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A simulation study on some confidence

intervals for the population standard deviation

Moustafa Omar Ahmed Abu-Shawiesh1, Shipra Banik2

and B. M. Golam Kibria3

Abstract

In this paper a robust estimator against outliers along with some other existing interval estimators
are considered for estimating the population standard deviation. An extensive simulation study has
been conducted to compare and evaluate the performance of the interval estimators. The exact
and the proposed robust method are easy to calculate and are not overly computer-intensive. It
appears that the proposed robust method is performing better than other confidence intervals for
estimating the population standard deviation, specifically in the presence of outliers and/or data
are from a skewed distribution. Some real-life examples are considered to illustrate the application
of the proposed confidence intervals, which also supported the simulation study to some extent.

MSC: 62F10, 62F40

Keywords: Breakdown point, bootstrapping, confidence interval, coverage probability, standard

deviation, Qn estimator, robust estimator, outlier, scale estimator.

1. Introduction

Point estimates are of limited value, since we cannot attach to them statements regarding

the amount of confidence that they have estimated the unknown parameter. Of great

value is an interval estimate, an estimate about which we can make statements of

confidence (Daniel, 1990). The confidence interval is defined as an estimated range of

values that is likely to include an unknown population parameter. If independent samples
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are take repeatedly from the same population, and the confidence interval is calculated

for each sample, then a certain percentage, called the confidence level of the interval,

will include the unknown population parameter.

Scale estimators are very important in many statistical applications. The sample

standard deviation is the most common scale estimator that provides a logical point

estimate of the population standard deviation, σ. Unfortunately, the sample standard

deviation, S, is very sensitive to the presence of outliers in the data. Furthermore,

S is not necessarily the most efficient or meaningful estimator of scale in skewed

and leptokurtic distributions and it is notable that it is not robust to slight deviations

from normality (Tukey, 1960). S has a good efficiency in platykurtic and moderately

leptokurtic distributions but the classic inferential methods for it may perform poorly in

realistically non-normal distributions (Bonett, 2006). Also, according to Gorard (2004),

S has no obvious intuitive meaning because squaring before summing and then taking

the square root makes the resulting figure difficult to understand, which restricts any

subsequent intuitive interpretation. Nevertheless, S is the most efficient scale estimator

for the normal distribution often used to construct the 100(1−α)% confidence interval

forσ. The standard error of S is a scale multiple of the actual parameter being estimated.

In this paper, we are looking for a scale estimator which is robust, has a closed form, and

easy to compute as an alternative to S. The Rousseeuw-Croux estimator, Qn might be a

more meaningful measure of variation and may be preferred to S. It is the most efficient

scale estimator for the normal distribution often used to construct the 100(1 − α)%
confidence interval for σ.

The exact 100(1−α)% confidence interval for the population standard deviation,

σ, is based on the assumption that the underlying distribution of the data is normal

with no outliers, but what would happen if the data are not from a normal distribution

instead of heavier tails or from a skewed distribution. The statistical literature shows

that robust methods might give more meaningful measures of scale and are indeed more

resistant to departures from normality and presence of outliers than S. Therefore, the

need for alternatives to the exact 100(1−α)% confidence interval for σ comes to play.

The statistical literature is full of robust confidence intervals for the mean, for example

Tukey and McLaughlin (1963); Huber (1964); Dixon and Tukey (1968); De Wet and

van Wyk (1979); Gross (1973, 1976); Bickel and Doksum (1977, p. 375); Kim (1992)

and Clark (1994). For small-sample inference about variance and its transformations we

refer to Longford (2010) among others. The problem of constructing robust confidence

interval for the population standard deviation,σ, has received much less attention. Here,

by a robust confidence interval, we mean that its actual coverage probability is close to

the specified confidence level (1−α) with a short length of the confidence interval.

In this paper, an approximate confidence interval for the population standard devia-

tion, σ, for one sample problems that is much less sensitive to the presence of outliers

and/or to departure from normality is proposed. The proposed method provides an alter-

native to the exact 100(1−α)% confidence interval forσ based on Qn. The performance

of the proposed method is investigated through a Monte Carlo simulation study based
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on various evaluation criteria such as coverage probability, average width and standard

deviation of the width. The coverage probability naturally varies from distribution to dis-

tribution for a given procedure, but a good procedure should keep this variation small.

Furthermore, we want a confidence interval whose endpoints are generally close to-

gether, thus a small average width is good (Gross, 1976). A set of real data is employed

to illustrate the results given in the paper.

The organization of the paper is as follows. In Section 2, we presented Rousseeuw-

Croux estimator, Qn, for estimating σ, and discussed outliers. The proposed confidence

intervals for σ are presented in Section 3. A Monte Carlo simulation study is conducted

in Section 4. Some real life data are analyzed in Section 5. Finally, some concluding

remarks based on simulation and numerical examples are given in Section 6.

2. Rousseeuw-Croux estimator, QnQnQn and outliers

2.1. The Rousseeuw-Croux estimator

Rousseeuw and Croux (1993) proposed two robust estimators for scale, the Sn and Qn

estimators. They can be used as initial or ancillary scale estimators in the same way

as the median absolute deviation (MAD) but they are more efficient and not biased

towards symmetric distributions. The breakdown point of the Sn estimator is 50% and

its efficiency is 58%, while Qn has the same breakdown point but its efficiency at

normal distributions is very high, about 82%. Due to its high efficiency and other good

properties, the Qn estimator is considered in this paper. Mosteller and Tukey (1977)

define two types of robustness as follows:

1. Resistance: This means that changing a small part even by a large amount of the

data does not cause a large change in the estimate.

2. Robustness of efficiency: This means that the statistic has high efficiency in a

variety of situations rather than in any one situation. Efficiency means that the

estimate is close to the optimal estimate given that the distribution of the data is

known.

Many statistics have one of these properties. However, it can be difficult to find

statistics that have both resistance and robustness of efficiency. The most common

estimate of scale, S is the most efficient estimate of scale if the data come from a

normal distribution. However, S is not robust in the sense that changing even one

value can dramatically change the computed value of S; that is, it has poor resistance.

In addition, it does not have robustness or efficiency for non-normal data. MAD and

the inter-quartile range (IQR) are the two most commonly used robust alternatives to

S. MAD in particular is a very robust scale estimator. However, MAD does not have
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particularly high efficiency for data (37% for normal data) and also MAD has an implicit

assumption of symmetry, that is it measures the distance from a measure of central

location (the median). Rousseeuw and Croux (1993) proposed the Qn estimate of scale

as an alternative to MAD. It shares desirable robustness properties with MAD (50%

breakdown point, bounded influence function). In addition, it has significantly better

normal efficiency (82%) and it does not depend on symmetry.

2.1.1. Definition of Qn

The estimator Qn for a random sample X1,X2, . . . ,Xn with model distribution F is defined

as:

Qn = 2.2219 {|Xi −X j| ; i < j ; i = 1, 2, 3 , . . . , n ; j = 1, 2, 3, . . . , n}{g} (1)

where g =
(

h
2

)(
n
2

)
/4 and h =

[
n
2

]
+ 1 (i.e., roughly half the number of observations).

Here the symbol (.) represents the combination and the symbol [.] is used to take only

the integer part of a fraction. The Qn estimator is the g-th order statistic of the
(

n
2

)
inter-

point distances. The value 2.2219 is chosen to make Qn a consistent estimator of scale

for normal data. Rousseeuw and Croux (1993) have derived the unbiasing factor dn so

that dn×Qn becomes an unbiased estimator of σ for the case of normal distribution.

These values of dn are provided here in Table 2.1 as a function of n. The scatterplot

between n and dn is presented in Figure 2.1. We can observe from both Table 2.1 and

Figure 2.1 that dn is sensitive to the sample sizes.

Table 2.1: The values of the
unbiasing factor dn.

n dn n dn

12 0.399 14 0.787

13 0.994 15 0.915

14 0.512 16 0.808

15 0.844 17 0.924

16 0.611 18 0.826

17 0.857 19 0.931

18 0.669 20 0.840

19 0.872 21 0.938

10 0.725 22 0.853

11 0.887 23 0.943

12 0.759 24 0.863

13 0.903 25 0.647

n

d
n

5 10 15 20 25

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

1
.0

Figure 2.1: Scatterplot between n and dn.
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An approximation result of dn for larger values of n is given by Croux and Rousseeuw

(1992) as follows:

dn =





n

n+1.4
for odd values of n

n

n+3.8
for even values of n

(2)

2.1.2. Properties of Qn

The Qn estimator has a simple and explicit formula, which is equally suitable for

asymmetric distributions. The main properties of the Qn estimator investigated by

Rousseeuw and Croux (1993) are given below:

1. For any sample X = {X1,X2, . . . ,Xn} in which no two points coincide, the break-

down point of the scale estimator Qn is given by ǫ ∗ (Qn,X) =

[n

2

]

n
.

2. For F = Φ, where Φ(x) is the standard normal distribution function, the value of

d is given by d = 1
√

2Φ−1

(
5

8

) = 2.2219. With this constant d, Qn has bias in small

samples.

3. The influence function of Qn estimator is smooth and unbalanced (see Rousseeuw

and Croux, 1993). For a model distribution F which has a density f , the influence

function of Qn is given by

IF(x;Q,F) = d

1
4
−F(x+d−1)+F(x−d−1)∫

f (y+d−1) f (y)dy

4. The gross-error sensitivity of the Qn estimator is larger than those of MAD and Sn

estimators and its value is γ∗ (Q,Φ) = sup
x

|IF(x;Q,Φ)|= 2.069.

5. The asymptotic variance of Qn in the case of normal distribution is given by

V (Q,Φ) = 0.6077 and this yields an efficiency of 82.27%. This is very high

relative to the MAD estimator whose efficiency at normal distribution is only

36.74% and Sn whose efficiency is 58.23%. Using a simulation study, Rousseeuw

(1991) concluded that the estimator Qn is more efficient than MAD and Sn

estimators. However, Qn loses some of its efficiency for small sample sizes.

6. The square of the Qn estimator, that is, (Qn)2, can be used as an estimate of σ2.

Even though both Qn and (Qn)2 are biased estimators of σ and σ2 respectively,

they are efficient estimators of their respective targets (Rousseeuw, 1991).
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2.2. Estimators and outliers

The presence of outliers in the data set is one of the most important topics in statistical

inference. An outlier can be defined as observations which appear to be inconsistent

with the remaining set of data. Outliers can be contaminants, i.e. arising from other

distributions or can be typical observations generated from the assumed model (Barnett,

1988). Therefore, outliers need very special attention because a small departure from the

assumed model can have strong negative effects on the efficiency of classical estimators

for location and scale (Tukey, 1960). In this section, a simple numerical example taken

from Rousseeuw (1991) is given to show the effect of outliers on S and Qn estimators.

Suppose we have five measurements of a concentration without outliers given as follows:

5.59,5.66,5.63,5.57,5.60

Let us now suppose that one of these concentrations has been wrongly recorded so that

the data have an outlier value and become as follows:

5.59,5.66,5.63,55.7,5.60

Based on these two data sets, the values of the two estimators are calculated and given

in Table 2.2.

Table 2.2: Values of the estimators for the example.

Scale Estimator Data Set

Without Outlier With Outlier

S 0.0354 22.4

Qn 0.066657 0.066657

From Table 2.2, we notice that the value of the single outlier has changed the value

of S, which becomes very large. The robustness of the Qn estimator is clear where the

value of it is the same for the two data sets.

3. Proposed robust confidence interval for σ

3.1. Exact confidence interval for σ

Let X1, X2, . . . ,Xnbe a random sample of size n from the normal distribution, i.e., Xi ∼
N(µ, σ2) for all i, then

(n−1)S2

σ2 = 1

σ2 ∑
n
i=1(Xi−X)2 ∼χ2

n−1 where S2 = 1
n−1 ∑

n
i=1(Xi− X̄)2

is the sample variance. The exact 100(1 − α)%confidence interval for a population

variance σ2 is given as follows:
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P

(
(n−1)S2

χ2
(α2 ,n−1)

< σ2 <
(n−1)S2

χ2
(1−α2 ,n−1)

)
= 1−α (3)

where χ2
α

2
and χ2

1−α2
are the (α

2
)th and (1− α

2
)thpercentile points of the χ2distribution

with (n−1) degrees of freedom. Taking the square root of the endpoints of equation (3)

gives a 100(1−α)% confidence interval for σ as follows:

( √
(n−1)S2

χ
2
(α2 ,n−1)

,

√
(n−1)S2

χ
2
(1−α2 ,n−1)

)
(4)

The exact confidence interval for σ2 in (3) is hypersensitive to minor violations of the

normality assumption. Scheffe (1959, p. 336) show that (3) has an asymptotic coverage

probability of about 76, 63, 60 and 51 for the Logistic, the Student t(7), the Laplace and

Student t(5) distributions respectively. The result is disturbing because these symmetric

distributions are not easily distinguished from a normal distribution unless the sample

size is large. Also, the exact confidence interval forσ2 in (3) as demonstrated by Lehman

(1986, p. 206) is highly sensitive to the presence of outliers and / or to departure from

normality. However, as pointed out by Lehman, the sample size n may have to be rather

large for the asymptotic result to give a good approximation.

3.2. Robust confidence intervals

In this section, we will propose the new robust confidence interval for estimating the

population standard deviation σ. Instead of assuming Xi ∼ N(µ, σ2), let X1, X2, . . . ,Xn

are the random samples of size n from a continuous, independent and identically

distributed random variable. The random variable T is defined as the ratio,

T =
dnQn

σ
(5)

where the expression dnQn acts as an unbiased estimator of σ so that E(T)=1 for normal

distribution. Based on Rousseeuw and Croux(1993), for larger values of n, the following

asymptotic result can be used:

T =
dnQn

σ
∼ N

(
1,

1

1.65n

)
(6)

The following approximation result can be obtained:

dnQn ∼ N

(
σ,

1

1.65n
σ

2

)
(7)
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Therefore from (7), we can get the following pivotal quantity:

dnQn−σ
1

1.28
√

n
σ

∼ N(0, 1) (8)

Now, using the above pivotal quantity, we can derive the 100(1−α)% robust confidence

interval for σ as follows:

P


q1 <

dnQn−σ
1

1.28
√

n
σ

< q2


= 1−α

⇒ P

(
q1

1.28
√

n
+1 <

dnQn

σ
<

q2

1.28
√

n
+1

)
= 1−α

⇒ P

(
1.28

√
n∗dnQn

q1 +1.28
√

n
< σ <

1.28
√

n∗dnQn

q2 +1.28
√

n

)
= 1−α

where q1 = Zα
2
and q2 = Z1−α2 are the (α

2
)th and (1− α

2
)thpercentile points of the standard

normal distribution so that the length is minimum. Therefore, the 100(1−α)% robust

confidence interval for σ, is as follows:

(
1.28

√
n ∗dnQn

Zα
2
+1.28

√
n

,
1.28

√
n ∗dnQn

Z1−α2 +1.28
√

n

)
=

(
DQn

Zα
2
+D1

,
DQn

Z1−α2 +D1

)
(9)

where the values of the factors D = 1.28
√

n∗dn and D1 = 1.28
√

n.

An approximation result of D for larger values of n can be calculated as follows:

D =





(1.28
√

n)

(
n

n+1.4

)
, for odd values of n

(1.28
√

n)

(
n

n+3.8

)
, for even values of n

(10)

The squaring of the endpoints of equation (9) gives a 100(1−α)%confidence interval

for σ2.

3.3. Bonett confidence interval

Let X1, X2, . . . ,Xn be a random sample of size n from the normal distribution, that is,

Xi ∼ N(µ, σ2) for all i. Scheffe (1959) found in his simulation study, the exact CI for σ
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does not have an asymptotic coverage probability for non-normal distributions. Bonett

(2006) proposed the following (1-α)100% confidence interval (CI) for σ as

LCL = exp
{

ln(cσ̂2)−Zα/2se
}

and UCL = exp
{

ln(cσ̂2)+Zα/2se
}

where Zα/2 is two-sided critical z-value, se = c[{γ̂4(n − 3)/n}/(n − 1)]1/2,

c = n/(n−Zα/2) and γ̂4 = n∑i(Yi − µ̂)4/(∑i(Yi − µ̂)2)2.

3.4. Cojbasic and Tomovic (CT) CI

Based on t-statistic, Cojbasic and Tomovic (2007) proposed the following nonparamet-

ric bootstrap t CI:

Iboot = S2 − t̂(α)
√

v̂ar(S2)

where S2 = 1
n−1 ∑i(Xi − X̄)2 is the sample variance, t̂(α) is a α percentile of T∗ defined

as T∗= S2∗−S2√
v̂ar(S2∗)

, S2∗ is a bootstrap replication of statistic S2 and v̂ar(S2) is a consistent

estimator of the variance, defined by 2σ4/(n−1).

3.5. Some bootstrap CIs

Let X(*) =X
(∗)
1 , X

(∗)
2 , . . . , X

(∗)
n , where the i-th sample is denoted by X(i) for i= 1,2, . . . ,B

and B is the number of bootstrap samples. We proposed the following bootstrap CIs for

the sample σ:

Non-parametric bootstrap CI

Compute σ for all bootstrap samples and then order the sample SDs of each bootstrap

samples as follows:

S∗
(1) ≤ S∗

(2) ≤ S∗
(3) · · · ≤ S∗

(B)

CI for population σ:

LCL = S∗
[(α/2)B] and UCL = S∗

[(1−α/2)B]

CI for population σ:

LCL = S
√
(n−1)/χ∗2

α/2,(n−1) and UCL = S
√
(n−1)/χ∗2

1−α/2,(n−1)
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where χ∗2
α/2

and χ∗2
1−α/2

are the (α/2)-th and (1−α/2)-th sample quantiles of χ2=
(n−1)S2

σ̂
2
B

and σ̂B =
√

1
B−1 ∑

B
i=1(x̄

∗
i − ¯̄x)2 and x̄∗i is the i-th bootstrap sample mean, ¯̄x is the bootstrap

mean and σ̂B is the bootstrap standard deviation.

Bootstrap robust CI

CI for population σ:

LCL =
DQn

Z∗
α/2

+D1

and UCL =
DQn

Z∗
1−α/2

+D1

where Z∗
α/2

and Z∗
1−α/2

are the (α/2)th and (1−α/2)th sample quantiles of the bootstrap

test statistic, Z∗
i =

(x̄∗i − ¯̄x)

σ̂B
.

We note that all proposed confidence intervals except exact and Bonett do not require

any distributional assumptions. However, bootstrap methods are computer intensive,

where as others are very easy to compute. The exact method works better for any sample

size when the data are from the normal distribution.

4. Simulation study

Our basic objective is to investigate some efficient estimators ofσ by a simulation study.

Since a theoretical comparison among the intervals is not possible, a simulation study

has been made to compare the performance of the estimators.

4.1. Simulation technique

The flowchart of our simulation is as follows:

1. We use sample sizes n = 5, 10, 20, 30, 50, 70 and 100.

2. Random samples are generated from symmetric and skewed distributions:

(a) Normal distribution with mean 3 and SD 1.

(b) Chi-square distribution with df 1.

(c) Lognormal distribution with mean 1 and SD 0.80.

We used 5000 simulation replications and 1500 bootstrap samples for each n. The

most common 95% confidence interval (α= 0.05) for the confidence coefficient is used.

It is well known that if the data are from a symmetric distribution (or n is large), the

coverage probability will be exact or close to (1−α). So the coverage probability is a

useful criterion for evaluating the confidence interval. Another criterion is the width of
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the confidence interval. A shorter length width gives a better confidence interval. It is

obvious that when coverage probability is the same, a smaller width indicates that the

method is appropriate for the specific sample. In order to compare the performance of the

various intervals, the following criteria are considered: coverage probabilities (below,

cover and above), mean and SD of the widths of the resulting confidence intervals. The

Table 4.1: Coverage properties for N(3,1) distribution with skewness 0.

Sample Sizes

Approaches Measuring

Criteria

5 10 20 30 50 70 100

Exact Below rate

Cover rate

Over rate

Mean width

SD width

0.0230

0.9494

0.0276

2.1400

0.7807

0.0242

0.9492

0.0266

1.1113

0.2631

0.0230

0.9524

0.0246

0.6934

0.1129

0.0214

0.9554

0.0232

0.5427

0.0711

0.0250

0.9512

0.0238

0.4075

0.0412

0.0234

0.9544

0.0222

0.3413

0.0289

0.0276

0.9484

0.0240

0.2826

0.0202

Robust Below rate

Cover rate

Over rate

Mean width

SD width

0.1142

0.8098

0.0760

2.6107

1.4262

0.0634

0.9041

0.0352

1.2849

0.3828

0.0498

0.9160

0.0342

0.7810

0.1545

0.0376

0.9276

0.0348

0.6058

0.0940

0.0318

0.9388

0.0294

0.4528

0.0528

0.0306

0.9438

0.0256

0.3786

0.0367

0.0320

0.9402

0.0278

0.3134

0.0252

Bonett Below rate

Cover rate

Over rate

Mean width

SD width

0.4352

0.5292

0.0356

0.5073

0.1992

0.1918

0.7972

0.0110

0.6494

0.1835

0.0890

0.9060

0.0050

0.5901

0.1264

0.0594

0.9362

0.0044

0.5238

0.0954

0.0372

0.9582

0.0046

0.4327

0.0621

0.0290

0.9674

0.0036

0.3776

0.0464

0.0274

0.9678

0.0048

0.3222

0.0339

Non-para

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0000

0.7728

0.2272

0.9662

0.3723

0.0000

0.7930

0.2070

0.7504

0.2312

0.0000

0.9998

0.0002

0.5589

0.1399

0.0000

1.0000

0.0000

0.4699

0.1035

0.0000

1.0000

0.0000

0.3727

0.0666

0.0000

1.0000

0.0000

0.3197

0.0497

0.0000

1.0000

0.0000

0.2695

0.0365

Parametric

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0266

0.8472

0.1262

1.9244

0.7021

0.0000

0.9624

0.0376

3.4834

0.8246

0.0006

0.5398

0.4596

0.8099

0.1318

0.0024

0.8606

0.1370

0.6397

0.0838

0.0124

0.9730

0.0146

0.4608

0.0466

0.0036

0.5292

0.4672

0.2805

0.0238

0.0092

0.9758

0.0150

0.3289

0.0235

Robust

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.1104

0.7560

0.1336

2.7531

1.5039

0.0614

0.9002

0.0384

1.3338

0.3974

0.0470

0.9154

0.0376

0.7980

0.1578

0.0324

0.9290

0.0386

0.6210

0.0964

0.0290

0.9490

0.0220

0.4679

0.0546

0.0338

0.9372

0.0290

0.3667

0.0355

0.0328

0.9394

0.0278

0.3109

0.0250

CT Bootstrap Below rate

Cover rate

Over rate

Mean width

SD width

0.0654

0.9346

0.0000

0.9073

0.3310

0.0368

0.9632

0.0000

0.5657

0.1339

0.0010

0.9990

0.0000

0.3581

0.0583

0.0012

0.9988

0.0000

0.2655

0.0348

0.0002

0.9998

0.0000

0.1679

0.0170

0.0000

1.0000

0.0000

0.1343

0.0114

0.0000

1.0000

0.0000

0.1032

0.0074
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below and above rates of a confidence interval is the fraction out of 5000 samples that

resulted in an interval that lies entirely above and below the true value of the population

mean. The coverage probability is found as the sum of the lower rate and upper rate

and then subtracted from total probability 1. Simulation results are tabulated in Tables

4.1, 4.2 and 4.3 for normal, chi-square and log-normal distributions respectively. For

Table 4.2: Coverage properties for χ2
1 distribution with skewness 2.83.

Sample Sizes

Approaches Measuring

Criteria

5 10 20 30 50 70 100

Exact Below rate

Cover rate

Over rate

Mean width

SD width

0.2062

0.7084

0.0854

2.6007

1.9051

0.2494

0.6374

0.1132

1.4303

0.7663

0.2694

0.5922

0.1384

0.9242

0.3623

0.2762

0.5722

0.1516

0.7355

0.2407

0.2550

0.5714

0.1736

0.5671

0.1451

0.2562

0.5766

0.1672

0.4733

0.1028

0.2532

0.5640

0.1828

0.3952

0.0719

Robust Below rate

Cover rate

Over rate

Mean width

SD width

0.0260

0.5410

0.4330

1.8389

1.6597

0.0074

0.6018

0.3908

0.8986

0.5313

0.0002

0.8746

0.1252

0.4863

0.2027

0.0000

0.9672

0.0328

0.3592

0.1243

0.0000

0.9972

0.0028

0.2632

0.0693

0.0000

0.9994

0.0006

0.2132

0.0484

0.0000

1.0000

0.0000

0.1747

0.0335

Bonett Below rate

Cover rate

Over rate

Mean width

SD width

0.2888

0.6266

0.0846

0.6715

0.5506

0.4280

0.5186

0.0534

1.0754

0.7581

0.2906

0.6796

0.0298

1.1966

0.7435

0.2358

0.7388

0.0254

1.1636

0.6528

0.1634

0.8158

0.0208

1.0610

0.5057

0.1406

0.8436

0.0158

0.9628

0.4333

0.1160

0.8680

0.0160

0.8628

0.3485

Non-para

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0110

0.9876

0.0014

1.2724

1.0062

0.0052

0.9948

0.0000

1.3299

0.9391

0.0002

0.9972

0.0026

1.2379

0.7437

0.0000

0.9966

0.0034

1.1433

0.6133

0.0000

0.9924

0.0076

1.0177

0.4682

0.0000

0.9454

0.0546

0.9143

0.3920

0.0000

0.6380

0.3620

0.8157

0.3163

Parametric

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0472

0.6048

0.3480

5.9921

4.3895

0.0600

0.6202

0.3198

2.0968

1.1233

0.0030

0.6954

0.3016

3.1846

1.2484

0.0052

0.6602

0.3346

1.7225

0.5638

0.0002

0.9482

0.0516

1.5354

0.3927

0.0002

0.5050

0.4948

1.9256

0.4184

0.0400

0.7466

0.2134

0.7131

0.1298

Robust

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0280

0.5300

0.4420

1.5955

1.4400

0.0082

0.5798

0.4120

0.8422

0.4979

0.0006

0.8400

0.1594

0.4538

0.1892

0.0000

0.9666

0.0334

0.3538

0.1224

0.0000

0.9964

0.0036

0.2615

0.0689

0.0000

0.9992

0.0008

0.2043

0.0464

0.0000

1.0000

0.0000

0.1739

0.0333

CT Bootstrap Below rate

Cover rate

Over rate

Mean width

SD width

0.0968

0.9032

0.0000

1.3284

0.9731

0.1190

0.8810

0.0000

0.7912

0.4239

0.1186

0.8814

0.0000

0.4827

0.1892

0.1674

0.8326

0.0000

0.3365

0.1102

0.1218

0.8782

0.0000

0.2444

0.0625

0.2750

0.7250

0.0000

0.1814

0.0394

0.1414

0.8586

0.0000

0.1402

0.0255
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all simulated distributions, we also provided the coverage probabilites in Table 4.4. For

more on the simulation techniques, we refer Baklizi and Kibria (2009) and Banik and

Kibria (2010a,b) and references therein.

