓ2 +1) subject to the requirement
that:
Z Z
f (x, y)dµ1 (x)dµ2 (y) = 1.
(26)
Sx

Sy

The term em is the normalizing constant that is a function of the other mi j ’s determined
by the constraint (26).
00

Note that the class of densities with conditionals in the prescribed family is itself an
exponential family with (ℓ1 + 1) × (ℓ2 + 1) − 1 parameters. Upon partitioning the matrix
M in (25) in the following manner:




M = 



m00 | m01 · · · m0ℓ
−− + −− −− −−
m10 |
··· |
M̃
mℓ 0 |

2

1





 ,




(27)

it can be verified that independent marginals will be encountered iff the matrix M̃ ≡ 0.
The elements of M̃ determine the dependence structure in f (x, y).

4.3 Two examples

In this section we include two examples (discrete and continuous) of bivariate
distributions with conditional specifications.
Using Theorem 2, and after a convenient parameterization, the most general bivariate
distribution with Poisson conditionals has the following joint probability mass function,
λ1x λy2 xy
Pr(X = x, Y = y) = k(λ1 , λ2 , λ3 )
λ , x, y = 0, 1, 2, . . .
x! y! 3

(28)

with λ1 , λ2 > 0 and 0 < λ3 ≤ 1 and where k is the normalizing constant. The conditional
distribution of X given y is Po(λ1 λy3 ) and Y given x is Po(λ2 λ3x ). If λ3 = 1, X and Y
are independent and if 0 < λ3 < 1, X and Y are negatively correlated with correlation
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coefficient range ρ(X, Y) ∈ (−1, 0). The marginal distributions of (28) are
λ1x
exp(λ2 λ3x ), x = 0, 1, 2, . . .
x!
λy
Pr(Y = y) = k 2 exp(λ1 λy3 ), y = 0, 1, 2, . . . ,
y!

Pr(X = x) = k

which are not Poisson except in the independence case. Wesolowski (1996) has
characterized this distribution using a conditional distribution and the other conditional
expectation.
The second example corresponds to the normal case. Again, using Theorem 2, the
most general bivariate distribution with normal conditionals is given by




 m00 m01 m02



2 
 m10 m11 m12
(1,
x,
x
)
fX,Y (x, y; m) = exp 





m20 m21 m22




  1 


  y 
.

 



2

y

(29)

Distributions with densities of form (29) are called normal conditional distributions.
Note that (29) is an eight parameter family of densities, and m00 is the normalizing
constant. The conditional expectations and variances are:
E(Y|X = x) = −

m01 + m11 x + m21 x2
,
2(m02 + m12 x + m22 x2 )
1

(30)

Var(Y|X = x) = −

2(m02 + m12 x + m22 x2 )

,

(31)

E(X|Y = y) = −

m10 + m11 y + m12 y2
,
2(m20 + m21 y + m22 y2 )

(32)

Var(X|Y = y) = −

1
2(m20 + m21 y + m22 y2 )

.

(33)

The normal conditional distributions give rise to models where the mi j constants satisfy
one of the two sets of conditions
(a) m22 = m12 = m21 = 0; m20 < 0; m02 < 0; m211 < 4m02 m20 .
(b) m22 < 0; 4m22 m02 > m212 ; 4m20 m22 > m221 .
Models satisfying conditions (a) are the classical bivariate normal models with
normal marginals and conditionals, linear regressions and constant conditional
variances. More interesting are the models satisfying conditions (b). These models have
normal conditional distributions, non-normal marginals, and the regression functions
are either constant or non-linear given by (30) and (32). Each regression function is
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the case in which the families of conditional densities Xi |X (i) = x(i) , i = 1, . . . , p
are exponential families, where X(i) denotes the p-dimensional vector X with the ith
coordinate deleted. In this situation, the most general joint density with exponential
conditionals must be of the form


 p

 p
ℓ

ℓ X
ℓ


X
X
Y
Y










fX (x) = 
ri (xi ) exp 
·
·
·
m
q
(x
)
.


i
,i
,...,i
ii
j





 i =0 i =0

i=1
i =0
i=1
1

p

2

1 2

1

2

p

j

p

For example, the p-dimensional distribution with normal conditionals is of the form

 p







X Y i j 
m
x
,
fX (x) = exp 


i

i 





 i∈T
i=1

(34)

p

where T p is the set of all vectors of 0’s, 1’s and 2’s of dimension p. Densities of the form
(34) have normal conditional densities for Xi given X (i) = x(i) for every x(i) , i = 1, . . . , p.
The classical p-variate normal density is a special case of (34).

4.5 Applications of the conditionally specified models

Applications of these conditional models are contained in the book by Arnold,
Castillo and Sarabia (1999). These applications include modelling of bivariate extremes,
conditional survival models, multivariate binary response models with covariates (Joe
and Liu, 1996) and Bayesian analysis using conditionally specified models. The use of
this kind of distribution in risk analysis and economics in general is quite recent. Some
applications have been provided by Sarabia, Gómez and Vázquez (2004) and Sarabia et
al. (2005). The class of bivariate income distribution with lognormal conditionals has
been studied by Sarabia et al. (2007). In the risk theory context, Sarabia and Guillén
(2008) have proposed flexible bivariate joint distributions for modelling the couple
(S , N), where N is a count variable and S = X1 + · · · + XN is the total claim amount.

5 Multivariate Skew Distributions
The skew-normal (SN) distribution, its different variants and their corresponding
multivariate versions, have received considerable attention over the last few years. Two
recent reviews of these classes appear in the book edited by Genton (2004) and the paper
by Azzalini (2005). To introduce the multivariate version it is necessary to know the
univariate case and its properties, which the multivariate version is based on. A random
variable X is said to have a skew-normal distribution with parameter λ, if the probability
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density function is given by
f (x; λ) = 2φ(x)Φ(λx), −∞ < x < ∞.

(35)

A random variable with pdf (35) will be denoted as X ∼ SN(λ). Parameter λ controls
the skewness of the distribution and varies in (−∞, ∞). The linearly skewed version of
this distribution is given by,
f (x; λ0 , λ1 ) ∝ φ(x)Φ(λ0 + λ1 x), −∞ < x < ∞,

(36)

and λ0 , λ1 ∈ R, which we will denote by X ∼ SN(λ0 , λ1 ).
The next two properties hold for distribution (35) and allow us to understand
multivariate extensions:
• Hidden truncation mechanism. Let (X0 , X1 ) be a bivariate normal distribution with
standardized marginals and correlation coefficient δ. Then, the variable,
{X1 |X0 > 0}
is distributed as a SN(λ(δ)) distribution, where λ(δ) =

(37)
√δ
1−δ2

.

• Convolution representation. If X0 and X1 are independent N(0, 1) random
variables, and −1 < δ < 1, then
Z = δ|X0 | + (1 − δ2 )1/2 X1

(38)

is a SN(λ(δ)).
A general treatment of the hidden truncation mechanism (37) is found in Arnold and
Beaver (2002).
A multivariate version of the basic model (35) has been considered by Azzalini and
Dalla Valle (1996) and Azzalini and Capitanio (1999). This multivariate version of the
SN distribution is defined as
f (x) = 2φ p (x − µ; Σ)Φ(α⊤ w−1 (x − µ)),

(39)

where φ p (x − µ; Σ) is the joint pdf of a multivariate normal distribution N p (µ, Σ), µ ∈ R p
is a location parameter, Σ is a positive definite covariance matrix, α ∈ R p is a parameter
which controls skewness and w is a diagonal matrix composed by the standard deviations
of Σ. If we set α = 0 in (39), we obtain a classical N p (µ, Σ) distribution. Similar to
the univariate case, we can obtain (39) using a hidden truncation mechanism (37) and
convolution representation (38).
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Let X0 and X1 be random variables of dimensions 1 and p such that
X0
X1

!

∗

∗

∼ N1+p (0, Σ ), Σ =

1 δ⊤
δ Σ̃

!

,

where Σ̃ is a correlation matrix and
δ = (1 + α⊤ Σ̃α)−1/2 Σ̃α.
Then, the p-dimensional random variable
Z = {X1 |X0 > 0},
has the joint pdf
f (z) = 2φ p (z; Σ̃)Φ(α⊤ z),

(40)

which is an affine transformation of (39).
For the convolution representation let X0 ∼ N(0, 1) and X1 ∼ N p (0, R) be
independent random variables, where R is a correlation matrix. Let ∆ = diag{δ1 , . . . , δ p },
−1 < δ j < 1, j = 1, 2, . . . , p and I p the identity matrix of order p and 1 p the pdimensional vector of all 1s. Then,
Z = ∆1 p |X0 | + (I p − ∆2 )1/2 X1 ,
is distributed in the form (40). The relationship between (R, ∆) and (Σ̃, α) can be found
in Azzalini and Capitanio (1999).

5.1 An alternative multivariate skew normal distribution

An alternative class of multivariate-normal distributions was considered by Gupta,
González-Farı́as and Domı́nguez-Molina (2004). Previous multivariate versions (40)
were obtained by conditioning that one random sample be positive; these authors
condition that the same number of random variables be positive and then, in the
univariate case both families are the same. A random vector of dimension p is said
to have a multivariate skew normal distribution (according to Gupta et al., 2004) if its
pdf is given by
f p (x; µ, Σ, D) =

φ p (x; µ, Σ)Φ p (D(x − µ); 0, I)
,
Φ p (0; 0, I + DΣD⊤ )

(41)
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where µ ∈ R p , Σ > 0, D(p × p), and φ p (·; ξ, Ω) and Φ p (·; ξ, Ω) denote the pdf and the cdf,
respectively of a N p (ξ, Ω) distribution.
As an extension to (41), González-Farı́as et al. (2003, 2004) introduced the closed
skew-normal family of distributions. This family is closed under conditioning, linear
transformations and convolutions. It is defined as
f p (x; µ, Σ, D, ν, ∆) =

φ p (x; µ, Σ)Φq (D(x − µ); ν, ∆)
,
Φq (0q ; ν; ∆ + DΣD⊤ )

(42)

where x, µ, ν ∈ R p , Σ ∈ R p × R p , D ∈ Rq × R p , ∆ ∈ Rq × Rq and Σ and ∆ are positive
definite matrices and 0q = (0, . . . , 0) ∈ Rq .
The closed skew-normal distributions can be generated by conditioning the first
components of a normal random vector in the event that the remaining components
are greater than certain given values.

5.2 Conditional specification

Arnold, Castillo and Sarabia (2002) have discussed the problem of identifying pdimensional densities with skew-normal conditionals. They address the question of
identifying joint densities for a p-dimensional random vector X that has the property
that for each x(i) ∈ R p−1 we have
(i)
Xi |X(i) = x(i) ∼ SN(λ(i)
0 (x(i) ), λ1 (x(i) )), i = 1, 2, . . . , p.

(43)

An important parametric family of densities takes the form
f (x1 , . . . , x p ; λ) ∝

p
Y
i=1



p
X Y

s
φ(xi )Φ  λ s
xi  ,
i

s∈S p

(44)

i=1

where S p denotes the set of all vectors of 0’s and 1’s of dimension p. In the bivariate case,
we obtain the following bivariate distribution with linearly skewed-normal conditionals,
f (x, y; λ) ∝ φ(x)φ(y)Φ(λ00 + λ10 x + λ01 y + λ11 xy).

(45)

Note (45) does not belong to class (39) except when λ00 = λ11 = 0. The normalizing
constant is complicated in general, except when λ00 = λ10 = λ10 = 0, in which is equals
2 and the density is explicitly given by
f (x, y; λ) = 2φ(x)φ(y)Φ(λxy).

(46)

This model has normal marginals and skew-normal conditionals of type (35), and
bimodality is possible.
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Model (44) can be viewed as a generalized hidden truncation model, defining
X̃ = (X0 , X1 , . . . , X p ), with Xi ’s i.i.d. N(0, 1), in which we retain only those X̃ for which
X0 ≤

X
s∈S k

λs

p
Y

Xis ,
i

i=1

and the resulting conditional density of (X1 , . . . , X p ) will then be given by (44). More
about skew conditionals models can be found in Sarabia (2002) and Arnold, Castillo
and Sarabia (2007a, 2007b).

5.3 Balakrishnan skew-normal distribution

Balakrishnan (2002) as a discussant of Arnold and Beaver (2002) generalized the SN
distribution as
fn (x; λ) =

φ(x)[Φ(λx)]n
, x ∈ R,
cn (λ)

(47)

R∞
where n is an integer and cn (λ) = −∞ φ(x)[Φ(λx)]n dx. This distribution is known as
Balakrishnan skew-normal distribution. If we set n = 0 and n = 1 in (47) the above
density reduces to the N(0, 1) distribution and the SN distribution, respectively. Gupta
and Gupta (2004) have studied some properties of (47).
Several multivariate versions are possible. If we think of an extension by
conditionals, in the simpler bivariate case, we obtain the joint pdf,
fn (x, y; λ) = c̃n (λ)φ(x)φ(y)[Φ(λxy)]n , (x, y) ∈ R2 .

(48)

For this distribution, both conditionals are like (47), but the marginal distributions are
not.
Yadegari et al. (2008) have considered the extension of (47) given by
fn,m (x; λ) =
where cn,m (λ) =
is

1
[Φ(λx)]n [1 − Φ(λx)]m φ(x), x ∈ R,
cn,m (λ)

(49)

Pm m
i
i=0 i (−1) cn+i (λ). A natural extension of (49) to the multivariate case

fn,m (x; λ) =

1
[Φ(λ⊤ x)]n [1 − Φ(λ⊤ x)]m φ p (x), x ∈ R p .
cn,m (λ)

For m = 0 and n = 1 this distribution reduces to the multivariate SN distribution.

(50)
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5.4 Extensions and applications

The initial formulation (35) gives rise to an important number of extensions and variants.
One of these variants appears replacing the normality assumption with alternative
symmetric distribution. An interesting class of skewed densities is provided by the
following elementary, but useful, result (Azzalini, 2005).
Lemma 1 If f0 is a p-dimensional pdf such that f0 (x) = f0 (−x) for x ∈ R p , G is a onedimensional differentiable cdf such that G′ is a density symmetric about zero, and w is
real-valued function such that w(−x) = −w(x) for all x ∈ R p , then
f (x) = 2 f0 (x)G{w(x)}, x ∈ R p ,

(51)

is a genuine pdf on R p .
Different choices for f0 , G and w in (51) give rise to a huge number of variants of
skewed densities. In a more general setting, Wang et al. (2004) have shown that any
p-dimensional multivariate pdf g(x) admits for any fixed location parameter λ ∈ R p a
unique skew-symmetric representation
g(x) = 2 f (x − λ)π(x − λ), x ∈ R p ,

(52)

where f : R p → R+ is a symmetric pdf (in the sense of previous lemma) and π : R p →
[0, 1] is a skewing function such that π(−x) = π(x). Conversely, any function g of the
kind (52) is a valid pdf. Multivariate distribution such as skew-Cauchy (Arnold and
Beaver, 2000), skew-t (Branco and Dey, 2001; Azzalini and Capitanio, 2003) and other
skew-elliptical distributions can be represented using previous formulations (51)-(52).
Finally, we mention some applications of the distribution described in this section:
compositional data, financial market and insurance (Vernic, 2005), selective sampling,
stochastic frontier models and modelling of environmental data.

6 The Variables in Common Method
This method, also known as “trivariate reduction”, is a popular and old technique used
for building dependent variables, both in continuous and discrete cases. Our attention
focuses on the bivariate case.
The method consists of building a pair of dependent random variables starting
from three (or more) random variables. These initial random variables are usually
independent. The functions that connect initial variables are generally elementary
functions, or are given by the structure of the variables that we want to generate. A
broad definition can be
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(

X = υ1 (eX , cXY ),
Y = υ2 (eY , c̃XY ),

where eX , eY represent two sets containing the specific variables of X and Y respectively,
and cXY , c̃XY sets containing the common or latent variables.
According to Marshall and Olkin (2007), many of the couples (X, Y) here presented
are associated (formula (11)), and then only positive correlations are possible.
Over the last few years, several new dependent distributions using this method have
been proposed. All the models presented in this section can be extended to higher
dimensions. We present some relevant models.

6.1 Bivariate generalized Poisson distribution

Let Xi , i = 1, 2, 3 be mutually independent random variables. An usual trivariate
reduction scheme is defined as
X = X1 + X3 ,
Y = X2 + X3 .
A disadvantage of this model is that only positive correlations are possible. If the Xi ’s
are discrete, the joint pgf is
gX,Y (u, v) = gX (u)gX (v)gX (uv).
1

2

3

If the Xi are Poisson random variables, we obtain the classical bivariate Poisson
distribution, which is often used for obtaining compound bivariate Poisson distributions.
If we consider for the Xi ’s random variables a generalized Poisson distribution, we obtain
the model considered by Vernic (1997, 2000).

6.2 Bivariate beta distribution

In a Bayesian context, when we work with independent or correlated binomial
distributions, a density defined over {0 ≤ xi ≤ 1; i = 1, . . . , p} on the unit cube is needed.
Olkin and Liu (2003) proposed the following method for constructing this distribution.
Let Xi ∼ G(ai , 1), i = 1, 2, 3 be independent gamma variables with unit scale parameters,
and define
X1
X =
,
X1 + X3
X2
Y =
.
X2 + X3
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Now, we have correlated beta distributions Be(a1 , a3 ) and Be(a2 , a3 ) over 0 ≤ x, y ≤ 1
with joint pdf,
xa −1 ya −1 (1 − x)a +a −1 (1 − y)a +a −1
,
B(a1 , a2 , a3 )(1 − xy)a +a +a
1

f (x, y; a1 , a2 , a3 ) =

2

2

3

1

1

2

3

3

(53)

Q3
P3
where B(a1 , a2 , a3 ) =
i=1 Γ(ai )/Γ( i=1 ai ). The bivariate density (53) is positively
likelihood ratio dependent and hence positive quadrant dependent. Sarabia and Castillo
(2006) have considered a generalization of (53) under a conditional specification.
With this specification, they obtain a broad class of distributions, where an important
submodel is
xa −1 (1 − x)b −1 ya −1 (1 − y)a +b −a −1
,
n(a1 , a2 , b1 , m)(1 − mxy)a +b
1

f (x, y; a1 , a2 , b1 , m) =

1

2

1

1

1

2

1

(54)

where a1 , b1 , a1 + b1 − a2 > 0, m ≤ 1 and where 1/n is the normalizing constant. This
model contains the Olkin and Liu (2003) proposal for m = 1 and X is stochastically
increasing or decreasing with Y, so, consequently
signρ(X, Y) = sign(m).
Then, if 0 < m ≤ 1 we have positive correlation and if m < 0, negative correlations. The
marginal distributions are of the Gauss hypergeometric type.

6.3 Bivariate t distribution

The usual bivariate spherically symmetric distribution on n1 degrees of freedom is
defined as (Fang et al., 1990)
p
X = X1 / X3 /n1 ,
p
Y = X2 / X3 /n1 ,

where X1 , X2 , X3 are mutually independent random variables with distributions X1 , X2 ∼
N(0, 1) standard normal and X3 ∼ χ2n chi-squared distribution on n1 degrees of freedom.
Note that the marginal distributions are both (dependent) Student t distributions on n1
degrees of freedom. If we need a bivariate distribution with Student t marginals with
different degrees of freedom ν1 and ν2 , one possibility is defined,
p
X = X1 / X3 /ν1 ,
p
Y = X2 / (X3 + X4 )/ν2 ,
1
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where ν1 = n1 , ν2 = n1 + n2 and X4 ∼ χ2n is a new independent chi-squared distribution
on n2 degrees of freedom. This model has been proposed by Jones (2002). Note that last
model includes the previous one by taking n4 = 0 degrees of freedom.
An alternative bivariate t distribution (including the independence case) has been
proposed by Shaw and Lee (2008).
2

6.4 Bivariate Marshall-Olkin type distributions

Let X1 , X2 and X3 be mutually independent random variables with cdf Gi (·), i = 1, 2, 3.
Define the random variable (X, Y) as
X = min{X1 , X3 },
Y = min{X2 , X3 }.
With this scheme, X and Y are dependent, through the common random latent variable
X3 . The joint survival function is
Pr(X > x, Y > y) = Ḡ1 (x)Ḡ2 (y)Ḡ3 (z),

(55)

where z = max{x, y} and Ḡ = 1 − G. Note that (55) has a singular component. If
the components correspond to exponential distribution, we obtain the Marshall-Olkin
distribution (Marshall and Olkin, 1967). Other survival models have been considered
by Sarhan and Balakrishnan (2007) with the exponentiated exponential distribution, as
well as a mixture of the proposed bivariate distribution. Arnold and Brockett (1983)
have obtained a bivariate Gompertz-Makeham distribution using a similar construction.

6.5 Bivariate F distribution

Now, let X1 , X2 and X3 be mutually independent chi-squared random variables with
degrees of freedom ni > 0, i = 1, 2, 3. The classical bivariate F distribution is defined as
(Kotz, Balakrishnan and Johnson, 2000)
X=

X1 /n1
X2 /n2
, Y=
.
X3 /n3
X3 /n3

We have X ∼ Fn ,n and Y ∼ Fn ,n , which share the degrees of freedom on the
denominator. In order to obtain a bivariate F distribution with arbitrary degrees of
freedom, El-Bassiouny and Jones (2007) have proposed the model
1

3

2

3
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X2 /n2
X1 /n1
, Y=
,
X3 /n3
(X3 + X4 )/(n3 + n4 )

where X4 ∼ χ2n is a new independent chi-squared distribution and now X ∼ Fn ,n and
Y ∼ Fn ,n +n , which includes the previous model. The joint pdf can be expressed as a
function of the Gauss hypergeometric function and positive correlation still arises.
1

4

2

3

3
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7 Other Methods
In this last section multivariate weighted distributions, graphical models based on vines
and multivariate Zipf distributions are briefly commented upon.

7.1 Multivariate weighted distributions

The usual weighted distributions can be introduced in the following way. Let F be a
distribution function of a random variable X and w a positive function. The univariate
weighted distribution associated with F and w is defined as (Rao, 1965)
dF w (x) =

w(x)
dF(x),
E[w(X)]

if E[w(X)] < ∞. If F is absolutely continuous, the density f w associated to F is
called the weighted density, and the corresponding random variable is denoted by
X w . Weighted random variables are used to model sampling procedures with unequal
sampling probabilities proportional to a weighted function w, that is, when we want
to study X with a sample from X w . In a multivariate setting, let F be an absolutely
continuous distribution of a p-dimensional random vector with density f and w : R p →
R a positive function. The multivariate weighted or biased distribution associated with
F and w is defined by the p-dimensional probability density function
f w (x1 , . . . , x p ) =

w(x1 , . . . , x p )
f (x1 , . . . , x p ),
E[w(X1 , . . . , X p )]

(56)

if E[w(X1 , . . . , X p )] < ∞. In the particular case w(x1 , . . . , x p ) = x1 · · · x p , it is called the
multivariate size biased distribution, with density
f sb (x1 , . . . , x p ) =

x1 · · · x p
f (x1 , . . . , x p ).
E(X1 · · · X p )]

(57)

Classes of distributions (56) and (57) have been compiled and studied by Navarro
et al. (2006), paying special attention to reliability aspects, ordering and equilibrium
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distributions in renewal processes. The multivariate distribution (57) represents
sampling methods where a vector X = (X1 , . . . , X p ) has a sampling probability
proportional to xi , i = 1, . . . , p. In the event that X represents the life lengths of items in
a system, then the sampling probability for a system is proportional to the life lengths of
its units. Additional applications included aerial sampling methods and tourism studies
(see Navarro et al., 2006).
Many of the multivariate distributions introduced in the previous sections respond to
general scheme (56), for example, distributions (39), (40) and (44).

7.2 Graphical models: vines

In the context of graphical dependency models, a new methodology called vines has
been introduced recently by Berdford and Cooke (2002) and Kurowicka and Cooke
(2006) to build complex multivariate highly dependent models satisfying conditional
dependence specifications. This methodology can be considered as an alternative of
the simple Markov trees to belief networks and influence diagrams. The definition
of conditional independence is weakened to allow for several kinds of conditional
dependence.
Copulae construction is the usual way to build a model with dependence structure.
However, in high dimensional distributions, this methodology is complicated, since it
requires a large number of possible pair-copulae constructions. Vines let us organize
this large amount of information through the regular vine or other particular cases of
regular vines, the canonical vine and the D-vine. This new methodology has proved
useful, for example, in the analysis of financial data sets (Aas et al., 2008). A connection
between vines and other types of related works has been obtained in the specification of
a multivariate normal distribution using partial correlations, from a generalization of a
problem dealt with by Joe (1996).

7.3 Multivariate Zipf distributions

The multivariate Zipf distributions correspond to the discrete version of the multivariate
Pareto distributions, introduced by Arnold (1983). In the univariate case, the Zipf
distribution is the discrete version of the usual Pareto distribution. A discrete random
variable X is said to have a Zipf(IV) distribution with positive parameters k0 , σ, γ and α
if its survival function is

!1/γ −α

k − k0 
 , k = k0 , k0 + 1, . . .
Pr(X ≥ k) = 1 +
(58)
σ
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José Marı́a Sarabia and Emilio Gómez-Déniz
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I congratulate the authors on this excellent review. In this review paper they present
a nice overview on construction of multivariate distributions. Due to it being such an
active field of research, new models are constantly being discovered. However, they
have been able to present some of the most recent methods in a very clear manner, and
many of those omitted can be found in the references mentioned. It is my pleasure to
comment on this article.
I agree with professors Sarabia and Gómez-Déniz that is not possible to mention all
the methods for constructing distributions that exist. However, owed perhaps to my own
field of research, I miss the Maximum Entropy Principle used to construct probability
distributions. Therefore, my discussion focuses on presenting the practical usefulness of
this method.
Let (X, βX , P) be the statistical space associated with the random variable X, where
βX is the σ-field of Borel subsets A ⊂ X and {P} is a family of probability distributions
defined on the measurable space (X, βX ) . We assume that the probability distributions P
are absolutely continuous with respect to σ-finite measure µ on (X, βX ) . The Shannon
entropy is defined by
Z
f (x) log f (x)dµ (x)
(1)
H=−
X

(x).
where f (x) = dP
dµ
The Maximum Entropy Principle states that, maximizing entropy subject to a set
of constraints can be regarded as deriving a distribution that is consistent with the
information specified in the constraints while making minimal assumptions about
the form of the distribution other than those embodied in the constraints. Numerous
distributions have been obtained in this manner (Kapur, 1994; Ebrahimi, 2000, Asadi et
al., 2004). For example, the normal distribution may be obtained as the distribution on
the real line that has maximum entropy subject to having specified mean and variance;

see Rao (1965, p. 132). An earlier result by Goldman (1955) characterized N 0, σ2
 
as the MED with specified value of E Z 2 being Z a continuous
random
variable
h
i
with support (−∞, ∞); the MED with specified value of E (Z − a)2 was shown to

be N a, σ2 by Lisman and van Zuylen (1972). More generally, if a set of moments
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E [X r ] , r = 1, . . . , R, is specified, the distribution on the real line that has the maximum
entropy subject to these constraints has probability density
 R

X

f (x) ∝ exp  αr xr 
i=1

for suitable constants αr , r = 1, . . ., R. Hosking (2007) derived the distribution
that has maximum entropy conditional on having specified values of its first r Lmoments. Note that L-moments are now widely used in the environmental sciences to
summarize data and fit frequency distributions. This maximum entropy distribution has
a polynomial density-quantile distribution (PDQ distribution). Some special cases of
the PDQ distribution are: On a finite interval, the MED is the uniform distribution; on
a semi-infinite interval, the MED with the first L-moments specified is the exponential
distribution and on an infinite interval, the MED with the first two L-moments specified
is the logistic distribution. Maximum entropy distributions conditional on specified Lmoments of orders {1, 2, 3} and {1, 2, 4} generate families of distributions that generalize
the logistic distribution and may be useful for modelling data.
There is a lot of work devoted to the maximum entropy characterization of the
most well-known univariate probability distributions. Although available literature
is significantly less for the multivariate distributions, the book of Kapur (1989)
considers several usual multivariate distributions and Zografos (1999) considered
the cases of Pearson’s types II and VII multivariate distributions (t-distribution and
generalized Cauchy distribution are obtained from an application of Pearson’s types VII
distribution). Aulogiaris and Zografos (2004) considered symmetric Kotz type and Burr
multivariate distributions. Later Bhattacharya (2006) derived appropriate constraints
which establish the maximum entropy characterization of the Liouville distributions
among all multivariate distributions.
Amongst discrete distributions, the geometric distribution with support 1, 2, ... is the
MED given a specified arithmetic mean. The Riemann zeta distribution, also called the
discrete Pareto distribution, is the MED for a specific geometric mean. In linguistics, it is
called the Zipf distribution. It has also been used to model numbers of insurance policies,
the distribution of surnames and scientific productivity. The Good type-I distribution is
the MED when the arithmetic and geometric means are both specified. If x = 1, 2, . . . , n
and there is no restriction on the probabilities, then the MED is a discrete rectangular
distribution. Given finite support and specified arithmetic or geometric means, or both
arithmetic and geometric mean, the MEDs are the right-truncated geometric, righttruncated Rienmann zeta, and right-truncated Good type-I distribution, respectively.
Kemp (1997) obtained a discrete analogue of the normal distribution as the distribution
that is characterized by maximum entropy, specified mean and variance, and integer
support on (−∞, ∞) . Binomial and Poisson distributions are also MEDs of suitable
defined sets (Harremoës, 2001).
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The Maximum Entropy Principle has applications in many domains, but was
originally motivated by statistical physics (Jaynes, 1957), which attempts to relate
macroscopic measurable properties of physical systems to a description at an atomic
or molecular level. Applications in econometrics can be seen in several works of Theil
(see for example, Theil and Fiebig, 1984). A popular method for estimation of spectral
densities was given by Burg (1975) based on Maximum Entropy method. Many works
and books following this idea have appeared, see for instance Golan et al. (1996).
In Finance, this principle is applied to infer a probability density from option prices.
Buchen and Kelly (1996) showed that, with a set of well-spread simulated exact-option
prices, the MED approximates a risk-neutral distribution to a high degree of accuracy.
Guo (2001), motivated by the characteristic that a call price is a convex function of the
option’s strike price, suggests a simple convex-spline procedure to reduce the impact of
noise on observed option prices before inferring the MED.
Apart from density estimation, many statistical problems have been studied on the
basis of the Maximum Entropy Principle. Using sample quantiles, Menéndez et al.
(1997) proposed a point estimation procedure as well as a goodness-of-fit test statistic
based on the he Maximum Entropy Principle. But there are many important different
entropy measures (see Chapter 2 of Pardo, 2006), and in a similar manner the Maximum
Entropy Principle associated with these others entropies can be defined. Menéndez et al.
(1997) generalized the previous work using a general family of entropies that contains
(1).
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Jorge Navarro
Facultad de Matemáticas, Universidad de Murcia, 30100 Murcia, Spain

The construction of Multivariate Distributions which can be fitted to multivariate data
sets is a very relevant topic of research in probability and statistics. First of all I
would like to warmly congratulate Professors Sarabia and Gómez-Déniz for an excellent
and stimulating review of some recent results on this topic. The different methods
presented can be classified in two groups: (i) multivariate distributions arising out
from univariate distributions, and (ii) multivariate distributions obtained from other
multivariate distributions. In the first group we can include the techniques based on
(a) order statistics, (b) mixtures, (c) conditional specification and (e) the method of the
variables in common, while, in the second group, we can include the methods of (d)
skew distributions and ( f ) weighted distributions.
The distribution of order statistics (OS) or other generalizations such as the
Generalized Order Statistics (GOS) only depends on the univariate parent distribution
from which the sample of IID (independent and identically distributed) random variables
is obtained. Two possible extensions can be considered here. If we consider (or we have)
a sample X1 , X2 , . . . , Xn of INID (independent non-necessarily identically distributed)
random variables, then the joint distribution only depend on the univariate distributions
Fi (x) = Pr(Xi ≤ x) i = 1, 2, . . . , n. In this case, the joint distribution of the OS and
the joint distribution of a subset of OS can be represented in terms of permanents
(see Balakrishnan (2007)). The second option is to consider the OS obtained from a
random vector (X1 , X2 , . . . , Xn ), where the possible dependence between the random
variables is modelled through their joint distribution. This case has special interest when
(X1 , X2 , . . . , Xn ) represent the lifetimes of some components in a system. This case will
be included in the second group (ii) since we obtain multivariate distributions (that
of subsets of OS) from a parent multivariate distribution. In the three cases, it is of
special interest to study the distribution of the k first OS (X1:n , X2:n , . . . , Xk:n ) (for k < n)
since in many practical situations, when we put-on-test some devices (with lifetimes
Xi , i = 1, 2, . . . , n), at the end of the test period we only have information about the
‘early failures’ (see, e.g., Balakrishnan, Ng and Panchapakesan (2006)). In other cases
we only have information about the series system (X1:n ) or the parallel system (Xn:n ). It
these cases, it is interesting to note how multivariate models can also be used to obtain
new relevant univariate models (see Navarro, Ruiz and Sandoval (2006)).
With respect to the methods based on mixtures, first we must note that they are
not the usual mixtures used to represent heterogeneous populations obtained by mixing
some groups with different characteristics (e.g. a mixture of two multivariate normal
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distributions). This case will be included in group (ii). Actually, the multivariate
distributions obtained by (9) or (12) Sarabia and Gómez-Déniz’ paper are the joint
distributions of IID random variables that share one (or more) parameter with a known
distribution. The dependence is due to this common parameter. These models have
special interest in reliability and survival studies when (X1 , X2 , . . . , Xn ) represent the
lifetimes of some components in a system. Usually, the components are independent
but they share the same environment and hence their distributions depends on some
common parameters which induce a dependence between them.
It is not easy to add more on conditional specification since Sarabia (jointly with
Arnold and Castillo) is one of the fathers of this technique. I would only like to say
that, in my opinion, this is a very reasonable technique to obtain multivariate models
from univariate models when the conditional distributions are known. In practice, this is
quite common in reliability or survival studies where, for example, we can suppose
that if (X, Y) are the lifetimes of two units in a parallel system, when a unit have
failed at age t, the distribution of the other component has a known distribution (e.g.
exponential) with some parameters depending on t. It is also important to note other
possible situations (also studied in the book by Arnold, Castillo and Sarabia (1999)) as,
for example, when we know the conditional distributions of (X|Y ≤ y) or (X|Y ≥ y). The
distributions obtained by this method can be included in the distributions obtained from
characterization methods, that is, we look for all the multivariate models which satisfy
a certain property (in this case to have some specified conditional distributions). This
is a classical method to obtain multivariate distributions. I would like to note here that
another (related) option is to obtain probability models by characterizations based on
‘ageing measures’ such as the hazard rate or the mean residual life functions and their
corresponding multivariate generalizations. For example, Ruiz, Marı́n and Zoroa (1993)
gave a general way to obtain multivariate models from m(x) = E(X|X ≥ x), where
X = (X1 , X2 , . . . , Xn ) and x = (x1 , x2 , . . . , xn ). Some recent results are given in Navarro
and Ruiz (2004), Kotz, Navarro and Ruiz (2007), Navarro, Ruiz and Sandoval (2007)
and Navarro (2008). For example, in Navarro and Ruiz (2004), the multivariate normal
distribution with mean vector µ and variances-covariances matrix V is characterized
by m(x) = µ + Vh(x), where h(x) is the hazard gradient (the multivariate version of
the hazard rate function which contains the hazard rate functions of the conditional
distributions (Xi |X j ≥ x j , j , i)). A general method is given in Kotz, Navarro and
Ruiz (2007) where, for example, Arnold and Strauss bivariate exponential distribution
is obtained from m(x1 , x2 ) = (k1 , k2 )′ + Vh(x1 , x2 ) for x1 , x2 ≥ 0 where
V=