Table 4.3: Coverage properties for the Lognormal (1.0,0.80) distribution with skewness 3.69.

Sample Sizes

Approaches Measuring

Criteria

5 10 20 30 50 70 100

Exact Below rate

Cover rate

Over rate

Mean width

SD width

0.1710

0.7568

0.0722

6.4430

4.8451

0.2600

0.6460

0.0940

3.4512

1.9012

0.3038

0.5640

0.1322

2.2911

1.0438

0.3280

0.5266

0.1454

1.8185

0.6992

0.3266

0.5124

0.1610

1.3942

0.4350

0.3494

0.4784

0.1722

1.1700

0.3197

0.3498

0.4720

0.1782

0.9744

0.2311

Robust Below rate

Cover rate

Over rate

Mean width

SD width

0.0268

0.7252

0.2480

5.6323

3.9645

0.0040

0.5714

0.4246

2.6675

1.0909

0.0002

0.7442

0.2556

1.5611

0.4237

0.0000

0.9086

0.0914

1.1971

0.2594

0.0000

0.9900

0.0100

0.8873

0.1436

0.0000

0.9986

0.0014

0.7353

0.1011

0.0000

1.0000

0.0000

0.6064

0.0684

Bonett Below rate

Cover rate

Over rate

Mean width

SD width

0.2620

0.6678

0.0702

1.6464

1.4319

0.4720

0.4852

0.0428

2.5439

1.9865

0.3510

0.6118

0.0372

2.9784

2.3489

0.3030

0.6688

0.0282

2.9380

2.1990

0.2406

0.7382

0.0212

2.7665

1.9159

0.2166

0.7660

0.0174

2.5728

1.6832

0.1816

0.8046

0.0138

2.3409

1.5210

Non-para

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0312

0.9688

0.0000

3.0850

2.5675

0.1258

0.8742

0.0000

3.0532

2.3907

0.0200

0.9800

0.0000

3.0013

2.2831

0.0086

0.9914

0.0000

2.8159

1.9829

0.0078

0.9922

0.0000

2.5739

1.6510

0.0000

1.0000

0.0000

2.3781

1.4309

0.0002

0.9998

0.0000

2.1623

1.2690

Parametric

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0082

0.8972

0.0946

20.3072

15.2710

0.0052

0.7640

0.2308

10.9107

6.0106

0.0038

0.7832

0.2130

6.9319

3.1581

0.2056

0.6352

0.1592

2.2693

0.8726

0.0014

0.6152

0.3834

4.2257

1.3183

0.0674

0.8756

0.0570

2.7495

0.7512

0.0056

0.9782

0.0162

3.6072

0.8555

Robust

Bootstrap

Below rate

Cover rate

Over rate

Mean width

SD width

0.0428

0.8148

0.1424

3.5183

2.4765

0.0062

0.6230

0.3708

2.2211

0.9083

0.0004

0.7108

0.2888

1.4099

0.3827

0.0000

0.8904

0.1096

1.1484

0.2488

0.0000

0.9870

0.0130

0.8495

0.1375

0.0000

0.9984

0.0016

0.7064

0.0971

0.0000

1.0000

0.0000

0.5978

0.0674

CT Bootstrap Below rate

Cover rate

Over rate

Mean width

SD width

0.3916

0.6084

0.0000

2.4976

1.8782

0.4424

0.5576

0.0000

1.6585

0.9137

0.2970

0.7030

0.0000

1.0762

0.4903

0.3686

0.6314

0.0000

0.8497

0.3267

0.1390

0.8610

0.0000

0.5779

0.1803

0.1400

0.8600

0.0000

0.4639

0.1267

0.0182

0.9818

0.0000

0.3291

0.0781
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Table 4.4: Coverage Probabilities for All Approaches and Distributions.

Distribution Approaches Sample Size (n)

5 10 20 30 50 70 100

Normal Exact

Robust

Bonett

NP-Boot

Par-Boot

Robust Boot

CT Boot

0.9494

0.8098

0.5292

0.7728

0.8472

0.7560

0.9346

0.9492

0.9041

0.7972

0.7930

0.9624

0.9002

0.9632

0.9525

0.9160

0.9060

0.9998

0.5398

0.9154

0.9990

0.9554

0.9276

0.9362

1.0000

0.8606

0.9290

0.9988

0.9512

0.9388

0.9582

1.0000

0.9730

0.9490

0.9998

0.9544

0.9438

0.9674

1.0000

0.5292

0.9372

1.0000

0.9484

0.9402

0.9678

1.0000

0.9758

0.9394

1.0000

χ
2
1 Exact

Robust

Bonett

NP-Boot

Par-Boot

Robust Boot

CT Boot

0.7084

0.5410

0.6266

0.9876

0.6048

0.5300

0.9032

0.6374

0.6018

0.5186

0.9948

0.6202

0.5798

0.8810

0.5922

0.8746

0.6796

0.9972

0.6954

0.8400

0.8814

0.5722

0.9672

0.7388

0.9966

0.6602

0.9666

0.8326

0.5714

0.9972

0.8158

0.9924

0.9482

0.9964

0.8782

0.5766

0.9994

0.8436

0.9454

0.5050

0.9992

0.7250

0.5640

1.0000

0.8680

0.6380

0.7466

1.0000

0.8586

Log-normal Exact

Robust

Bonett

NP-Boot

Par-Boot

Robust Boot

CT Boot

0.7568

0.7252

0.6678

0.9688

0.8972

0.8148

0.6084

0.6460

0.5714

0.4852

0.8742

0.7640

0.6230

0.5576

0.5640

0.7442

0.6118

0.9800

0.7832

0.7108

0.7030

0.5266

0.9086

0.6688

0.9914

0.6352

0.8904

0.6314

0.5124

0.9900

0.7382

0.9922

0.6152

0.9870

0.8610

0.4784

0.9986

0.7660

1.0000

0.8756

0.9984

0.8600

0.4720

1.0000

0.8046

0.9998

0.9782

1.0000

0.9818

4.2. Results discussion

The MATLAB programming language was used to run the simulation and to make the

necessary tables. The performance of the selected techniques in Section 3 for normal

distribution is examined first and the simulated results are tabulated in Table 4.1.

The results in Table 4.1 suggested that when sampling from a normal distribution,

the performance of the estimators do not differ greatly. However, for small sample sizes,

the exact method has coverage probability close to 0.95, followed by CT Bootstrap, the

proposed robust method, the robust bootstrap method and Bonnet performed the worse.

The parametric bootstrap method performed better than the non-parametric bootstrap

method for all sample sizes. When measuring criterion is average width, it is observed

that the CT bootstrap interval performed well as compare to others, followed by Bonett

and the non-parametric interval. The average width of the exact method is observed

closed to the proposed robust method.

The next simulation compares the performance of the proposed intervals for a

variety of non-normal distributions. Results are depicted for chi-square and log-normal

in Tables 4.2 and 4.3 respectively. The results in Table 4.2 and Table 4.3 suggested

that when sampling from a skewed distribution, the proposed robust method, Non-
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parametric bootstrap, robust bootstrap performed better compared to others in the sense

of coverage probability and average width. It is clear that the proposed robust method is

superior to the exact method when the data are from a non-normal population.

When the data are from normal distributions or sample sizes are large, the exact

method would be considered as it is easy to compute and has coverage probability

close to the nominal size compared to the rest. Since in real life the distributions of the

data are unknown or do not follow the normality assumption for most of the cases, our

proposed robust confidence interval would be recommended, as it does not required any

distributional assumption and is easy to compute compared to the bootstrap methods.

Even though some of the bootstrap methods are as good as our proposed robust method,

it is not advisable to use them as they are very computer intensive. However, for a

computer expert researcher, the non-parametric bootstrap method can be recommended.

5. Applications to real data

In this section, we will present some real life examples to illustrate the application and

the performance of the selected intervals.

5.1. Example 1

This example is taken from Hogg and Tanis (2001, page 359). The data set represents

the amount of butterfat in pounds produced by a typical cow during a 305-day milk

production period between her first and second calves. The butterfat production for

a random sample of size n = 20 cows measured by a farmer yielding the following

observations:

481,537,513,583,453,510,570,500,457,555

618,327,350,643,499,421,505,637,599,392

The sample mean, standard deviation and skewness of data are 507.5, 89.75 and

−0.3804 and respectively. Shapiro-Wilk Normality Test (W = 0.9667, p-value = 0.6834)

suggested that the data follow a normal distribution. The resulting 95% confidence

intervals for different methods and the corresponding confidence widths are given in

Table 5.1.

From Table 5.1, we observed that when the data under consideration has a normal

distribution, the confidence intervals widths for both exact and robust methods are

approximately the same, but as expected, the exact method provided the shortest

intervals widths among the two methods. From the above Table, we observed that

the non-parametric bootstrap interval has the narrowest width followed by the Bonett

interval. It is noted that the CT bootstrap has the widest width.
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Table 5.1: The 95% Confidence Intervals for the Butterfat Data.

Method 95% Confidence Interval Width

Exact (68.255,131.087) 62.832

Robust (63.261,129.137) 65.876

Bonett (63.910,114.789) 50.879

Non-para Bootstrap (62.515,106.951) 44.435

Parametric Bootstrap (74.656,130.790) 56.133

Robust Bootstrap (74.970,155.960) 80.989

CT Bootstrap (76.851,169.375) 92.523

5.2. Example 2

This example is taken from Weiss (2002, page 291). The data set represents the last

year’s chicken consumption in pounds for people on USA published by the USA

Department of Agriculture in Food Consumption, Prices, and Expenditures. The last

year’s chicken consumption, in pounds, for a random sample of size n = 17 people

yielded the following observations:

47,39,62,49,50,70,59,53,55,0,65,63,53,51,50,72,45

The sample mean, standard deviation and skewness of these data are 51.94, 16.08

and −2.11 respectively. Shapiro-Wilk Normality Test (W = 0.8013, p-value = 0.0021)

suggested that the data do not follow a normal distribution. The zero value may be a

recording error or due to a person in the random sample who does not eat chicken for

some reason (e.g., a vegetarian) and may be considered as an outlier. Now, if we remove

the outlier 0 pound from the sample data, the sample mean, standard deviation and

skewness of data are 55.19, 9.21 and 0.33 respectively. Shapiro-Wilk Normality Test

(W = 0.9651, p-value = 0.7539) suggested that the data follow a normal distribution.

The resulting 95% confidence intervals for different methods and the corresponding

confidence widths based on the two types of data are given in Table 5.2.

From Table 5.2, we observed that the non-parametric bootstrap interval has the

narrowest width followed by the Bonett interval. It is also noted that the CT bootstrap

has the widest width than others. From Table 5.2 it is also observed that when the

outlier is removed from the data, then the confidence interval for exact and robust

methods are very similar and approximately have the same interval width, although

the robust interval width is slightly shorter. The value of the outlier does not affect

so much the proposed robust confidence interval and therefore the exact confidence

interval for the population standard deviation, σ, should be avoided in the presence of

outliers. In general, an outlier should not be removed without careful consideration.

Simply removing an outlier because it is an outlier is unacceptable statistical practice.
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Table 5.2

Method 95% Confidence Interval Width

Original Data Abridged Data Original Data Abridged Data

Exact (11.978 , 24.478) (7.485 , 16.330) 12.50 8.845

Robust (6.804, 14.255) (5.193, 11.635) 7.451 6.442

Bonett (8.798,26.362) (6.396,11.813) 17.564 5.416

Non-para Bootstrap (6.789,23.977) (6.158,11.470) 17.188 5.311

Parametric Bootstrap (10.676,37.332) (7.506,13.971) 26.655 6.464

Robust Bootstrap (7.800,17.840) (6.398,13.991) 10.040 7.593

CT Bootstrap (16.374,40.284) (9.737, 18.698) 23.910 8.961

Also, our result if we had blindly finding a confidence interval without first examining

the data would have been invalid and misleading. In this case we can use the proposed

robust confidence interval which is resistant to outliers.

6. Concluding remarks

This paper proposes an approximate confidence interval for estimating the population

standard deviation, σ, based on a robust estimator and compares its performance

with other proposed intervals. A simulation study has been conducted to compare the

performance of the estimators, and shows that the proposed robust confidence interval

for all distributions considered performs well and had a good coverage probability

compared to the exact method especially for non-normal distributions. It appears that the

sample size (n) has significant effect on the proposed confidence interval. We observed

that if the population is really normal, the exact confidence interval for the population

standard deviation, σ, performs slightly better than the proposed robust method. If

the distribution is highly skewed, the coverage probability of the proposed robust

method becomes close to 1−α and improves as the sample size increases. Actually,

if the population is really non-normal, the exact confidence interval for the population

standard deviation, σ, can be arbitrarily bad. A single outlier makes it worse than

useless. To illustrate the findings of the paper we considered some real life examples

which also supported the simulation study to some extent. Finally, among all proposed

intervals, the robust, exact, non-parametric boot strap and CT bootstrap intervals are

promising and can be recommended for the practitioners. However, both exact and

proposed robust intervals are easy to compute and are not computer intensive.
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Based on progressively Type-II censored samples, this paper deals with inference for the stress-
strength reliability R = P (Y < X) when X and Y are two independent Weibull distributions with
different scale parameters, but having the same shape parameter. The maximum likelihood esti-
mator, and the approximate maximum likelihood estimator of R are obtained. Different confidence
intervals are presented. The Bayes estimator of R and the corresponding credible interval using
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1. Introduction

The Weibull distribution is one of the most widely used distributions in the reliability

and survival studies. The two-parameter Weibull distribution denoted by W (α,θ ) has

the probability density function (pdf)

f (x,α,θ ) =
α

θ
xα−1e

− xα

θ , x > 0, α, θ > 0, (1)
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and the cumulative distribution function (cdf)

F(x,α,θ ) = 1− e
− xα

θ , x > 0, α, θ > 0. (2)

Here α is the shape parameter and θ is the scale parameter.

It has been used very effectively for analyzing lifetime data, particularly when the

data are censored. Among various censoring schemes, the Type II progressive censoring

scheme has become very popular one in the last decade. It can be described as follows:

Consider N units are placed under a study and only n(< N) units are completely

observed until failure. At the time of the first failure (the first stage), r1 of the N − 1

surviving units are randomly withdrawn (censored intentionally) from the experiment.

At the time of the second failure (the second stage), r2 of the N − 2 − r1 surviving

units are withdrawn and so on. Finally, at the time of the nth failure (the nth stage),

all the remaining rn = N − n− r1 − ·· · − rn−1 surviving units are withdrawn. We will

refer to this as progressive Type-II right censoring with scheme (r1,r2, . . . ,rn). It is

clear that this scheme includes the conventional Type-II right censoring scheme (when

r1 = r2 = · · · = rn−1 = 0 and rn = N −n) and complete sampling scheme (when N = n

and r1 = r2 = · · ·= rn = 0). For further details on progressively censoring and relevant

references, the reader may refer to the book by Balakrishnan and Aggarwala (2000).

In the stress-strength modelling, R = P(Y < X) is a measure of component reliability

when it is subjected to random stress Y and has strength X . For a particular situation,

consider Y as the pressure of a chamber generated by ignition of a solid propellant and

X as the strength of the chamber. Then R represents the probability of successful firing

of the engine. In this context, R can be considered as a measure of system performance

and it is naturally arise in electrical and electronic systems. It may be mentioned that

R is of greater interest than just reliability since it provides a general measure of the

difference between two populations and has applications in many area. For example,

if X is the response for a control group, and Y refers to a treatment group, R is a

measure of the effect of the treatment. Also, it may be mentioned that R equals the

area under the receiver operating characteristic (ROC) curve for diagnostic test or bio-

markers with continuous outcome (see Bamber (1975)). The ROC curve is widely used,

in biological, medical and health service research, to evaluate the ability of diagnostic

tests or bio-markers to distinguish between two groups of subjects, usually non-diseased

and diseased subjects. For more application of R, see Kotz et al. (2003). Many authors

have studied the stress-strength parameter R. Among them, Ahmad et al. (1997), Awad

et al. (1981), Kundu and Gupta (2005, 2006), Adimari and Chiogna (2006), Baklizi

(2008), Raqab et al. (2008) and Rezaei et al. (2010).

Based on complete X-sample and Y -sample, Kundu and Gupta (2006) considered

the estimation of R = P(Y < X) when X ∼ W (α,θ1) and Y ∼ W (α,θ2) are two

independent Weibull distributions with different scale parameters, but having the same

shape parameter. In this paper, we extend their results for the case when the samples

are progressively Type-II censored. The layout of this paper is as follows: In Section 2,



A. Asgharzadeh, R. Valiollahi and Mohammad Z. Raqab 105

we derive the maximum likelihood estimator (MLE) of R. It is observed that the MLE

can be obtained using an iterative procedure. We further propose an approximate MLE

(AMLE) of R, which can be obtained explicitly. Different confidence intervals (C.I.’s)

are presented in Section 3. A Bayes estimator of R and the corresponding credible

interval using the Gibbs sampling technique have been proposed in Section 4. Analysis

of a real data set as well a Monte Carlo simulation based comparison of the proposed

methods are performed in Section 5. Finally, we conclude the paper in Section 6.

2. Maximum likelihood estimator of R

Let X ∼ W (α,θ1) and Y ∼ W (α,θ2) be independent random variables. Then it can be

easily seen that

R = P(Y < X) =
θ1

θ1 +θ2

. (3)

Our interest is in estimating R based on progressive Type-II censored data on both

variables. To derive the MLE of R, first we obtain the MLE’s of α, θ1 and θ2. Sup-

pose X=(X1:N ,X2:N , . . . ,Xn:N) is a progressively Type-II censored sample from W (α,θ1)

with censored scheme r= (r1,r2, . . . ,rn) and Y= (Y1:M,Y2:M, . . . ,Ym:M) is a progressively

Type-II censored sample from W (α,θ2) with censored scheme r′ = (r′1,r′2, . . . ,r′m). For

notation simplicity, we will write (X1,X2, . . . ,Xn) for (X1:N ,X2:N , . . . ,Xn:N) and

(Y1,Y2, . . . ,Ym) for (Y1:M,Y2:M, . . . ,Ym:M). Therefore, the likelihood function of α, θ1 and

θ2 is given (see Balakrishnan and Aggarwala (2000)) by

L(α,θ1,θ2) =

[
c1

n

∏
i=1

f (xi)[1−F(xi)]
ri

]
×
[

c2

m

∏
j=1

f (y j)[1−F(y j)]
r′j

]
, (4)

where

c1 = N(N −1− r1)(N −2− r1 − r2) · · ·(N −n+1− r1 · · ·− rn−1),

c2 = M(M−1− r′1)(M−2− r′1 − r′2) · · ·(M−m+1− r′1 · · ·− r′m−1).

Upon using (1) and (2), we immediately have the likelihood function of the observed

data as follows:

L(data|α,θ1,θ2) = c1c2α
n+m
θ
−n
1 θ

−m
2

n

∏
i=1

xα−1
i

m

∏
j=1

yα−1
j

× exp

{
− 1

θ1

n

∑
i=1

(ri +1)xαi −
1

θ2

m

∑
j=1

(r′j +1)yαj

}
. (5)
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From (5), the log-likelihood function is

l(α,θ1,θ2) ∝ (n+m) lnα−n ln(θ1)−m ln(θ2)+(α−1)

×
[

n

∑
i=1

ln(xi)+
m

∑
j=1

ln(y j)

]
− 1

θ1

n

∑
i=1

(ri +1)xαi −
1

θ2

m

∑
j=1

(r′j +1)yαj .

The MLEs of α, θ1 and θ2, say α̂, θ̂1 and θ̂2 respectively, can be obtained as the

solution of

∂ l

∂α
=

n+m

α
+

[
n

∑
i=1

ln(xi)+
m

∑
j=1

ln(y j)

]
− 1

θ1

n

∑
i=1

(ri +1)xαi ln(xi)

− 1

θ2

m

∑
j=1

(r′j +1)yαj ln(y j) = 0, (6)

∂ l

∂θ1

=− n

θ1

+
1

θ 2
1

n

∑
i=1

(ri +1)xαi = 0, (7)

∂ l

∂θ2

=− m

θ2

+
1

θ
2
2

m

∑
j=1

(r′j +1)yαj = 0. (8)

From (7) and (8), we obtain

θ̂1(α) =
1

n

n

∑
i=1

(ri +1)xαi , and θ̂2(α) =
1

m

m

∑
j=1

(r′j +1)yαj . (9)

Substituting the expressions of θ̂1(α) and θ̂2(α) into (6), α̂ can be obtained as a fixed

point solution of the following equation:

k(α) = α, (10)

where

k(α) =
n+m

n∑
n
i=1(ri +1)xαi ln(xi)

∑
n
i=1(ri +1)xαi

+
m∑

m
j=1(r

′
j +1)yαj ln(y j)

∑
m
j=1(r

′
j +1)yαj

−
[
∑

n
i=1 ln(xi)+∑

m
j=1 ln(y j)

] .

A simple iterative procedure k(α( j)) = α( j+1) where α( j) is the j-th iterate, can be

used to find the solution of (10). Once we obtain α̂ML, the MLE of θ1 and θ2, can be

deduced from (9) as θ̂1ML = θ̂1(α̂ML) and θ̂2ML = θ̂2(α̂ML). Therefore, we compute the

MLE of R as
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R̂ML =
1
n ∑

n
i=1(ri +1)xα̂ML

i

1
n ∑

n
i=1(ri +1)xα̂ML

i + 1
m ∑

m
j=1(r

′
j +1)yα̂ML

j

. (11)

Here the maximum likelihood approach does not give an explicit estimator for α and

hence for R, based on a progressively Type-II censored sample. Now, we approximate

the likelihood equation analogously to Kundu and Gupta (2006). It is based on the

fact that if the random variable X has W (α,θ ), then V = lnX , has the extreme value

distribution with pdf as

f (v;µ,σ) =
1

σ
e

v−µ
σ

−e

v−µ
σ

, −∞ < v < ∞, (12)

where µ = 1
α

lnθ and σ = 1/α. The density function (12) is known as the density

function of an extreme value distribution, with location, and scale parameters as µ and

σ respectively. The standard extreme value distribution has the pdf and cdf as

g(v) = ev−ev

, G(v) = 1− e−ev

.

Suppose X1 <X2 < · · ·<Xn is a progressively Type-II censored sample from W (α,θ1)

with censored scheme (r1,r2, . . . ,rn) and Y1 < Y2 < · · · < Ym is a progressively Type-II

censored sample from W (α,θ2) with censored scheme (r′1,r′2, . . . ,r′m). Furthermore, we

use the following notation for this subsection. Ti = lnXi, Zi =
Ti−µ1
σ

, i = 1, . . . ,n and

S j = lnYj, Wj =
S j−µ2

σ
, j = 1, . . . ,m, where µ1 =

1
α

lnθ1 , µ2 =
1
α

lnθ2 and σ = 1
α

.

The log-likelihood function of the observed data T1, . . . ,Tn and S1, . . . ,Sm is

l∗(µ1,µ2,σ) ∝ −(n+m) lnσ+
n

∑
i=1

ln(g(zi))+
n

∑
i=1

ri ln(1−G(zi))

+
m

∑
j=1

ln(g(w j))+
m

∑
j=1

r′j ln(1−G(w j)). (13)

Differentiating (13) with respect to µ1, µ2 and σ, we obtain the likelihood equations as

∂ l∗

∂µ1

=− 1

σ

n

∑
i=1

g′(zi)

g(zi)
+

1

σ

n

∑
i=1

ri

g(zi)

1−G(zi)
= 0, (14)

∂ l∗

∂µ2

=− 1

σ

m

∑
j=1

g′(w j)

g(w j)
+

1

σ

m

∑
j=1

r′j
g(w j)

1−G(w j)
= 0, (15)

∂ l∗

∂σ
=−n+m

σ
− 1

σ

n

∑
i=1

zi

g′(zi)

g(zi)
+

1

σ

n

∑
i=1

rizi

g(zi)

1−G(zi)

− 1

σ

m

∑
j=1

w j

g′(w j)

g(w j)
+

1

σ

m

∑
j=1

r′jw j

g(w j)

1−G(w j)
= 0. (16)
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We approximate the terms p(zi) =
g′(zi)
g(zi)

and q(zi) =
g(zi)

1−G(zi)
by expanding them in a

Taylor series around νi = E(Zi). Further, we also approximate the terms p̄(w j) =
g′(w j)

g(w j)
,

and q̄(w j) =
g(w j)

1−G(w j)
by expanding them in a Taylor series around ν̄ j = E(Wj). It is

known that Zi
d
= G−1(Ui), where Ui is the i-th progressively Type-II censored order

statistic from the uniform U(0,1) distribution. Therefore,

νi = E(Zi)≈ G−1(ηi),

where ηi = E(Ui). From Balakrishnan and Aggarwala (2000),

ηi = 1−
n

∏
k=n−i+1

k+Rn−k+1 + · · ·+Rn

k+1+Rn−k+1 + · · ·+Rn

, i = 1, . . . ,n.