!
0c
.
c0

I also would like to mention here the interesting univariate and multivariate models
obtained from maximum entropy characterization techniques.
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The last method in this first group (i) is the method based on variables in common
which has some similarities with the method of mixtures (or parameters in common). I
would like to remark here the relationships of this method with censoring in sampling
procedures where, for example, some independent random variables X1 , X2 , . . . , Xn
are observable if, and only if, they occur before an independent random variable Y
representing the testing period. Hence the observations Zi = min(Xi , Y), i = 1, 2, . . . , n,
are dependent due to the common variable Y. They are also related with shock or stepstress models where the independent component lifetimes Xi in a system are observable
if, and only if, they pass a common stress level due to the shared environment. It is
important to note here that some of these models have a singular part due to the fact that
several components can fail at the same time. These ‘natural’ nonabsolutely continuous
models as, for example, the Marshall and Olkin bivariate exponential stress (or shock)
model, are very important in practice.
There are few techniques included in the second group (ii) since we must start from a
multivariate model and there are few multivariate models commonly accepted as unique
extensions of univariate models. Actually, we can say that the only one might be the
multivariate normal distribution. In a practical situation, the main disadvantage of the
normal distribution is the symmetry (with respect to the mean). Thus, it is is natural to
consider in the multivariate set-up the skew techniques (d) used in the univariate case to
obtain asymmetric models. I would like to note here that the normal skew distribution
can also be obtained as the distribution of the OS from a random vector (X, Y) having
a bivariate Normal distribution (see Loperfido, 2002). Also, we must note here how
the univariate skew distribution can be generalized by considering the minimum (the
maximum or, in general, the OS) from a random vector having a multivariate normal
distribution (see Loperfido et al. (2007)).
Another option is to consider weighted models due to a biased random sampling
procedure where a sample value x from a random vector X is observed with a probability
proportional to w(x), where w is a positive (weight) function. For example, if we
survey tourists randomly at the hotels, the more the length of stay, the higher sampling
probability. Hence, the variable ‘length-of-stay’ is biased and so are other related
variables. Therefore some new techniques should be developed to correct this sampling
bias (see, e.g., Cristobal, Ojeda and Alcalá, 2004). This method can also be included
in the first group when we consider independent random variables and a dependence
factor due only to the common sampling procedure, that is, we have a sample from the
multivariate density function
f w (x1 , x2 , . . . , xn ) = cw(x1 , x2 , . . . , xn ) f1 (x1 ) f2 (x2 ) . . . fn (xn ),
where fi are the (given) density functions of the random variables Xi , i = 1, 2, . . . , n, and
c = 1/E(w(X1 , X2 , . . . , Xn )).
To finish I would like to mention that as well as obtaining new multivariate models
that can represent data sets, it is also very important to develop fit techniques to measure
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the accuracy of these models to data in several practical situations. In my opinion, both
aspects will be relevant research fields in the future in probability and statistics studies.

Acknowledgements
Jorge Navarro is partially supported by the Ministerio de Ciencia y Tecnologı́a under
grant MTM2006-12834. I would like to thank the Editor in Chief Professor Montserrat
Guillén for inviting me to provide this comment on the paper by Jose M. Sarabia and
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Rejoinder

We are extremely grateful to the two discussants of the paper for their positive and
thoughtful comments and remarks.
Professor Navarro begins with an interesting classification in two groups of the
methods for construction of multivariate distributions. Prof. Navarro points out the
construction of order statistics obtained from a random vector, where the possible
dependence between the components is modelled by their joint distribution. In this
sense, Balakrishnan (2007) has obtained several results in the independent and nonidentically distributed case and Arellano-Valle and Genton (2008) have obtained
the exact distribution of the maximum of absolutely continuous dependent random
variables.
Other strategies of construction of multivariate distribution based on conditional
specification are commented by Prof. Navarro. In reliability contexts, other modelling
approaches are used. For example, a dynamic construction prescribes the joint
distribution of (X, Y) by specifying the conditional distribution of Y given min{X, Y} =
X = t and the conditional distribution of X given min{X, Y} = Y = t.
Professor Pardo focuses her comments on the maximum entropy principle and
characterization problems. This principle and its different variants is an alternative
method for generating multivariate distributions.
In the context of conditional specification, Gokhale (1999) has shown that if the
conditional densities of a bivariate random variable have maximum entropies, subject
to certain constraints, then the bivariate density also maximizes entropy, subject to
appropriate constraints. An important example of this situation is given by distribution
(29). This result provides an interesting insight in the structure of joint maximum
entropy distributions when conditional maximum entropy distributions are specified.
An application of this kind of distribution in hydrology has been provided by Agrawal,
Singh and Kumar (2005).
Minimum cross-entropy methods are also used to recover a joint density function
from information about the joint and marginal moments and the marginal density
function (see Miller and Liu, 2002).
Finally, both Professors Navarro and Pardo have commented the importance of
characterization problems in the construction of multivariate distributions. This topic
is presently receiving a lot of attention in the statistics and probabilistic research. In
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this sense, there is a considerable work dealing with the problem of characterizing
distributions by means of conditional moments (see Wesolowski, 1995, and Arnold,
Castillo and Sarabia, 1999, Chapter 7). For example, we might be interested in
identifying all distributions with linear regression and constant conditional variances.
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Abstract
In this paper, we study the interval estimation for the mean from inverse Gaussian distribution. This
distribution is a member of the natural exponential families with cubic variance function. Also, we
simulate the coverage probabilities for the confidence intervals considered. The results show that the
likelihood ratio interval is the best interval and Wald interval has the poorest performance.
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1 Introduction
Interval estimation for natural exponential family (NEF) is discussed in many references
for more than sixty years. Santner (1998), Agresti and Coull (1998), Brown, Cai and
DasGupta (2001, 2002) considered Wald score, Agresti-Coull, likelihood ratio and
Jeﬀreys intervals. Also, a good contribution for comparison of these intervals for NEF
with quadratic variance function is given by Brown, Cai and DasGupta (2003). Several
alternative intervals, coverage probability and length expansion of the Wald, score,
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likelihood ratio, Agresti-Coull and Jeﬀreys intervals are studied, simulated and
approximated in Brown, Cai and DasGupta (2003) for normal, gamma, generalized
hyperbolic secant (GHS), binomial, negative binomial and Poisson as the member of
NEF with quadratic variance function. In this paper, we extend several intervals for
inverse Gaussian distribution as a member of NEF with cubic variance function (CVF).
Also, we show the coverage probabilities of these intervals via a simulation study, while
noting that the theoretical approach for it is diﬃcult, because finding the roots of a
polynomial of degree 3 equation is not always easy. Applying the results for other NEFCVF, especially for Abel and Takacs distributions, is a topic for future study.
This paper is organized as follows: In Section 2, we introduce the natural exponential
family with quadratic and cubic variance functions. In Section 3, we study the
confidence intervals for the mean of the inverse Gaussian as the most famous member of
the natural exponential family with cubic variance function. In Section 4, the coverage
probabilities for the confidence intervals are simulated in two case: with the fixed sample
size (n), fixed λ and the variable parameter μ, and with the fixed parameters and the
variable sample size. In Section 5, the proposed confidence intervals have been applied
for the mean of ball bearings. A brief conclusion is provided in Section 6.

2 Natural exponential family
The distributions in a natural exponential family (NEF) have the following form
f (x; ξ) = exp(ξx − ψ(ξ))h(x),
where ξ is called the natural parameter. The mean, variance and cumulant generating
function for this family are
⎧
⎪
⎪
μ = E(X) = ψ (ξ),
⎪
⎪
⎨ 2
σ = Var(X) = ψ (ξ),
⎪
⎪
⎪
⎪
⎩ Φ(t) = ψ(t + ξ) − ψ(ξ).
In a subclass, on the real line, the variance function is a polynomial function with
degree lower than or equal to 3. We get twelve diﬀerent types, the first six appear in
Morris (1982,1983), Shanbhag (1972, 1979) and Brown (1986). The others introduced
in Letac and Mora (1990), where the inverse Gaussian distribution is one of the most
well-known members of NEF-CVF. The variance ψ (ξ) of NEF-CVF depends on ξ only
through the mean μ, as
σ2 = Var(X) = a0 + a1 μ + a2 μ2 + a3 μ3 ,
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where a0 , a1 , a2 , and a3 are suitable constants. The NEF-QVF is the special case with
a3 = 0. NEF-QVF consists of six important distributions: normal, gamma, generalized
hyperbolic secant (GHS), binomial, negative binomial, and Poisson (see Morris
(1982,1983) and Brown (1986)). Also, NEF-CVF consists of these six distributions:
Ressel, inverse Gaussian, Abel, Takacs, strict arcsine, and large arcsine. We focus our
attentions on the inverse Gaussian distribution, IG(μ, λ), with density

f (x) =



λ
λ(x − μ)2
exp −
,
2πx3
2μ2 x

x > 0,

μ > 0,

λ > 0.

For this distribution, we have:
−λ
ξ = 2,
2μ
Hence, Var(X) =


ψ(ξ) = − (−2λξ),

h(x) =

λ
−λ
exp( ).
2πx3
2x

1
μ3
with a0 = a1 = a2 = 0, and a3 = .
λ
λ

3 Confidence intervals for the mean of inverse Gaussian distribution
Based on a random sample of size n from IG(μ, λ) (λ known), we want to calculate some
of the confidence intervals, at the confidence level 1 − α, for mean μ. We also know that
for this distribution the MLE of μ is the sample mean, that is μ̂ = X̄. We can construct
the following confidence intervals for μ.
√
n(μ̂ − μ)
Definition 1 The Wald interval (CIW ) is based on Slutsky’s statistic Wn =
σ̂
as
CIW : μ̂ ± k(nλ)−1/2 μ̂3/2 ,
where k = z1−α/2 .
Definition
√ 2 The score interval (CIS ) is based on the Central Limit theorem with
n(μ̂ − μ)
Z =
. We construct this interval by inverting Rao’s equal-tailed score test
σ
of H0 : μ = μ0 . Hence, we accept H0 based on Rao’s score test if and only if μ0 is in the
interval. We solve a cubic equation in terms of μ, under the following relation:
−k ≤

√
nλ(μ̂ − μ)
μ3

≤ k.
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By substituting μ = 1/x2 in the above equations, we have
⎧
⎪
x
k
⎪
⎪
⎪
x3 − − √
≤ 0,
(1)
⎪
⎪
⎪
μ̂
⎨
nλμ̂
⎪
⎪
⎪
x
k
⎪
⎪
3
⎪
≥ 0.
(2)
⎪
⎩ x − μ̂ + √
nλμ̂
Suppose that, Q =
cases:

−k
k
1
, and R2 = √
, then we have the following
, R1 = √
3μ̂
2 nλμ̂
2 nλμ̂

• Case 1: If 4nλ − 27μ̂k2 < 0, then Q3 − R21 < 0. Hence, the relations (1) and (2)
imply
⎧
⎪
⎪
x ≤ [(R2 + R22 − Q3 )1/3 + (R2 − R22 − Q3 )1/3 ] = M,
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩ x ≥ −[(R2 + R2 − Q3 )1/3 + (R2 − R2 − Q3 )1/3 ] = −M.
2
2
By substituting μ = 1/x2 in the above equations, we obtain a one-sided interval for μ as
1
≤ μ.
M2
• Case 2: If 4nλ − 27μ̂k2 ≥ 0, then Q3 − R21
(2) are as
⎧
√
θ1
⎪
⎪
⎪
x1 = −2 Q cos
,
⎪
⎪
⎪
3
⎪
⎪
⎪
⎪


⎪
⎪
⎪
⎪
⎨ x = −2 √Q cos θ1 + 2π ,
2
⎪
⎪
3
⎪
⎪
⎪
⎪
⎪


⎪
⎪
⎪
√
θ1 + 4π
⎪
⎪
⎪
x
=
−2
Q
cos
,
⎪
⎩ 3
3

≥ 0. The roots of the equations (1) and
⎧
√
θ2
⎪
⎪
⎪
x1 = −2 Q cos
,
⎪
⎪
⎪
3
⎪
⎪
⎪
⎪


⎪
⎪
⎪
⎪
⎨ x = −2 √Q cos θ2 + 2π ,
2
⎪
⎪
3
⎪
⎪
⎪
⎪
⎪


⎪
⎪
⎪
√
θ2 + 4π
⎪
⎪

⎪
x
=
−2
Q
cos
,
⎪
⎩ 3
3





R1
R2
where θ1 = arccos √
and θ2 = arccos √
. Based on the above roots and by
Q3
Q3
1
substituting μ = 2 , the Score interval is calculated as
x
⎧
⎪
⎪
⎪
⎪
√1 ≤ μ,
⎪
⎪
⎪
x
⎨
⎪
⎪
⎪
1
1
⎪
⎪
⎪
⎪
⎩ √ x2 ≤ μ ≤ x .
2

3
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Definition 3 The likelihood ratio interval (CILR ) is constructed by inverting the
likelihood ratio test under H0 : μ = μ0 (see Rao (1973) and Serfling (1980)). The
L(μ0 )
likelihood ratio Λn =
for inverse Gaussian distribution is given by
supμ L(μ)
Λn = exp(

−nλμ̂ nλ nλ
+
− ).
2μ2
μ
2μ̂

By solving the equation −2 log Λn ≤ χ2α,1 = k2 in terms of μ, the likelihood ratio interval
for μ is calculated as
nλμ̂
nλ + k nλμ̂

where 0 < k <

≤μ≤

nλμ̂
nλ − k nλμ̂

,

nλ
.
μ̂

Note: If λ in inverse Gaussian distribution is unknown, then we substitute a point
⎡ n
⎤ 
⎢⎢ (xi − x)2 ⎥⎥⎥−1
⎥⎥⎦ .
xi x 2
i=1

estimation instead of λ in the above equations (for example MLE λ̂ = n⎢⎢⎢⎣

4 The coverage probability via a simulation study
In this section, we estimate by simulation the coverage probabilities of the considered
confidence intervals for the mean. Suppose that, the parameters μ and λ of inverse
Gaussian distribution are fixed values. Based on a random sample X1 , X2 , . . . , Xn of
⎤−1
⎡ n
⎢⎢⎢ (xi − x)2 ⎥⎥⎥
⎥⎥⎦ , at the
IG(μ, λ), we calculate the confidence intervals with λ̂ = n ⎢⎢⎣
2
x
x
i
i=1
confidence level 1 − α = 0.95, using 1000 repetitions for each simulation set.
The estimated coverage probability (ECP) is the proportion of confidence intervals
containing the fixed value of the mean.
The estimation of the coverage probability is calculated by simulation in two cases:
with fixed parameters and variable sample size (λ = 231.711, μ = 72.219 and
5 ≤ n ≤ 100), and with fixed sample size (n = 23), fixed λ = 10 and variable 0 < μ ≤ 6
(see Fig. 1 and Fig. 2).
From Fig. 1 and Fig. 2, we can refer the following results for the confidence intervals
in inverse Gaussian distribution:
• The averages of the estimated coverage probabilities (ECP) for the considered
confidence intervals, are organized as ECPW ≤ ECPS ≤ ECPLR .
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• The averages of the estimated coverage probabilities for Wald, score, and
likelihood ratio intervals are lower than the confidence level.

Figure 1: Coverage probability with fixed parameters (λ, μ) and variable n from 5 to 100.

Figure 2: Coverage probability with fixed n, fixed λ and variable parameter μ.
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• When parameter μ goes to zero, the estimated coverage probability decreases.
• When the sample size increases, the average of coverage probabilities tends to the
confidence level.

5 Application of the confidence intervals from an inverse Gaussian
distribution
Twenty three ball bearings were used in the life test study and yielded the following in
millions of revolutions to failure, (see Pavur et al., 1992).
Data

Data

Data

Data

Data

Data

17.88
33.00
42.12
48.48

51.96
55.56
68.64
68.88

93.12
105.12
127.92
173.40

28.92
41.52
45.60
51.84

54.12
67.80
68.64
84.12

98.64
105.84
127.92

They showed that the data was from an inverse Gaussian population. We use the
data as well to demonstrate our confidence intervals. We estimate μ̂ = 72.219, and
λ̂ = 231.711. The confidence intervals, at the confidence level 1 − α = 0.95, for the
mean are calculated as:
⎧
⎪
CIW = [55.74, 88.70],
⎪
⎪
⎪
⎪
⎪
⎨
CIS = [59.80, 98.44],
⎪
⎪
⎪
⎪
⎪
⎪
⎩ CILR = [58.80, 93.57].
The lengths of the three considered confidence intervals are:
LW = 32.95,

LS = 38.64,

LLR = 34.77.

Hence, LW < LLR < LS . Based on a random sample of size n = 23 with λ = 231.711
and μ = 72.219, the estimated the coverage probabilities (ECP) for Wald, score, and
likelihood ratio intervals are calculated by simulation as (see Fig. 1):
ECPW = 0.922,

ECPS = 0.933,

ECPLR = 0.935.

Because of Wald interval is uniformly poor, we prefer to use of the likelihood ratio
interval. The likelihood ratio interval is better than the score interval of the viewpoint
its coverage probability and length (ECPS < ECPLR and LLR < LS ). Also, we can use of
the above confidence intervals for testing hypothesis for the mean of ball bearings.
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6 Conclusion
In this paper, we calculate Wald score, and likelihood ratio intervals for inverse
Gaussian distribution. Also, we estimate the coverage probabilities by simulation. The
simulation study shows that the Wald confidence interval has the lowest estimated
coverage probability. The likelihood ratio interval is better, having an estimated coverage
probability very close to the nominal value. Finally we apply the results for an example
(ball bearings).
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Abstract
In this paper an alternative approach to the one in Henze (1986) is proposed for deriving the odd
moments of the skew-normal distribution considered in Azzalini (1985). The approach is based on
a Pascal type triangle, which seems to greatly simplify moments computation. Moreover, it is shown
that the likelihood equation for estimating the asymmetry parameter in such model is generated as
orthogonal functions to the sample vector. As a consequence, conditions for a unique solution of the
likelihood equation are established, which seem to hold in more general setting.

MSC: 62F10, 65C20
Keywords: Skew-normal distribution, maximum likelihood equations, moments

1 Introduction
The density function of the skew-normal distribution with parameters ε, ω > 0 and λ
(location, scale and asymmetry parameters, respectively) introduced by Azzalini (1985),
is given by
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φ(x; ε, ω, λ) =

2  x − ε  x − ε 
φ
Φ
·λ ,
ω
ω
ω

where φ and Φ are, respectively, the density and cumulative distribution functions of
the standard normal distribution. We use the notation X ∼ S N(ε, ω, λ) to denote this
distribution, and in the special case of the standard version, X ∼ S N(0, 1, λ). As is well
known, the density function of the ordinary normal distribution follows as a special
case (i.e., λ = 0). Moreover, the k-th moment of a random variable X with S N(ε, ω, λ)
distribution can be computed directly from the integral




∞

E X =
k

−∞

2  x − ε  x − ε 
xk φ
Φ
· λ dx,
ω
ω
ω

which is quite complicated to deal with. Using this general expectation, moments can
be computed as, for example, if X ∼ S N(0, 1, λ), then
√
 
2λ
; μ2 = E X 2 = 1.
μ1 = E [X] = √ √
π (λ2 + 1)
It is also well known that if X ∼ S N(0, 1, λ) then X 2 ∼ χ2(1) (Azzalini, 1985), so that
the even moments are equal to the moments of the ordinary normal distribution. Henze
(1986) employs a stochastic representation for this model, so that if X ∼ S N(0, 1, λ),
then
X = δ|Z0 | + (1 − δ2 )1/2 Z1 ,
where δ = λ/(1 + λ2 )1/2 and Z0 and Z1 are independent N(0, 1) random variates. Odd
moments can then be computed in a more straightforward way.
Azzalini and Capitanio (1999) report on some applications of the multivariate skewnormal distribution while Genton et al. (2001) derive the moments for the multivariate
version. Pewsey (2000) discusses inference problems for the univariate skew-normal
distribution such as unbounded likelihood and singular information matrix. A recent
review encompassing most of the recent advances on the topic is found in Azzalini
(2005).
The main object of this note is to present alternative approaches for deriving the
odd moments of the skew-normal distribution and study the behaviour of the likelihood
equation for the asymmetry parameter. In particular, conditions for a unique finite root
are discussed. We propose using a Pascal type triangle, which seems to greatly simplify
computing the odd moments. This approach seems to be new and completely overlooked
by the literature.
The paper is organized as follows. Section 2 deals with odd moments of the skewnormal distribution, which are derived using a Pascal type triangle, diﬀerent from the
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approach considered in Henze (1986). Section 3 is devoted to the study of the maximum
likelihood estimator for the S N(0, 1, λ) distribution. In Section 4 final comments are
presented.

2 Odd moments of the skew-normal distributions
In this section we discuss alternative derivations for the odd moments of the skewnormal distribution. We recall that the even moments are the same as the ones for
the symmetric normal model. We start by presenting a recursive relation for moments
computation.

Proposition 1 Let X ∼ S N(0, 1, λ). Then






μ2n+1 = E X 2n+1 = 2nμ2n−1 +

2 (2n)!
λ
,
n
π 2 (n)! (1 + λ2 )n+1/2

(1)

for n = 1, 2, . . . .
Proof. Solving μ2n−1 =

∞

x2n−1 2φ(x)Φ(λx) dx using integration by parts, we obtain

−∞

μ2n−1

x2n
=
φ(x)Φ(λx)
n

∞

μ2n+1
1
+
−
2n
2n
−∞

∞
2λφ(x)φ(λx) x2n dx.
−∞

Solving for the integral on the right hand side, we obtain
μ2n−1

μ2n+1
1
=
−
2n
2n



2 (2n)!
λ
n
π 2 (n)! (1 + λ2 )n+1/2

(2)

and the result follows by re-expressing the moment μ2n+1 = μ2n+1 in the last expression.

Equation (1) allows computing moments for the skew normal distribution in a
recursive fashion, which can be troublesome. We can, however, use a more direct
approach, as described next. Recall the double factorial function for a positive integer:
⎧
⎪
⎪
n(n − 2) · · · 3 · 1
⎪
⎪
⎨
n(n − 2) · · · 4 · 2
n!! = ⎪
⎪
⎪
⎪
⎩
1

n > 0, odd
n > 0, even
n = 0, 1.
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Of its many properties, the one we may use is
(2n − 1)!! =

(2n)!
,
2n n!

so that recursive equation (2) can be written as

μ2n+1 = 2nμ2n−1 +

2
λ
,
(2n − 1)!!
π
(1 + λ2 )n+1/2

for n = 1, 2, . . . .
The first few iterations of this equation lead to the following moments:
√

2λ
,
μ1 = √ √
π (λ2 + 1)

μ3 =

μ5 =



2/π 2 · 4


2/π 2

λ
λ
+ 1!!
,
2
1/2
(1 + λ )
(1 + λ2 )3/2

λ
λ
λ
+ 4 · 1!!
+ 3!!
,
2
1/2
2
3/2
(1 + λ )
(1 + λ )
(1 + λ2 )5/2

and
μ7 =


2/π 2 · 4 · 6

λ
λ
λ
λ
+ 6 · 4 · 1!!
+ 6 · 3!!
+ 5!!
,
2
1/2
2
3/2
2
5/2
(1 + λ )
(1 + λ )
(1 + λ )
(1 + λ2 )7/2

leading to the following compact equation:

μ2n+1 =

2  (2n)!! (2k − 1)!!λ
,
π k=0 (2k)!! (1 + λ2 )(2k+1)/2
n

which can be rewritten after a straightforward factorization as
μ2n+1 =



2/π

n

(2n)!!
λ
(2k − 1)!!(1 + λ2 )n−k .
(1 + λ2 )(2n+1)/2 k=0 (2k)!!

Expanding (1 + λ2 )n−k leads to
μ2n+1 =





n 
n−k

n − k 2j
(2n)!!
λ
λ .
2/π
(2k − 1)!!
j
(1 + λ2 )(2n+1)/2 k=0 j=0 (2k)!!
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It can be shown after extensive but straightforward algebraic manipulations that the
above expressions and the expression given in Hence (1986), Corollary 4, are equivalent.
Hence, using this last expression, the first four odd moments of the skew normal
distribution can be written as
μ1 =

μ3 =

μ5 =

μ7 =


2/π


2/π




2/π

2/π

1
λ · 1!!
(1 + λ2 )1/2

1
(2!!λ3 + 3!!λ)
(1 + λ2 )3/2

1
(4!!λ5 + 4(2!! + 3!!)λ3 + 5!!λ)
(1 + λ2 )5/2

1
(6!!λ7 + 6[4!! + 4(2!! + 3!!)]λ5 + 6[4(2!! + 3!!) + 5!!]λ3 + 7!!λ)
(1 + λ2 )7/2

and by fixing attention to the coeﬃcients of λ2 j+1 , a Pascal type triangle formation can
be depicted. The results are then formalized in the next proposition.

Proposition 2 If X ∼ S N(0, 1, λ) and n is a positive integer then the odd moments are
given by


E X

2 n −1



√

= √

2
Qn (λ)
π (λ2 + 1)(2 n − 1) / 2

where
Qn (λ) =

n


an (k) λ2 k −1

k=1

and the coeﬃcients an (k) are computed iteratively by using
a1 (1) = 1;
an (1) = (2n − 1) an−1 (1) ; n ≥ 2;
an (k) = (2n − 2) (an−1 (k) + an−1 (k − 1)) ; n ≥ 2, 1 < k < n;
an (n) = (2n − 2) an−1 (n − 1).
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Hence, the odd moments of X can be computed iteratively by computing the
coeﬃcients an (k) which can be cumbersome. So, it would be interesting to have a more
convenient and direct way, without having to use recursion.
We show in the sequel that the coeﬃcients an (k) can be computed by using a Pascal
type triangle, constructed according to the following steps. It starts with 1 as the ordinary
Pascal triangle, and the left hand side of the triangle has even levels greater than 1
(2,4,6,. . . ), for example, level 2 has two numbers, 2 and 3 and the right hand side of the
triangle has odd levels greater than 1 (3,5,7,. . . ). For example, the leftmost number in
level 3 is number 8, which results from multiplying basis number (2) by the following
even number which is 4. On the other hand, the rightmost number in that level follows
by multiplying the basis number (3) by the following odd number which is 5, so that 15
results.
Moreover, all the other numbers are generated similarly as the Pascal Triangle except
that each resulting number is multiplied by the next corresponding even level. For
example, 20 is obtained by adding 2 and 3 (equals 5), which multiplied by 4 makes
20. 168 is obtained by adding 8 and 20 and multiplying by the next even level which is
6, leading to 168. Similarly, 210 is obtained by adding 20 and 15 and also multiplying
by the line even level, 6, and so on.
The polynomial Qn (λ) can then be computed for odd degrees. It also presents a form
of regularity which we believe has not been noticed so far in the literature. It is expressed
by the fact that the odd moments of the polynomial Qn (λ), of which the first and last
coeﬃcients, namely an (1) and an (n), are odd and even double factorials, respectively, and
the remaining coeﬃcients follow a Pascal type triangle regularity and are, consequently,
easily computable.
As an example, we compute in the sequel the coeﬃcients for the moments of order
1, 3, 5, 7, 9 for the skew normal distribution. As described above, we obtain:
1
2
8

20

48
384

3

168
1728

15
210

3024

105
2520

945

As an illustration, we compute the seventh moment of the skew-normal distribution,
which follows by considering the fourth line (n = 4) in the triangle above, leading to
Q4 (λ) = 48λ7 + 168λ5 + 210λ3 + 105λ,
from which the seventh moment can be computed as




E X7 =

√

2λ (48λ6 + 168λ4 + 210λ2 + 105)
.
√ 2
π(λ + 1)7/2
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Note that the right hand side of the triangle reproduces the even moments for the skew
normal distribution.
Using the above results, moments for the location-scale situation, that is, for Z ∼
S N(ε, ω, λ), can be easily computed by using the fact that
r  

r r−k k
E[Z ] =
ε ω μk .
k
k=0
r

which follows directly by using the binomial expansion.

3 Maximum likelihood equation for the asymmetry parameter
Suppose that X ∼ S N(0, 1, λ) with λ unknown, and let x1 , · · · , xn a random sample from
this distribution. The likelihood function for the parameter λ based on the observed
sample is then given by
l(λ) = n log 2 +

n


log φ(xi ) +

i=1

n


log Φ (λxi )

i=1

Diﬀerentiating the log of the likelihood with respect to parameter λ, the following
equation is obtained:
n
∂l(λ) 
R(i)xi = 0,
=
∂λ
i=1

(3)

where
R(i) =

φ(λxi )
.
Φ(λxi )

(4)

The estimator of λ can be found easily. In fact, we only have to solve the equation:
n


R(i)xi = 0.

i=1

Hence, in this case, to find the maximum likelihood estimator of λ, we have to
find the R(i) (or λ) defined according to (4), so that the vector R = (R(1), · · · , R(n))
is orthogonal to x = (x1 , · · · , xn ). Note that, Rx is a function of λ, that is, we can write
f (λ) = R · x,

(5)
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and the maximum likelihood estimator of λ makes R and x orthogonal. This function
clearly is continuous for all values of λ. Conditions for a unique root in (5) are
established next.
Proposition 3 If x = (x1 , · · · , xn ) , and if there exists k and j such that xk < 0 and x j > 0
then f (λ) = 0 has a unique real root.
Proof. We can separate in the likelihood function the positive and negative sample
elements, so that f (λ) = 0 if and only if


R(i) xi +
R( j) x j = 0
f (λ) =
xi >0

x j <0

Moreover, defining
h(λ) =


xi >0

R(i)xi ; g(λ) =



R( j) x j ,

x j <0

it clearly follows that h(λ) > 0 and g(λ) < 0 for any λ. Notice that R(x) > 0 and it is
a diﬀerentiable monotonically decreasing function from +∞ to 0 as x ranges from −∞
to +∞. Hence, h(−∞) = ∞ and h(+∞) = 0 so that the proof can proceed as follows.
Notice that f (λ) is the sum of a positive decreasing function h and a negative increasing
function g, such that
f (−∞) = ∞ + 0 = ∞, f (∞) = 0 − ∞ = −∞
and therefore f (λ) has a root; monotonicity of h and g imply uniqueness of this root. 
Liseo (1990) has noticed the inverse statement to Proposition 3, namely that if all
sample elements have the same sign, then the MLE does not exist. Pewsey (2006)
considers the general case, that is, the function Φ(.) is replaced by a general G.
We call attention to the fact that the above results can be extended to any density of
the form
h(x) = 2g(x)Φ(λx),
where g(.) is a symmetric density function and Φ(.) is as above. Such more general
families of densities are considered in Arellano-Valle and Genton (2005) and Gómez et
al. (2007).
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4 Discussion
In this note we have shown new approaches for computing odd moments of the skew
normal distribution. The first method uses a Pascal type triangle making computing the
moments more accessible, while the second method uses a recursive approach. Further,
it is also shown that the maximum likelihood equation for estimating the asymmetry
parameter λ is a product of an orthogonal function to the sample vector, leading to
conditions for a unique root of the likelihood equation. Clearly, Proposition 3 holds in
more general settings.

Acknowledgments
The authors acknowledge helpful comments and suggestions from two referees which
substantially improved the presentation.

References
Arellano-Valle, R. B. and Genton, M. G. (2005). On fundamental skew distributions. Journal of Multivariate Analysis, 96, 93-116.
Azzalini, A. (1985). A class of distributions which includes the normal ones. Scandinavian Journal of
Statistics, 12, 171-178.
Azzalini, A. (2005). The skew-normal distribution and related multivariate families (with discussion).
Scandinavian Journal of Statistics, 32, 159-188.
Azzalini, A. and Capitanio, A. (1999). Statistical applications of the multivariate skew normal distribution.
Journal of the Royal Statistical Society, B, 61, 579-602.
Genton, M. G., He, L. and Liu. X. (2001), Moments of skew-normal random vectors and their quadratic
forms. Statististics and Probability Letters, 51, 319-325.
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Abstract
The Nelson-Aalen estimator is widely used in biostatistics as a non-parametric estimator of the
cumulative hazard function based on a right censored sample. A number of alternative estimators can
be mentioned, namely, the naive local constant estimator (Guillén, Nielsen and Pérez-Marı́n, 2007)
which provides improved bias versus variance properties compared to the traditional Nelson-Aalen
estimator. Nevertheless, an empirical comparison of these two estimators has never been carried out.
In this paper the efficiency performance of these two estimators when applied to real survival data are
compared. Our results suggest that the efficiency improvement introduced by the naive local constant
estimator is highly remarkable for all distribution quantiles, especially for low quantiles.

MSC: 62N01, 62N02
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1 Introduction
The Nelson-Aalen estimator was first introduced by Nelson (1972) in a reliability
context and later on rediscovered by Aalen (1978) who derived the estimator using
modern counting process techniques (Klein and Moeschberger, 1993). This estimator
has a number of nice properties (Andersen, Borgan, Gill & Keiding, 1993) and
better small-sample-size performance than other standard methods. The properties and
eﬃciency performance of the Nelson-Aalen estimator are the topic of a number of
papers (see Peña & Rohatgi, 1993, among may others). It is very popular in biostatistics
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and it is basically used in two diﬀerent ways when analysing survival data (Klein
and Moeschberger, 1997) – firstly, it provides useful information in order to select
between parametric models for the time-to-event variable, and secondly, it provides
crude estimates of the hazard rate which can be subsequently smoothed.
Guillén, Nielsen and Pérez-Marı́n (2007) proved that the eﬃciency of the NelsonAalen estimator can be considerably improved by using more information in the
estimation process than that used by the traditional Nelson-Aalen estimator uses. When
the Nelson-Aalen estimator is estimated at a point t (indicating the time-to-event) it only
uses information on the interval [0, t]. Guillén, Nielsen and Pérez-Marı́n (2007) proved
that this estimator can be improved by using some information just to the right of t, in
[t, t + b], where the bandwidth parameter b is small and depends on t. In this way, some
bias is introduced but the variance is reduced at the same time. The goal of the authors
is to formulate the new estimator and to obtain the optimal b resulting in an overall
eﬃciency gain compared to the Nelson-Aalen estimator. The eﬃciency gain is measured
by the absolute eﬃciency gain of the naive local constant estimator with respect to the
Nelson-Aalen estimator, divided by the eﬃciency of the Nelson-Aalen estimator, i.e. the
relative eﬃciency gain of the new estimator with respect to the standard Nelson-Aalen
estimator.