Since, G−1(u) = ln(− ln(1−u)), we can approximate νi by ln(− ln(1−ηi)). Similarly,

we approximate ν̄ j by ln(− ln(1−η j)). Now, upon expanding the function p(zi), p̄(w j),

q(zi) and q̄(w j) keeping only the first two terms, we get

p(zi)≈ αi +βizi, p̄(w j)≈ ᾱ j + β̄ jw j,

q(zi)≈ γi +δizi, q̄(w j)≈ γ̄ j + δ̄ jw j,

where

αi = p(νi)−νi p
′(νi) = 1+(νi −1)eνi , βi = p′(νi) =−eνi ,

ᾱ j = p̄(ν̄ j)− ν̄ j p̄
′(ν̄ j) = 1+(ν̄ j −1)eν̄ j , β̄ j = p̄′(ν̄ j) =−eν̄ j ,

γi = q(νi)−νiq
′(νi) = (1−νi)e

νi , δi = q′(νi) = eνi ,

γ̄ j = q̄(ν̄ j)− ν̄ jq̄
′(ν̄ j) = (1− ν̄ j)e

ν̄ j , δ̄ j = q̄′(ν̄ j) = eν̄ j .

Therefore, (14), (15), and (16) can be approximated respectively as

∂ l∗

∂µ1

=− 1

σ

n

∑
i=1

[(αi − riγi)+ zi(βi − riδi)] = 0, (17)

∂ l∗

∂µ2

=− 1

σ

m

∑
j=1

[
(ᾱ j − r′jγ̄ j)+w j(β̄ j − r′jδ̄ j)

]
= 0, (18)

∂ l∗

∂σ
=−n+m

σ
− 1

σ

n

∑
i=1

[
zi(αi − riγi)+ z2

i (βi − riδi)
]

− 1

σ

m

∑
j=1

[
w j(ᾱ j − r′jγ̄ j)+w2

j(β̄ j − r′jδ̄ j)
]
= 0. (19)
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If we denote µ̃1, µ̃2 and σ̃1 as the solutions of (17), (18) and (19) respectively, then

observe that

µ̃1 = A1 +B1σ̃, µ̃2 = A2 +B2σ̃, and σ̃ =
−D+

√
D2 −4(n+m)E

2(n+m)
,

where

A1 =
∑

n
i=1 ti(βi − riδi)

∑
n
i=1(βi − riδi)

, B1 =
∑

n
i=1(αi − riγi)

∑
n
i=1(βi − riδi)

,

A2 =
∑

m
j=1 s j(β̄ j − r′jδ̄ j)

∑
m
j=1(β̄ j − r′jδ̄ j)

, B2 =
∑

m
j=1(ᾱ j − r′jγ̄ j)

∑
m
j=1(β̄ j − r′jδ̄i)

,

D =
n

∑
i=1

ti(αi − riγi)−3A1

n

∑
i=1

(αi − riγi)+2A1B1

n

∑
i=1

(βi − riδi)

+
m

∑
j=1

s j(ᾱ j − r′jγ̄ j)−3A2

m

∑
j=1

(ᾱ j − r′jγ̄ j)+2A2B2

m

∑
j=1

(β̄ j − r′jδ̄ j),

E =
n

∑
i=1

t2
i (βi − riδi)−A1

n

∑
i=1

ti(βi − riδi)

+
m

∑
j=1

s2
j(β̄ j − r′jδ̄ j)−A2

m

∑
j=1

s j(β̄ j − r′jδ̄ j).

Once σ̃ is obtained, µ̃1 and µ̃2 can be obtained immediately. Therefore, the approximate

MLE of R is given by

R̃ =
θ̃1

θ̃1 + θ̃2

,

where

θ̃1 = exp

(
1

σ̃
(A1 +B1σ̃)

)
, and θ̃2 = exp

(
1

σ̃
(A2 +B2σ̃)

)
.

3. C.I.’s of R

Based on asymptotic behavior of R, we present an asymptotic C.I. of R. We further,

propose two C.I.’s based on the non-parametric bootstrap method.
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3.1. Asymptotic C.I. of R

Let us first start with obtaining the Fisher information matrix of θ = (α,θ1,θ2). If

X1:N < X2:N < · · · < Xn:N is a progressively Type-II censored sample from the W (α,θ )

distribution with censored scheme r = (r1,r2, . . . ,rn). Then Z1:N < Z2:N < · · · < Zn:N ,

where Zi:N =
Xαi:N
θ

(i = 1, . . . ,n) is a progressively Type-II censored sample from the

standard Exponential distribution with censored scheme r = (r1,r2, . . . ,rn). Hence (see

Balakrishnan and Aggarwala (2000), p. 19.)

E[(Xi:N)
α] = θE(Zi:N) = θµi,

where

µi =
i

∑
k=1

1

N −∑
k−1
s=0 rs − k+1

, i = 1, . . . ,n.

The pdf of Xi:N (see, for example, Kamps and Cramer (2001)) is

fXi:N
(x) = ci−1

i

∑
k=1

ak,i

α

θ
xα−1e−γk

xα

θ , x > 0,

where

γk = N − k+1+
n

∑
s=k

rs, ci−1 =
i

∏
s=1

γs, and ak,i =
i

∏
s=1
s 6=k

1

γs −γi

.

The Fisher information matrix of θ = (α,θ1,θ2) (cf. Kundu and Gupta (2005, 2006))

is obtained to be

I(θ ) =−




E

(
∂ 2l

∂α2

)
E

(
∂ 2l

∂α∂θ1

)
E

(
∂ 2l

∂α∂θ2

)

E

(
∂ 2l

∂θ1∂α

)
E

(
∂ 2l

∂θ 2
1

)
E

(
∂ 2l

∂θ1∂θ2

)

E

(
∂ 2l

∂θ2∂α

)
E

(
∂ 2l

∂θ2∂θ1

)
E

(
∂ 2l

∂θ 2
2

)




=




I11 I12 I13

I21 I22 I23

I31 I32 I33




where

−I11 =−n+m

α2
− 1

θ1

n

∑
i=1

[
(ri +1)E[Xαi (ln(Xi))

2]
]
− 1

θ2

m

∑
j=1

[
(r′j +1)E[Yαj (ln(Yj))

2]
]

=− 1

α2

n

∑
i=1

[
(ri +1)ci−1

i

∑
k=1

ak,i

γ
2
k

[
Γ′′(2)+2ln(

θ1

γk

)Γ′(2)+(ln(
θ1

γk

))2Γ(2)

]]

− 1

α2

m

∑
j=1

[
(r′j +1)c′j−1

j

∑
k=1

a′k, j

γ′2k

[
Γ′′(2)+2ln(

θ2

γ′k
)Γ′(2)+(ln(

θ2

γ′k
))2Γ(2)

]]
− n+m

α2
,
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−I22 =
n

θ 2
1

− 2

θ
3
1

n

∑
i=1

(ri +1)E[Xαi ] =
1

θ 2
1

[
n−2

n

∑
i=1

(ri +1)µi

]
,

−I33 =
m

θ
2
2

− 2

θ
3
2

m

∑
j=1

(r′j +1)E[Yαj ] =
1

θ
2
2

[
m−2

m

∑
j=1

(r′j +1)µ′j

]
,

−I12 =
1

θ
2
1

n

∑
i=1

(ri +1)E[Xαi ln(Xi)]

=
1

αθ1

n

∑
i=1

(ri +1)ci−1

i

∑
k=1

ak,i

γ
2
k

[
Γ′(2)+ ln(

θ1

γk

)Γ(2)

]
=−I21.

−I13 =
1

θ
2
2

m

∑
j=1

(r′j +1)E[Yαj ln(Yj)]

=
1

αθ2

m

∑
j=1

(r′j +1)c′j−1

j

∑
k=1

a′k, j

γ
′2
k

[
Γ′(2)+ ln(

θ2

γ′k
)Γ(2)

]
=−I31,

I23 = I32 = 0,

where

µ
′
j =

j

∑
k=1

1

M−∑
k−1
s=0 r′s − k+1

γ
′
k = M− k+1+

m

∑
s=k

r′s

c′j−1 =
j

∏
s=1

γ
′
s a′k, j =

j

∏
s=1
s 6=k

1

γ′s −γ′j
.

From the asymptotic properties of the MLE’s and the fact that the two-parameter Weibull

distribution satisfies all the regularity conditions (cf. Bain (1978)), we state the following

theorem.

Theorem 1. For n → ∞ and m → ∞,

(√
m(α̂−α),

√
n(θ̂1 −θ1),

√
n(θ̂2 −θ2)

)
d−→ N3(0,A−1(α,θ1,θ2))

where

A(α,θ1,θ2) =




a11 a12 a13

a21 a22 0

a31 0 a33


 ,

with

a11 =
I11

m
, a22 =

I22

n
, a33 =

I33

n
, a12 = a21 =

I12√
nm

, a13 = a31 =
I13√
nm

.
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Theorem 2. For n → ∞, m → ∞,
√

m(R̂−R)→ N(0,B), where

B =
1

u(θ1 +θ2)4

[
(a11a22 −a2

12)θ
2
1 −2a12a13θ1θ2 +(a11a33 −a2

13)θ
2
2

]
,

and u = a11a22a33 −a12a21a33 −a13a31a22.

Proof. See the Appendix.

From Theorem 2, we construct the asymptotic C.I. of R. Using the MLE’s of α, θ1 and

θ2, B can be estimated. As a consequence of that, a 100(1−γ)% asymptotic C.I. for R

can be presented of the form,

(R̂− z1− γ2

√
B̂√
m

, R̂+ z1− γ2

√
B̂√
m
),

where zγ is 100γth percentile of N(0,1). The C.I. of R by using the asymptotic

distribution of the AMLE of R can be obtained similarly by replacing α, θ1 and θ2

in B by their respective AMLE’s.

It is of interest to observe that when the shape parameter α is known, the MLE of R can

be obtained explicitly as

R̂ML =
S1(x)

S1(x)+
n
m

S2(y)
, (20)

where S1(x) = ∑
n
i=1(ri + 1)xαi and S2(y) = ∑

m
j=1(r

′
j + 1)yαj . It is easily checked that

(2/θ1)S1(X) and (2/θ2)S2(Y) have chi-square distribution with 2n and 2m degrees of

freedom, respectively. Alternatively, we have

R̂ML
d
=

1

1+ θ2
θ1

W
,

or

W
d
=

1− R̂ML

R̂ML

.
R

1−R
,

where W has an F distribution with 2m and 2n degrees of freedom. Then, a 100(1−γ)%
C.I. for R can be presented as


 1

1+
[

1− R̂ML

R̂ML

]
F1− γ2 ,2n,2m

,
1

1+
[

1− R̂ML

R̂ML

]
Fγ

2 ,2n,2m


 ,
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where Fγ
2 ,2n,2m and F1− γ2 ,2n,2m are the lower and upper

γ

2
th percentile points of an F

distribution with 2n and 2m degrees of freedom.

3.2. Bootstrap C.I.’s

It is evident that the C.I.’s based on the asymptotic results do not perform very well for

small sample size. For this, we propose two C. I.’s based on the non-parametric bootstrap

methods: (i) percentile bootstrap method (we call it Boot-p) based on the idea of Efron

(1982), and (ii) bootstrap-t method (we refer to it as Boot-t) based on the idea of Hall

(1988). We illustrate briefly how to estimate C.I.’s of R using both methods.

(i) Boot-p method

1. Generate a bootstrap sample of size n, {x∗1, . . . ,x∗n} from {x1, . . . ,xn}, and generate

a bootstrap sample of size m, {y∗1, . . . ,y∗m} from {y1, . . . ,ym}. Based on {x∗1, . . . ,x∗n}
and {y∗1, . . . ,y∗m}, compute the bootstrap estimate of R say R̂∗ using (11).

2. Repeat 1 NBOOT times.

3. Let H1(x) = P(R̂∗ ≤ x) be the cumulative distribution function of R̂∗. Define

R̂Bp(x) = H−1
1 (x) for a given x. The approximate 100(1−γ)% confidence interval

of R is given by

(
R̂Bp(

γ

2
) , R̂Bp(1−

γ

2
)
)

(ii) Boot-t method

1. From the sample {x1, . . . ,xn} and {y1, . . . ,ym}, compute R̂.

2. Same as in Boot-p method, first generate bootstrap sample {x∗1, . . . ,x∗n}, {y∗1, . . . ,y∗m}
and then compute R̂∗, the bootstrap estimate of R. Also, compute the statistic

T ∗ =

√
m(R̂∗− R̂)

√
Var(R̂∗)

Compute Var(R̂∗) using Theorem 2.

3. Repeat 1 and 2 NBOOT times.

4. Let H2(x) = P(T ∗ ≤ x) be the cumulative distribution function of T ∗. For a given

x define R̂Bt(x) = R̂+H−1
2 (x)

√
Var(R̂)

m
. The approximate 100(1−γ)% C.I. of R is

given by

(
R̂Bt(
γ

2
) , R̂Bt(1−

γ

2
)
)
.
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4. Bayes estimation of R

In this section, we obtain the Bayes estimation of R under assumption that the shape

parameter α and scale parameters θ1 and θ2 are random variables. Following the

approach of Berger and Sun (1993), it is assumed that the prior density of θ j is the

inverse gamma IG(a j,b j), j = 1,2 with density function

π j(θ j) = π(θ j|a j,b j) = e
− b j

θ j

θ
−a j−1

j b
a j

j

Γ(a j)
,

and α has the gamma G(a3,b3) with density function

π3(α) = π(α|a3,b3) = e−b3α
α

a3−1b
a3
3

Γ(a3)
.

Moreover, it is assumed that θ1, θ2 and α are independent. Therefore the joint posterior

density of α, θ1 and θ2 given the data is

L(α,θ1,θ2|data) =
L(data|α,θ1,θ2) π(α) π1(θ1) π2(θ2)∫ ∞

0

∫ ∞
0

∫ ∞
0 L(data|α,θ1,θ2)π1(θ1) π2(θ2) π(α) dα dθ1dθ2

. (21)

From (21), it is obvious that the form of the posterior density function will not be

tractable and the computation of its respective Bayes estimate will not be analytically

obtained. Consequently, we opt for stochastic simulation procedures, namely, the Gibbs

and Metropolis samplers (Gilks et al., 1995) to generate samples from the posterior

distributions and then compute the Bayes estimate of R and the corresponding credible

interval of R. The posterior pdfs of θ1 and θ2 are as follows:

θ1|α,θ2,data ∼ IG

(
n+a1,b1 +

n

∑
i=1

(ri +1)xαi

)
,

θ2|α,θ1,data ∼ IG

(
m+a2,b2 +

m

∑
j=1

(r′j +1)yαj

)
,

and

f (α|θ1,θ2,data) ∝ αn+m+a3−1
n

∏
i=1

xα−1
i

m

∏
j=1

yα−1
j

× exp

{
−b3α−

1

θ1

n

∑
i=1

(ri +1)xαi −
1

θ2

m

∑
j=1

(r′j +1)yαj

}
.
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The posterior pdf of α is not known, but the plot of its show that it is similar to

normal distribution. So to generate random numbers from this distributions, we use the

Metropolis-Hastings method with normal proposal distribution. Therefore the algorithm

of Gibbs sampling is as follows:

1. Start with an initial guess (α(0),θ
(0)
1 ,θ

(0)
2 ).

2. Set t = 1.

3. Using Metropolis-Hastings, generate α(t) from f (α|θ (t−1)
1 ,θ

(t−1)
2 ,data) with the

N(α(t−1),1) proposal distribution.

4. Generate θ
(t)
1 from IG(n+a1,b1 +∑

n
i=1(ri +1)xα

(t−1)

i ).

5. Generate θ
(t)
2 from IG(m+a2,b2 +∑

m
j=1(r

′
j +1)yα

(t−1)

j ).

6. Compute R(t) from (3).

7. Set t = t +1.

8. Repeat steps 3-7, T times.

Now the approximate posterior mean, and posterior variance of R become

Ê(R|data) =
1

T

T

∑
t=1

R(t),

V̂ar(R|data) =
1

T

T

∑
t=1

(
R(t)− Ê(R|data)

)2

.

Based on T and R values, using the method proposed by Chen and Shao (1999),

a 100(1− γ)% HPD credible interval can be constructed as
(

R[ γ2 T ],R[(1− γ2 )T ]

)
, where

R[ γ2 T ] and R[(1− γ2 )T ]
are the [γ

2
T ]-th smallest integer and the [(1− γ

2
)T ]-th smallest integer

of {Rt , t = 1,2, . . . ,T}, respectively.

Here we obtain the Bayes estimation of R under the assumptions that the scale

parameters θ1 and θ2 are random variables and the shape parameter α is known. It

is assumed that θ1 and θ2 have independent inverted Gamma priors with parameters

(a1,b1) and (a2,b2), respectively. The posterior pdf’s of θ1 and θ2 can be shown to

be IGamma(n+a1,b1 +S1(x)) and IGamma(m+a2,b2 +S2(y)) respectively. Since the

priors θ1 and θ2 are independent, the posterior pdf of R becomes

fR(z) = A
zm+a2−1(1− z)n+a1−1

[(b1 +S1(x))(1− z)+(b2 +S2(y))z]
n+m+a1+a2

, 0 < z < 1,

where A = Γ(n+m+a1+a2)
Γ(a1+n)Γ(a2+m) [b1 +S1(x)]

n+a1 [b2 +S2(y)]
m+a2 .

The Bayes estimate of R under the squares error loss function is the posterior mean

R̂BS =

∫ 1

0
z fR(z)dz. (22)
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Since the Bayes estimate of R under the squared erros loss can not be obtained

analytically, we can obtain the approximate Bayes estimate of R by using the method

of Lindley (1980). It can be shown that the approximate Bayes estimate of R, say R̂ABS,

under squared error loss function is

R̂ABS = R̃

[
1+
θ̃2R̃2

θ̃
2
1

× (n+a1 −1)θ̃2 − (m+a2 −2)θ̃1

(n+a1 −1)(m+b2 −1)

]
, (23)

where θ̃1 =
n+a1−1

b1+S1(x)
, θ̃2 =

m+a2−1

b2+S2(y)
and R̃ = θ̃1

θ̃1+θ̃2
.

The 100(1−γ)% Bayesian interval for R is given by (L,U), where L and U are the lower

and upper bounds, respectively, satisfying

P[R ≤ L|data] =
γ

2
, and P[R ≤U |data] = 1− γ

2
.

By using some numerical integration methods, we can obtain Bayesian interval estima-

tion of R.

5. Data analysis and comparison study

In this section, a Monte Carlo simulation study and a real data set are presented

to illustrate all the estimation methods described in the preceding sections. All the

computations are performed using Visual Maple (V12) package. The codes themselves

are available from the authors.

5.1. Numerical comparison study

In this subsection, we present some results based on Monte Carlo simulations to

compare the performance of the different methods for different censoring schemes, and

for different parameter values. We compare the performances of the MLE, AMLE, and

the Bayes estimates (with respect to the squared error loss function) in terms of biases,

and mean squares errors (MSE). We also compare different C.I.’s, namely the C.I.’s

obtained by using asymptotic distributions of the MLE and AMLE, bootstrap C.I.’s and

the HPD credible intervals in terms of the average confidence lengths, and coverage

percentages. We use different parameter values, different hyper parameters and different

sampling schemes. We used three sets of parameter values (α = 0.5,θ1 = 1,θ2 = 1),

(α = 1.5,θ1 = 1,θ2 = 1) and (α = 2.5,θ1 = 1,θ2 = 1) mainly to compare the MLEs

and different Bayes estimators. For computing the Bayes estimators and HPD credible

intervals, we assume 3 priors as follows:
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Prior 1: a j = 0, b j = 0, j = 1,2,3,

Prior 2: a j = 1, b j = 2, j = 1,2,3,

Prior 3: a j = 2, b j = 3, j = 1,2,3.

Prior 1 is the non-informative gamma prior for both the shape and scale parameters.

Priors 2 and 3 are informative gamma priors. We also use three censoring schemes as

given in Table 1.

Table 1: Censoring schemes.

(n,N) C. S.

r1 (10, 30) (0,0,0,0,0,0,0,0,0,20)

r2 (10, 30) (20,0,0,0,0,0,0,0,0,0)

r3 (10, 30) (2,2,2,2,2,2,2,2,2,2)

For different parameter values, different censoring schemes and different priors, we

report the average biases, and MSE of the MLE, AMLE, and Bayes estimates of R over

1000 replications. The results are reported in Table 2. In our simulation experiments for

both the bootstrap methods, we have computed the confidence intervals based on 250

re-sampling. The Bayes estimates and the corresponding credible intervals are based on

1000 sampling, namely T = 1000.

From Table 2, we observe that the MLE and AMLE compare very well with the

Bayes estimator in terms of biases and MSEs. We also observe that the MSE, and biases

of the MLE, and AMLE are very close. Comparing the two Bayes estimators based on

two informative gamma priors clearly shows that the Bayes estimators based on prior 3

perform better than the Bayes estimators based on prior 2, in terms of both biases and

MSEs. The Bayes estimators based on both priors perform better than the ones obtained

using the noninformative prior 1.

We also computed the 95% C.I.’s for R based on the asymptotic distributions of the

MLE and AMLE. We further compute Boot-p, and Boot-t C.I.’s, and the HPD credible

intervals. In Table 3, we presented the average confidence credible lengths, and the

corresponding coverage percentages. The nominal level for the C.I.’s or the credible

intervals is 0.95 in each case. From Table 3, we observe that the bootstrap C.I.’s are

wider than the other C.I.’s. We also observe that the HPD intervals provide the smallest

average confidence credible lengths for different censoring schemes, and for different

parameter values. The asymptotic C.I.’s MLE and AMLE are the second best CIs. It is

also observed that Boot-p C.I.’s perform better than the Boot-t C.I.’s. From Table 3, it is

evident that the the Boot-t credible intervals provide the most coverage probabilities in

most cases considered.
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Table 2: Biases and MSE of the MLE, AMLE, and Bayes estimates of R.

(α,θ1,θ2) C.S. MLE AMLE BS

prior 1 prior 2 prior 3

(r1 , r1) Bias −0.051 −0.053 −0.064 −0.60 −0.055

MSE 0.019 0.020 0.022 0.021 0.020

(r1 , r2) Bias −0.046 −0.050 −0.060 −0.056 −0.051

MSE 0.012 0.014 0.017 0.016 0.015

(r1 , r3) Bias −0.032 −0.035 −0.047 −0.043 −0.039

(0.5 , 1 , 1) MSE 0.020 0.021 0.026 0.024 0.023

(r2 , r2) Bias −0.015 −0.022 −0.024 −0.023 −0.021

MSE 0.011 0.013 0.016 0.016 0.015

(r2 , r3) Bias −0.013 −0.015 −0.021 −0.019 −0.018

MSE 0.013 0.014 0.017 0.016 0.016

(r3 , r3) Bias −0.031 −0.036 −0.047 −0.043 −0.038

MSE 0.012 0.014 0.018 0.017 0.015

(r1 , r1) Bias −0.046 −0.048 −0.060 −0.057 −0.053

MSE 0.021 0.021 0.025 0.024 0.023

(r1 , r2) Bias −0.034 −0.039 −0.050 −0.047 −0.045

MSE 0.017 0.018 0.023 0.022 0.021

(r1 , r3) Bias −0.027 −0.028 −0.034 −0.031 −0.030

(1.5 , 1 , 1) MSE 0.013 0.014 0.018 0.016 0.015

(r2 , r2) Bias −0.017 −0.023 −0.034 −0.031 −0.029

MSE 0.010 0.011 0.017 0.016 0.014

(r2 , r3) Bias −0.013 −0.017 −0.031 −0.025 −0.021

MSE 0.008 0.009 0.015 0.012 0.011

(r3 , r3) Bias −0.035 −0.039 −0.049 −0.047 −0.043

MSE 0.021 0.023 0.024 0.024 0.022

(r1 , r1) Bias −0.029 −0.032 −0.036 −0.034 −0.032

MSE 0.020 0.022 0.026 0.025 0.023

(r1 , r2) Bias −0.022 −0.027 −0.039 −0.037 −0.034

MSE 0.011 0.013 0.018 0.018 0.016

(r1 , r3) Bias −0.017 −0.019 −0.025 −0.024 −0.022

(2.5 , 1 , 1) MSE 0.007 0.008 0.010 0.010 0.009

(r2 , r2) Bias −0.016 −0.018 −0.024 −0.023 −0.022

MSE 0.008 0.009 0.012 0.011 0.011

(r2 , r3) Bias −0.014 −0.017 −0.025 −0.021 −0.020

MSE 0.012 0.015 0.020 0.018 0.017

(r3 , r3) Bias −0.033 −0.038 −0.050 −0.047 −0.045

MSE 0.017 0.018 0.025 0.024 0.022
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Table 3: Average confidence/credible length and coverage percentage for estimators of R.