2 Some remarks on the naive local constant estimator
Guillén, Nielsen and Pérez-Marı́n (2007) adapted the model formulation of Andersen,
Borgan, Gill & Keiding (1993, p. 176) with an infinite terminal point τ = ∞ not included
in the considered interval, [0, ∞[. They considered a measurable space (Ω, F), equipped
with a filtration (Ft , t ∈ [0, ∞[) which satisfies the usual conditions except for possible
completeness, see Andersen, Borgan, Gill & Keiding (1993, p. 60), for each member
of a family P of probability measures. The authors also considered the multivariate
counting process N = {N1 (t), . . . , Nn (t)}, t ∈ [0, ∞[ that satisfies Aalen’s multiplicative
intensity model, i.e., its (P, Ft )−intensity process is λi (t) = α(t)Yi (t), where α is the
hazard function and Yi is an observable predictable process taking values in {0, 1},

indicating, by the value 1, when the i th individual is under risk. If Y = ni=1 Yi is the
aggregated exposure, the sum of individual processes indicating that the unit is under
risk, the Nelson-Aalen estimator for the cumulative hazard Λ(t) equals
NA (t) =
Λ

n 

i=1

t
0

1
dNi (s).
Y(s)
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The authors provide the general formulation of the naive local constant estimator,
∞
NA (s), for all t, where w(s, t) is some weight
NLC (t) =
w(s, t)dΛ
given by Λ
0
function. When considering a “naive” weight function, i.e. uniform weighting in the
neighbourhood of t (w(s, t) = I{s≤t−b} + γ1 I{s∈(t−b,t+b)} , where I is the indicator function) the
estimator can be expressed as follows (Guillén, Nielsen & Pérez-Marı́n, 2007):
t,b



NLC (t) = Λ
NA (t + b) − Λ
NA {max(t − b, 0)} + 1 Λ
NA {max(t − b, 0)}
Λ
γt,b
where
γt,b =

t + b − max(t − b, 0)
.
t − max(t − b, 0)

According to the authors, the term “naive” was taken from Silverman (1986), who used
it for a kernel density estimator, where the kernel equalled the uniform distribution.
In this context, Guillén, Nielsen and Pérez-Marı́n (2007) found that the optimal
bandwidth parameter (the one maximizing the relative eﬃciency gain with respect to
the Nelson-Aalen estimator) equals bopt = α(t)/ 2Y(t)α (t)2 for t ≥ b and bopt = t in
the boundary region, when t < b. The corresponding relative eﬃciency gain ε(t) equals
1
3

⎧
3 α(t)
⎪
⎪
⎪
bopt

⎪
⎪
⎪
8 t
⎪
⎪
⎪
α(s)ds
⎪
⎪
⎪
⎪
0
⎪
⎪
⎪
⎨ 

ε(t) = ⎪
t
Y(t)t3  2
⎪
⎪
⎪
α(t) −
α (t)
⎪
⎪
⎪
2
2
⎪
⎪
⎪
 t
⎪
⎪
⎪
⎪
⎪
⎪
α(s)ds
⎩

if bopt ≤ t

(1)
if bopt > t.

0

The main hypothesis behind the definition of this new estimator is that the hazard
rate is locally constant around t, the point where the cumulative hazard is estimated.
Additionally, it is assumed that the hazard function α does not depend on i, is twice
t
t
continuously diﬀerentiable, 0 α(s)ds < ∞, 0 α(s)ds  0 and α (t)  0 for all t ∈ [0, ∞[.
The authors provide in their paper some examples of the eﬃciency comparison
between these estimators by assuming some well-known distributions for the timeto-event variable. Nevertheless, they do not provide any empirical application where
the performance of both estimators would be illustrated by using real survival data.
An empirical study is necessary in this case to address some practical aspects of the
implementation of this new estimator in survival studies, such as the estimation of the
optimal bandwidth parameter based on real survival data and the eﬃciency improvement
of the new estimator with respect to the Nelson-Aalen estimator.
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3 The survival dataset
In this section we present the survival data set used in this paper in order to analyse the
performance of the Nelson-Aalen estimator and the naive local constant estimator. This
data set has been previously used (Andersen, Borgan, Gill & Keiding, 1993, example
IV.1.2) to illustrate how to use the Nelson-Aalen on the basis of real survival data.
In the period from 1962 to 1977, 79 male and 126 female patients with malignant
melanoma, cancer of the skin, had radical operations performed at the Department of
Plastic Surgery, University Hospital of Odense, Denmark. The tumour was completely
removed together with the skin within a distance of about 2.5 cm around it. All patients
were monitored until the end of 1977 and it was noted if and when any of the patients
died, as well as the cause of death. Of the 79 male patients, 29 were observed to die from
the disease, and of the 126 female patients, 28 were observed to die from the disease,
while 14 died from other causes. The rest of them were alive at the end of 1977. The
objective of this historically prospective clinical study was to assess the eﬀect of risk
factors on survival. The most important time variable is time since operation. Other
factors were screened such as gender, age at operation and several variables related to
the characteristics of the tumour.
Andersen, Borgan, Gill & Keiding (1993, example IV.1.2) present Nelson-Aalen
estimates for these male and female patients where the survival time is measured since
the time of operation. We will now compare their results with those corresponding to
the naive local constant estimator.

4 Estimating the optimal bandwidth
In this section we estimate the optimal bandwidth parameter by following the procedures
provided by Guillén, Nielsen and Pérez-Marı́n (2007). In order to get the optimal
bandwidth b, both α(t) and α (t)2 should be estimated first. According to the authors,
these estimators can be obtained by using the local linear estimator. Nielsen &
Tanggaard (2001) introduced local linear hazard estimation based on “locally” fitting
a line to the survival data via weighted least square kernel estimation. The slope of this
line at each survival time let us to estimate α (t)2 .
Regarding the probability function Kb (·), we calculated the eﬃciency improvement
for diﬀerent well-known kernel functions and finally we used the biweight kernel
{1−(·/b)2 }2 where b = 800 for both male and female as it provides a substantial
Kb (·) = 15
16
eﬃciency improvement. The same biweight kernel with the same b has been used to
smooth α (t)2 one more time (as explained in Guillén, Nielsen and Pérez-Marı́n, 2007).
In this way, a more robustified estimator for α (t)2 has been obtained, see Figure 1.
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(b) Female

Figure 1: Estimation of α (t)2 .

Figure 2: Optimal b used in the naive local constant estimator for male and female.
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Once estimators of α(t) and α (t)2 have been obtained the optimal b can easily be
calculated. In Figure 2 optimal b as a function of t is shown both for male and female.
Note that for small survival times the optimal bandwidth is exactly equal to this survival
time (as proved by Guillén, Nielsen and Pérez-Marı́n, 2007). It is important to remark
that for each t the optimal bandwidth bopt determines the neighbourhood around t where
the hazard is assumed to be constant. The largest value of this bandwidth corresponds
to the time point t = 2000 days and t = 1500 days approximately for male and female
respectively.
It is important to remark that, in order to get the estimation of the bandwidth
parameter bopt , it is necessary to estimate both α(t) and α (t)2 . This could be viewed
as a practical limitation. Nevertheless, it is necessary to notice that the worst that could
happen in the case where it is not possible to have suitable estimators of these two
functions would be to have neither the optimal estimation of b nor the optimal eﬃciency
improvement with respect to the Nelson-Aalen estimator, but some approximation.
Therefore, we would lose part of the eﬃciency improvement, but not all of that, as
(1) is always positive.

5 The cumulative hazard function estimates
In Figure 3 we show the Nelson-Aalen and the naive local constant estimates of the
cumulative hazard for both male and female. Note that for any given t, the estimation
of the cumulative hazard provided by the naive local constant estimator is taking into
account all occurrences that took place in some period [t − b, t + b] around t. For
example, note that for both male and female the most important increase in the number
of deaths occurs approximately around the end of the second year after operation or the
beginning of the third year, approximately when t = 621 days for male and t = 817
days for female. This fact is reflected in the corresponding estimates of the naive local
constant estimator prior to these time points, providing larger estimates than the NelsonAalen estimator.
The ratio between the naive local constant and the Nelson-Aalen estimator, see
Figure 4, can be used for comparative purposes. Note that the ratio is quite large for
small t’s but it decreases for larger t’s. This ratio becomes very close to one after day
2000. After day 3000, approximately, the estimates seem to be equal, thus the ratio is 1.
For males, when t < 779 days, the naive local constant estimator provides larger
estimates than the Nelson-Aalen estimator, except during a short period between day
210 and day 351. The reason is that it includes some information about what is going to
happen after the time point being considered, so the substantial increase in the number
of deaths occurring between day 621 and day 793 is taken into account. During a second
period between day 779 and day 1892, the naive local constant estimator provides
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(a) Males

(b) Females

Figure 3: Comparison between the Nelson-Aalen and the naive local constant estimator for both male and
female.

smaller estimates than the Nelson-Aalen, because it takes into consideration that no
sudden increases in the mortality occur in subsequent periods. After day 1892, both
estimates are close together, but the cumulative hazard curves do not become equal until
day 3091.
A similar pattern is observed for women when comparing both estimates. During
the period for t < 872 the naive local constant estimator provides larger estimates than
the Nelson-Aalen estimator, except between day 386 and day 555. Again the naive local
constant estimator captures the important increase that is going to occur in the number of
deaths between day 817 and day 872. From t = 872 to t = 2062, the diﬀerence between
the naive local constant and the Nelson-Aalen estimates is not so large, but after day
2062 the naive local constant estimator provides smaller estimates than Nelson-Aalen,
except during a short period around day 3000. Estimates become equal at day 3745.
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(a) Males

(b) Females

Figure 4: Comparison between the Nelson-Aalen and the naive local constant estimator for both male and
female.

Figure 5: Relative eﬃciency gain curve of the naive local constant with respect to the Nelson-Aalen
estimator.
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6 Relative efficiency gain
Finally, in Figure 5 we plot the relative eﬃciency gain curve (1) for male and female.
For males, the maximum value is around 72% at t = 67 days. For females, the maximum
value is around 69% at t = 167 days. Note that when t < 1000 days the relative eﬃciency
gain is higher than 10% for men and well above 25% for female. Therefore, we conclude
that the eﬃciency improvement of the naive local constant estimator with respect to the
Nelson-Aalen estimator is very substantial, especially for small survival times.

Figure 6: Eﬃciency improvement for a lognormal distribution μ = 1.2 and σ = 1.

7 Simulation study
In this section we present a simulation study consisted of generating 1 000 samples
of lognormally distributed survival times for 100 individuals. With this survival data,
we have estimated the optimal bandwidth parameter and the eﬃciency with the
methodology described in Sections 2 and 4, and we have compared it with the theoretical
one. Results are shown in Figure 6. Note that the eﬃciency improvement is very
remarkable specially for short survival times and above 20% in most of the cases.
Additionally, it is important to remark that even after estimating the optimal bandwidth
parameter, the estimated eﬃciency gain curve is capturing reasonably well the eﬃciency
gain performance of the naive local constant estimator.
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8 Conclusion
We conclude that the naive local constant estimator can be easily applied for estimating
the cumulative hazard function based on real survival data. It provides a substantial
eﬃciency improvement with respect to the Nelson-Aalen estimator, especially for small
survival times (well above 60%).
Regarding the practical aspects that should be addressed in order to use this
estimator, we conclude that it is possible to apply the local linear estimator in order to
get an approximation of the hazard and its squared first derivative, which are necessary
to estimate the optimal bandwidth. As mentioned before, in case the bandwidth used in
the study diﬀers from the optimal one, the eﬃciency improvement is not the optimal,
but it is still positive.
Therefore, we conclude that the naive local constant estimator should be considered
as an alternative to the Nelson-Aalen estimator in survival studies. The new estimator
can be easily applied and provides with an improved eﬃciency performance with respect
to the Nelson-Aalen estimator.
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Abstract
The one-way analysis of variance is a staple of elementary statistics courses. The hypothesis test
of homogeneity of the means encourages the use of the selected-model based estimators which are
usually assessed without any regard for the uncertainty about the outcome of the test. We expose
the weaknesses of such estimators when the uncertainty is taken into account, as it should be, and
propose synthetic estimators as an alternative.
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1 Introduction
For most students of statistics, analysis of variance (ANOVA) is their first encounter with
model-based inference. In the standard one-way setting of K groups with nk observations
each, drawn independently and at random from the respective normal distributions
N(μk , σ2 ), k = 1, . . . , K, the two contending models are
A, no constraints on the expectations μk , k = 1, . . . , K;
B, homogeneity; μ1 = μ2 = . . . = μK .
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The centrepiece of a typical analysis is the test of the hypothesis that model B is
valid. The possible outcomes of the test are that we have evidence against model B,
that is, for rejecting the hypothesis that B is valid, or that we have failed to find such
evidence. These outcomes are often interpreted as:
a, model B is not appropriate;
b, model B might be appropriate.
Thus, rejection of B is equated to ruling B out, discarding the possibility of the error of
the first kind. Logical consistency is corroded further when after failing to reject B we
proceed to adopt B, and act as if B were valid. Any model selection, such as one based
on the likelihood ratio or an information criterion, entails similar inconsistency if the
imperfection of the model selection process is ignored.
In this paper, we explore the properties of estimators based on selected models,
relate their distributions to mixtures and propose, as an alternative, synthetic estimators
which linearly combine the contending estimators. We focus on the standard setting of
ANOVA, using elementary tools, and demonstrate that the deeply ingrained two-stage
strategy of identifying a suitable model and basing all subsequent inferences on this
model is not conducive to eﬃcient estimation.
The next section introduces the setting and describes the model-selection based
estimator of the expectation of a group. The following section defines synthetic
estimators which combine the alternative (constituent) estimators, and identifies their
principal diﬃculty – estimation of the weights to be accorded to the constituent
estimators. This problem is addressed in Section 4. The properties of several versions
of these estimators are explored by simulations in Section 5. Section 6 incorporates
prior information, within the frequentist framework, about the deviation μ1 − μ of the
expectation of the target group from the overall expectation. Section 7 applies synthesis
to estimating the within-group variance σ2 . The concluding section discusses the full
potential of synthetic estimators and some of its implications.

2 Estimating μ1
There are two obvious candidates for estimating the expectation μ1 : the sample mean
μ̂1 = ȳ1 of the n1 observations in group 1 and μ̂, the sample mean of all the n =
n1 + · · · + nK observations y = (y11 , y21 , . . . , yn K ) . We refer to them as single-model
based estimators. Their respective distributions are


σ2
μ̂1 ∼ N μ1 ,
n1
K
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σ2
μ̂ ∼ N μ,
.
n
We regard the mean squared error (MSE) as the arbiter of the quality of an estimator;
smaller MSE (greater eﬃciency) is preferred. The estimators μ̂1 and μ̂ have respective
MSEs σ2 /n1 and σ2 /n + (μ1 − μ)2 . This suggests that when we entertain only μ̂1 and μ̂
as possible estimators of μ1 we should use μ̂1 when we believe that
(μ1 − μ)2 > σ2 g1 ,

(1)

where g1 = 1/n1 − 1/n, and use μ̂ otherwise. We define gk , k = 2, . . . , K, similarly
to g1 . Setting aside for the moment the fact that μ1 − μ is not known, the criterion
based on (1) implies that our choice between models A and B should not be made by a
hypothesis test in a blanket fashion for all subsequent inferences that are based on y. For
example, the expectation for a group with a small sample size n1 may be estimated more
eﬃciently by μ̂, whereas the expectation of another group, with a greater sample size
n2 , may be estimated more eﬃciently by μ̂2 . This calls into question the presumption
that a valid model is the ideal basis for eﬃcient estimation. If the expectations μk were
in a suﬃciently narrow range, without all of them coinciding, μ̂ would be more eﬃcient
than μ̂1 for estimating μ1 , even though it would be based on the invalid model B.
Let I be the indicator of the event that model B is selected by the established
ANOVA or a similar procedure. In the conventional approach, the analysis concludes
with the selected-model based estimator
μ̂†1 = (1 − I) μ̂1 + Iμ̂ ,
stating that it is unbiased and has the sampling variance
 
var† μ̂†1 = (1 − I) var( μ̂1 ) + I var( μ̂) .

(2)

(3)

(Note that this ‘variance’ is not a constant, but a random variable with a scaled Bernoulli
distribution.) That is, if A is selected, then we report μ̂1 and associate it with sampling
variance σ2 /n1 , and if B is selected, then we report μ̂ and associate it with variance σ2 /n,
claiming in both cases that the estimator is unbiased. Even if σ2 is known or its eﬃcient
estimator is substituted in (3), this conclusion is flawed, and this is easy to show by
simulations. The key to such a demonstration is to apply the model selection, between
the data-generation and estimation steps, in each replication. Figure 1 displays
the


empirical (simulated) distributions of the estimator μ̂†1 and the estimator of var† ( μ̂†1 )
obtained by substituting the conventional estimates for the variances on the right-hand
side of (3). The diagram is based on the setting with K = 5 groups, each with nk = 7
observations, μ1 = 1, μ2 = . . . = μ5 = − 14 , so that μ = 0, and σ2 = 1. The size of the
F-test for selecting between A and B is set to α = 0.05.
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Figure 1: The empirical distribution of μ̂†1 and of the estimator of its standard error, var
 † ( μ̂†1 ) , for the
1
2
setting with μ1 = 1, μ2 = . . . = μ5 = − 4 and σ = 1. The solid vertical lines indicate the respective targets,
μ1 = 1 and MSE( μ̂†1 ; μ1 ) = 0.718, and the vertical dashes the empirical expectations of the estimators.
The shaded parts correspond to the outcomes when the null-hypothesis was not rejected. Based on 25 000
replications.

The shaded part of the histogram of μ̂†1 in the left-hand panel represents the
replications in which the null hypothesis was not rejected and μ̂ was evaluated. The
vertical lines mark the expectation (dashes, E( μ̂†1 ) = 0.686) and the target (solid line,
μ1 = 1). The estimator μ̂†1 is biased and distinctly not normally distributed; in fact, its
density is bimodal, with a small value at its expectation. The conditional distributions
( μ̂1 | I = 1) and ( μ̂ | I = 0) have a narrow overlap; 0.45, a value near the point where the
two conditional densities intersect, is the 0.46-percentile of ( μ̂ | I = 0) and the 99.23percentile of ( μ̂ | I = 1).
The empirical distribution of the estimator of the standard error of μ̂†1 based on (3) is
drawn in the right-hand panel. Every one of the 25 000 generated estimates falls short of
the empirical root-MSE, which is equal to 0.718; the empirical mean of these estimates
is 0.320. Clearly, any reference to a χ2 distribution for the estimated sampling variance
would be grossly erroneous. In summary, the model selection is a highly non-ignorable
process.
Some of the findings from this example can be confirmed analytically and
generalised. For instance, unless the appropriate model is selected with certainty or
μ1 = μ, estimator μ̂†1 is biased:
 
E μ̂†1 = pA E ( μ̂1 | I = 0) + pB E ( μ̂ | I = 1)
= μ1 + pB {E ( μ̂ | I = 1) − E ( μ̂1 | I = 1)} ,
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where pA = P(I = 0) and pB = 1 − pA . Note that E( μ̂ | I = 0)  μ1 and
E( μ̂1 | I = 1)  μ, because the sample means μ̂1 and μ̂ are correlated with I.
The variance formula (3) remains incorrect even when I is replaced by its
expectation pB :


MSE μ̂†1 ; μ1 = pA MSE ( μ̂1 | I = 0) + pB MSE ( μ̂ | I = 1)
= pA var ( μ̂1 | I = 0) + pB var ( μ̂ | I = 1)
+ pA {E ( μ̂1 | I = 0) − μ1 }2 + pB {E ( μ̂ | I = 1) − μ1 }2 .
The last two terms are positive, unless pA pB = 0 or μ1 = μ. Their total diﬀers from
the squared bias of (3) in estimating the MSE, because var( μ̂1 | I = 0)  var( μ̂1 ) and
var( μ̂ | I = 1)  var( μ̂). The conditioning in these two variances is essential; I is
independent of neither μ̂1 nor μ̂.