(α= 0.5, θ1 = 1, θ2 = 1)

C.S. ML AML Boot-p Boot-t BS

prior 1 prior 2 prior 3

(r1 , r1) 0.376(0.925) 0.378(0.926) 0.389(0.937) 0.396(0.951) 0.351(0.950) 0.346(0.950) 0.337(0.947)

(r1 , r2) 0.373(0.922) 0.376(0.924) 0.386(0.942) 0.391(0.946) 0.349(0.945) 0.341(0.942) 0.335(0.942)

(r1 , r3) 0.361(0.924) 0.365(0.927) 0.372(0.947) 0.382(0.959) 0.342(0.945) 0.338(0.943) 0.334(0.942)

(r2 , r2) 0.354(0.947) 0.356(0.951) 0.368(0.948) 0.375(0.957) 0.337(0.952) 0.329(0.951) 0.325(0.948)

(r2 , r3) 0.347(0.932) 0.350(0.934) 0.361(0.939) 0.366(0.950) 0.331(0.949) 0.326(0.947) 0.321(0.944)

(r3 , r3) 0.377(0.930) 0.380(0.932) 0.389(0.932) 0.391(0.949) 0.345(0.936) 0.342(0.934) 0.338(0.934)

(α= 1.5, θ1 = 1, θ2 = 1)

C.S. ML AML Boot-p Boot-t BS

prior 1 prior 2 prior 3

(r1 , r1) 0.333(0.941) 0.336(0.943) 0.345(0.947) 0.352(0.954) 0.321(0.948) 0.313(0.945) 0.304(0.947)

(r1 , r2) 0.317(0.943) 0.319(0.946) 0.327(0.946) 0.340(0.953) 0.311(0.951) 0.305(0.950) 0.301(0.948)

(r1 , r3) 0.308(0.946) 0.311(0.949) 0.320(0.951) 0.334(0.953) 0.301(0.957) 0.295(0.953) 0.285(0.951)

(r2 , r2) 0.299(0.940) 0.304(0.944) 0.312(0.944) 0.323(0.951) 0.288(0.954) 0.280(0.952) 0.277(0.950)

(r2 , r3) 0.290(0.939) 0.296(0.937) 0.306(0.946) 0.317(0.951) 0.282(0.953) 0.274(0.949) 0.272(0.948)

(r3 , r3) 0.322(0.940) 0.325(0.946) 0.332(0.949) 0.340(0.956) 0.313(0.946) 0.307(0.948) 0.303(0.942)

(α= 2.5, θ1 = 1, θ2 = 1)

C.S. ML AML Boot-p Boot-t BS

prior 1 prior 2 prior 3

(r1 , r1) 0.255(0.935) 0.260(0.938) 0.272(0.949) 0.285(0.951) 0.247(0.947) 0.243(0.942) 0.236(0.946)

(r1 , r2) 0.243(0.941) 0.247(0.943) 0.254(0.944) 0.265(0.953) 0.238(0.947) 0.233(0.948) 0.226(0.946)

(r1 , r3) 0.221(0.946) 0.225(0.945) 0.237(0.947) 0.249(0.949) 0.215(0.945) 0.211(0.944) 0.205(0.948)

(r2 , r2) 0.208(0.947) 0.211(0.951) 0.218(0.948) 0.234(0.953) 0.204(0.951) 0.197(0.953) 0.189(0.950)

(r2 , r3) 0.190(0.941) 0.192(0.945) 0.203(0.946) 0.211(0.954) 0.183(0.943) 0.179(0.946) 0.175(0.948)

(r3 , r3) 0.244(0.940) 0.247(0.941) 0.255(0.942) 0.268(0.945) 0.241(0.943) 0.239(0.944) 0.232(0.946)
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Table 4: Biases and MSE of the MLE and Bayes estimators of R and average

confidence length and coverage percentage when α is known and θ1 = θ2 = 1.

C.S MLE BS ABS Exact con.

(r1 , r1) Bias −0.0016 −0.0015 −0.0026 Mean 0.405

MSE 0.0122 0.0112 0.0157 Cov.Prob. 0.949

(r1 , r2) Bias −0.0014 −0.0013 −0.0023 Mean 0.405

MSE 0.0123 0.0113 0.0158 Cov.Prob. 0.949

(r1 , r3) Bias 0.0007 0.0007 0.0009 Mean 0.405

MSE 0.0111 0.0101 0.0137 Cov.Prob. 0.957

α= 1

(exponential case)

(r2 , r2) Bias 0.0028 0.0027 0.0061 Mean 0.405

MSE 0.0122 0.0112 0.0189 Cov.Prob. 0.944

(r2 , r3) Bias −0.0037 −0.0035 −0.0059 Mean 0.407

MSE 0.0112 0.0103 0.0181 Cov.Prob. 0.958

(r3 , r3) Bias −0.0036 −0.0034 −0.0049 Mean 0.405

MSE 0.0122 0.0112 0.0149 Cov.Prob. 0.950

(r1 , r1) Bias 0.0029 0.0027 0.0069 Mean 0.405

MSE 0.0126 0.0116 0.0173 Cov.Prob. 0.947

(r1 , r2) Bias 0.0016 0.0015 0.0028 Mean 0.406

MSE 0.0113 0.0104 0.0141 Cov.Prob. 0.953

(r1 , r3) Bias −0.0003 −0.0003 −0.0017 Mean 0.404

MSE 0.0110 0.0101 0.0128 Cov.Prob. 0.948

α= 2

(Rayleigh case)

(r2 , r2) Bias −0.0024 −0.0023 −0.0038 Mean 0.406

MSE 0.0114 0.0105 0.0133 Cov.Prob. 0.950

(r2 , r3) Bias 0.0008 0.0007 0.0019 Mean 0.406

MSE 0.0115 0.0106 0.0166 Cov.Prob. 0.948

(r3 , r3) Bias 0.0047 0.0045 0.0086 Mean 0.405

MSE 0.0124 0.0114 0.0167 Cov.Prob. 0.944

(r1 , r1) Bias −0.0039 −0.0037 −0.0080 Mean 0.404

MSE 0.0128 0.0117 0.0193 Cov.Prob. 0.945

(r1 , r2) Bias −0.0029 −0.0027 −0.0045 Mean 0.405

MSE 0.0119 0.0110 0.0132 Cov.Prob. 0.948

(r1 , r3) Bias 0.0002 0.0002 0.016 Mean 0.404

MSE 0.0110 0.0101 0.0129 Cov.Prob. 0.946

α= 2.5 (r2 , r2) Bias 0.0059 0.0057 0.0092 Mean 0.407

MSE 0.0118 0.0109 0.0153 Cov.Prob. 0.956

(r2 , r3) Bias 0.0021 0.0020 0.0031 Mean 0.405

MSE 0.0123 0.0112 0.0153 Cov.Prob. 0.944

(r3 , r3) Bias 0.0024 0.0023 0.0055 Mean 0.405

MSE 0.0122 0.0112 0.0152 Cov.Prob. 0.941
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Now let us consider the case when the common shape parameter α is known. In this

case, we obtain the MLE of R using (20). Since we do not have any prior information

on R, we prefer to use the non-informative prior i.e a1 = b1 = a2 = b2 = 0 to compute

Bayes estimates. Under the same prior distributions, we compute Bayes estimates and

approximate Bayes estimates of R using (22) and (23), respectively. We report the

average biases and MSEs based on 2000 replications. The results are reported in Table

4. From Table 4, comparing the MLE, Bayes and approximate Bayes estimators, we

observe that Bayes estimators provides the smallest biases and MSE’s. The MLE’s are

the best second estimators. Comparing different censoring schemes, we observe that the

scheme (r1,r3) provides the smallest biases and MSEs.

5.2. Example (real data set)

Here we present a data analysis of the strength data reported by Badar and Priest

(1982). This data, represent the strength measured in GPA for single carbon fibers, and

impregnated 1000-carbon fiber tows. Single fibers were tested under tension at gauge

lengths of 20mm (Data Set 1) and 10mm (Data Set 2). These data have been used

previously by Raqab and Kundu (2005), Kundu and Gupta (2006) and Kundu and Raqab

(2009). The data are presented in Tables 5 and 6.

Table 5: Data Set 1 (gauge lengths of 20 mm).

1.312 1.314 1.479 1.552 1.700 1.803 1.861 1.865 1.944 1.958

1.966 1.997 2.006 2.021 2.027 2.055 2.063 2.098 2.140 2.179

2.224 2.240 2.253 2.270 2.272 2.274 2.301 2.301 2.359 2.382

2.382 2.426 2.434 2.435 2.478 2.490 2.511 2.514 2.535 2.554

2.566 2.570 2.586 2.629 2.633 2.642 2.648 2.684 2.697 2.726

2.770 2.773 2.800 2.809 2.818 2.821 2.848 2.880 2.954 3.012

3.067 3.084 3.090 3.096 3.128 3.233 3.433 3.585 3.585

Table 6: Data Set 2 (gauge lengths of 10 mm).

1.901 2.132 2.203 2.228 2.257 2.350 2.361 2.396 2.397 2.445

2.454 2.474 2.518 2.522 2.525 2.532 2.575 2.614 2.616 2.618

2.624 2.659 2.675 2.738 2.740 2.856 2.917 2.928 2.937 2.937

2.977 2.996 3.030 3.125 3.139 3.145 3.220 3.223 3.235 3.243

3.264 3.272 3.294 3.332 3.346 3.377 3.408 3.435 3.493 3.501

3.537 3.554 3.562 3.628 3.852 3.871 3.886 3.971 4.024 4.027

4.225 4.395 5.020

Kundu and Gupta (2006) analyzed these data sets using two-parameter Weibull

distribution after subtracting 0.75 from both these data sets. After subtracting 0.75 from

all the points of these data sets, Kundu and Gupta (2006) observed that the Weibull

distributions with equal shape parameters fit to both these data sets. We have generated

two different progressively censored samples using two different sampling schemes

from above data sets in Tables 5 and 6. The generated data and corresponding censored



122 Stress-strength reliability of Weibull distribution based on progressively censored samples

Table 7: Data and the corresponding censored schemes.

i, j 1 2 3 4 5 6 7 8 9 10

xi 1.312 1.479 1.552 1.803 1.944 1.858 1.966 2.027 2.055 2.098

ri 1 0 1 2 0 0 3 0 1 50

y j 1.901 2.132 2.257 2.361 2.396 2.445 2.373 2.525 2.532 2.575

r′j 0 2 1 0 1 1 2 0 0 44

schemes have been presented in Table 7. The ML, AML and Bayes estimations of R

become 0.176, 0.179 and 0.328; and the corresponding 95% C.I.’s become (0.069,

0.283), (0.076, 0.284) and (0.097, 0.527) respectively. We also obtain the 95% Boot-p

and Boot-t confidence intervals as (0.064, 0.310) and (0.063, 0.342) respectively.

6. Some concluding remarks

Based on progressively censored samples, this paper considers estimation of R = P(Y <

X) by different methods when X and Y are two independent Weibull distributions with

different scale parameters, but having the same shape parameter. It is observed that the

MLE of R can be obtained using an iterative procedure. The proposed AMLE of R can

be obtained explicitly. It is observe that the MSE, and biases of the MLE, and AMLE

are very close. The Bayes estimate of R, and the corresponding credible interval can be

obtained using the Gibbs sampling technique. It is also observe that the MLE and AMLE

compare very well with the Bayes estimator in terms of biases and MSEs. Note that the

results for exponential and Rayleigh distributions can be obtained as special cases with

different scale parameters.

Appendix

Proof of Theorem 2

On using Theorem 1 and applying delta method, we can describe the asymptotic

distribution of R̂ = g(α̂, θ̂1, θ̂2), where g(α,θ1,θ2) = θ1/(θ1 +θ2) as the following:

√
m(R̂−R)

D→ N(0,B),

where B = b
′
A

−1
b, with

b =




∂g

∂α

∂g

∂θ1

∂g

∂θ2


= 1

(θ1+θ2)
2




0

θ2

−θ1


,

A
−1 =

1

u




a22a33 −a12a33 −a22a13

−a21a33 a11a33 −a13a31 a21a13

−a22a31 a21a13 a11a22 −a12a21


 .
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and u = a11a22a33 −a12a21a33 −a13a31a22. Therefore

B = b′A−1b =
1

u(θ1 +θ2)4

[
(a11a22 −a2

12)θ
2
1 −2a12a13θ1θ2 +(a11a33 −a2

13)θ
2
2

]
.

The proof is thus obtained.
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In this paper, we present case deletion and mean shift outlier models for linear mixed measure-
ment error models using the corrected likelihood of Nakamura (1990). We derive the corrected
score test statistic for outliers detection based on mean shift outlier models. Furthermore, several
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1. Introduction

Since all the observations in a data set do not play an equal role in determining

estimators, tests and other statistics, it is important to consider influential points in

data analysis. To identify anomalous observations, various approaches, including case

deletion model (CDM) and mean shift outlier model (MSOM), have been proposed in

the literature (Cook and Weisberg, 1982).

In linear mixed models, CDM, MSOM and related diagnostics are studied more

widely by different authors including, Christensen et al. (1992), Banerjee and Frees

(1997), Zhong and Wei (1999), Haslett and Dillane (2004), Zewotir and Galpin (2005)

and Li et al. (2009).
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Christensen et al. (1992) proposed case deletion diagnostics for both fixed effects and

variance components. Banerjee and Frees (1997) proposed case deletion diagnostics for

both fixed effects and random subject effects in linear longitudinal models. Zhong and

Wei (1999) presented a unified diagnostic method for linear mixed models based upon

the joint likelihood given by Robinson (1991). They showed that the estimates of pa-

rameters in CDM are equivalent to those in MSOM. Haslett and Dillane (2004) proved a

‘delete = replace’ identity in linear models and applied it to deletion diagnostics for esti-

mators of variance components. Zewotir and Galpin (2005) provided routine diagnostic

tools for fixed effects, random effects and variance components, which are computa-

tionally inexpensive. Li et al. (2009) considered subset deletion diagnostics for fixed ef-

fects, random effects and one variance component in varying coefficient mixed models.

As pointed out by Davidian and Giltinan (1995), independent variables in the models

are often measured with non-negligible errors. Hence it is of great interest to study

the measurement error models. On regression diagnostics for linear measurement error

models, only some works has been done by Kelly (1984), Fuller (1987), Wellman and

Gunst (1991), Zhong et al. (2000). Zhong et al. (2000) obtained CDM and MSOM for

linear measurement error models. Also, they derived several diagnostics via CDM.

In linear mixed measurement error models the only work is due to Fung et al. (2003).

However, in this paper, the corrected score function and the other relevant relations

are not derived correctly. This problem also exists in diagnostic methods such as case

deletion diagnostic on fixed effects. Furthermore, some of the relations in Fung et al.

(2003) are somewhat different with Zhong et al. (2002).

Since there is no outstanding work in diagnostic methods for linear mixed mea-

surement error models, in this paper, we concentrate on diagnostic methods for these

models upon the corrected score function of Nakamura (1990). In Section 2, we present

the model and the corrected score method for estimation of parameters. By using the

corrected score method, Section 3 deals with two diagnostic models: CDM and MSOM.

Besides, since MSOM is efficient to detect outliers, we construct a corrected score test

for detecting outliers. In Section 4, we develop case deletion diagnostics for detecting

influential points in linear mixed measurement error models. The given diagnostics are

similar to diagnostics in linear mixed models and so are easy to compute. An influ-

ence analysis of a data set on hedonic housing-prices is given to illustrate the results in

Section 5. Concluding remarks are given in Section 6.

2. Model definition and estimation

Consider the following linear mixed model with measurement errors in fixed effects:

y = Zβ+U b+ ǫ,

X = Z+∆.
(1)
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In this model β is a p× 1 vector of unobservable parameters, which are called fixed

effects; Z and U = [U1 |U2| . . . |Um] are n × p and n × q matrices of “regressors”,

respectively, where Ui is an n× qi known design matrix of the random effect factor

i; bT =
(
bT

1 ,bT
2 , . . . ,bT

m

)
, where bi is a qi × 1 vector of unobservable random effects

from N
(
0,σ2

i I
)
, i = 1, . . . ,m; ǫ is an n× 1 vector of unobservable random errors from

N
(
0,σ2I

)
. The variances σ2 and σ2

i , i = 1, . . . ,m are called variance components. X is

the observed value of Z with the measurement error ∆, where ∆ is an n× p random

matrix from N (0,I⊗ΛΛΛ). We assume that bi,ǫ and ∆ are mutually independent. One

may also write b ∼ N
(
0,σ2

Σ
)
, where Σ is a block diagonal matrix with the ith block

being γiI, for γi = σ
2
i

/
σ

2, so that y has a multivariate normal distribution with E (y) =

Zβ and Var(y) = σ2V, in which V = I+UΣUT = I+∑
m
i=1γiUiU

T
i . The conditional

distribution of b|y is b|y ∼ N
(
ΣUTV−1 (y−Zβ) ,σ2

ΣT
)

where T =
(
I+UTUΣ

)−1
.

The log-likelihood of y is given by

l
(
β,σ2,γ;Z,y

)
=−n

2
log
(
2πσ2

)
− 1

2
log(|V|)− 1

2σ2

[
(y−Zβ)T

V−1 (y−Zβ)
]

,

where
(
σ

2,γ
)
=
(
σ

2,γ1, . . . ,γm

)
belongs toΩ =

{(
σ

2,γ
)
: σ2 > 0,γi ≥ 0 (i = 1, . . . ,m)

}
.

Also, the conditional log-likelihood of b|y is given by

lb
(
β,σ2,γ;Z,y

)
=−q

2
log
(
2πσ2

)
− 1

2
log(|ΣT|)

− 1

2σ2

{[
b−ΣUTV−1 (y−Zβ)

]T
(ΣT)−1

[
b−ΣUTV−1 (y−Zβ)

]}
.

Suppose that as in the model (1), the covariate Z is measured with error and the

correlated structure arises from the random effects. If we simply replace Z by X, then

the estimates obtained from the score functions are not consistent in general. Various

ways are proposed in dealing with measurement error models. In this paper, we use

corrected score method proposed by Nakamura (1990) that is a common approach

in measurement error models (see also Nakamura, 1992; Hanfelt and Liang, 1997;

Gimenz and Bolfarine, 1997 and Zhong et al., 2000). In this method, we have to

find a corrected score function whose expectation with respect to the measurement

error distribution coincides with the usual score function based on the unknown true

independent variables. For the model (1), Zhong et al. (2002) derived the corrected score

estimates of fixed and random effects.

Let E∗ denotes the conditional mean with respect to X given y. The corrected log-

likelihood l∗
(
β,σ2,γ;X,y

)
for our model should satisfy

E∗ [∂ l∗
(
β,σ2,γ;X,y

)
/∂ β

]
= ∂ l

(
β,σ2,γ;Z,y

)
/∂ β,

E∗ [∂ l∗1
(
σ

2,γ;X,y
)
/∂σ2

]
= ∂ l1

(
σ

2,γ;Z,y
)
/∂σ2
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and

E∗ [∂ l∗1
(
σ

2,γ;X,y
)
/∂γi

]
= ∂ l1

(
σ

2,γ;Z,y
)
/∂γi, i = 1, . . . ,m,

where l1
(
σ

2,γ;Z,y
)
= l
(
β̂(γ) ,σ2,γ;Z,y

)
, in which β̂= β̂(γ) is maximum likelihood

estimate of β and l∗1
(
σ

2,γ;X,y
)
= l∗

(
β̂(γ) ,σ2,γ;X,y

)
, in which β̂ = β̂(γ) is the

solution of the equation ∂ l∗
(
β,σ2,γ;X,y

)
/∂ β= 0. Also, the conditional corrected log-

likelihood l∗b
(
β,σ2,γ;X,y

)
should satisfy

E∗ [∂ l∗b
(
β,σ2,γ;X,y

)
/∂b

]
= ∂ lb

(
β,σ2,γ;Z,y

)
/∂b.

The following equation is useful to find such l∗ and l∗b,

E∗ (XTAX
)
= ZTAZ+ tr(A)ΛΛΛ.

Given ΛΛΛ, l∗ and l∗b are obtained as

l∗
(
β,σ2,γ;X,y

)
=−n

2
log
(
2πσ2

)
− 1

2
log(|V|)

− 1

2σ2

{
(y−Xβ)T

V−1 (y−Xβ)− tr
(
V−1

)
β

TΛΛΛβ

}

and

l∗b
(
β,σ2,γ;X,y

)
=−q

2
log
(
2πσ2

)
− 1

2
log(|ΣT|)

− 1

2σ2

{[
b−ΣUTV−1 (y−Xβ)

]T
(ΣT)−1

[
b−ΣUTV−1 (y−Xβ)

]

−tr
(
I−V−1

)
β

T
ΛΛΛβ

}
.

If the γi’s (and hence V) are known, by solving the equations ∂ l∗
(
β,σ2,γ;X,y

)
/∂ β=

0, ∂ l∗1
(
σ

2,γ;X,y
)
/∂σ2 = 0 and ∂ l∗b

(
β,σ2,γ;X,y

)
/∂b = 0, the corrected score esti-

mates of β, σ2 and b, respectively, are given by (See Zhong et al., 2002 and Zare et al.,

2011 for more details)

β̂=
(
XTV−1X− tr

(
V−1

)
ΛΛΛ
)−1

XTV−1y,

σ̂
2 =

1

n

[(
y−Xβ̂

)T

V−1
(

y−Xβ̂
)
− tr

(
V−1

)
β̂

T
ΛΛΛβ̂

]
,

b̃ =ΣUTV−1
(

y−Xβ̂
)
.
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If the γi’s are unknown, the corrected score estimates are substituted back into Σ to

obtain β̂, σ̂2 and b̃. For the estimation of γi’s, we can use the corrected score estimates

of σ2
1, . . . ,σ2

m that are given by (Zare et al., 2011)

σ̂
2
i =

1

qi − tr(Tii)

[
b̃

T

i b̃i − tr
(

D̂
T

i D̂i

)
β̂

T
ΛΛΛβ̂

]
, i = 1, . . . ,m,

where Ti j is i jth block of matrix T =




T11 · · · T1m

...
. . .

...

Tm1 · · · Tmm


, D̂i = γ̂iU

T
i V−1 =

(
σ̂

2
i /σ̂

2
)

UT
i V−1 and b̃i = D̂i

(
y−Xβ̂

)
.

The above results show that we must use an iterative numerical procedure to obtain

the corrected score estimates of parameters. We use the iterative algorithm given in Zare

et al. (2011). Also, Zare et al. (2011) showed the corrected score estimates of γi’s are

consistent. In continuing, we assume that the γi’s are known.

For notational simplicity, A(i) denotes an n×m matrix A with ith row removed, A[i]

denotes a matrix A with the ith row and column removed, aT
i denotes the ith row of A

and ai j denotes the i jth element of A. Similarly, a(i) denotes vector a with the ith element

removed and ai denotes the ith element of a. Without loss of generality, we partition the

matrices as if the ith deleted case is the first row; i.e. i = 1. Then

X =

[
xT

i

X(i)

]
, Z =

[
zT

i

Z(i)

]
, y =

[
yi

y(i)

]
and C = V−1 =

[
cii cT

i(i)

ci(i) V−1
[i] + ci(i)c

T
i(i)/cii

]
.

3. Mean shift outlier and case deletion model

In regression diagnostics, there are two commonly used models: CDM amd MSOM

(Cook and Weisberg, 1982). Each of models has its own advantage in practice. CDM’s

are used to obtain case deletion diagnostics for detecting influential observations.

MSOM’s are used for detecting outlier observations. It is well known that in linear

(mixed) models maximum likelihood estimates of parameters in CDM and MSOM are

equal. In linear measurement error models, the estimates are approximately equal.

3.1. Mean shift outlier model

A commonly used diagnostic model is MSOM (Cook and Weisberg, 1982). MSOM can

be represented as

y j = zT
j β+uT

j b+ ǫ j for j 6= i, j = 1, . . . ,n, yi = zT
i β+uT

i b+τ+ ǫi,

xT
k = zT

k +δ
T
k for k = 1, . . . ,n, (2)
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where τ is an extra parameter to indicate the presence of an outlier (Cook and Weisberg,

1982). Obviously, if value of τ is nonzero, then it no longer comes from the original

model, and so ith case may be an outlier. An outlier test can be formulated as a test of

the null hypothesis that τ = 0. The corrected likelihood estimates of β, σ2, τ, and b in

(2) are denoted by β̂mi, σ̂
2
mi, τ̂mi and b̃mi, respectively.

Theorem 1 For model (2), we have

β̂mi = β̂−
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

XTci

ν̂i

rii

,

τ̂mi =
ν̂i

rii

, σ̂
2
mi =

n− t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

n
σ̂

2 and b̃mi = b̃−ΣUTri

ν̂i

rii

,

where cT
i and rT

i are ith rows of V−1 and R=V−1−V−1X
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

XT

V−1, respectively, cii and rii are the ith diagonal elements of V−1 and R, ν̂i = yi−xT
i β̂−

uT
i b̃ is ith residual of model and ti = ν̂i/(σ̂ν

√
rii) is ith studentized residual of model, in

which σ̂2
ν
= σ̂2 + β̂

T
ΛΛΛβ̂.

Theorem 2 For MSOM, the score test statistic for the hypothesis H0 : τ= 0 is given by

SCi =
ν̂

2
i

σ̂2rii

= t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)
.

This theorem shows that score statistic SCi is a multiple of the square of studentized

residual of model that is an adequate diagnostic statistic as often used in linear regression

diagnostics.

3.2. Case deletion model

As mentioned, CDM is the fundamental basis for constructing effective diagnostics.

CDM can be represented as

y j = zT
j β+uT

j b+ ǫ j, xT
j = zT

j +δ
T
j for j 6= i, j = 1, . . . ,n.

Let β̂(i), σ̂
2
(i) and b̃(i) denote the estimates of β, σ2 and b when the ith case is deleted,

respectively.

Theorem 3 For model (3), we have

β̂(i) ≈ β̂−
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

XTci

ν̂i

rii

,
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σ̂
2
(i) ≈

n

n−1
σ̂

2 − ν̂
2
i

(n−1)rii

=
n− t2

i

(
1+ β̂

T

ΛΛΛβ̂/σ̂2
)

n−1
σ̂

2,

b̃(i) ≈ b̃−ΣUTri

ν̂i

rii

.

Comparing results of the theorems 1 and 3, it is obvious that the estimates of the

parameters are approximately the same. In the following section we derive different

diagnostic measures based on CDM.

4. Influence diagnostics

It is well known that results from an analysis can be substantially influenced by one or a

few observations; that is, all the observations have not equal effect in statistical models.

Case deletion diagnostics are the usual methods to measure the influence of individual

observations in the statistical models with dropping the observation from data set and

computing a convenient norm of the change in the parameters. Let the corrected Fisher

information matrix of y for β be I∗(β), then

I∗(β) =
1

σ2

[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]
.

Also, the corrected Fisher information matrix of y for b is

I∗(b) =
1

σ2

(
UTU+Σ

−1
)
.

4.1. Analogue of generalized Cook’s distance

4.1.1. Analogue of generalized Cook’s distance for fixed effects

The generalized Cook (1977) distance is the norm of β̂− β̂(i) with respect to certain

weight matrix M > 0, i.e.

CDi (β) =
(
β̂− β̂(i)

)T

M
(
β̂− β̂(i)

)
.

Choosing M = Î
∗
(β) = σ̂−2

[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]
, where Î

∗
(β) is estimate of I∗(β),

yields

CDi (β) =

(
β̂− β̂(i)

)T [
XTV−1X− tr

(
V−1

)
ΛΛΛ
](
β̂− β̂(i)

)

σ̂2
.
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Since

β̂(i) ≈ β̂−
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

XTci

ν̂i

rii

,

we can get, approximately,

CDi (β) =
(cii − rii) ν̂

2
i

σ̂2r2
ii

=
cii − rii

rii

t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)
.

Let dk be a p-vector with 1 at the kth position and zero elsewhere, then β̂k = dT
k β̂ has the

standard error sk and t-value tk = β̂k/sk, where s2
k = σ̂

2dT
k

[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

dk.

The joint 100(1−α)% confidence region for parameter β is

{
β :
(
β̂−β

)T [
XTV−1X− tr

(
V−1

)
ΛΛΛ
](
β̂−β

)
≤ pσ̂2F (p,n− p,α)

}
,

where F (p,n− p,α) denotes the upper α percentile of the Fisher’s distribution with

p and n − p degrees of freedom. Suppose that CDi (β) ≃ pF (p,n− p,α), then the

removal of the ith case moves corrected score estimate to the edge of the 100 (1−α)%

confidence region. Such a situation may be cause for concern and so more attention

should be paid to that case. Usually, one would like each β̂(i) to stay well within a 90%,

say, confidence region. Then case i can be considered a highly influential point if

CDi (β)> pF (p,n− p,0.1) .

Based on Cook (1977), we have CDi (βk) = t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)
G2

i

(
dT

k

)
, where, for any

q′× p matrix A of rank q′, Gi (A) is defined as

Gi (A) =
1√
rii

[
A
(
XTV−1X− tr

(
V−1

)
ΛΛΛ
)−1

AT
]−1/2

A
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

XTci.

As similar, case i can be considered a highly influential point if CDi (βk)>F (1,n−1,0.1),

since this case, if deleted, would move the estimate of β̂k to the edge of the 90%

confidenc region. Rio (1988) argued that G2
i

(
uT
)

can be used to measure the influence

of case i on the precision of the estimation of uT
β. Therefore, based on Rio (1988), ith

case is said to have high influential on the estimate of β̂k if G2
i

(
dT

k

)
is sufficiently large.

Let A denote a q′ × p rank q′ matrix and let Ψ = Aβ denote the combinations of

interest. A generalized measure of the importance of the ith case is defined as

CDi (Ψ) =

(
Ψ̂(i)− Ψ̂

)T
[
A
(
XTV−1X− tr

(
V−1

)
ΛΛΛ
)−1

AT
]−1 (

Ψ̂(i)− Ψ̂
)

q′σ̂2
,
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where Ψ̂(i) = Aβ̂(i) and Ψ̂ = Aβ̂. Since

Ψ̂(i)− Ψ̂ ≈ A
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]−1

XTci

ν̂i

rii

,

we can get, approximately,

CDi (Ψ) =
t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

q′
GT

i (A)Gi (A) .

To obtain the levels of significance the values of this generalized measure should be

compared to the probability points of the central Fisher distribution with q′ and n− q′

degrees of freedom.

4.1.2. Analogue of generalized Cook’s distance for random effects

The proposed diagnostic measure examines the squared distance from the complete

data predictor of the random effects to ith case deleted predictor of the random effects,

relative to M = Î
∗
(b) = σ̂−2

(
UTU+Σ

−1
)
. This is the generalized Cook distance and

can be written as

CDi (b) =
(
b̃− b̃(i)

)T
M
(
b̃− b̃(i)

)
=

(
b̃− b̃(i)

)T (
UTU+Σ

−1
)(

b̃− b̃(i)

)

σ̂2
.

Since b̃(i) ≈ b̃−ΣUTri

ν̂i

rii

, we can get, approximately,

CDi (b) = rT
i (V− I)Vri

ν̂
2
i

σ̂2r2
ii

= rT
i (V− I)Vri

t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

rii

. (4)

Also, from (4) we have

CDi (b j) = rT
i U jT

−1
j j UT

j ri

γ j t
2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

rii

, for j = 1, . . . ,m.
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4.2. Analogue of Welsch’s distance

Welsch (1982) has suggested using Welsch’s distance as a diagnostic tool and, for

n > 15, using 3
√

p as a cutoff point for linear models. Welsch’s distance gives more

emphasize to high leverage points. It has similar rationale as Cook’s distance Essential

difference between these two methods is in the choice of scale. (Chatterjee and Hadi,

1986). For the fixed effects it is given as

Wi (β) =


(n−1)

(
β̂− β̂(i)

)T(
XT

(i)V
−1
[i] X(i)− tr

(
V−1

[i]

)
ΛΛΛ

)(
β̂− β̂(i)

)

σ̂2
(i)




1/2

≈
[
(n−1)

cii − rii

ciiriiσ̂
2
(i)

]1/2

|ν̂i| .

Welsch (1982) suggested using Wi as a diagnostic tool. The analogue of Welsch’s

distance for random effects, is

Wi (b) =


(n−1)

(
b̃− b̃(i)

)T
(

UT
(i)U(i)+Σ

−1
)(

b̃− b̃(i)

)

σ̂
2
(i)




1/2

≈
[
(n−1)

rT
i (V− I)Vri −

(
rii − cT

i ri

)2

r2
iiσ̂

2
(i)

]1/2

|ν̂i| .

4.3. Analogue of the likelihood distance

Another popular measure to assess the influence of the ith case on corrected score

estimate is the likelihood distance (Cook and Weisberg, 1982). Let l∗
(
β̂, σ̂2;X,y

)
and

l∗
(
β̂(i), σ̂

2;X,y
)

be the corrected log-likelihood evaluated at
(
β̂, σ̂2

)
and

(
β̂(i), σ̂

2
)

,

respectively. A measure of the influence of the ith case on β̂ can be derived based on

the distance between l∗
(
β̂, σ̂2;X,y

)
and l∗

(
β̂(i), σ̂

2;X,y
)

. The likelihood distance is

defined as

LDi (β) = 2
[
l∗
(
β̂, σ̂2;X,y

)
− l∗

(
β̂(i), σ̂

2;X,y
)]

.

Taylor expansion of l∗
(
β̂(i), σ̂

2;X,y
)

at β̂ gives

LDi (β) = 2






 ∂ l∗

(
β,σ2;X,y

)

∂ β

∣∣∣∣∣
β=β̂,σ2=σ̂2




T(
β̂− β̂(i)

)
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+
1

2

(
β̂− β̂(i)

)T


−∂ 2l∗

(
β,σ2;X,y

)

∂ β∂βT

∣∣∣∣∣
β= β̂,σ2= σ̂2



(
β̂− β̂(i)

)




=

(
β̂− β̂(i)

)T [
XTV−1X− tr

(
V−1

)
ΛΛΛ
](
β̂− β̂(i)

)

σ̂2
.

This result is exact because the third derivative is zero. As seen, we have LDi (β) =

CDi (β) As before, it can be shown that LDi (b) =CDi (b).

4.4. Analogue of the corrected Fisher information ratio

4.4.1. Analogue of corrected Fisher information ratio for fixed effects

As suggested by Belsley et al. (1980), the influence of the ith case on corrected Fisher

information matrix for β can be measured by comparing the ratio of

∣∣∣Î∗(β)
∣∣∣ to

∣∣∣Î∗ci (β)
∣∣∣;

that is,

CFIR1i (β) =

∣∣∣−∂ 2l∗
(
β,σ2;X,y

)
/∂ β∂ βT

∣∣∣
σ2= σ̂2∣∣∣−∂ 2l∗ci (β,σ2;X,y)/∂ β∂βT
∣∣∣
σ2= σ̂2

(i)

=

∣∣σ̂−2
[
XTV−1X− tr

(
V−1

)
ΛΛΛ
]∣∣

∣∣∣σ̂−2
(i)

[
XT

(i)V
−1
[i] X(i)− tr

(
V−1

[i]

)
ΛΛΛ

]∣∣∣

=

(
σ̂

2
(i)

σ̂2

)p ∣∣XTV−1X− tr
(
V−1

)
ΛΛΛ
∣∣

∣∣∣XT
(i)V

−1
[i] X(i)− tr

(
V−1

[i]

)
ΛΛΛ

∣∣∣
.

We can get, approximately,

CFIR1i (β) =




n− t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

n−1




p

cii

rii

.

As this is close to 1 if the point is not influential, it seems sensible to use the relative

measure |CFIR1i (β)−1| as a criterion for assessing the influence of the ith case on

I∗(β). The larger the statistic |CFIR1i (β)−1|, the higher the influence of the ith case.

If one uses the trace instead of the determinant, the corrected fisher information ratio

becomes
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CFIR2i (β) = tr

{ [
−∂ 2l∗

(
β,σ2;X,y

)
/∂ β∂βT

]∣∣∣
σ2= σ̂2

[
−∂ 2l∗ci

(
β,σ2;X,y

)
/∂ β∂βT

]−1
∣∣∣∣
σ2 = σ̂2

(i)

}

≈
n− t2

i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

n−1

(
cii

rii

+ p−1

)
.

If removing the ith case does not change the trace, CFIR2i (β) will be close to p and

so we could use the relative measure |CFIR2i (β)− p| as a criterion for assessing the

influence of the ith case on the corrected Fisher information for fixed effects.

4.4.2. Analogue of corrected Fisher information ratio for random effects

As similar, the influence of the ith case on corrected Fisher information matrix for b can

be measured by comparing the ratio of

∣∣∣Î∗(b)
∣∣∣ to

∣∣∣Î∗ci (b)
∣∣∣; that is,

CFIR1i (b) =

∣∣−∂ 2l∗b
(
β,σ2;X,y

)
/∂b∂bT

∣∣
σ2= σ̂2∣∣∣−∂ 2l∗bci

(β,σ2;X,y)/∂b∂bT
∣∣∣
σ2= σ̂2

(i)

=

∣∣σ̂−2
(
UTU+Σ

−1
)∣∣

∣∣∣σ̂−2
(i)

[
UT

(i)U(i)+Σ−1

]∣∣∣
=

(
σ̂

2
(i)

σ̂2

)q ∣∣UTU+Σ
−1
∣∣

∣∣∣UT
(i)U(i)+Σ−1

∣∣∣
.

We can get, approximately,

CFIR1i (b) =




n− t2
i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

n−1




q

1

cii

.

Also, if one uses the trace instead of the determinant, the corrected fisher information

ratio becomes

CFIR2i (b) = tr

{
[
−∂ 2l∗b

(
β,σ2;X,y

)
/∂b∂bT

]∣∣
σ2= σ̂2

[
−∂ 2l∗bci

(
β,σ2;X,y

)
/∂b∂bT

]−1
∣∣∣
σ2= σ̂2

(i)

}

≈
n− t2

i

(
1+ β̂

T
ΛΛΛβ̂/σ̂2

)

n−1

(
c−1

ii +q−1
)
.
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If removing the ith case does not change the trace, CFIR2i (b) will be close to q.

Hence, we could use the relative measure |CFIR2i (b)−q| as a criterion for assessing

the influence of the ith case on the corrected Fisher information for random effects The

ith observation is influential observation if |CFIR2i (b)−q| is sufficiently large.

5. Example

Diagnostic measures developed in the previous sections are applied to analyse a set of

real data which is known as the Boston Housing data set. This data set was the basis for

a 1978 paper by Harrison and Rubinfeld, which discussed approaches for using housing

market data to estimate the willingness to pay for clean air. The authors employed a

hedonic price model, based on the premise that the price of the property is determined

by structural attributes (such as size, age, condition) as well as neighborhood attributes

(such as crime rate, accessibility, environmental factors). This type of approach is often

used to quantify the effects of environmental factors that affect the price of a property. A

description of this data set can be found in Harrison and Rubinfeld (1978) and Belsley

et al. (1980).

Zhong et al. (2002) considered this data set and used the data of n= 132 census tracts

within the 15 districts of the Boston city (as a part of 506 observations on census tracts in

the Boston Standard Metropolitan Statistical Area (SMSA) in 1970). They followed the

regression model of Harrison and Rubinfeld (1978). However, the census tracts within

districts are taken as repeated measurements. All independent variables can be measured

precisely except the pollution variable NOXSQ which is taken to have measurement

errors. Therefore, a linear mixed measurement error model was employed.

Now, we consider the same data set and derive different diagnostic measures for

linear mixed measurement error model given in previous section. Figures 1-3 give the

index plot of the diagnostic measures for fixed effects and Figures 4-6 give the index

plot of the diagnostic measures for random effects, respectively. Based on generalized

Cook’s distance, a glance at Figures 1 and 4 shows that cases 9 and 15 have more

influence on fixed effect and cases 9, 16 and 36 have more influence on random effects.

The plots for Wi in Figures 2 and 5, respectively, for fixed and random effects have

almost identical behavior as CDi

Table 1 gives the parameter estimates from corrected score method with the full data

and with only case 9 deleted. As seen, after deleting case 9, the NOXSQ variable does

not have any significant effect. The RM, AGE and CHAS variables, in each case, do

not have any significant effects but after deleting case 9 their signs have been changed.

Figure 3 show that case 36 is the most influential point on corrected Fisher information

for fixed effects, while Figure 6 indicate that this case is the most influential point on

corrected Fisher information for random effects.
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Figure 1: Index plot of CDi (β). Figure 2: Index plot of Wi (β).

Figure 3: Index plot of |CFIR2i (β)− p|. Figure 4: Index plot of CDi (b).

Figure 5: Index plot of Wi (b). Figure 6: Index plot of |CFIR2i (b)−q|.
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Figure 7: Index plot of SCi. Figure 8: Scatter plot of rii versus ν̂2
i /ν̂

T
ν̂.

Table 1: Corrected score estimates for the hedonic housing price data of Boston city. The t-ratios are in

parentheses.

Variable Full data Case 9 deleted % change

Intercept 9.07 (28.72) 8.90 (28.11) 001.9

RM −1.4×10−3 (−0.57) 3.6×10−3 (1.26) 352.2

AGE 7.6×10−4 (0.4) −3.7×10−4 (−0.2) 150.0

DIS 8.8×10−2 (0.59) 1.8×10−1 (1.16) 101.2

B 4.6×10−1 (2.95) 5.1×10−1 (3.43) 012.2

LSTAT −5.3×10−1 (−8.65) −4.8×10−1 (−7.77) 010.5

CRIM −7.3×10−3 (−5.36) −6.6×10−3 (−5.00) 009.7

CHAS −3.0×10−2 (−0.33) 4.6×10−3 (0.05) 115.5

NOXSQ −1.0×10−2 (−2.34) −7.8×10−3 (−1.74) 024.1

σ
2
1 4.8×10−3 6.8×10−3 041.7

σ
2 2.8×10−3 2.5×10−3 010.7

Table 2: Corrected score estimates for the hedonic housing price data of Boston city after deleting pair

cases {9, 15} and {9, 16}. The t-ratios are in parentheses.

Variable Pair case {9, 15} deleted % change Pair case {9, 16} deleted % change

Intercept 8.76 (28.05) 003.3 8.86 (28.97) 002.3

RM 3.7×10−3 (1.34) 358.1 2.3×10−3 (0.81) 264.3

AGE −1.0×10−4 (−0.06) 113.7 −3.4×10−4 (−0.19) 144.7

DIS 2.1×10−1 (1.4) 144.6 1.4×10−1 (0.98) 059.1

B 4.9×10−1 (3.41) 007.6 4.6×10−1 (3.12) 000.0

LSTAT −5.2×10−1 (−8.35) 002.3 −5.1×10−1 (−8.56) 003.8

CRIM −6.5×10−3 (−5.11) 011.6 −6.9×10−3 (−5.20) 005.5

CHAS 5.1×10−2 (0.60) 270.5 1.1×10−1 (1.14) 466.7

NOXSQ −7.5×10−3 (−1.7) 027.3 −6.8×10−3 (−1.59) 032.0

σ
2
1 8.4×10−3 075.0 4.3×10−3 010.4

σ
2 2.3×10−3 017.9 2.6×10−3 007.1
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Table 2 gives the corrected score estimates after deleting pairs of cases {9, 15}and

{9, 16}from data set. Deleting these pairs have almost the same effect with deleting case

9 on parameters of model. The only difference is that deleting cases {9, 15}has more

influence on CHAS variable and σ2
1 while deleting cases {9, 16}has more influence on

CHAS variable. Table 3 indicates the maximum percentage of changes in determinant

of corrected Fisher information after deleting case 36. Finally, Figures 7 and 8 indicate

that case 36 is also an outlier observation (see Zewotir and Galpin, 2007 for details about

plot of Figure 8).

Table 3: The determinant of the corrected Fisher information (DCFI) for the hedonic housing price data

of Boston city.

DCFI Full data Case 36 deleted % change

Fixed effects 6.08×10+31 1.17×10+32 091.7

Random effects 4.52×10+36 1.49×10+37 229.8

6. Concluding remarks

We have presented case deletion and mean shift outlier models for linear mixed measure-

ment error models that appear to be useful and can play important role in data analysis.

Also, based on the corrected likelihood, we obtained case deletion diagnostics for de-

tecting influential observations in linear mixed measurement error models. All the diag-

nostic measures are similar to diagnostics in linear mixed models. They are functions of

studentized residuals of model, error contrast matrix (R) and the inverse of the response

variable covariance matrix (C). Although no formal cutoff points are presented for these

measures, it appears that relative comparisons such as ranking or simple index plots are

a promising and practical approach to pinpoint influential observations. Here, the results

obtained with the assumption that the γi’s are known. In practice, we do not know the

γi’s. So, the corrected score estimates of the γi’s are used and the results are useful as

an approximation. In this paper, we fitted a linear mixed model with measurement error

in fixed effects (and not in random effects) by specifying the covariance structure of b,

ǫ and ∆∆∆. Here we have assumed that Σ and ΛΛΛ are known and Σ has diagonal structure

with the ith block being γi I. However, if random effects are also measured with errors

and Σ and ΛΛΛ are unknown, extending our diagnostics is an area of future research.
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Appendix

Proof of Theorem 1:

It follows from (2) that the corrected log-likelihood of y and the conditional corrected

log-likelihood of b|y for MSOM, respectively, are given by

l∗mi

(
β,σ2;X,y

)
=−n

2
log
(
2πσ2
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− 1

2
log(|V|)− 1

2σ2

{(
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l∗bmi
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=−q

2
log
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− 1

2
log(|ΣT|)− 1

2σ2
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Σ

[
cii

(
yi −xT

i β−τ
)

ui +
(
yi −xT

i β−τ
)

UT
(i)ci(i)

+ui c
T
i(i)

(
y(i)−X(i)β

)
+UT

(i)

(
V−1

[i] + ci(i)c
T
i(i)/cii

)(
y(i)−X(i)β

)
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(6)

where

F (β,τ) =
(

y(i)−X(i)β

)T [
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](
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− tr
(
I−V−1

)
β

T
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The corrected likelihood estimates of β̂mi, σ̂
2
mi, τ̂mi and b̃mi, are derived with differenti-

ating (5) with respect to β, σ2 and τ and (6) with respect to b.

Proof of Theorem 2:

Since corrected score estimate is asymptotically normal, the score test can be used (Cox

and Hinkley, 1974). Let the corrected Fisher information matrix of y for β and τ be

J(β ,τ), then the score statistic under H0 : τ= 0 is

SCi =

[
∂ l∗mi

(
β,σ2;X,y

)

∂τ

]T

Jττ

[
∂ l∗mi

(
β,σ2;X,y

)

∂τ

]∣∣∣∣∣∣
(β̂,σ̂2)

,

where Jττ is the lower right corner of J−1 (β,τ). It is easily seen that under H0 : τ= 0
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∂ l∗mi

(
β,σ2;X,y
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then under H0 : τ= 0
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σ2rii
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T
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.

Proof of Theorem 3:

It follows from (5) that the corrected log-likelihood of y and the conditional corrected

log-likelihood of b|y for CDM, respectively, are given by

l∗ci
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The corrected score estimates of β, σ2 and b will be obtained with differentiating (7)

with respect to β and σ2 and (8) with respect to b. Then we have
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Abstract

The simple assembly line balancing problem (SALBP) concerns the assignment of tasks with
pre-defined processing times to work stations that are arranged in a line. Hereby, precedence
constraints between the tasks must be respected. The optimization goal of the SALBP-2 variant
of the problem concerns the minimization of the so-called cycle time, that is, the time in which the
tasks of each work station must be completed. In this work we propose to tackle this problem with
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1. Introduction

The class of problems known as assembly line balancing problems (ALBPs) concerns

the optimization of processes related to the manufacturing of products via assembly

lines. Their importance in the industrial world is shown by the fact that much research

efforts have been dedicated to many different types of ALBPs during the past 50-60

years Gosh and Gagnon (1989), Salveson (1955). The specific problem considered in

this paper is the so-called simple assembly line balancing problem (SALBP) Scholl and

Becker (2006), a well-studied scientific test case. An assembly line is composed of a set

of work stations arranged in a line, and by a transport system which moves the product

to be manufactured along the line. The product is manufactured by executing a given
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set of tasks. Each of these tasks has a pre-defined processing time. In order to obtain a

solution to a given SALBP instance, all tasks must be assigned to work stations subject

to precedence constraints between the tasks. In the context of the SALBP, all work

stations are considered to be of equal size. Moreover, the assembly line is assumed to

move at a constant speed. This implies a maximum of C time units – the so-called cycle

time – for processing the tasks assigned to each work station. The SALBP has been

tackled with several objective functions among which the following ones are the most

studied ones in the literature:

• Given a fixed cycle time C, the optimization goal consists in minimizing the

number of necessary work stations. This variant of the problem is refered to as

SALBP-1.

• Given a fixed number m of work stations, the goal is to minimize the cycle time C.

The literature knows this second problem variant as SALBP-2.

The feasibility problem SALBP-F arises when both a cycle time C and a number of

work stations m is given and the goal is to find a feasible solution respecting C and m.

In this work we will deal with the SALBP-2 variant of the problem.

For what concerns the comparison between SALBP-1 and SALBP-2, much of the

scientific work has been dedicated to the SALBP-1. However, also for the SALBP-

2 exists a considerable body of research papers. An excellent survey was provided

by Scholl and Becker (2006). Approaches for the SALBP-2 can basically be classified as

either iterative solution approaches or direct solution approaches. Iterative approaches

tackle the problem by iteratively solving a series of SALBP-F problems that are obtained

by fixing the cycle time. This process is started with a cycle time that is set to some

calculated upper bound. This cycle time is then decremented during the iterative process,

which stops as soon as no solution for the corresponding SALBP-F problem can be

found. In contrast to these indirect approaches, direct approaches intend to solve a given

SALBP-2 instance directly.

Heuristic as well as exact approaches have been devised for the SALBP-2. Among

the existing exact methods we find iterative approaches such as the ones proposed

in Hackman et al. (1989), Scholl (1999) but also direct approaches such as the ones

described in Klein and Scholl (1996), Scholl (1994). Moreover, the performance of dif-

ferent integer programming formulations of the SALBP-2 have been evaluated in Pastor

and Ferrer (2009), Pastor et al. (2007). The currently best-performing exact method is

SALOME-2 Klein and Scholl (1996), which is a branch & bound procedure making use

of a so-called local lower bound method (LLBM), a bidirectional branching strategy, and

several dominance and reduction rules. Surprisingly, exact methods outperform the ex-

isting heuristic and metaheuristic approaches for the SALBP-2. While 287 (out of 302)

existing problem instances were solved to optimality by exact approaches, the most suc-

cessful metaheuristic approach to date—a tabu search method proposed in Scholl and

Voss (1996) —was only able to find the best upper bounds with respect to 168 prob-
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lem instances. Note that SALOME-2 alone was able to solve 217 problem instances to

optimality. Apart from the above-mentioned tabu search, another tabu search proposal

can be found in Chiang (1998). Other metaheuristic approaches include evolutionary

algorithms Anderson and Ferris (1994), Nearchou (2007), Watanabe et al. (1995) and

simulated annealing Henrici (1994). Moreover, a two-phase heuristic based on linear

programming can be found in Ugurdag et al. (1997), whereas a heuristic based on Petri

nets was proposed in Kilincci (2010). Finally, an approach similar to the one proposed in

this paper has been presented in Blum and Miralles (2011) for a more general problem,

the assembly line worker assignment and balancing problem (ALWABP).