3 Synthetic estimation
As an alternative to the selected-model based estimator μ̂†1 , we consider the convex
combination
μ̃1 = (1 − b1 ) μ̂1 + b1 μ̂ ,
and set the coeﬃcient b1 (or, in a more rigorous notation, bμ ) so as to minimise
M(b1 ) = MSE(μ̃1 ; μ1 ). After substituting cov( μ̂1 , μ̂) = σ2 /n and rearranging the terms,
we obtain
1

M(b1 ) = (1 − b1 )2

σ2
σ2
σ2
+ b21
+ 2b1 (1 − b1 )
+ b21 (μ1 − μ)2
n1
n
n


σ2
= b21 g1 σ2 + (μ1 − μ)2 − 2b1 g1 σ2 +
.
n1
This function attains its minimum at
b∗1 =

g1
.
(μ1 − μ)2
g1 +
σ2

If b∗1 were established with precision, the ideal synthetic estimator
μ̃1 (b∗1 ) = (1 − b∗1 ) μ̂1 + b∗1 μ̂

(4)
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would be more eﬃcient than both μ̂1 and μ̂ because these constituent estimators are
equal to μ̃1 (0) and μ̃1 (1), whereas b∗1 ∈ (0, 1). The MSE of μ̃1 (b∗1 ) is σ2 (1/n1 − b∗1 g1 ). For
the setting of Figure 1, this corresponds to root-MSE 0.362.
In practice, b∗1 has to be estimated, so the estimator μ̃1 (b̂∗1 ) is less eﬃcient than μ̃1 (b∗1 ),
and may be less eﬃcient than μ̂1 or μ̂. In model selection we incur a similar loss due to
uncertainty about the validity of model B. However, even if model B could be ruled out,
μ̂ may be more eﬃcient than μ̂1 , because the squared bias of μ̂ may be smaller than the
variance reduction g1 σ2 ; see (1). With errors of both kinds in model selection, μ̂†1 is likely
to have MSE greater than min σ2 /n1 , σ2 /n + (μ1 − μ)2 . The key questions therefore are
how much eﬃciency is lost and how much are the respective MSEs underestimated in
the two approaches.
For selected-model based estimation, we can, in principle, choose any selection
process (binary statistic) I. Similarly, for synthetic estimation, we can choose any
estimator of the coeﬃcient b∗1 . Except for Hjort and Claeskens (2003), statistical
literature oﬀers little rationale for choosing a diﬀerent model-selection process I for
one target (μ1 ) than for another (μ2 or σ2 ). In contrast, in synthetic estimation, the ideal
coeﬃcients b∗k for the distinct expectations μk coincide only when n1 = . . . = nK .

4 Estimating b∗1
To address the problem without any distractions, we assume first that σ2 is known. The
obvious way of estimating b∗1 is naively, by
b̂1 =

g1
.
( μ̂1 − μ̂)2
g1 +
σ2

(5)

As E( μ̂1 − μ̂)2 = (μ1 − μ)2 + g1 σ2 , 1/b̂1 overestimates 1/b∗1 . This does not imply that b̂1
underestimates b∗1 , but cases when E(b̂1 ) < b∗1 arise only in some esoteric situations.
If we adjust ( μ̂1 − μ̂)2 for its bias in estimating (μ1 − μ)2 , we obtain the estimator
b̂1 = g1 σ2 /( μ̂1 − μ̂)2 . Its values can exceed unity, in which case μ̂1 would be associated
with negative ‘weight’ 1 − b̂1 . This estimator of b∗1 is therefore not suitable. In any case,
unbiased estimation of 1/b∗1 does not lead to unbiased estimation of b∗1 .
When there are several groups and we have no external information about the relative
sizes of the expectations μk or deviations μk − μ, we might estimate (μ1 − μ)2 by an
(approximately) unbiased estimator of the group-level variance
σ2B =

1
K

K

(μk − μ)2 .
k=1

Nicholas T. Longford

83

Such an estimator would be biased for (μ1 − μ)2 , but its MSE may be much smaller,
because it draws on the information in all the groups. The variance σ2B can be estimated
without bias by moment matching. We define a statistic quadratic in the outcomes y,
such as
SB =

1
K

K

( μ̂k − μ̂)2 ,
k=1

and match it with its expectation, E(S B ) = ḡ σ2 + σ2B , where ḡ = K1 (g1 + · · · + gK ). This
yields the estimator
σ̂2B = S B − ḡ σ̂2 ,
where σ̂2 is an unbiased estimator of σ2 . The estimator σ̂2B can be interpreted as adjusting
S B for its bias in estimating σ2B . It can attain negative values, and these should be
truncated at zero, even though the resulting estimator is biased. The pooled within-group
variance estimator is the obvious choice for σ̂2 .
Yet another way of estimating b∗1 is to consider the consequences of its under- and
overestimation. By underestimating b∗1 we tend to err on the side of attaching greater
weight to μ̂1 , reducing the bias but increasing the variance of μ̃1 , which nevertheless
has the upper bound σ2 /n1 . In contrast, by overestimating b∗1 we tend to err on the side
of attaching greater weight to μ̂, the bias of which does not have an a priori bound.
This suggests that underestimating b∗1 , and hence overestimating (μ1 − μ)2 or σ2B , is
preferable. This has the added advantage that the greater denominator in b̂1 brings about
greater stability. Instead of overestimating the denominator of b∗1 , we may simply use
the estimator μ̃1 (r1 b̂1 ) with an a priori set constant factor r1 < 1.
The synthetic estimator can be described as a shrinkage estimator, pulling the
unbiased estimator μ̂1 toward the more stable but biased estimator μ̂. The estimator
μ̃1 (r1 b̂1 ) thus involves reduced shrinkage. When b∗1 is estimated using σ̂2B , μ̃1 has the
same form as empirical Bayes estimators (Efron and Morris, 1972), which borrow
strength across the groups. The only essential diﬀerence arises due to the diﬀerent
meaning of the between-group variance. It relates to a finite set of groups in our fixedeﬀects and to an infinite population of groups in the random-eﬀects setting. Through the
involvement of σ̂2B in b̂1 , the synthetic estimator μ̃1 (b̂1 ) can borrow strength across the
groups, or exploit their similarity, even without assuming a superpopulation of groups.

5 Empirical assessment
An analytical expression can be derived for neither MSE( μ̂†1 ; μ1 ) nor MSE{ μ̃1 (b̂1 ); μ1 },
and so these quantities can only be estimated by simulations. However, setting up such
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simulations is easy, not much more diﬃcult than programming a single replication of
the data-generating, model selection and estimation processes.
We lose no generality by reducing our attention to parameter values μ = 0, σ2 = 1
and, owing to symmetry, to positive deviations Δ = μ1 − μ. As the benchmark, we
use the ANOVA estimator μ̂†1 based on the F-test with the conventional size α = 0.05.
Instead of the outcomes yik it suﬃces to generate the sample means μ̂k as random draws
from N(μk , σ2 /n1 ) and the within-group corrected sums of squares s2k = i (yik − μ̂k )2
independently from suitably scaled χ2 distributions:
(nk − 1)

s2k
∼ χ2n −1 .
σ2
k

For a fixed set of sample sizes n1 , . . . , nK , we execute 5 000 replications of the ANOVA
and synthetic estimators for each value of Δ on a grid of 76 equidistant points in the
closed interval [0, 3]. For each estimator, we evaluate its empirical bias and MSE. For
ANOVA estimators, the probability of rejecting model B can be obtained as the tail of
the appropriate non-central F-distribution.
Figure 2 displays the root-MSEs of several estimators of μ1 , as functions of the
(absolute) deviation Δ. It exposes the gross ineﬃciency of the selected-model based
estimator μ̂†1 for a wide range of deviations Δ. The synthetic estimator μ̃1 (b̂1 ) with naively
estimated b∗1 is more eﬃcient than the estimator with b̂1 = g1 /(g1 + σ̂2B ), except for very
small values of Δ. In our setting, σ2B = 14 is much smaller than (μ1 − μ)2 = 1, so σ̂2B is
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Figure 2: The root-MSEs of the estimators of μ1 : μ̂†1 given by (2) (solid line), μ̃1 (b̂1 ) with b̂1 given by (5)
(short dashes), μ̃1 (b̂1 ) with b̂1 = g1 /(g1 + σ̂2B ) (dots), μ̂1 (dots and short dashes), μ̂ (long dashes) and the
ideal synthetic estimator μ̃1 (b∗1 ) given by (4) (dots and long dashes). The figures at the bottom of the diagram
are the probabilities of rejecting model B by the standard F-test.
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0.35

Estimators:
r=1
r = 0.9
r = 0.8
r = 0.7
r = 0.6
Ideal

0.30

root−MSE

0.40

a poor estimator of (μ1 − μ)2 . For large values of Δ, μ̂†1 is marginally more eﬃcient than
μ̃1 (b̂1 ), and both of them approach the eﬃciency of μ̂1 , without surpassing it. In fact, for
Δ > 2.5, the null hypothesis is rejected and μ̂†1 = μ̂1 in all 5 000 replications.
The power of the F-test, that is, the probabilities β(Δ) of rejecting model B, are given
at the bottom of the diagram for Δ = 0, 0.2, . . . , 3. The model-selection estimator μ̂†1
is less eﬃcient than μ̂1 when Δ = 1.4 and β(1.4) = 0.88 (root-MSE 0.57) and when
Δ = 0.4 and β(0.4) = 0.12 (root-MSE 0.45). Thus, the probability of the ‘correct’ model
choice is a poor proxy for the eﬃciency of μ̂†1 .
Figure 3 contains the plot of the root-MSEs of the synthetic estimators of μ1 with
reduced shrinkage, μ̃1 (rb̂1 ), with the naive estimator b̂1 of b∗1 and 0.6 ≤ r ≤ 1.0. It shows
that by reducing the shrinkage we improve estimation around Δ = 1, where the MSE is
largest, at the expense of losing some eﬃciency for small values of Δ, where the MSE
is smallest. The root-MSE of the ideal synthetic estimator μ̃(b∗1 ) is smaller than for any
synthetic estimator with estimated b∗1 .

0

1

2

3

Deviation

Figure 3: The root-MSEs of the estimators of μ̃1 (rb̂1 ) with naively estimated b∗1 and r = 0.6, 0.7, 0.8, 0.9
and 1.0.

We conclude this section with Figure 4 which presents the empirical distributions of
μ̃1 (b̂1 ) using the naive estimator b̂1 given by (5), and of the naive estimator of its rootMSE, σ̂2 (1/n1 − g1 b̂1 ). The same setting for the simulation and the same layout for the
diagram are used as in Figure 1. The distributions in Figure 4 are unimodal and do not
deviate substantially from normality and a scaled χ2 distribution with many degrees of
freedom. The estimator μ̃1 has a small bias but, more importantly, its root-MSE is much
smaller than for μ̂†1 . Because the uncertainty about b∗1 is ignored, the root-MSE of μ̃1
is underestimated, by 0.063, but much less blatantly than it is for μ̂†1 . Admittedly, this
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Figure 4: The empirical distributions of μ̃1 (b̂1 ) and of the naive estimator of its standard error for the same
setting as in Figure 1. Based on 25 000 replications.

comparison of μ̃1 and μ̂†1 is somewhat unfair, because the setting is least favourable for
the latter. However, for μ1 = 1, μ̃1 also has (nearly) the highest root-MSE, see Figure 2.

6 Prior information about Δ
An unsatisfactory property of all of the estimators explored so far is that they fail to
outperform μ̂1 uniformly. In this section we make amends on this count, although for
that we require an upper bound on the absolute deviations | Δ |. Suppose we are confident
that | Δ | is smaller than an a priori set value Δ∗ . We apply the synthetic estimator
that is optimal when Δ = Δ∗ , and assess its properties when in fact | Δ | ≤ Δ∗ . Let
BΔ = g1 /(g1 + Δ2 /σ2 ) and B∗ = BΔ . The MSE of the estimator μ̃1 (B∗ ) is
∗



σ2
.
B2∗ g1 σ2 + Δ2 − 2B∗ g1 σ2 +
n1
For fixed Δ∗ , this is an increasing (linear) function of Δ2 , so it attains its maximum in
[0, Δ2∗ ] for Δ2 = Δ2∗ . At this point, μ̃1 (B∗ ) coincides with the ideal synthetic estimator, and
so it is eﬃcient. Therefore, among the synthetic estimators it is the minimax estimator;
any other synthetic estimator has a greater maximum MSE within Δ ∈ (−Δ∗ , Δ∗ ). Figure
5 provides an illustration using our earlier setting with K = 5 groups, n1 = . . . = nK = 7,
and σ2 = 1, and with Δ∗ set to 1.5. The estimator μ̃1 (B1.5 ) is uniformly more eﬃcient
than μ̂1 for μ1 ∈ (μ − Δ∗ , μ + Δ∗ ), and is less eﬃcient than μ̂ only when | Δ | is very small.
If we are justified to set Δ∗ lower, say, to 0.75, then the estimator μ̃1 (B0.75 ) is uniformly
more eﬃcient than μ̃1 (B1.5 ) while | Δ | < 0.75. It is more eﬃcient for slightly greater
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Figure 5: The root-MSEs of the minimax synthetic estimators. The same setting is used as in Figures 2
and 3. The root-MSEs of the minimax synthetic estimators are drawn by thick solid lines in the ranges of
deviations Δ assumed to be plausible and by thin solid lines outside them. The upper bound Δ∗ is indicated
at the left-hand margin and by the vertical dots.

absolute deviations | Δ |, but its MSE increases more steeply than for Δ∗ = 1.5. Using a
value of Δ∗ that is too small has more severe consequences than making a conservative
choice of a greater value of Δ∗ .

7 Estimating σ2
Synthetic estimation can be applied also to σ2 , by combining the two candidate
estimators
1
σ̂ =
n−K

K

nk

(yik − μ̂k )2

2
A

σ̂2B =

1
n−1

k=1 i=1
K

nk

(yik − μ̂)2 ,
k=1 i=1

based on the respective models A and B. These two estimators are connected by the
orthogonal decomposition
K

(n − 1) σ̂2B = (n − K) σ̂2A +

nk ( μ̂k − μ̂)2 .
k=1

(6)
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Their distributions are scaled χ2 ,
(n − K)

σ̂2A
∼ χ2n−K,0
σ2

(n − 1)

σ̂2B
∼ χ2n−1,γ ,
σ2

where the subscripts indicate the number of degrees of freedom and the noncentrality,
and γ =

k

nk (μk − μ)2 /σ2 . The orthogonal decomposition in (6) implies that


 
n−K
2σ4
cov σ̂2A , σ̂2B =
var σ̂2A =
.
n−1
n−1

Further,
 
2σ4
var σ̂2A =
n−K
 
2σ4
4γσ4
.
var σ̂2B =
+
n − 1 (n − 1)2
The convex combination
σ̃2 = (1 − bW ) σ̂2A + bW σ̂2B
attains its minimum MSE in estimating σ2 for


 
var σ̂2A − cov σ̂2A , σ̂2B
b∗W =
 

   
 
 
var σ̂2A + var σ̂2B − 2cov σ̂2A , σ̂2B + E σ̂2A − E σ̂2B

2

2σ4
2σ4
−
n−K n−1
=
2σ4
γ2 σ4
2σ4
4γσ4
+
−
+
n − K n − 1 (n − 1)2 (n − 1)2
=

2q
,
2q + 4γ + γ2

where q = (K − 1)(n − 1)/(n − K).

(7)
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In a balanced design, with nk ≡ n/K, and many groups K, so that n
b∗W 

<
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nk ,

2K
σ4
σ2
2K + 4n B2 + n2 B4
σ
σ
1
σ2
1 + 2nk B2
σ

,

after approximating q by K and γ by nσ2B /σ2 . This is smaller than the coeﬃcient b∗1
for estimating μ1 , when Δ2 in its denominator is replaced by σ2B . This comparison
of b∗1 and b∗W can be motivated as follows. For estimating μ1 , we seek to exploit the
n − n1 observations from outside group 1, which could increase the eﬀective number
of observations from n1 to n. In many settings this amounts to a several-fold increase.
In contrast, for estimating σ2 , we seek to engage K − 1 degrees of freedom in addition
to n − K. Usually this amounts to only a modest increase. For example, in the setting
studied earlier, n1 = 7, n = 35 and K = 5, synthetic estimation of μ1 seeks to exploit the
information in 28 observations in addition to the seven in group 1, whereas estimation
of σ2 draws on only four degrees of freedom in addition to n − K = 30. We should
be disposed much less favourably toward submodel B for estimating σ2 than for μ1 ,
because synthesis has a very modest potential for gain in precision given the threat
of bias associated with the contentious K − 1 degrees of freedom. This reinforces our
earlier conclusion that selecting the same model for estimating several targets associated
with a dataset need not be optimal for all of them. Combining the single-model based
estimators using the same set of weights for several targets, as is done by Bayesian
model averaging (Kass and Raftery, 1995; Hoeting et al., 1999) may also be suboptimal
– estimators have to be averaged with target-specific weights.