Contribution of this work. Subsequently we propose to tackle the SALBP-2 by means

of an iterative approach based on beam search, which is an incomplete variant of

branch & bound. The resulting iterative beam search algorithm is inspired by one of the

current state-of-the-art methods for the SALBP-1, namely Beam-ACO Blum (2008).

Beam-ACO is a hybrid approach that is obtained by combining the metaheuristic ant

colony optimization with beam search. In this work we propose to use the beam search

component of Beam-ACO in an iterative way for obtaining good SALBP-2 solutions.

Our computational results show indeed that the proposed algorithm is currently a state-

of-the-art method for the SALBP-2. It is able to generate optimal solutions, respectively

the best upper bounds, for 283 out of 302 test cases. Moreover, in further 9 cases the

algorithm is able to improve the currently best upper bounds.

Organization of the paper. In Section 2 we present a formal description of the tackled

problem. Furthermore, in Section 3 the proposed algorithm is described. Finally, in

Section 4 we present a detailed experimental evaluation and in Section 5 we conclude

our work and offer an outlook to future work.

2. The SALBP-2

The SALBP-2 can formally be described as follows. An instance (T ,G,m) consists of

three components. T = {1, . . . ,n} is a set of n tasks. Each task i ∈ T has a pre-defined

processing time ti > 0. Without losing generality, the processing times are henceforth

assumed to be integer values. Moreover, given is a precedence graph G = (T ,A), which

is a directed, acyclic graph with T as node set. Finally, m is the pre-defined number of

work stations which are ordered from 1 to m. An arc li, j ∈ A indicates that i ∈ T must be

processed before j ∈ T . Given a task j ∈ T , Pj ⊂ T denotes the set of tasks that must be

processed before j. A feasible solution is obtained by assigning each task to exactly one

work station such that the precedence constraints between the tasks are satisfied. The

objective function consists in minimizing the so-called cycle time. The SALBP-2 can

be expressed in the following way as an integer programming (IP) problem.
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minz (1)

subject to: m

∑
s=1

xis = 1 ∀i ∈ T (2)

xis ≤
s

∑
s′=1

x js′ ∀i ∈ T ,s = 1, . . . ,m, j ∈ Pi (3)

∑
i∈T

tixis ≤ z s = 1, . . . ,m (4)

xis ∈ {0,1} ∀i ∈ T ,s = 1, . . . ,m (5)

z > 0 (6)

This IP model makes use of the following variables and constants: xis is a binary

variable which is set to 1 if and only if task i ∈ T is assigned to work station 1≤ s≤ m.

The objective function (1) minimizes the cycle time z > 0.1 The constraints (2) ensure

that each task i ∈ T is assigned to a single work station 1 ≤ s ≤ m. Constraints (3)

reflect the precedence relationships between the tasks. More specifically, if task i ∈ T is

assigned to a work station 1≤ s≤ m, all tasks j ∈ Pi must be assigned to work stations

1 ≤ s′ ≤ m with s′ ≤ s. The constraints (4) ensure that the sum of the processing times

of the tasks assigned to a work station 1≤ s≤ m do not exceed the cycle time z.

Note that this model was chosen in order to present an easily understandable problem

description. An evaluation of alternative models can be found in Pastor and Ferrer

(2009), Pastor et al. (2007).

3. Iterative beam search

As mentioned in the introduction, the basic component of our algorithm for the SALBP-

2 consists of beam search (BS), which is an incomplete derivative of branch & bound.

BS was used for the first time in the context of speech recognition Lowerre (1976).

Concerning combinatorial optimization problems, BS has especially been used for

solving scheduling problems; see, for example, Ghirardi and Potts (2005), Ow and

Morton (1988), Sabuncuoglu and Bayiz (1999), Valente and Alves (2005). To date only

very few applications to other types of problems exist. Examples can be found in Akeba

et al. (2009), Blum et al. (2009), Lee and Woodruff (2004). In the following we briefly

describe how one of the standard variants of BS works. The crucial aspect of BS is

the parallel extension of partial solutions in several ways. At all times, the algorithm

keeps a set B of at most kbw partial solutions, where B is the so-called beam, and kbw is

known as the beam width. At each step, at most kext feasible extensions of each partial

solution in B are selected on the basis of greedy information. In general, this selection

1. Note that we refer to the variable cycle time of the IP model as z, while fixed cycle times are denoted by C.
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is done deterministically. At the end of each step, the algorithm creates a new beam B

by choosing up to kbw partial solutions from the set of selected feasible extensions. For

that purpose, BS algorithms determine – in the case of minimization – a lower bound

value for each extension. Only the maximally kbw best extensions – with respect to these

lower bound values – are included in B. Finally, if any complete solution was generated,

the algorithm returns the best of those. Note that the underlying constructive heuristic

that defines feasible extensions of partial solutions and the lower bound function for

evaluating partial solutions are crucial for the working of BS.

In the following, after describing the chosen solution representation, we first present

a description of the implementation of the BS component, before we describe the

algorithmic scheme in which this BS component is used.

3.1. Solution representation

The following solution representation is used by the proposed BS algorithm. A solution

S is an ordered list S= 〈S1, . . . ,Sm〉 of m sets of tasks, where Si denotes the set of tasks

that are assigned to the i-th work station. Abusing notation we henceforth call Si a work

station. Note that for a solution S to be valid the following conditions must be fulfilled:

1.
⋃m

i=1 Si = T = {1, . . . ,n} and Si∩Si′ = /0 for i = 1, . . . ,m and i′ = i+1, . . . ,m. That

is, each task is assigned to exactly one work station.

2. For each task j ∈ Si it is must hold that Pj ⊆
⋃i

k=1 Sk. This ensures that the

precedence constraints between the tasks are not violated.

In this context it is also convenient to introduce the concept of the reverse problem

instance. More specifically, the reverse problem instance (T ,Gr,m) with respect to an

original instance (T ,G,m) is obtained by inverting the direction of all arcs of G. It

is well-known from the literature Scholl and Becker (2006) that tackling the reverse

problem instance may lead an exact algorithm faster to an optimal solution, respectively,

may provide a better heuristic solution when tackled with the same heuristic as the

original problem instance. Moreover, a solution S
r to the reverse problem instance

(T ,Gr,m) can easily be converted into a solution S to the original problem instance

(T ,G,m) as follows:

Si := Sr
m−i+1 for i = 1, . . . ,m (7)

3.2. The beam search component

The BS component described in this section – see Algorithm 1 for the pseudo-code – is

the main component of the proposed algorithm for the SALBP-2. The algorithm requires

a problem instance (T ,G,m), a fixed cycle time C, a beam width kbw, and a maximal
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Algorithm 1 Beam search

1: input: an instance (T ,G,m), a fixed cycle time C, a beam width kbw, and kext

2: d := 0

3: Initialization of an empty solution S

4: B := {S}
5: Bcompl := /0

6: while B 6= /0 do

7: Bext := /0

8: d := d +1

9: for all S ∈ B do

10: for i = 1, . . . ,kext do

11: S
′ := S {copy partial solution S into S

′}
12: S′d := ExtendPartialSolution(S′,d,C) {see Algorithm 2}
13: if solution S

′ is complete (that is, all tasks are assigned) then

14: Bcompl := Bcompl∪{S′}
15: else

16: if d < m and S′d is different to the d-th work station of all other S ∈ Bext

then

17: Bext := Bext∪{S′}
18: end if

19: end if

20: end for

21: end for

22: B←SelectSolutions(Bext, kbw)

23: end while

24: output: If Bcompl 6= /0 the output is TRUE, otherwise FALSE

number of extensions kext as input. Given a fixed cycle time C and m (the number of

work stations) BS tries to find at least one feasible solution. As mentioned before, the

crucial aspect of BS is the extension of partial solutions in several possible ways. At

each step the algorithm extends each partial solution from B in a limited number of

ways. More specifically, given a partial solution with d− 1 < m work stations already

filled, an extension is generated by assigning a set of so-far unassigned tasks to the next

work station Sd such that the given cycle time C is not surpassed and the precedence

constraints between the tasks are respected (see lines 11–12 of Algorithm 1). The

algorithm produces extensions in a (partially) probabilistic way rather than in the usual

deterministic manner.2 Each generated extension (partial solution) is either stored in

set Bcompl in case it is a complete solution, or in set Bext otherwise (see lines 13–19 of

2. This is done for avoiding a choice-without-replacement process for which all possible work station fillings
must be generated beforehand.
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Algorithm 1). However, a partial solution is only stored in set Bext if it uses at most m−1

work stations. Moreover, for a partial solution to be stored in set Bext it is required that

its d-th work station is different to the d-th work station of all partial solutions that

are already in Bext. This criterion can be seen as a computationally cheap, approximate

way of checking if two partial solutions are equal. On the downside, with this criterion

partial solutions might be excluded from further examination even though they do not

belong to Bext. Finally, BS creates a new beam B by selecting up to kbw solutions from

set Bext of further extensible partial solutions (see line 22 of Algorithm 1). This is done

in function SelectSolutions(Bext,kbw) on the basis of a lower bound function LB(·). In the

following we describe in detail the extension of partial solutions and the working of

function SelectSolutions(Bext,kbw).

Extending partial solutions. The generation of an extension of a partial solution S
′

with d−1 work stations already filled works as follows. Unassigned tasks are iteratively

assigned to work station S′d until the sum of their processing times is such that no other

task can be added to S′d without exceeding the given cycle time C. This procedure is

pseudo-coded in Algorithm 2. At each step, T ′ denotes the set of so-far unassigned

tasks that may be added to S′d without violating any constraints. The definition of this

set of available tasks is given in line 4, respectively 9, of Algorithm 2.

Algorithm 2 Function ExtendPartialSolution(S′,d,C) of Algorithm 1

1: input: A partial solution S
′, the index d of the work station to be filled, and the

cycle time C

2: S′d := /0

3: crem :=C

4: T ′ := {i ∈ T | i /∈⋃d
r=1 S′r,Pi ⊆

⋃d
r=1 S′r, ti ≤ crem}

5: while T ′ 6= /0 do

6: j :=ChooseTask(T ′,C,crem)

7: crem := crem− t j

8: S′d := S′d ∪{ j}
9: T ′ := {i ∈ T | i /∈⋃d

r=1 S′r,Pi ⊆
⋃d

r=1 S′r, ti ≤ crem}
10: end while

11: output: Filled work station S′d

It remains to describe the implementation of function ChooseTask(T ′,C,crem) of Algo-

rithm 2. For that purpose let us first define the following subset of T ′:

T sat := {i ∈ T ′ | ti = crem} (8)

This definition is such that T sat contains all tasks that saturate, in terms of processing

time, the d-th work station Sd . The choice of a task from T ′ is made on the basis of
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greedy information, that is, on the basis of values ηi > 0 that are assigned to all tasks

i ∈ T ′ by a greedy function. The first action for choosing a task from T ′ consists in

flipping a coin for deciding if the choice is made deterministically, or probabilistically.

In case of a deterministic choice, there are two possibilities. First, if T sat 6= /0, the best

task from T sat is chosen, that is, the task with maximal greedy value among all tasks in

T sat. Otherwise, we choose the task with maximal greedy value from T ′. In case of a

probabilistic decision, a task from T ′ is chosen on the basis of the following probability

distribution:

p(i) :=
ηi

∑
j∈T ′
η j

,∀i ∈ T ′ (9)

For completing the description of function ChooseTask(T ′,C,crem), we must describe the

definition of the greedy values ηi, ∀i ∈ T . In a first step a term γi is defined as follows:

γi := κ1 ·
( ti

C

)
+κ2 ·

(
|Sucall

i |
max1≤ j≤n

∣∣Sucall

j

∣∣

)
,∀i ∈ T (10)

Hereby, Sucall

i denotes the set of all tasks that can be reached from i in precedence graph

G via a directed path. This definition combines two greedy function that are often used

in the context of assembly line balancing problems. The first one concerns the task

processing times and the second one concerns the size of Sucall

i . The influence of both

heuristics can be adjusted via the setting of weights κ1 and κ2. In order to be more

flexible we decided to allow for both weights a value from [−1,1]. This means that we

consider for each heuristic potentially also its negation. This is motivated by experience

from the field of scheduling, where some problem instances are more successfully

solved by doing exactly the opposite of what is suggested by certain greedy functions.

Given the γi-values, the greedy values ηi are then derived as follows:

ηi :=
γi−γmin +1

γmax

∀ i ∈ T , (11)

where γmin, respectively γmax, denote the minimum, respectively maximum, values of all

γi. Interestingly, for obtaining well-working greedy values, parameters κ1 and κ2 have

to be chosen in a problem-instance-dependent way. A study concerning the values of

parameters κ1 and κ2 is presented in Section 4.2.

The lower bound function. The new beam B is – at each step – chosen from Bext. This

choice is implemented by function SelectSolutions(Bext,kbw) of Algorithm 2. First, the

solutions in Bext are ranked with respect to increasing lower bound values LB(·). Then,

the min{kbw, |Bext|} highest ranked partial solutions from Bext are selected. Let us denote
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by T ⊆ T the set of tasks that have not yet been assigned to work stations in partial

solution S
′. Then:

LB(S′) =

⌈
∑i∈T ti

C

⌉
(12)

Note that this lower bound is inspired by splitting-based bounds for the one-dimensional

bin packing problem.

Algorithm 3 Iterative beam search (IBS) for the SALBP-2

1: input: an instance (T ,G,m)

2: C := DetermineStartingCycleTime()

3: C′ :=C

4: kbw := 5, kext := 2

5: success := FALSE

6: while not success do

7: success := BeamSearch((T ,G,m),C,kbw,kext) {original instance}
8: if not success then

9: success := BeamSearch((T ,Gr,m),C,kbw,kext) {reverse instance}
10: if not success then C :=C+1 end if

11: end if

12: end while

13: if C >C′ then

14: C :=C−1

15: stop := FALSE

16: while not stop do

17: success := FALSE

18: while time limit not reached and not success do

19: if within 5% of time limit then kbw := 10, kext := 5 else kbw := 150, kext := 20

end if

20: success := BeamSearch((T ,G,m),C,kbw,kext) {original instance}
21: if not success then

22: success := BeamSearch((T ,Gr,m),C,kbw,kext) {reverse instance}
23: end if

24: end while

25: if success then C :=C−1 else stop := TRUE end if

26: end while

27: C :=C+1

28: end if

29: output: cycle time C
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3.3. The algorithmic scheme

The BS component outlined in the previous section is used by an iterative algorithmic

scheme that is presented in Algorithm 3. Henceforth this algorithmic scheme is labelled

iterated beam search (IBS). The first step consists in determining a starting cycle time

C, which is computed in funcion DetermineStartingCycleTime() of Algorithm 3 as

C := max

{
maxi∈T{ti},

⌈
∑i∈T ti

m

⌉}
. (13)

The algorithm works in two phases. In the first phase (see lines 4-12 of Algorithm 3)

the algorithm tries to quickly find a first cycle time C for which a valid solution can

be found. For this purpose BS is applied with the setting kbw = 5 and kext = 2. Note

that this setting was chosen after tuning by hand. Moreover, note that the first phase

only takes a fraction of a second of computation time. This holds for all instances

considered in Section 4. The second phase of the algorithm iteratively tries to find a

valid solution for the next smaller cycle time. In this phase, the algorithm disposes over

a certain time limit for each considered cycle time. Remember that the working of BS

is partially probabilistic. Therefore, BS can repeatedly be applied to the same instance

with potentially different outcomes. The first five percent of the above-mentioned time

limit are spent by BS applications that use the setting kbw := 10 and kext := 5. This is done

with the intention of not wasting too much computation time, if not necessary. However,

if BS is not able to solve the given cycle time with this setting, the remaining 95% of the

available time are spent by BS applications using the setting kbw := 150 and kext := 20.

With this setting BS is considerably slower. However, the probability of finding feasible

solutions is much higher than with the setting described before. The second phase of the

algorithm ends when the time limit has passed without having found a feasible solution

for the considered cycle time.

4. Experimental evaluation

IBS was implemented in ANSI C++, and GCC 3.4.0 was used for compiling the soft-

ware. Experimental results were obtained on a PC with an AMD64X2 4400 processor

and 4 Gb of memory. In the following we first describe the set of benchmark instances

that we used for the experimental evaluation. Subsequently we present a study concern-

ing some of the parameters of the proposed algorithm. Finally, the experimental results

are presented.



Christian Blum 155

4.1. Benchmark instances

We used the usual set of 302 benchmark instances from the literature. They can be ob-

tained – together with information about optimal solutions, respectively lower and up-

per bounds – from a website especially dedicated to all kind of assembly line balancing

problems maintained by Armin Scholl, http://www.assembly-line-balancing.de.

Each instance consists of a precedence graph G and a given number m of work stations.

The benchmark set is composed of two subsets of instances, henceforth called Dataset1

and Dataset2. Dataset1 consists of 128 instances based on 9 different precedence graphs

with a number of tasks between 29 to 111. Dataset2 is composed of 174 instances based

on 8 different precedence graphs with a number of tasks varying from 53 to 297.

4.2. A study of parameters κ1κ1κ1 and κ2κ2κ2

During preliminar experiments we realized that parameters kbw and kext have a rather low

impact on the final results of IBS. In other words it is easy to find a reasonable setting

for these parameters quite quickly. Their setting dynamically changes during a run of

the algorithm as specified in Section 3.3. On the contrary, parameters κ1 and κ2 (see

Eq. 10) have a rather high impact on the algorithms’ performance. Remember that κ1 is

the weight of the greedy function concerning the task processing times, while κ2 is the

weight of the greedy function concerning the number of tasks that have to be processed

after the task under consideration. As mentioned before, for both parameters we allowed

values from [−1,1]. Instead of trying to find a good parameter setting for each single in-

stance, we decided for a process aimed at identifying a single setting of κ1 and κ2 for

all instances concerning the same precedence graph. For that purpose we applied a spe-

cific version of IBS for all combinations of κ1,κ2 ∈ {−1.0,−0.9, . . . ,0.0, . . . ,0.9,1.0}
to all 302 instances. This makes a total of 441 different settings for each instance. The

specific version of IBS that we apply in the following differs from IBS as outlined in

Algorithm 3 in that lines 14-24 are replaced by a single, deterministic, application of

beam search with kbw = 150 and kext = 20. This was done for the purpose of saving com-

putation time. Based on the obtained results we chose the settings presented in Table 1

Table 1: Values of parameters κ1 and κ2 for the final experiments.

Graph κ1 κ2 Graph κ1 κ2

Arcus1 0.0 1.0 Lutz2 −0.1 0.9
Arcus2 −0.5 0.9 Lutz3 0.0 1.0
Barthol2 0.0 1.0 Mukherje 0.0 1.0

Barthold 0.0 1.0 Sawyer 0.0 1.0

Buxey 0.0 1.0 Scholl 0.0 1.0

Gunther −0.4 0.8 Tonge −0.1 0.2

Hahn 0.0 1.0 Warnecke 0.0 1.0
Kilbridge 0.0 1.0 Wee−Mag 0.0 1.0

Lutz1 −0.1 0.9
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(a) Buxey, = 7m (b) Tonge, = 16m

(c) Arcus1, = 12m (d) Scholl, = 38m

(e) Lutz1, = 9m (f) Lutz1, = 10m

Figure 1: Results presented in graphical form for six representative instances. The y-axis ranges over the

values of κ1, while the x-axis ranges over the values of κ2. The gray levels of the squares indicate the

quality of the algorithm when run with the corresponding setting: the lighter a square is painted, the better

is the parameter setting.

for the different precedence graphs. It is interesting to note that, apart from a few

exceptions, the greedy heuristic based on task processing times does not seem necessary

for obtaining good results.

In Figure 1 a representative sample of the results is provided in graphical form. The

y-axis of the presented graphics varies over the different values of κ1, while the x-axis
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ranges over the allowed values of κ2. Note that each graphic consists of 441 squares

representing the 441 different combinations of values for κ1 and κ2. The gray level in

which each square is painted indicates the quality of the algorithm when run with the

corresponding parameter setting. In particular, black color denotes the worst setting,

whereas white color indicates the best algorithm setting. In some cases such as (Buxey,

m = 7) and (Tonge, m = 16), as shown in Figures 1(a) and 1(b), there is a wide range

of good settings, which are basically all those with κ1 ≤ 0. In other examples such

as (Arcus1, m = 12) and (Scholl, m = 38) it is strictly required to set κ1 to 0 and κ2

to a positive value for obtaining good solutions; see Figures 1(c) and 1(d). Finally, the

graphics shown in Figures 1(e) and 1(f) indicate that even for the same precedence graph

a good parameter setting might depend strongly on the number of work stations.

Table 2: Differences in algorithm performance when considering the best

and the worst parameter setting.

Instance Best setting Worst setting Difference (%)

(Buxey, m = 7) 00047 00052 10.64

(Tonge, m = 16) 00222 00265 19.37

(Arcus1, m = 12) 12599 13767 09.27

(Scholl, m = 38) 01857 02031 09.37

(Lutz1, m = 9) 01637 01801 10.02

(Lutz1, m = 10) 01525 01619 06.16

It is also interesting to quantify the differences in algorithm performance for different

parameter settings. Table 2 shows for the six cases presented in Figure 1 the result of

the algorithm with the best setting (column Best setting), the result of the algorithm

with the worst setting (column Worst setting), and the difference (in percent) between

these two settings. The results in Table 2 show that there are considerable differences

in performance between the best and the worst algorithm setting. This underlines the

importance of finding opportune values for κ1 and κ2.

4.3. Results

Algorithm IBS was applied 20 times to all 302 instances. Herefore we used a compu-

tation time limit of 180 seconds for each cycle time, that is, IBS was given maximally

180 seconds for finding a feasible solution for a given cycle time. In case of success, the

algorithm has again 180 seconds for the next smaller cycle time, etc. Detailed results of

IBS for all 302 instances are given in Tables 7 and 8 that are to be found in Appendix A.

The data are, in both tables, presented as follows. The first two columns provide the

name of the precedence graph and the number of work stations (m). The third column

(labelled bub) provides the values of the optimal solutions in case they are known. If

they are unknown the column reports the currently best upper bound. In case a value is

not proved to be optimal it is overlined. More in detail, in 15 out of 302 cases optimality
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has not been proved yet. The remaining five columns are reserved for the results of IBS.

The first of these five columns contains the value of the best solution found by IBS over

20 runs. In case this value is presented with a gray background, a new best upper bound

has been found. On the other side, if this value is marked by an asterisk, the obtained

result does not reach the value of the best upper bound. In all other cases the values

correspond to the values of the best upper bounds. The second column provides the

average over 20 runs, while the third column contains the corresponding standard devi-

ation. The fourth column gives the average time (in seconds) at which the best solution

of a run was found, averaged over 20 runs. The fifth column provides the corresponding

standard deviation. From the results presented in Tables 7 and 8 (see Appendix A) we

can observe that IBS obtains optimal solutions, respectively best upper bounds, in 276

out of 302 cases. Moreover, new best upper bounds are obtained in 6 cases. This is re-

markable as – despite a considerable amount of ongoing research – in the last 14 years

no improved solutions have been reported. Only in 20 cases (all concerning precedence

graphs Arcus1, Arcus2, Scholl, and Warnecke) our algorithm was not able to find the

best solutions known. However, in most of these cases the deviation from the best upper

bound is no more than one unit of cycle time.

In addition to Tables 7 and 8 the results of IBS are presented in a summarized way

in Table 3, in comparison to three other algorithms. TABUSEARCH Scholl and Voss

(1996), even though already published in 1996, still counts as the current state-of-the-

art heuristic method for SALBP-2. DE RKS is the best version of a differential evolu-

tion (DE) algorithm proposed in Nearchou (2007), and PNA-FOR is a Petri net-based

heuristic published in Kilincci (2010). The last two methods are, to our knowledge, the

most recently published heuristic methods for SALBP-2. Three measures are used in

Table 3 for the comparison of IBS with these three algorithms. The row labelled #opt

provides the number of best upper bounds found by each method (over 302). More-

over, the row labelled mrd (%) gives the mean relative deviation (in percent) of the

results obtained by the four algorithms from the best-known upper bounds for all 302

instances. Finally, row time contains the average computation time of the algorithms

for all 302 instances. Concerning the quality of the results, we can conclude that IBS

clearly outperforms its competitors. For the correct interpretation of the computation

times it has to be taken into account that the four algorithms were executed on com-

puters with very different processor speeds. While TABUSEARCH was executed on a

80486 DX2-66 processor, PNA-FOR was run on an Athlon XP 2000+ processor with

Table 3: Results of IBS in comparison to the best (TABUSEARCH), respectively most recent

(DE RKS and PNA-FOR), methods from the literature.

DE RKS PNA-FOR TABUSEARCH Iterative Beam Search (IBS)

#opt n/g 039.00 168.00 282.0000

mrd (%) 02.64 002.73 000.40 000.0029

time (s) 10.74 407.28 084.90 031.61

Note: n/g means not given
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1.67 GHz, and DE RKS was run on a Pentium IV processor with 1.7 GHz. This means

that TABUSEARCH was run by far on the slowest machine, IBS by far on the fastest

machine, and PNA-FOR and DE RKS on comparable machines. Given the computation

times in Table 3 we can savely conclude that TABUSEARCH is the fastest algorithm, and

PNA-FOR is the slowest one. However, note that assembly line balancing is, in most

cases, not a time-critical application. In other words, for most practical purposes it does

not matter if an algorithm takes 1 minute or 6 hours of computation time.

In the following we present the results of IBS in comparison to DE RKS and PNA-

FOR in the same way as done in Nearchou (2007) and Kilincci (2010). In these works,

results were presented as averages over instances based on the same precedence graph,

and also averaged over Dataset1 and Dataset2. The quality of the results is given in terms

of the mean relative deviation (in percent) from the best-known upper bounds. Tables 4

and 5 clearly show that IBS is largely superior to both competitor algorithms.

Table 4: Results of IBS in comparison to DE RKS and PNA-FOR for the 128 instances

of Dataset1 (averaged over precedence graphs)

Graph DE RKS PNA-FOR Iterative Beam Search (IBS)

mrd (%) time (s) mrd (%) mrd (%) time (s)

Buxey 1.16 0.80 3.07 0.0 0.06

Sawyer 2.27 1.64 4.00 0.0 0.14

Lutz1 0.32 0.88 4.09 0.0 0.55

Gunther 0.14 1.08 1.27 0.0 0.02

Kilbridge 0.66 1.43 2.19 0.0 0.0067

Tonge 1.88 3.71 2.53 0.0 7.73

Arcus1 0.99 5.29 2.47 0.0287 152.34

Lutz2 3.08 1.00 2.99 0.0 0.035

Arcus2 4.96 19.02 2.06 0.0066 135.83

Average: 1.72 3.87 2.57 0.0058 51.76

Table 5: Results of IBS in comparison to DE RKS and PNA-FOR for the 174 instances

of Dataset2 (averaged over precedence graphs).

Graph DE RKS PNA-FOR Iterative Beam Search (IBS)

mrd (%) time (s) mrd (%) mrd (%) time (s)

Hahn 0.0 1.00 2.52 0.0 0.065

Warnecke 3.74 3.53 5.57 0.0579 1.54

Wee-Mag 1.23 3.68 1.56 0.0 0.65

Lutz3 1.68 5.62 2.59 0.0 0.61

Mukherje n/a n/a 1.04 0.0 2.52

Barthold 0.26 19.47 1.02 0.0 0.079

Barthol2 6.85 33.08 3.97 0.0 0.96

Scholl 9.51 43.95 3.21 0.0028 98.69

Average: 3.32 15.79 2.85 0.00071 16.79



160 Iterative beam search for simple assembly line balancing with a fixed number of work stations

Table 6: Results of a high-performance version of IBS.

Graph m Result Graph m Result

Arcus1 (83) 8 9554 Arcus2 (111) 23 6560

11 7085∗ 24 6282

12 6412 25 6101

17 4527∗ 26 5855

18 4323∗ Scholl (297) 31 2247

19 4071∗ 36 1936∗
20 3886∗ 42 1660∗

Arcus2 (111) 14 10747 46 1515

15 10035 47 1484∗

16 9413∗ 49 1423

17 8857∗ Warnecke (58) 25 64

18 8377 Wee-Mag (75) 18 87

19 7922 19 85

20 7524 23 67

21 7187 27 65

22 6856 28 64

4.4. Results of a high-performance version

In an attempt to further improve on the results of our algorithm we decided to apply a

high-performance version of IBS to all problem instances for which the optimal solution

is unknown and, additionally, to all instances where IBS – with the settings as outlined

in the previous section – was not able to find the best known upper bounds. This high-

performance version is obtained as follows. First, 1800 seconds are used as a time limit

for each cycle time. Second, in line 17 of Algorithm 3 only 1% of the time limit is

used (instead of 5%). Third, for each application of beam search in lines 18 and 20 of

Algorithm 3 the beam width kbw is randomly chosen from [150,250] and the number

of extensions is randomly chosen from [20,40]. Moreover, with a probability of 0.5

the heuristic information is – for each application of beam search – calculated using the

weight values as outlined in Table 1. Otherwise, the weight values are chosen randomly

from [−1,1]. With these modifications we applied IBS exactly once to all the instances

of Table 6. The results of the algorithm are given in column Result: In case the result

value is presented with a gray background, a new best upper bound has been found. On

the other hand, if this value is marked by an asterisk, the obtained result is inferior to

the value of the best known upper bound. Indeed, the number of instances for which the

best-known upper bound can not be found before is reduced from 20 to 10 instances.

Moreover, the algorithm is now able to find new best-known upper bounds in 9 (instead

of only 6) cases. Summarizing, this amounts to 283 best-known upper bounds found and

9 new best upper bounds obtained. In one case, (Scholl, m = 49), the new upper bound

is provenly optimal, as its value coincides with the best known lower bound.
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5. Conclusions and future work

In this work we have proposed an iterative beam search algorithm for the simple

assembly line balancing problem with a fixed number of work stations, SALBP-2. The

experimental evalution of the algorithm has shown that it is currently a state-of-the-art

method for this problem. Appart from producing optimal solutions, respectively best

upper bounds, for 283 out of 302 test cases, our algorithm generated new best-known

upper bounds in further 9 test cases. Encouraged by the results for the SALBP-1 variant

of the problem – as published in Blum (2008) – and the results obtained in this paper

for the SALBP-2 we intent to apply similar algorithms based on beam search to other

assembly line balancing problems.
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Appendix A

Table 7: Detailed results of IBS for 302 test instances (Part A).

Graph m bub Iterative Beam Search (IBS) Graph m bub Iterative Beam Search (IBS)

best avg std time (s) std best avg std time (s) std

Arcus1 (83) 3 25236 25236 25236.00 (0.00) 0.56 (0.29) Barthold (148) 9 626 626 626.00 (0.00) 0.13 (0.03)

4 18927 18927 18927.00 (0.00) 6.16 (3.92) 10 564 564 564.00 (0.00) 0.10 (0.02)

5 15142 15142 15142.00 (0.00) 80.08 (16.69) 11 513 513 513.00 (0.00) 0.09 (0.00)

6 12620 12620 12620.00 (0.00) 15.52 (5.76) 12 470 470 470.00 (0.00) 0.09 (0.00)

7 10826 10826 10826.00 (0.00) 59.80 (19.89) 13 434 434 434.00 (0.00) 0.16 (0.02)

8 9554 ∗9555 9555.55 (0.51) 120.54 (63.16) 14 403 403 403.00 (0.00) 0.14 (0.01)

9 8499 8499 8500.70 (0.80) 130.73 (117.23) 15 383 383 383.00 (0.00) 0.05 (0.00)

10 7580 7580 7580.95 (0.60) 311.89 (109.87) Buxey (29) 7 47 47 47.00 (0.00) 0.46 (0.51)

11 7084 ∗7086 7086.70 (0.47) 71.13 (52.77) 8 41 41 41.00 (0.00) 0.00 (0.00)

12 6412 ∗6413 6414.10 (0.72) 362.32 (66.26) 9 37 37 37.00 (0.00) 0.01 (0.00)

13 5864 5864 5864.00 (0.00) 129.18 (12.99) 10 34 34 34.00 (0.00) 0.00 (0.00)

14 5441 5441 5441.00 (0.00) 2.02 (0.41) 11 32 32 32.00 (0.00) 0.00 (0.00)

15 5104 5104 5104.45 (0.60) 222.29 (73.92) 12 28 28 28.00 (0.00) 0.01 (0.00)

16 4850 4850 4850.00 (0.00) 33.84 (9.59) 13 27 27 27.00 (0.00) 0.01 (0.00)

17 4516 ∗4524 4526.20 (0.89) 282.49 (100.96) 14 25 25 25.00 (0.00) 0.00 (0.00)

18 4317 ∗4322 4323.20 (0.77) 291.73 (111.23) Gunther (35) 6 84 84 84.00 (0.00) 0.00 (0.00)

19 4068 ∗4073 4074.80 (1.01) 326.78 (125.49) 7 72 72 72.00 (0.00) 0.03 (0.00)

20 3882 ∗3886 3889.25 (2.05) 594.21 (204.09) 8 63 63 63.00 (0.00) 0.01 (0.00)

21 3691 3691 3691.00 (0.00) 5.58 (0.81) 9 54 54 54.00 (0.00) 0.05 (0.04)

22 3691 3691 3691.00 (0.00) 0.02 (0.00) 10 50 50 50.00 (0.00) 0.01 (0.00)

Arcus2 (111) 3 50133 50133 50133.00 (0.00) 0.09 (0.03) 11 48 48 48.00 (0.00) 0.00 (0.00)

4 37600 37600 37600.00 (0.00) 0.41 (0.02) 12 44 44 44.00 (0.00) 0.01 (0.00)

5 30080 30080 30080.00 (0.00) 0.43 (0.22) 13 42 42 42.00 (0.00) 0.01 (0.00)

6 25067 25067 25067.00 (0.00) 1.13 (0.59) 14 40 40 40.00 (0.00) 0.02 (0.00)

7 21486 21486 21486.00 (0.00) 1.76 (1.04) 15 40 40 40.00 (0.00) 0.01 (0.00)

8 18800 18800 18800.00 (0.00) 11.36 (2.86) Hahn (53) 3 4787 4787 4787.00 (0.00) 0.00 (0.00)

9 16711 16711 16711.00 (0.00) 28.03 (12.51) 4 3677 3677 3677.00 (0.00) 0.08 (0.01)

10 15040 15040 15040.00 (0.00) 38.67 (15.08) 5 2823 2823 2823.00 (0.00) 0.01 (0.00)

11 13673 13673 13673.00 (0.00) 49.47 (12.83) 6 2400 2400 2400.00 (0.00) 0.05 (0.01)

12 12534 12534 12534.00 (0.00) 43.34 (15.17) 7 2336 2336 2336.00 (0.00) 0.29 (0.01)

13 11570 11570 11570.00 (0.00) 32.60 (14.63) 8 1907 1907 1907.00 (0.00) 0.09 (0.03)

14 10747 ∗10748 10748.00 (0.00) 62.69 (16.17) 9 1827 1827 1827.00 (0.00) 0.00 (0.00)

15 10035 ∗10036 10036.40 (0.50) 112.54 (63.37) 10 1775 1775 1775.00 (0.00) 0.00 (0.00)

16 9412 ∗9416 9416.60 (0.68) 290.35 (90.83) Kilbridge (45) 3 184 184 184.00 (0.00) 0.00 (0.00)

17 8855 ∗8864 8864.90 (0.31) 87.41 (52.86) 4 138 138 138.00 (0.00) 0.01 (0.00)

18 8377 8377 8377.00 (0.00) 8.11 (1.00) 5 111 111 111.00 (0.00) 0.00 (0.00)

19 7928 7924 7925.60 (0.60) 205.09 (76.12) 6 92 92 92.00 (0.00) 0.00 (0.00)

20 7526 7524 7524.40 (0.50) 159.72 (57.92) 7 79 79 79.00 (0.00) 0.01 (0.00)

21 7188 ∗7192 7193.40 (0.82) 318.78 (89.64) 8 69 69 69.00 (0.00) 0.01 (0.00)

22 6859 6858 6858.20 (0.41) 226.94 (75.52) 9 62 62 62.00 (0.00) 0.01 (0.00)

23 6561 6560 6563.10 (1.45) 428.68 (168.53) 10 56 56 56.00 (0.00) 0.01 (0.00)

24 6289 6284 6285.65 (1.46) 311.77 (144.55) 11 55 55 55.00 (0.00) 0.01 (0.00)

25 6106 ∗6112 6114.15 (0.99) 305.50 (90.99) Lutz1 (32) 8 1860 1860 1860.00 (0.00) 0.14 (0.00)

26 5856 ∗5858 5860.45 (1.76) 661.48 (192.47) 9 1638 1638 1638.00 (0.00) 2.41 (0.34)

27 5689 5689 5689.00 (0.00) 9.29 (0.17) 10 1526 1526 1526.00 (0.00) 0.18 (0.01)

Barthol2 (148) 27 157 157 157.00 (0.00) 0.31 (0.03) 11 1400 1400 1400.00 (0.00) 0.01 (0.00)

28 152 152 152.00 (0.00) 0.44 (0.07) 12 1400 1400 1400.00 (0.00) 0.00 (0.00)

29 146 146 146.00 (0.00) 0.80 (0.32) Lutz2 (89) 9 54 54 54.00 (0.00) 0.02 (0.01)

30 142 142 142.00 (0.00) 0.15 (0.03) 10 49 49 49.00 (0.00) 0.03 (0.00)

31 137 137 137.00 (0.00) 0.67 (0.09) 11 45 45 45.00 (0.00) 0.04 (0.00)

32 133 133 133.00 (0.00) 0.57 (0.07) 12 41 41 41.00 (0.00) 0.03 (0.00)

33 129 129 129.00 (0.00) 0.52 (0.06) 13 38 38 38.00 (0.00) 0.03 (0.00)

34 125 125 125.00 (0.00) 0.47 (0.05) 14 35 35 35.00 (0.00) 0.03 (0.00)

35 121 121 121.00 (0.00) 0.94 (0.15) 15 33 33 33.00 (0.00) 0.03 (0.00)

36 118 118 118.00 (0.00) 0.87 (0.11) 16 31 31 31.00 (0.00) 0.02 (0.00)

37 115 115 115.00 (0.00) 0.92 (0.19) 17 29 29 29.00 (0.00) 0.04 (0.00)

38 112 112 112.00 (0.00) 0.76 (0.06) 18 28 28 28.00 (0.00) 0.04 (0.00)

39 109 109 109.00 (0.00) 0.70 (0.13) 19 26 26 26.00 (0.00) 0.04 (0.01)

40 106 106 106.00 (0.00) 0.91 (0.32) 20 25 25 25.00 (0.00) 0.04 (0.00)

41 104 104 104.00 (0.00) 0.72 (0.05) 21 24 24 24.00 (0.00) 0.02 (0.00)

42 101 101 101.00 (0.00) 2.77 (5.43) 22 23 23 23.00 (0.00) 0.04 (0.00)

43 99 99 99.00 (0.00) 0.84 (0.23) 23 22 22 22.00 (0.00) 0.05 (0.00)

44 97 97 97.00 (0.00) 0.59 (0.15) 24 21 21 21.00 (0.00) 0.05 (0.00)

45 95 95 95.00 (0.00) 0.76 (0.25) 25 20 20 20.00 (0.00) 0.02 (0.00)

46 93 93 93.00 (0.00) 0.68 (0.29) 26 19 19 19.00 (0.00) 0.05 (0.02)

47 91 91 91.00 (0.00) 0.67 (0.15) 27 19 19 19.00 (0.00) 0.03 (0.00)

48 89 89 89.00 (0.00) 1.17 (0.47) 28 18 18 18.00 (0.00) 0.05 (0.00)

49 87 87 87.00 (0.00) 0.83 (0.26) Lutz3 (89) 3 548 548 548.00 (0.00) 0.01 (0.00)

50 85 85 85.90 (0.31) 3.28 (10.33) 4 411 411 411.00 (0.00) 0.03 (0.00)

51 84 84 84.00 (0.00) 2.60 (2.09) 5 329 329 329.00 (0.00) 0.01 (0.00)

Barthold (148) 3 1878 1878 1878.00 (0.00) 0.01 (0.00) 6 275 275 275.00 (0.00) 0.01 (0.00)

4 1409 1409 1409.00 (0.00) 0.02 (0.00) 7 236 236 236.00 (0.00) 0.02 (0.00)

5 1127 1127 1127.00 (0.00) 0.02 (0.00) 8 207 207 207.00 (0.00) 0.04 (0.00)

6 939 939 939.00 (0.00) 0.06 (0.01) 9 184 184 184.00 (0.00) 5.54 (4.14)

7 805 805 805.00 (0.00) 0.11 (0.00) 10 165 165 165.00 (0.00) 0.09 (0.01)

8 705 705 705.00 (0.00) 0.04 (0.01) 11 151 151 151.00 (0.00) 0.06 (0.00)
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Appendix A

Table 8: Detailed results of IBS for 302 test instances (Part B).

Graph m bub Iterative Beam Search (IBS) Graph m bub Iterative Beam Search (IBS)

best avg std time (s) std best avg std time (s) std

Lutz3 (89) 12 138 138 138.00 (0.00) 0.02 (0.00) Tonge (70) 6 585 585 585.00 (0.00) 0.03 (0.02)

13 128 128 128.00 (0.00) 0.05 (0.03) 7 502 502 502.00 (0.00) 0.06 (0.01)

14 118 118 118.00 (0.00) 0.67 (0.52) 8 439 439 439.00 (0.00) 0.04 (0.01)

15 110 110 110.00 (0.00) 0.80 (0.66) 9 391 391 391.00 (0.00) 0.05 (0.00)

16 105 105 105.00 (0.00) 0.34 (0.30) 10 352 352 352.00 (0.00) 0.06 (0.01)

17 98 98 98.00 (0.00) 0.19 (0.05) 11 320 320 320.00 (0.00) 0.06 (0.02)

18 93 93 93.00 (0.00) 0.16 (0.05) 12 294 294 294.00 (0.00) 0.09 (0.01)

19 89 89 89.00 (0.00) 0.05 (0.03) 13 271 271 271.00 (0.00) 0.06 (0.01)

20 85 85 85.00 (0.00) 0.14 (0.05) 14 251 251 251.80 (0.41) 20.25 (45.26)

21 80 80 80.00 (0.00) 0.11 (0.02) 15 235 235 235.00 (0.00) 0.35 (0.16)

22 76 76 76.00 (0.00) 4.20 (3.30) 16 221 221 221.00 (0.00) 0.97 (0.93)

23 74 74 74.00 (0.00) 0.29 (0.18) 17 208 208 208.00 (0.00) 1.02 (0.95)

Mukherje (94) 3 1403 1403 1403.00 (0.00) 0.01 (0.00) 18 196 196 196.15 (0.37) 46.76 (39.05)

4 1052 1052 1052.00 (0.00) 0.10 (0.00) 19 186 186 186.35 (0.49) 87.09 (64.62)

5 844 844 844.00 (0.00) 0.02 (0.00) 20 177 177 177.90 (0.31) 9.46 (39.39)

6 704 704 704.00 (0.00) 0.02 (0.00) 21 170 170 170.00 (0.00) 8.71 (9.43)

7 621 621 621.00 (0.00) 0.12 (0.00) 22 162 162 162.00 (0.00) 2.52 (2.45)

8 532 532 532.00 (0.00) 0.09 (0.01) 23 156 156 156.00 (0.00) 0.11 (0.04)

9 471 471 471.00 (0.00) 0.09 (0.01) 24 156 156 156.00 (0.00) 0.02 (0.00)

10 424 424 424.00 (0.00) 0.02 (0.00) 25 156 156 156.00 (0.00) 0.02 (0.00)

11 391 391 391.00 (0.00) 0.10 (0.01) Warnecke (58) 3 516 516 516.00 (0.00) 0.02 (0.00)

12 358 358 358.00 (0.00) 0.05 (0.01) 4 387 387 387.00 (0.00) 0.08 (0.08)

13 325 325 325.00 (0.00) 0.17 (0.06) 5 310 310 310.00 (0.00) 0.03 (0.00)

14 311 311 311.00 (0.00) 0.08 (0.01) 6 258 258 258.00 (0.00) 0.10 (0.06)

15 288 288 288.00 (0.00) 0.09 (0.02) 7 222 222 222.00 (0.00) 0.03 (0.00)

16 268 268 268.00 (0.00) 0.20 (0.02) 8 194 194 194.00 (0.00) 0.05 (0.01)

17 251 251 251.00 (0.00) 0.45 (0.05) 9 172 172 172.00 (0.00) 2.40 (2.28)

18 239 239 239.00 (0.00) 0.24 (0.02) 10 155 155 155.00 (0.00) 0.05 (0.01)

19 226 226 226.00 (0.00) 0.03 (0.01) 11 142 142 142.00 (0.00) 0.04 (0.00)

20 220 220 220.05 (0.22) 57.07 (43.23) 12 130 130 130.00 (0.00) 0.07 (0.01)

21 208 208 208.00 (0.00) 0.12 (0.00) 13 120 120 120.00 (0.00) 0.08 (0.01)

22 200 200 200.00 (0.00) 0.13 (0.06) 14 111 111 111.00 (0.00) 0.29 (0.24)

23 189 189 189.00 (0.00) 0.12 (0.02) 15 104 104 104.00 (0.00) 0.27 (0.13)

24 179 179 179.00 (0.00) 0.48 (0.41) 16 98 98 98.00 (0.00) 0.08 (0.01)

25 172 172 172.00 (0.00) 0.43 (0.18) 17 92 92 92.00 (0.00) 0.26 (0.14)

26 171 171 171.00 (0.00) 0.27 (0.03) 18 87 87 87.00 (0.00) 0.27 (0.14)

Sawyer (30) 7 47 47 47.00 (0.00) 0.14 (0.11) 19 84 84 84.00 (0.00) 0.10 (0.06)

8 41 41 41.00 (0.00) 0.06 (0.03) 20 79 79 79.00 (0.00) 0.13 (0.03)

9 37 37 37.00 (0.00) 0.03 (0.01) 21 76 76 76.00 (0.00) 0.08 (0.04)

10 34 34 34.00 (0.00) 0.02 (0.00) 22 73 73 73.00 (0.00) 0.53 (0.36)

11 31 31 31.00 (0.00) 0.82 (0.85) 23 69 69 69.00 (0.00) 18.10 (21.25)

12 28 28 28.00 (0.00) 0.03 (0.01) 24 66 66 66.90 (0.31) 2.88 (9.10)

13 26 26 26.00 (0.00) 0.02 (0.00) 25 64 ∗65 65.00 (0.00) 12.30 (11.87)

14 25 25 25.00 (0.00) 0.02 (0.00) 26 64 64 64.00 (0.00) 0.05 (0.01)

Scholl (297) 25 2787 2787 2787.00 (0.00) 37.11 (6.11) 27 60 60 60.00 (0.00) 1.61 (0.73)

26 2680 2680 2680.00 (0.00) 32.56 (4.71) 28 59 59 59.00 (0.00) 0.16 (0.06)

27 2580 2580 2580.00 (0.00) 58.06 (8.65) 29 56 56 56.00 (0.00) 1.43 (1.15)

28 2488 2488 2488.00 (0.00) 53.78 (12.43) Wee-Mag (75) 3 500 500 500.00 (0.00) 0.01 (0.00)

29 2402 2402 2402.00 (0.00) 45.57 (9.93) 4 375 375 375.00 (0.00) 0.03 (0.00)

30 2322 2322 2322.30 (0.47) 96.86 (53.36) 5 300 300 300.00 (0.00) 0.02 (0.00)

31 2247 ∗2248 2248.00 (0.00) 51.23 (4.32) 6 250 250 250.00 (0.00) 0.03 (0.00)

32 2177 2177 2177.50 (0.51) 91.50 (63.17) 7 215 215 215.00 (0.00) 0.01 (0.00)

33 2111 2111 2111.80 (0.41) 57.19 (39.95) 8 188 188 188.00 (0.00) 0.04 (0.01)

34 2049 2049 2049.20 (0.41) 117.47 (53.03) 9 167 167 167.00 (0.00) 0.01 (0.00)

35 1991 1991 1991.00 (0.00) 95.54 (17.19) 10 150 150 150.00 (0.00) 0.08 (0.02)

36 1935 ∗1936 1936.00 (0.00) 61.22 (8.78) 11 137 137 137.00 (0.00) 0.06 (0.01)

37 1883 1883 1883.05 (0.22) 140.57 (34.46) 12 125 125 125.00 (0.00) 0.10 (0.02)

38 1834 1834 1834.00 (0.00) 125.92 (34.53) 13 116 116 116.00 (0.00) 0.02 (0.00)

39 1787 1787 1787.35 (0.49) 192.12 (55.85) 14 108 108 108.00 (0.00) 0.54 (0.60)

40 1742 1742 1742.00 (0.00) 153.02 (29.66) 15 100 100 100.00 (0.00) 0.24 (0.19)

41 1700 1700 1700.00 (0.00) 81.51 (18.06) 16 94 94 94.00 (0.00) 0.05 (0.01)

42 1659 ∗1660 1660.00 (0.00) 146.58 (32.11) 17 89 89 89.00 (0.00) 0.42 (0.28)

43 1621 1621 1621.00 (0.00) 149.08 (21.75) 18 87 87 87.00 (0.00) 0.07 (0.01)

44 1584 1584 1584.15 (0.37) 127.52 (54.06) 19 85 85 85.00 (0.00) 0.08 (0.02)

45 1549 1549 1549.00 (0.00) 150.65 (32.59) 20 77 77 77.00 (0.00) 0.13 (0.04)

46 1515 ∗1516 1516.00 (0.00) 121.28 (20.06) 21 72 72 72.00 (0.00) 0.08 (0.01)

47 1483 ∗1484 1484.00 (0.00) 165.44 (28.64) 22 69 69 69.00 (0.00) 0.06 (0.01)

48 1452 1452 1452.70 (0.47) 151.98 (60.76) 23 67 67 67.00 (0.00) 4.34 (3.58)

49 1427 1424 1424.00 (0.00) 113.46 (22.47) 24 66 66 66.00 (0.00) 0.25 (0.14)

50 1394 1394 1394.85 (0.37) 143.63 (53.48) 25 65 65 65.00 (0.00) 11.36 (26.58)

51 1386 1386 1386.00 (0.00) 2.23 (0.09) 26 65 65 65.00 (0.00) 0.05 (0.01)

52 1386 1386 1386.00 (0.00) 0.17 (0.01) 27 65 65 65.00 (0.00) 0.02 (0.00)

Tonge (70) 3 1170 1170 1170.00 (0.00) 0.01 (0.00) 28 64 64 64.00 (0.00) 0.02 (0.00)

4 878 878 878.00 (0.00) 0.02 (0.00) 29 63 63 63.00 (0.00) 0.02 (0.00)

5 702 702 702.00 (0.00) 0.05 (0.02) 30 56 56 56.00 (0.00) 0.07 (0.00)
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Abstract

An important problem in statistics is the study of spatio-temporal data taking into account the
effect of explanatory variables such as latitude, longitude and time. In this paper, a new Bayesian
approach for analyzing spatial longitudinal data is proposed. It takes into account linear time
regression structures on the mean and linear regression structures on the variance-covariance
matrix of normal observations. The spatial structure is included in the time regression parameters
and also in the regression structure of the variance covariance matrix. Initially, we present a
summary of the spatial models and the Bayesian methodology used to fit the models, as a
extension of the longitudinal data analysis. Next, the general spatial temporal model is proposed.
Finally, this proposal is used to study rainfall data.