8 Discussion and conclusions
We introduced synthetic estimators for the ANOVA setting and showed that their
weaknesses (low eﬃciency for some parameter values) are not as pronounced as for
the selected-model based estimators. The principle applied, of combining alternative
estimators instead of selecting one of them, is applicable much more generally; see
Longford (2003) for its application to ordinary regression and Longford (2007) to
estimation of the MSE in a setting similar to ANOVA.
A synthetic estimator θ̃ which has constituent estimators θ̂A and θ̂B , based on
respective models A and B, can be paired with a model-selection based estimator θ̂
which selects between the models A and B and the respective single-model based
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estimators θ̂A and θ̂B . The synthetic estimator θ̃ has a greater potential than the modelselection based estimator θ̂, because its ideal version μ̃(b∗ ) is more eﬃcient than the
ideal version of θ̂, equal to the single-model based estimator with the smaller MSE.
The synthetic estimator can be extended to more than two constituent estimators; see
Longford (2005, Chap. 11) for details.
Our conclusion calls for a revision of the dictum that identification of a
(parsimonious) valid model is an essential prerequisite for eﬃcient estimation. We
have shown that estimators based on some invalid models, namely submodels of valid
models, are eﬃcient for some targets. The presented perspective calls into question the
eﬀectiveness of all model-selection procedures, including those based on information
criteria, which seek to maximise the probability of the appropriate choice without
assessing the consequences of an inappropriate model choice, however small its
probability may be.
Diagnostic procedures can be considered similarly. Since their application may lead
to a revision of the model or of the dataset, the estimator involved is a mixture of
the (numerous) estimators that are specific to the possible outcomes of the diagnostic
process. This should not be regarded as an unqualified discouragement from applying
diagnostic procedures. However, when the outcome of the procedure is subject to
uncertainty, the estimator that incorporates the application of a procedure has a
distribution diﬀerent from its version that skips the application. If we are certain that a
particular diagnostic procedure is unnecessary, the estimator is more eﬃcient than if we
were not certain and applied it, even if the actual outcome of the procedure is negative,
failing to find any contradiction with the model assumptions. Applying a comprehensive
battery of diagnostic procedures is not a good practice because it inflates the chances
of an inappropriate revision of the model or dataset following a false positive finding.
Instead, procedures should be carefully selected to respond to the analyst’s uncertainties
as assessed prior to data inspection.
Model selection and diagnostic procedures do not come for free in inference, and
we do not act with scientific integrity when we quote the (conditional) properties of
estimators given their selection, ignoring the uncertainty associated with the application
of such procedures. The lack of integrity is exacerbated when we do not inform about
the details of the procedures applied, or when they are applied informally and aﬀord no
simple description. Addressing these problems is essential for integrity in the conduct
of statistical inference.
Unbiased estimation of MSEs of synthetic estimators is an open problem, just as it is
for selected-model based estimators and estimators that are applied following diagnostic
and data-cleaning procedures. Exploration by simulations is the only solution available
at present even for the simplest settings. Methods based on expansions, which are valid
only asymptotically, cannot resolve the issues we have highlighted in this paper because
model uncertainty and the trade-oﬀ between sampling variance and bias are essentially
small-sample issues.
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Abstract
Canonical non-symmetrical correspondence analysis is developed as an alternative method for
constrained ordination, relating external information (e.g., environmental variables) with ecological
data, considering species abundance as dependant on sites. Ordination axes are restricted to be linear
combinations of the environmental variables, based on the information of the most abundant species.
This extension and its associated unconstrained ordination method are terms of a global model that
permits an empirical evaluation of the impact that the environmental variables have on the community
composition. Scores, contributions, qualities of representation, interpretation of dispersion graphs and
an application to real vegetation data are presented.
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1 Introduction
The study of ecological communities is generally based on the analysis of two data
tables, one that contains information on species compositions at given sites (e.g.,
abundance, cover of species; table Y), and another containing habitat measurements
at those sites, information on environmental variables that aﬀect the distribution of
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those species (table Z). The objective is the detection of species distribution patterns
or the ordination of sites compatible with a given gradient, and the study of the
relationship between these results and the measured environmental variables. To achieve
this, unconstrained or constrained ordination methods are used.
These data tables contain multidimensional information, part of which is redundant.
Multivariate techniques that arrange sites along axes on the basis of species composition
data are called (unconstrained) ordination methods. They can be thought of as methods
for matrix approximation to summarize that information or as methods to detect the
latent structure of such tables (ter Braak 1987b ). Correspondence analysis (CA, Benzecri
1973) or a modification of CA called detrended correspondence analysis (DCA, Hill and
Gauch 1980), are examples of such techniques. Ordination axes can be interpreted in
relation to environmental variables through correlation coefficients between them and
the external variables. This two-stage process, in which environmental gradients are
inferred from the ecological data, is known as indirect gradient analysis (Whittaker 1967).
External information can also play an active role in the analysis by imposing the
restriction that ordination axes should be linear combinations of the environmental
variables, in a direct gradient analysis context, in which case the process of identifying
the latent structure is called constrained ordination. Redundancy analysis (RDA - Rao
1964, van der Wollenberg 1977) and canonical correspondence analysis (CCA - ter
Braak 1986) are two common techniques of this type, being the latter more appropriate
for this type of data due to the relationship between species abundance and external
variables. A general approach for constrained analysis is introduced by Anderson and
Willis (2003), which take into account the correlation structure among the variables in
the species table, in contrast with the traditional methods, like RDA or CCA, and with
the one presented here. Notice that the role played by the tables Z and Y is asymmetric.
Chessel and Mercier (1993) and Dolédec and Chessel (1994) consider the study of
covariation of both tables in a symmetric approach, known as co-inertia analysis.
Under the assumption that the relationship between species data and environmental
variables follows a Gaussian response curve, Gauch et al. (1974) proposed an ordination
technique called Gaussian ordination. Ter Braak (1985) demonstrated that CA (with a
single gradient) and DCA (with two gradients), approximate the results of a Gaussian
ordination when the “packing model conditions”, described by Hill (1979), are satisfied.
However, one of the drawbacks of CA is the excessive weight given to sites that
contain rare species, due to the use of the chi-square metric (see also Cuadras et al.
2006, for CA advantages and drawbacks). As a consequence, those sites are placed as
atypical points on the extremes of the first ordination axis. By contrast, CCA minimizes
this problem provided those sites are not atypical in terms of the environmental variables
(ter Braak 1987a ).
As an alternative to CA, Gimaret-Carpentier et al. (1998) proposed, for the analysis
of species occurrences data, the use of non-symmetrical correspondence analysis
(NSCA) developed by Lauro and D’Ambra (1984). This technique gives uniform weight
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to species (considering them as depending on sites), and its results are based on the most
abundant ones. Furthermore, in NSCA the possibility of appearance of the arch eﬀect,
typical in CA representations, is reduced, unless it results from inherent data features
(Gimaret-Carpentier et al. 1998).
Starting from the species occurrence table, Pélissier et al. (2003) worked on NSCA
and CA relating them to diversity indices, and mentioned that the binary table describing
sites could be replaced by another table of arbitrary variables.
The objective of this work is to develop this approach with respect to NSCA, but
working directly on the sites-by-species and sites-by-environmental variables tables.
That is, we extend NSCA as a constrained ordination method in a direct gradient analysis
context, calling it canonical non-symmetrical correspondence analysis (CNCA). Scores
for sites, species and environmental variables, with their respective indicators of
contribution and qualities of representation will be given. Site-profiles (used to identify
floristic aﬃnities between sites – Gimaret-Carpentier et al. 1999), which take species as
dependent on sites, will be considered.
Even when unconstrained and constrained ordination methods can be seen as
pointing out to diﬀerent purposes (Økland 1996), they can also be seen as terms of
a general model that partition the total variance of the species data into components
of explained and unexplained variance through the external variables. This approach
was developed by Takane and co-workers (e.g., Takane and Hunter 2001), principally
oriented to other research areas, as a way of investigating the empirical validity of
the hypotheses incorporated as external constraints. The proposed method (CNCA),
together with its unconstrained counterpart (NSCA), are terms of the general model,
so in this work both analyses are taken as complementary, aiming to investigate the
species-environment relationship.

2 Canonical non-symmetrical correspondence analysis (CNCA)
Let Y = (yik ), of order n × q, be a data table containing information on q species (e.g.
abundance, biomass or cover) measured at n sites, and Z = (zi j ), of order n × p, a second
data table with p quantitative environmental variables, with non-singular (weighted)
covariance matrix, measured at the same sites, such that yik is the descriptor of the k-th
species at site i, and zi j the value of the j-th environmental variable at site i. Let F = y−1
.. Y
be the associated correspondence matrix, where y.. is the grand total of Y.
Without loss of generality, let Z be standardized, to make the estimates of their
coeﬃcients comparable. This is done with Dn -weighted means and variances:
n

i=1

fi. zi j = 0

and

n

i=1

fi. z2i j = 1,

j = 1, . . ., p,
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where Dn = diag ( f1. , f2. , . . . , fn. ), the diagonal matrix of the vector fn = F 1q , the row
(site) marginals of F, where 1q is a vector of ones.
We develop CNCA by two diﬀerent approaches. The first one, as an ordination
technique with instrumental variables, and the second one, from the analysis of an intertable L obtained from the two basic tables Y and Z.
First CNCA approach. Within this framework, this technique consists, as other
constrained ordination methods like RDA and CCA, in analysing the fitted values of
species information by the respective ordination technique, with metrics and weights
determined by the original data. These fitted values come from the orthogonal (with
respect to metric Dn ) projection of the original values onto the subspace generated by
the columns of Z. With respect to RDA this approach is given in Rao (1964), and with
respect to CCA, in Lebreton et al. (1988).
When NSCA is used to analyse the information on species composition (with sites
in rows), the starting point is the centred row-profile matrix P̃:


F − fn fTq ,
(1)
P̃ = P − 1n fTq = D−1
n
T
where P = D−1
n F, the row-profile matrix, and fq = F 1n the vector of q column (species)
marginals f.k , k = 1, . . . , q. For each species, matrix P̃ provides the magnitude of the
diﬀerence between its participation in that site-profile and the average profile, indicating
a greater or smaller relative abundance given that site.
This approach defines CNCA as a NSCA on the projected centred row-profile matrix
∗
P̃ , with Euclidean metric and site weights fi. , i = 1, . . ., n, such that:

∗

P̃ = Π P̃

(2)

−1

being Π = Z ZT Dn Z ZT Dn the orthogonal projector with respect to metric Dn . The
asterisk indicates that a matrix contains projected values.
∗
Then, CNCA is based on the analysis of the triplet (P̃ , Iq , Dn ). It follows from the
generalized singular value decomposition (GSVD, Greenacre 1984, p. 40):
∗

P̃ = R Λ TT

(3)

such that RT Dn R = Iv and TT T = Iv , where R and T are the left and right singular
∗
vectors matrices of P̃ , respectively, with diagonal matrix Λ containing the respective
singular values, such that λ1 ≥ λ2 ≥ · · · ≥ λv , where v (rank of Z) is the maximum
number of constrained axes.
In this first approach, notice that the diﬀerence between CNCA and CCA, as it is for
NSCA and CA (Pélissier et al. 2003), is the metric considered on the site space (when
analysing site-profiles). Nevertheless, as is discussed in Section 4, this diﬀerence has
implications that go further than a simple algebraic change.
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Second CNCA approach. From this perspective, CNCA is defined as the analysis
of the inter-table L, of order q × p, such that:
T

L = F̃ Z,

(4)

where F̃ = F − fn fTq is the matrix that contains in its ik-th element the magnitude of the
departure of the observed value fik from the independence hypothesis. In our context,
F̃ measures the magnitude of the diﬀerence between the observed (relative) abundance
and that which would result in the presence of a random distribution of species through
sites.
The k j-th element of L is the weighted total diﬀerence on the j-th environmental
variable between the sites that possess relative abundance of species k greater than
the one expected in the presence of a random distribution of species, and those whose
relative abundance is less than that value, the weights being the corresponding elements
of F̃. Then, matrix L gives greater weight to species that contribute more largely to the
diﬀerentiation between sites, giving less participation to those of low presence.
To obtain score estimates invariant to non-singular linear transformations of the
external variables, these variables are weighted by the inverse of their covariance
matrix. Thus, the solution follows from the singular value decomposition of L p =
 T
−1/2 T
Z Dn Z
L:
L p = A Λ TT

(5)

such that AT A = Iv and TT T = Iv , where A and T contain in their columns the left
and right singular vectors of L p , respectively, with Λ a diagonal matrix containing the
respective singular values (T and Λ are equivalent to the ones in (3)).
•

Sites and species scores in CNCA
Scores for rows (sites) and columns (species) are obtained by solving equation (3),
∗
rewritten as P̃ = X TT . Hence
∗

X = R Λ = P̃ T

(6)

contains in its columns the principal coordinates of sites, with covariance matrix Λ2 ,
where R contains the site scores in standard coordinates; while the columns of T contain
∗
species standard coordinates, of unit variance, and U = T Λ = P̃ T Dn R the species
principal coordinates.
•

Environmental variable scores in CNCA
Since site scores are linear combinations of environmental variables, canonical
weights (C) of these variables can be obtained through the following expression:
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−1
C = ZT Dn Z ZT Dn X

(7)

Depending on the chosen scaling, equation (7) can be written in terms of the principal
coordinates X or the standard coordinates R. These canonical weights are partial
regression coeﬃcients of the multiple regression of site scores on the environmental
variables (measuring conditional eﬀects). Thus when external variables are correlated,
giving rise to the known multicollinearity problem, the interpretation of the canonical
weights must be done carefully.
Other environmental variable score estimates are obtained from equation (5). These
estimates represent marginal eﬀects, and therefore, independent of possible correlations
between them. Rewriting that equation as LT = (ZT Dn Z)1/2 A Λ TT , we obtain those
scores in principal coordinates as:

1/2
B = Z T Dn Z
A Λ,

(8)


1/2
A.
with a corresponding expression in standard coordinates in B◦ = ZT Dn Z
Matrix B contains simple regression coeﬃcients of site scores on each one of the
environmental variables, so the length of each vector quantifies the rate of change
of that variable in the observed distribution of sites. When Z is standardized, these
coeﬃcients are comparable, and so are their respective lengths. Thus, in this situation,
environmental variables with vectors of greater lengths are more related to ordination
axes. With standardized environmental variables, B◦ contains intraset correlations,
correlations between those variables and site scores (it also evaluates marginal eﬀects).
The interpretation of B and B◦ is analogous to that of the respective estimators in CCA
(ter Braak 1986, ter Braak and Verdonschot 1995).
From (5), an expression for canonical weights (equivalent to (7)), can be obtained

−1/2
A. And, from these canonical weights, X can be estimated
as CL = ZT Dn Z
(equivalent to (6)).
•

Transition relationships
Transition formulas that relate site scores with species scores are:
∗

T

U = P̃ T Dn R = P̃ Dn R
∗

X = P̃ T

(9)

(10)

Equations (9) (first two members) and (10) show the usual transition relationships of
NSCA, taking as coeﬃcients of the linear combination those coming from the columns
∗
and rows of P̃ , respectively. To make those relations interpretable in terms of the
original data, the coeﬃcients must come from P̃, that is, from the data before projection
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as in the last term in (9). This latter concept is not applicable to X as it is for U. By
definition, site scores are constrained to be linear combinations of the external variables.
However, an alternative set of site scores can be calculated through coeﬃcients
resulting from P̃ once U is obtained: X sp = P̃ U◦ . The correlations between analogous
columns of this last score matrix and those in X (coming from environmental variables),
are called species-environment correlations (same concept as in RDA and CCA, with
their respective definitions of site scores). The square of each correlation is equal to
the coeﬃcient of determination of the multiple regression of each column of X sp on the
external variables in Z, where the respective column of X contains the predicted values
of that regression.

Joint representation-biplot projections

Joint interpretations of species/sites and species/environmental variables, both
representations superimposed in the same graph, are made by biplot rules, since each
one of them is a biplot representation (Gabriel 1971). As CNCA starts from siteprofiles, studying site distribution according to their species composition restricted
by environmental conditions, we propose the used of site-conditional scaling (site
and environmental scores in principal coordinates and species scores in standard
coordinates).
The inner products of species and site scores are the fitted values of the centred siteprofiles (see (2)), or their approximations if only the first axes are considered. As in
NSCA species projected toward the positive side of the vector joining the origin with
each one of the site scores, indicate those species with greater increase in probability
of having important values of fitted abundance in that site (that is, with estimated
values of its relative abundance superior to the marginal average). On the other hand,
if that projection is found on the negative side, that shows a decrease in probability of
having important values. Given the relationship through scalar products, a species can be
represented far away from a site in terms of Euclidean distance, and due to its projection,
be of relative importance at that site.
A small distance between two sites (well represented) indicates they have similar
fitted species distribution. In these interpretations, the eﬀect of two approximations must
be taken into account, one due to the restriction done by regression, and the other due to
reduction of the restricted space.
The inner product between species and environmental variable scores are the values
of matrix L (see (4)), or their approximations if only the first axes are considered. Then,
for each species, the approximation is the diﬀerence that exists in that environmental
variable between sites with relative abundance superior to the one expected in the
presence of a random distribution of species, and sites with values inferior to this
reference quantity.
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In site-conditional scaling, site scores (6) and environmental variable scores (8)
are not a biplot representation. Anyway, the direction of each vector representing an
environmental variable identifies sites where the values of the variable become greater.
Standard coordinates of environmental variables are a biplot representation of
their correlation matrix. The scalar product between any pair of vectors defined by
those coordinates is the correlation between the corresponding two variables. From
the dispersion graph, the sign of these correlations can be deduced from the angle
determined by each pair of vectors: acute, positive correlation; obtuse, negative.