MSC: 62F15
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1. Introduction

In the context of the parametric multivariate regression model for longitudinal data and

under normality, the response variable for each of the m units under study, each having

n observations over time, is denoted by Yi = (Yi1, . . . ,Yin)
′, i = 1, . . . ,m. In this case,

it is usually assumed that Yi ∼ N(µ i,Σi), with µ i = Xiβ, where Xi is a matrix of

explanatory variables. Thus, if nm = n×m, it is assumed that the nm-response vector

Y = (Y1, . . . ,Ym)
′ follows the model

Y = µ +ε, with ε∼ N(0,Σ= diag(Σi)), (1.1)

where µ = (µ 1, . . . ,µm)
′
, ε= (ε1, . . . ,εm)

′
and Σi = Var(εi).
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In these models, as it is well known, εi j and εik, j 6= k, i = 1, . . . ,m, are not

independent. Thus, Var(εi) = Σi is no longer a diagonal matrix and it would be

necessary to model and estimate the off-diagonal elements of the covariance matrix.

This modelling approach usually requires to impose some constraints on the elements of

Σi to guarantee its positive definiteness. For example, in stationary Gaussian processes,

such as the ones used in Geostatistics, the covariance between two observations is

explicitly determined by their correlation function. More specifically, it is modelled as

a function of the (Euclidean) distance between these two observations. Moreover, and

given that some of the properties of this function are imposed by its spatial structure,

only correlation functions belonging to the families where these requirements hold can

be considered (see, e.g., Diggle and Verbyla, 1998, or Stein, 1999).

Spatial data consist of several measurements taken on the space in each of the

experimental coordinates in the sample. This falls into the framework of correlated

observations and requires the specification and estimation of both the mean and the

covariance structures. A central idea to be able to efficiently estimate the covariance

matrix was first introduced by Macchiavelli and Arnold (1994) and Macchiavelli and

Moser (1997) and it is based on its Cholesky decomposition. This approach has been

used for several joint modelling proposals for the mean and covariance structures in

the context of longitudinal data (see, e.g., Pourahmadi, 1999 and 2000, or Pan and

MacKenzie, 2006).

In our work, we apply the modified Cholesky decomposition of the precision ma-

trix proposed in Macchiavelli and Arnold (1994), since it offers a simple unconstrained

and statistically meaningful reparametrization of the covariance matrix. It has a statisti-

cal interpretation in longitudinal data through consideration of antedependence models

(Gabriel, 1962; Macchiavelli and Arnold, 1994). With this reparametrization, the de-

pendence between the components of Y can be modelled as functions of explanatory

variables. In this case the covariance matrix structure does not depend on the ordering

of observations, so we can apply this models for the variance-covariance matrix in the

analysis of spatial data. The parameters do not have a practical interpretation anymore,

but estimation of the covariance matrix may lead to better estimates of the parameters

of the mean model. When there are many observational units, this parametrization can

be useful to alleviate problems associated with the high dimensionality of the variance-

covariance matrix. In this case, other variables beyond distance between observational

units may be included in the model for the correlations. A simulation study is presented

in section 5.

In this paper, we apply the Bayesian methodology proposed by Cepeda and Gamer-

man (2004) for the analysis of spatial data. In the regression models of joint regressions

for the mean and covariance matrix, we include a spatial structure in the regression

mean parameters through the spatial dependence of them and in the regression models

of the variance covariance matrix, including spatial variables. We also extend the longi-

tudinal models proposed by Pouramadi (1999) and the Bayesian methodology proposed

by Cepeda and Gamerman (2004) for modelling spatio-temporal data sets. A spatio-
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temporal structure is included in the mean, that now is a function of the temporal and

spatial variables. The spatial-temporal association is captured through T in the triangu-

lar decomposition Σ
−1 = T

′
D−1T, that now it is not defined as in equation (1.1), since

in the spatio-temporal analysis Σ is not a block-diagonal matrix. Initially, it can have

all entries different from zero and, thus, T is a nm×nm triangular matrix with 1’s in the

diagonal.

After this introduction, in section 2, a general spatial model is presented. In section 3

a general Bayesian methodology proposed to fit spatial and spatial temporal models is

presented. In section 4 the results of a spatial simulation study are presented. In section 5

a general spatial temporal model is proposed. Finally, in section 6, the results of the

analysis of rainfall data are presented.

2. The spatial data analysis

In this section, a single observation of each of the n observational units is assumed. Ob-

servations are correspondingly arranged in a n dimensional vector Y = (Y1,Y2, . . . ,Yn),

assumed to follow a multivariate normal distribution, so that Y ∼ (µ ,Σ), where Σ is a

non-negative definite matrix. A crucial requirement for the analysis is that the inverse

of the covariance matrix can be efficiently computed and that, in addition, it should

also be allowed to have a very general and flexible specification, so that its functional

specification is not too restrictive. For this reasons, we adopt the models suggested by

Pourahmadi (1999) following the general model setting presented in Cepeda (2001)

and Cepeda and Gamerman (2004) and considering the general ante-dependence model

(Gabriel, 1962, Zimmerman and Núñez-Antón, 1997), where for a given individual hav-

ing n observations we have that

Yi −µi =
i−1

∑
j=1

φi j(Yj −µ j)+νi,νi ∼ N(0,σ2
i ), i = 1, ...,n, (2.1)

where E(Yi) = µi, with µi = f (xi,β) a linear (or nonlinear) function of the vector of

parameter β, νi ∼ N(0,σ2
i ) are assumed as mutually independent and by convection

∑
0
j=1φi j(yi−µ j) = 0. Although i is typically indexed over time (Gabriel, 1962), when a

single series of observations is assumed, the covariance matrix structure does not depend

on the ordering of observations, and thus, we can apply this model for the variance-

covariance matrix in the analysis of spatial data.

Writing (2.1) in matrix form we obtain

ν= T(Y−µ), ν∼ N(0,D) and D = diag(σ2
i ) (2.2)
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where ν′ = (ν1, . . . ,νn), µ
′ = (µ1, . . . ,µn) and T = (τi j), with

τi j =





1 if j = i

−φi j if j < i

0 elsewhere

and

Var(ν) = D = TVar(Y−µ)T′
= TΣT

′
(2.3)

Thus, as a consequence of (2.3), Σ is obtained indirectly by obtaining D and T. In

addition, we should point out that the triangular decomposition in equation (4) is unique.

Moreover, given that Σ is a symmetric matrix if and only if there exists a unique lower

triangular matrix T, with ones in the diagonal, and a unique diagonal matrix D with

positive diagonal entries such that TΣT
′
= D, we also have that Σ is positive definite

(Pourahmadi, 1999).

From (2.2),

Ỹ = (In −T)Ỹ+ν, (2.4)

where Ỹ = Y−µ and In is the n×n identity matrix. Assuming now that there is a vector

of (covariance) explanatory variables wi j = (wi j,1, . . . ,wi j,r)
′
, we can write

φi j = w′
i jλ,1 ≤ j < i ≤ n (2.5)

where λ is a vector of parameters λ = (λ1, . . . ,λr)
′
. Since φi j =

r

∑
l=1

wi j,l λl , the matrix

In −T can be expressed as the linear combination

In −T = λ1W1 + · · ·+λrWr (2.6)

where Wl = (wi j,l), l = 1, . . . ,r are n × n matrices such that wi j,l = 0, if i ≤ j, and

wi j,l = 1, if i > j and l = 1 to allow for a constant intercept in the covariance model.

Note that, given the unrestricted and flexible specification of the φi j’s, there are no

particular restrictions imposed on Σ, indirectly specified in T. Therefore, the covariance

matrix is allowed to have any dependence form. Particular structures may be imposed

on T, for example by setting some of the non-zero φi j’s to 0. This can be handled by

choosing the matrices Wl , l = 1, . . . ,r appropriately. In general, in longitudinal data set

analysis the explanatory variables, wi j,k = (ti − t j)
k are associated with differences in

time measurements. In the case of the spatial data analysis wi j,k can be defined as a

function of the spatial variables such as longitude and latitude.
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As a consequence of (2.4) and (2.6), model (2.1) can be expressed in the form

Ỹ = λ1W1Ỹ+ · · ·+λrWrỸ+ν

= λ1V1 + · · ·+λrVr +ν

= Vλ+ν (2.7)

where ν∼ N(0,D) and V = (V1, . . . ,Vr) with Vl = WlỸ, for l = 1, . . . ,r. Note that for

a fixed value of β, the model Ỹ ∼ N(Vλ,D) is obtained.

Given thatφi j can be modelled as in (2.5) and thatσ2
i , i= 1,2, . . . ,n, can be modelled

in terms of covariates as g(σ2
i ) = z′iγ, where g is a real positive function, we summarize

the full model for the mean µ and for the matrices T and D by

µi = x′iβ, g(σ2
i ) = z′iγ, h(φi j) = w′

i jλ (2.8)

for some appropriate functions g and h. In (2.8), xi, zi, wi j are k×1, s×1 and r×1 vec-

tors of explanatory variables. β = (β1, . . . ,βk)
′
, γ = (γ1, . . . ,γs)

′
and λ = (λ1, . . . ,λr)

′

are the parameters vectors corresponding to the mean, variance and covariance, respec-

tively.

We can apply these models for the variance-covariance matrix in spatial data analy-

sis. We suppose that there are many observational units with a spatial distribution and

that we have a variable of interest and the explanatory variables for each observational

unit. Then we can propose the mean and covariance models in (2.8) to analyze spatial

data. In this situation, we have a random vector, where each component is associated

with an observational unit. We consider random vectors Y = (Y1, . . . ,YN)
′ ∼ N(µ ,Σ),

with mean µ = (µ1, . . . ,µN)
′
and concentration matrix Σ

−1 = T
′
D−1T, since the obser-

vations Yi’s are not independent.

3. General spatio-temporal model

In section (2) a single observation of each of the n observational units is assumed

but, in general, we have several short series, each one associated with one of the

observational units, for example, with a meteorological station, where the variable of

interest is measured m times through time. This is, we are considering n nonindependent

random vectors Yi = (Yi1, . . . ,Yim)
′
, i = 1,2, . . . ,n, with mean µ i = (µi1, . . . ,µim)

′
and

variance covariance matrix Σ
−1
i =T

′
iD

−1
i Ti. Thus, if we assume normal distribution and

if Y = (Y1, . . . ,Yn) = (Y11, . . . ,Y1m, . . . ,Yn1, . . . ,Ynm)
′
, Y ∼ N(µ ,Σ), where the variance-

covariance matrix Σ is not a block diagonal matrix. In this case, the variance-covariance

matrix Σ is (nm)× (nm) and there is an (nm)× (nm) triangular matrix T and an

(nm)× (nm) diagonal matrix D, such that Σ−1 = T
′
D−1T. Thus, rewriting the vector

Y as Y = (Y1,Y2, . . . ,Ynm)
′
, we can consider the model given by
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Yi −µi =
i−1

∑
j=1

φi j(Yj −µ j)+νi,νi ∼ N(0,σ2
i ), i = 1, . . . ,nm. (3.1)

where E(Y) = (µ1,µ2, . . . ,µnm)
′
, φi js are the entries of T, defined as in (2.2), and

ν = (ν1,ν2, . . . ,νnm) is the vector of independent random innovation variables. In this

case, the entries φi j of T can be modelled as a function of the time intervals and spatial

differences between the n observational units, as for example, differences between their

coordinates or mean temperature, among others. The mean can also be modelled as a

spatial temporal function.

In a second approximation, the observation of the interest variable is rearranged as

Y = (Y11,Y12, . . . ,Y1m, . . . ,Yk1,Yk2, . . . ,Ykm, . . . ,Yn1,Yn2, . . . ,Ynm)
′

and the spatial-temporal

dependence through the models is assumed

Yki −µki =
n

∑
k=1

i−1

∑
j=1

φi j
(k)(Yk j −µk j)+νki,νki ∼ N(0,σ2

i ), i = 1, . . . ,m, k = 1, . . . ,n,

(3.2)

where E(Yki) = µki, with µki = x′kiβ, a linear function of parameter β, νki ∼ N(0,σ2
ki)

are mutually independent and ∑
0
j=1φi j

(k)(Yk j−µk j) = 0 is used, and i indexes over time.

Writing (2.1) in matrix form, we obtain

ν= T(Y−µ), ν∼ N(0,D) and D = diag(σ2
ki) (3.3)

where µ = (µ11,µ12, . . . ,µ1m, . . . ,µk1,µk2, . . . ,µkm, . . . ,µn1,µ11, . . . ,µnm)
′
and T = (τi j),

is an nm lower triangular matrix, with

τi j =





1 if i = j, i = nk1 + l, j = nk1 + r

−φ(k)
i j if r < l, i = nk1 + l, j = nk2 + r

0 elsewhere

(3.4)

where 1 ≤ l,r ≤ m, k1,k2 = 0,1,2 . . . ,n − 1, and k1 ≤ k2. Finally, specifying the

mean and the variance-covariance models µi = f (xi,β), σ
2
i = g(zi,γ), φi j = h(wi j,λ),

respectively, for some appropriately selected functions h, g, and f , the spatial temporal

model is completely defined. These functions can be the same as in equation (2.8),

however they can be appropriate nonlinear functions. In the last case it is necessary to

build a kernel transition function that can be obtained by defining a normal working

variable as proposed in Cepeda and Gamerman (2005). Finally, to fit these spatio-

temporal models we propose the Bayesian methodology defined in section (4).
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4. Bayesian methodology

In this section we present the Bayesian methodology used to fit spatial and spatial tem-

poral models, following the Bayesian methodology proposed by Cepeda and Gamerman

(2004) to fit longitudinal data. Assuming the observational model Y = (Y1, . . . ,Yn)
′ ∼

N(µ ,Σ), where µ depends on β through µ = Xβ, where X is the matrix of explanatory

variables, and Σ depends on γ and λ through (2.8), the likelihood function is given by

L(β, γ, λ|Y) ∝ |D|−1/2 exp

{
−1

2
(Y−µ)′Σ−1(Y−µ)

}
,

since |Σ|= |T′ | |D| |T|= |D|.
Now, a prior distribution p(θ) for θ = (β,γ,λ)

′
must be assigned to obtain the

posterior distribution. For simplicity we assume θ ∼ N(θ0,Σ0) where θ0 = (b0,g0, l0)
′

as prior distribution. One possible model for Σ0 is the diagonal form, implying prior

independence between β,γ and λ. In this case, the full conditional prior distributions for

β, γ and λ are given by normal distributions, denoted by N(b,B), N(g,G) and N(l,L),

respectively. The values of (b,g, l) and (B,G,L) are easily evaluated from θ0 and Σ0.

From the Bayes theorem, the posterior distribution for θ is given by

π(β,γ,λ|Y) ∝ |D|−1/2 exp

{
−1

2
(Y−Xβ)′Σ−1(Y−Xβ)− 1

2
(θ−θ0)

′
Σ−1

0 (θ−θ0)

}

(4.1)

The posterior distribution (4.1) is intractable analytically and not easily generated

from. However, the posterior full conditional distribution πβ = π(β |γ,λ) is given by

π(β |γ,λ,Y) ∝ exp

{
−1

2
(β−b∗)

′
B∗−1(β−b∗)

}
,

where b∗ = B∗(B−1b+X
′
Σ

−1Y) and B∗ = (B−1 +X
′
Σ−1X)−1. Therefore,

(β |γ,λ,Y)∼ N(b∗,B∗). (4.2)

Thus, it is possible to sample β directly from πβ. Values of β can be proposed directly

from πβ and accepted with probability 1. This is the Gibbs sampler (Geman and Geman,

1984).

From (2.4) and (2.7), the quadratic form Q(Y) = (Y−µ)′Σ−1(Y−µ) appearing in

the likelihood can be rewritten as

Q(Y) = Ỹ
′
T′D−1TỸ = (Ỹ−Vλ)′D−1(Ỹ−Vλ)
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Therefore, the full conditional distribution π
λ

is given by

π(λ|β,γ) ∝ exp

{
−1

2
(Ỹ−Vλ)

′
D−1(Ỹ−Vλ)− 1

2
(λ− l)

′
L−1(λ− l)

}
,

∝ exp

{
−1

2
(λ− l∗)

′
L∗−1(λ− l∗)

}

where l∗ = L∗(L−1l+V
′
D−1Ỹ) and L∗ = (L−1 +V

′
D−1V)−1. This is,

(λ|β,γ,Y)∼ N(l∗,L∗). (4.3)

Thus, values of λ can be proposed directly from π
λ

and accepted with probability 1.

Unless full conditional distributions of β and λ are known, the full conditional

distribution of γ, given by

π(γ |β,λ) ∝ |D|−1/2 exp

{
−1

2
(Ỹ−Vλ)

′
D−1(Ỹ−Vλ)− 1

2
(γ−g)

′
G−1(γ−g)

}
,

(4.4)

is intractable analytically and not easily generated from. In this case we have to construct

suitable proposals for a Metropolis-Hastings step (Hastings, 1970; Gamerman, 1997a).

We used the methodology proposed by Gamerman (1997b) as applied in Cepeda

and Gamerman (2001) for modelling heterogeneity in independent normal regression

models. The algorithm requires working variables to approximate transformation of the

observations around the current parameter estimates. At the γ iteration, β and λ are

fixed at their current values β(c) and λ(c) and, given (2.7), the working observation

variables are obtained by Fisher scoring process or by Taylor approximation (Cepeda

and Gamerman, 2005).

When g = log, the working observation obtained using Fisher scoring process is

t̃i = z′iγ
(c)+

(Ỹ
(c)
i −v

(c)′
i λ

(c))2

exp(z′iγ
(c))

−1, i = 1, . . . ,n.

It has E(t̃i) = z′iγ
(c) and associated working variances equal to 2. With the process

given in Cepeda and Gamerman (2004), the normal transition kernel qγ based on Fisher

scoring methods is obtained as

qγ(γ(c),γ(n)) = N(g∗,G∗) (4.5)

where
g∗ = G∗(G−1g+2−1Z′Ỹ)

G∗ = (G−1 +2−1Z′Z)−1.
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Given the characteristic of the conditional distributions we will not sample all the

components of vector θ = (β,γ,λ)
′

simultaneously. Explicitly, we sample β and λ

directly from their full conditionals and γ from the proposal given in (4.5), appling

Metropolis Hastings algorithm.

5. Spatial data analysis: a simulation study

A simulation study was performed to compare parameter estimates and true values,

in a spatial model, assuming that the interest variable Y has normal distribution.

Initially, n = 50 values of 5 explanatory variables Xi, i = 1,2,3, and Wi, i = 1,2,

were simulated. Values of X1, X2 and X3 were generated from uniform distributions

U [0,50], U [5,15] and U [0,20], respectively, and values of Wi, i = 1,2, were generated

from uniform distributions U [0,20] and U [5,15], respectively. The values of Y were

simulated from a multivariate normal distribution with mean µi = β0 + β1x1i + β2x2i

and variance-covariance matrix Σ = T−1D(T
′
)−1, where D = diag(σ2

i ), T = (−φi j),

σ
2
i = exp(γ0 +γ1x1i +γ2x3i) and φi j = λ0 +λ1wi j,1 +λ2wi j,2, with β = (20,3,−1.5)′,
γ = (−6,0.05,−0.25)′ and λ = (−0.5,0.04,−0.02)′. To apply Bayesian methodology,

for simplicity, independent normal prior distributions, θ ∼ N(0,103I9) were considered

for all the parameters.

The posterior parameter estimates and their respective standard deviation are: β̂0 =

20.003(6.722× 10−3), β̂1 = 2.999(1.841× 10−4), β̂2 = −1.500(6.228× 10−4), λ̂0 =

−0.501(0.004), λ̂1 = 0.040(0.001), λ̂2 =−0.020(4.231×10−5), γ̂0 =−5.166(0.619),

γ̂1 = 0.025(0.014) and γ̂2 =−0.254(0.041). From the comparisons between true values

and the corresponding estimates, we conclude that the proposed methodology has

excellent performance. The estimates are very close to the true values and, in all cases,

they have small standard deviation.
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Figure 1: Posterior chains for the mean parameters: β0, β1, β2.
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Figure 2: Posterior samples of the antedependence parameters: λ0, λ1, λ2.
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Figure 3: Posterior samples of the covariance parameters. γ1, γ1, γ2.

Figures 1, 2 and 3 show the behavior of the chain for the sample simulated for each

parameter, where each one has a small transient stage, indicating the speed convergence

of simulation for the algorithm. The chain samples are given for the first 4800 iterations.

The other results reported in this section are based on a sample of 4000 draws after a

burn-in of 800 draws to eliminate the effect of initial values.

The posterior marginal distributions for all the parameters are approximately normal.

The p-values of the Kolmogorov-Smirnov test are all larger than 0.05. The posterior

sample shows large correlation between parameters of mean models, large correlations

between parameters of variance-covariance models, and small but non-negligible corre-

lation between parameters of mean models and parameters of variance models.
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6. Application

In this application we consider the precipitation index in the Guajira, a department

of Colombia. This department is located in the northeast region of Colombia in a

peninsula bounded on the west and north by the Caribbean Sea, on the east by the

Gulf of Venezuela and on the south by the Sierra Nevada de Santa Marta. There are six

measurement centers distributed along the region. Although it is a flat region, there are

differences between the levels of precipitation in each of its points and between seasons

and years. For example, in January, February, March and July the level of precipitation is

small but in April and May or in October and November all measurements centers report

the highest levels of precipitation. In this application we analyze the mean sample of the

cumulative monthly precipitation level for 10 years, from 1995 to 2005. The general

behavior of the cumulative mean precipitation can be seen in figure 4. From the figure

we can infer that the hydrological stations are located in regions with two different

regimes of rainfall, characterized by very low levels of precipitation in the first three

months of the year. As of April, it is clear that there are three stations located in a region

whith high rates of precipitation and three stations where precipitation levels are much

lower.
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Figure 4: Annual mean of precipitation.

In the first analysis of this data we consider the spatio-temporal time model given by

µtrs = β0 +β1t +β2t2 +β3t3 +β4(st)
3 +β5(rt)3

log
(
σ

2
t

)
= γ0 +γ1t +γ2t2 +γ3t3

φi j = λ0 +λ1(i− j)+λ2(i− j)2 +λ3(i− j)3 +λ4(si − s j)
3 +λ5(ri − r j)

3
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where t is the time, s is the latitude with respect to the mean value of the latitude

of the observational units, r is the longitude with respect to the mean value of the

longitude of the observational units, st is the random variable given by the product

of the time by spatial latitude, and rt is the explanatory variable given by the product

of the time and spatial longitude. Thus, assuming normal flat prior distribution for

the mean, innovation variance and covariance parameters, the posterior estimates and

the correspondent standard deviation for the parameters of the model are given by the

following values.
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Figure 5: Posterior samples of the covariance parameters.

1. For the mean parameters:

β̂0 =−32.635(3.877), β̂1 = 26.213(2.788), β̂2 =−0.548(0.094),

β̂3 = 0.434(0.001), β̂4 =−17.461(0.330), β̂5 = 0.184(0.000).
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2. For the innovation variance:

γ̂0 =−9.722(0.357), γ̂1 = 0.566(0.000),

γ̂2 =−0.185(0.000), γ̂3 = 0.013(0.000).

3. For the covariance parameters:

λ̂0 = 0.004(0.000), λ̂1 = 1.031(0.000), λ̂2 = 53.379(6.611),

λ̂3 =−45.967(4.604), λ̂4 = 9.723(0.201), λ̂5 =−0.573(0.001).

In all cases, for all the parameters in the model, the chains have a small transient

period showing the performance of the proposed algorithm. To illustrate this behavior

the chain of the posterior samples for the covariance parameters are included in figure 5.

As in the simulation study, in this case, the histograms show that the posterior marginal

distributions for all the parameters are approximately normal. The p-values of the

Kolmogorov-Smirnov test are all larger than 0.05.

7. Conclusions

In this paper, a new Bayesian flexible and unrestricted approach for analyzing spatial

longitudinal data is proposed. We illustrate the usefulness of our proposed methodology

by including a Monte Carlo analysis, a simulation study and an application to a real

data set. Our proposal puts forward a new way to explore the QR decomposition of the

covariance matrix in a longitudinal data setting, by generalizing its application within

this context.

Natural extensions of the research presented in this paper are also possible. Classical

methodologies applying the Newton Raphson or the Fisher scoring algorithms to fit the

proposed models can be easily introduced in the same way as in Pourahmadi (1999) or

Cepeda and Gamerman (2004). Nonlinear spatio-temporal models also can be defined

by assuming a nonlinear regression models in the mean and covariance models, so that

it would be a generalization of the nonlinear longitudinal models proposed in Cepeda-

Cuervo and Núñez-Antón (2009), which included a classic and Bayesian generalization

that allowed to fit these new models.
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