Contributions and qualities of representation

Contributions and qualities of representation are measures that give information about
the elements (sites or species), showing those with greater contribution to the orientation
of factorial axes and evaluating the quality of their representation. Graﬀelman (2001)
presented quality measures in CCA, especially for axes, some of them from a diﬀerent
perspective.
a) Contributions in CNCA:
These measures, Cα,m (which represent the contribution of the m-th element in the αth factor determination), express the proportion of variability of that factor (determined
by its eigenvalue) accounted for by that element. It takes values between zero (without
contribution) and one (which would indicate that axis α is determined only by that
element).
Their expressions for CNCA are (subscript m becomes i for sites and k for species):
– For sites: Cα,i =

2
fi. xiα
λ2α

i = 1, . . ., n;

α = 1, . . ., v,

where xiα is the principal coordinate of site i on axis α.
– For species: Cα,k =

u2kα
λ2α

k = 1, . . ., q;

α = 1, . . ., v,

where ukα is the principal coordinate of species k on axis α.
b) Qualities of representation in CNCA:
Table 1 presents measures of these qualities for factorial axes and for elements. They
are given related to two diﬀerent spaces, with respect to: a) the projected space, that is,
the total inertia of the fitted values (indicated with superscript PS), and b) the original
space, total inertia of the observed values (indicated with superscript OS).
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Table 1: Qualities of representation for factorial axes and elements (species and sites) scores,
with respect to the projected space (PS) and to the original space (OS). (α = 1, . . . , v)
With respect to the projected
space (superscript PS)
Iα(PS ) =
Relative to
factorial axes

Relative
to elements

(1)

λ2α
v

λ2α
α=1

Proportion of inertia explained
by axis α, with respect to the
total inertia of the projected
data.

Sites

)
Q(PS
α,i =

Species

)
Q(PS
α,k =

2
xiα
2
dPr,i

u2kα
2
dPr,k

With respect to the original
space (superscript OS)
Iα(OS ) =

λ2α
T I(NS CA)

Proportion of inertia explained
by axis α, with respect to the
total inertia (TI) of the original
data.
Dα,i =

2
xiα
2
dO,i

)
Q(OS
α,k =

(1)

u2kα
2
dO,k

Dα,i could be greater than one. See text for more details.

2
2
2
2
dPr,k
, dPr,i
, dO,k
, dO,i
: Square distances in the projected (Pr) and original (O) spaces, of species (k) and sites (i),
respectively.

Those given for elements are denoted Qα,m and take values between zero and
one, being a squared cosine (one indicates an exact representation). These indicators
represent the proportion of the m-th element variance that is explained by axis α, where
this variance is evaluated as the squared distance of that element to the centroid.
For species, the variance of the fitted values is smaller, or equal, to the variance of
the original values (because of regression properties). But this is not the case for sites,
since the square of the distance to the respective centroid of the projected values could
be greater than its own distance in the original space. The statistic for sites relative to
the original space is denoted Dα,i (to diﬀerentiate it from those which measure quality).
It is not a squared cosine, and it will indicate for site i the ratio between the square of
the distance accounted for by axis α with respect to the square of the total distance of
)
that site in the original space. The statistic Q(OS
α,k indicates how well the environmental
variables explain each one of the species.

3 Application to real data
Floristic data on 45 samples (sites) were analyzed, obtained in meadows of Rı́o Negro and
Neuquén provinces (Argentina), aiming to determine the influence of the environmental
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conditions on the vegetation distribution. Each sample information consisted of the list of
observed species with their visual cover estimate (Braun-Blanquet 1950). Species with
very low frequency were removed. Thirty-two species were considered; some of which
appeared in few sites with cover values less than 3% (nine species), or with only one
important cover value and the others with negligible importance (four species). At those
sites, five environmental variables were measured: annual mean precipitation (Z1 ), pH at
the superficial cap soil, 0-20 cms. (Z2 ), watertable depth (Z3 ), electrical conductivity of the
superficial cap soil (Z4 ), percentage of bare soil (Z5 ).
The data were first analyzed by the constrained ordination method developed here
(CNCA), and then by its indirect analysis counterpart (NSCA), in order to evaluate the
impact that the chosen environmental variables have on the community composition.
At last, the information was analyzed by CCA, to give a brief comparison between
CNCA results and those of CCA. Species data were transformed by taking logarithm
(log[cover+1]), because of their skewed distribution and to down-weight high values
(also, as CNCA and NSCA are based on the most abundant species, this transformation
tends to give more participation to the species with lower values than the one they have
with their original values). The analysis was performed using procedure IML of the SAS
System (Version 8).
Table 2 contains the cumulated percentages of inertia explained by the factorial axes
of CNCA (it includes also those for NSCA and CCA). For CNCA, the value 40.7%,
cumulated by the five constrained axes, indicates that an acceptable proportion of the
total inertia of the original data is explained by the axes obtained from the fitted values,
being 84.6% of this percentage explained by the first two axes (which were chosen as
the reduced solution space).
Table 2: Cumulated percentages of inertia for meadow data explained by the
first five factorial axes, for unconstrained (NSCA) and constrained (CNCA and
CCA) ordination.
Unconstrained
Ordination
Axes

(∗)
(∗∗)

Constrained Ordination
CNCA

NSCA

Cum.Iα(PS )(∗)

CCA

Cum.

Iα(OS )(∗∗)

Cum.Iα(PS )(∗)

Cum. Iα(OS )(∗∗)

1

30.8

65.9

26.7

55.2

15.1

2

46.6

84.6

34.4

73.5

20.1

3

59.5

95.6

38.9

88.6

24.3

4

66.0

98.7

40.2

97.0

26.6

5

71.0

100.0

40.7

100.0

27.4

With respect to the total inertia of the fitted values in the projected space.
With respect to the total inertia of the observed values in the original space.
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Table 3: Species that contribute to the orientation of the first two factorial axes
(Cα,k ), in at least one of the three analyses, CNCA, CCA or NSCA (in boldface
those that contribute in that particular case).
Constrained Ordination
Species

Abbrev.

CNCA

Unconstrained Ordination

CCA

NSCA

Axis 1 Axis 2 Axis 1 Axis 2 Axis 1

Axis 2

Azorella trifurcata

AzoTrif

0.00

10.90

0.00

12.55

0.04

10.45

Berberis heterophylla

BerbHet

0.21

0.03

2.74

0.53

0.10

0.00

Boopis sp.

Boopis

0.49

0.00

2.74

0.00

0.39

0.00

Carex gayana

CareGay

0.75

5.67

1.75

8.47

0.73

1.09

Chuquiraga erinacea

ChuqEri

0.52

0.06

5.08

0.62

0.26

0.02

Cortaderia araucana

CorArau

0.22

0.00

0.44

0.50

0.00

12.80

Distichlis sp

DistSp

54.84

0.74

27.97

1.38

59.80

0.44

Eleocharis albibracteata

EleAlb

6.43

4.95

6.02

3.94

5.10

2.23

Festuca pallescens

FestPal

1.53

44.90

1.13

31.12

1.39

54.48

Holcus lanatus

HolcLan

0.90

1.46

2.09

2.39

0.89

0.68

Juncus balticus

JunBal

6.71

10.35

2.34

2.64

7.48

5.04

Lycium repens

LycRepe

1.29

0.68

5.95

3.11

1.21

0.08

Nitrophylla australis

NitrAus

6.45

2.11

11.59

4.43

4.90

0.19

Plantago marı́tima

PlanMar

0.29

0.30

2.56

3.57

0.29

0.01

Poa lanuginosa

PoaLanu

0.66

0.00

3.73

0.11

0.62

0.12

PoaPra

3.46

7.66

3.19

4.70

2.68

3.07

SamSpat

0.18

0.70

0.96

2.44

0.25

0.45

Stipa speciosa var major StipMajo

0.21

1.01

1.49

4.42

0.10

0.72

Stipa speciosa var spec.

StipSpec

0.54

0.10

2.91

0.13

0.44

0.02

TarOﬀ

9.62

4.70

4.77

2.66

9.00

0.56

TriRepe

4.15

1.76

4.56

1.33

4.02

3.22

Poa pratensis
Samolus spatulatus

Taraxacum oﬃcinalis
Trifolium repens

In Table 3, species with greater contributions to the orientation of the first two
factorial axes are described (for CNCA, and also for CCA and NSCA). Contributions
related to sites are not presented. They were distributed among most of the sites.
Figure 1 represents the first CNCA factorial plane. Species quality of representation
with respect to the projected space (those indicated with superscript (PS) in Table 1,
values not presented here), showed that eight of them were not well represented. Considering their qualities with respect to the original variances (indicated with superscript
(OS) in Table 1), species represented in Fig. 1.a are those with that quality greater than
0.30 in that plane. Azorella trifurcata was also included (even though its (OS) indicator
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Figure 1: 1.a. First factorial plane of the CNCA (site-conditional) ordination diagram. Axes for sites
(which are indicated by numbers) and environmental variables (indicated by solid vectors) should be scaled
by 0.5. Dashed vectors represent species (abbreviations in Table 3) that contribute most to the orientation
)
of the axes and/or have Q(OS
α,k in that plane greater than 0.3. Percentages of explained inertia are shown in
Table 2. 1.b. Intraset correlations between environmental variables and the first two CNCA factorial axes.

is lower than that value), because of its contribution to the orientation of the second
axis, furthermore its location being coherent with the data. These species, which are
better described by the external variables, turn out to be the most representative of this
type of ecosystem and are those that characterized the communities mentioned below.
About the sites, their (PS) qualities were in general good, while the statistic Dα,i gave
relatively low values in 30% of them.
In Fig. 1.a, from right to left, there is a gradient from the lowest recorded values
of rainfall related to the highest pH, watertable depth, conductivity and percentage of
bare soil values, towards the highest rainfall values and the lowest ones of the other
environmental variables. This can also be seen in Fig. 1.b, which represents intraset
correlations (this figure is also a biplot representation of the correlations between the
environmental variables). The mentioned gradient separates mainly a community with
moderate to abundant relative presence of Distichlis sp. (Community 1), combined in
some sites with Nitrophylla australis and Lycium repens, which characterizes areas
dominated by plant species that indicate subhumid, slightly alkaline and saline sites.
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The second axis shows a smaller gradient, characterized by comparatively higher
values of precipitation and watertable depth towards the positive side of the axis. This
gradient is associated with the spatial distribution of plant species in the meadows
due to moisture changes from their periphery towards their centre, and also because
of altitude diﬀerences determined by topography. It diﬀerentiates two communities
on the left sector of the graphic, one characterized mainly by Festuca pallescens
(Community 2) and other characterized by the combination, in diﬀerent proportions,
of Eleocharis albibracteata, Juncus balticus, Poa pratensis, Taraxacum oﬃcinalis and
Trifolium repens (Community 3).
Fig. 1.a also shows the joint interpretation of species and environmental variables
(biplot representation of L). For example, for Distichlis sp., precipitation values are lower
where it is present, compared with sites without it (its projection is located at the negative
extreme of the precipitation axis – see meaning of lk j element given in Section 2).

Figure 2: 2.a. First factorial plane of the NSCA (site-conditional) ordination diagram. Sites are indicated
by numbers. Dashed vectors represent species (abbreviations in Table 3) that contribute most to the
orientation of the axes and/or have representation quality in that plane greater than 0.3. Percentages of
explained inertia are shown in Table 2. 2.b. Projection of environmental variables on the first NSCA factorial
plane as supplementary variables (correlations with those axes).
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of both analyses, it can be observed that: a) the measured external variables adequately
allowed to characterize three of the four identified communities, but were not able to
characterize the last one, with Cortaderia araucana (even when considering the third
axis); b) with respect to the gradients, a similar environmental interpretation of the first
axis was achieved by both analyses; but the interpretation as a gradient of spatial location
for the second axis was not evident in the unconstrained analysis.
Finally, these data were also analyzed by CCA as a comparison with CNCA results.
It is remarked that the implications that give rise from this comparison, should be
checked later by simulation studies. Figure 3.a shows the CCA first factorial plane in
site-conditional scaling. The first axis explains 55.2% of the total inertia of the fitted
values in the projected space, with a 73.5% explained by the first plane (see Table 2).
These percentages were 15.1% and 20%, respectively, with respect to the inertia of the
original values.
Table 3, which contains the already mentioned contributions, shows that species like
Chuquiraga erinacea, Poa lanuginosa, Stipa speciosa var. major (these three present
in few sites, with low frequencies except for one) and a few other species (with low
frequencies in few sites), had more contribution in CCA than in CNCA. But even
)
when they had good Q(PS
α,k values (not shown here), they were not well explained by the
)
external variables (they had low Q(OS
α,k values). By contrast, species squared in Fig. 3.a.,
which happened to be the same as the ones represented in Fig. 1.a, were the species
which not only contributed to the orientation of the first CCA plane, but have acceptable
)
Q(OS
α,k values.
With respect to sites, their distribution in Fig. 1.a. and Fig. 3.a. showed diﬀerences,
but the global position of most of them was similar. This gave rise to the similarity
shown by the intraset correlations represented in Figs. 1.b. and 3.b. Thus, the gradient
interpretations in terms of the considered environmental variables, for this example, are
quite similar in both constrained analysis. But it should be noticed that the role of low
frequency species, taken from their contribution values were diﬀerent, even though in
this particular case, they did not influence the conclusions of the analysis.

4 Discussion and conclusions
In this work CNCA is introduced as an extension of NSCA into a constrained ordination
context. Couteron et al. (2003) showed an illustration of this extension, without
theoretical development, according to the first CNCA approach introduced in Section
2. In their work, the graph interpretation was made in a diﬀerent way, without analyzing
the relation between sites and species through biplot representations.
Even when a comparison between CCA and CNCA results was carried out in the
above section, it was suggested that such a comparison between the performances of
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each one of them should be carried out through a simulation study. However, there are
some aspects that could be pointed out towards a theoretical comparison.
First of all, as it was said in Section 2, the diﬀerence between CCA and CNCA is the
metric for species, as it is between their respective unconstrained ordination methods,
CA and NSCA (see Pélissier et al. 2003), respectively. In CCA, it is the chi-square
metric, while in CNCA it is the Euclidean one, which contains uniform species weights.
In general, those diﬀerent metrics have strong eﬀects on the results of NSCA and
CA, making them quite diﬀerent. However, when comparing CNCA and CCA, even
though their respective metrics do not change (from NSCA to CNCA, and from CA
to CCA), because of projection, the role of rare species in the original space, tends to
change in the projection space. If these species are not found in atypical sites (atypical
in terms of the values of the environmental variables), they have small importance
in the projected space. This minimizes the eﬀect of the chi-square metric concerning
its weighting scheme when compared with the Euclidean metric. Then, their results,
depending on data, might not diﬀer in the same magnitude as those expected between
NSCA and CA.
Another point to be mentioned is the relationship between the two species distances
to their centroids, each one in its particular space according to the definition under
a NSCA or a CA model. Those distances are proportional, even though the total
inertias are diﬀerent. In constrained ordination, the same relationship is kept in the
projection space. As a consequence, given a set of environmental variables, the
maximum proportion of inertia that can be explained for each species is the same for
both constrained techniques. However, since the total inertias and their partitions in
principal axes are not equal, the proportion of explained variance by the first axes of
each one of the two constrained method, might diﬀer for each species.
Looking now at the global structure of the data as it is proposed by, for example,
Takane and Hunter 2001, CNCA and NSCA are terms of a global model that partitions
the total variance of the data, into orthogonal components of explained and unexplained
variance. From this, a comparison between their results allows for the evaluation of
the influence of the external variables on the species behaviour, as it was done in the
meadow example. Although this global model and its partition applies also to CCA and
CA, the diﬀerence in the eﬀect of the chi-square metric when applied to the observed or
to the projected data, as it was said above, might aﬀect such a comparison. Because of
this, it tends to be accomplished with DCA (see Palmer 1993 or ter Braak 1986) – DCA,
with its detrending and rescaling processes, generates an important controversy (e.g.,
Wartenberg et al. 1987; Jackson and Somers 1991).
In contrast, the only diﬀerence between an analysis done by NSCA and by CNCA
is the value in the site-by-species table, since metric and site weights are identical in
both procedures. The first analyzes the information about observed species composition
(see (1)), while the second, the projected values of such information (see (2)). Then,
the detected diﬀerences in the results should mostly be the consequence of considering
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such environmental variables as those which explain the species distribution (through
the proposed model). The higher the similarity between both results, the greater the
association (causal or not) between such variables and the vegetation behaviour.
One last aspect to be mentioned in this comparison is about the inter-tables that
CNCA and CCA analyze. When considering CNCA as the analysis of the inter-table
L, it is deduced that species also oﬀer information from their absences and importance
values. In contrast, the inter-table considered in a CCA is a matrix of weighted averages
of the environmental variables (say, matrix W), weighted by the species profiles. So,
zeros in the species table Y do not contribute to the elements of W (Dray et al. 2003,
Pélissier et al. 2003).
When zeros are taken into account, they should be real records and not a consequence
of possible omitted species. Thus, this (diﬀerent) meaning of zero values is related, in
part, to the sampling scheme. Dray et al. (2003) and Pélissier et al. (2003) mentioned
this concept in relation to CA/CCA and to NSCA. Related to CNCA, as the absences
give information, the values of the environmental variables at those sites are considered
as not favourable for that plant species. Then, in long gradients, this interpretation might
be inappropriate. This is an important point that shows that the consequence of what at
first appeared to be a simple change in CCA metric (looking at CNCA from its first
approach), goes further than would be expected. So, at present, CNCA, even NSCA, are
not recommended in long gradient situations.
In spite of the diﬀerent meaning of the absences, both extensions as constrained
ordination techniques could present diﬃculties in expressing the presence of limiting
environmental factors, since both of them weight by site richness.
In this paper, only quantitative environmental variables were considered. In a simple
way, adjustments can be made to handle mixed external variables. Furthermore, the
first approach, the extension of a technique to a constrained ordination context based
on projections onto instrumental variables, easily permits the generalization of these
concepts to other situations.
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