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The relevance of multi-country input-output tables
in measuring emissions trade balance of
countries: the case of Spain

Teresa Sanz!*, Rocio Yiiiguez! and José Manuel Rueda-Cantuche?

Abstract

As part of national accounts, input-output tables are becoming crucial statistical tools to study the
economic, social and environmental impacts of globalization and international trade. In particular,
global input-output tables extend the national dimension to the international dimension by relating
individual countries’ input-output tables among each other, thus providing an opportunity to bal-
ance the global economy as a whole. Concerning emissions of greenhouse gases, the relative
position that countries hold among their main trade partners at the global level is a key issue in
terms of international climate negotiations. With this purpose, we show that (official) Multi-country
input-output tables are crucial to analyse the greenhouse gas emission trade balance of individual
countries. Spain has a negative trade emissions balance for all three gases analysed, being the
most negative balances those associated to the bilateral trade with China, Russia, United States
and the rest of the European Union as a whole.

MSC: 91F.
Keywords: WIOD, Emissions Trade Balance, Spain, GHG footprint, GHG.

1. Background and statistical context

The latest meeting of the Group of Experts on National Accounts of the United Nations
Economic Commission for Europe (UNECE, 7-9 July 2015), was devoted to data col-
lection and compilation methods in respect to global production activities. It was jointly
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organized with Eurostat and the Organization for Economic Co-operation and Devel-
opment (OECD). The meeting was attended by representatives from more than thirty
countries worldwide and representatives from the European Commission (EC), Inter-
national Monetary Fund (IMF), OECD, the United Nations Conference on Trade and
Development (UNCTAD), United Nations Statistics Division (UNSD) and World Trade
Organization (WTO), among others.

According to the experts at this UNECE meeting, in order to measure global produc-
tion and global value chains it is no longer sufficient to look only at what a firm does, but
to also to consider how the firm does its activities and with whom. For instance, linking
business statistics and trade statistics on a micro level should provide new dimensions
to the data as long as new balancing challenges at the macro level data (e.g. national
accounts). Indeed, statisticians have not always been able to keep up to date with busi-
ness practices and must find ways to be forward looking and provide the information
that meets future policy needs. Traditional measures of trade in goods and services have
to be progressively supplemented with information on income and financial flows. For-
eign direct investment statistics (FDI) should be further developed and complemented
with foreign affiliate statistics (FATS) in order to improve their clarity, usefulness and
coverage, and to provide better insights into global value chains.

In this respect, the UNECE Report emanating from this meeting supported new
global initiatives, such as the extensions to Trade in Value Added and Global Input-
Output Tables (OECD), the construction of the European Multi-Country Input-Output
Framework (EC and Eurostat) as well as the elaboration of a new Handbook on a System
of Extended International and Global Accounts (UNSD).

Hence, there is no doubt that globalization is currently affecting the way statisticians
are measuring national production of countries and international statistical organizations
are indeed very busy working on it in order to meet the policy needs at the worldwide
level. As national accounts and input-output tables became an integral part of the pro-
duction activities of national statistical institutes in the past, very soon multi-country and
international input-output tables will become a crucial statistical tool to measure global
production, trade in value added, environmental footprints and/or employment effects
of export activities with official statistics (e.g. carbon footprint estimated by Eurostat).

Bearing all this in mind, we would like to illustrate in this paper the usefulness of
global/world input-output tables in measuring the greenhouse gas footprints of individ-
ual countries and its external emission trade balance with respect to others. Hopefully,
these types of indicators will soon become regularly produced in the future by statisti-
cians using official global input-output tables instead of using other databases produced
as one-off projects (e.g. World Input-Output Database, WIOD —www.wiod.org).

This paper is structured in five sections. Following this background, there is an in-
troductory section on the related literature on greenhouse gases emissions footprints.
Next, the third section introduces the methodology and the database. The fourth section
presents the results obtained and discusses them. The fifth section concludes.
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2. Introduction to GHG footprints

Greenhouse gas emissions (GHG) are considered to be one of the main causes of climate
change. This is the reason why governments are increasingly making efforts to imple-
ment policies aiming to reduce GHG emissions. National climate policies are mainly
driven by international negotiations and these are strongly linked to the amount of emis-
sions produced within a country or the so called producer’s responsibility principle.
Within this context, exporting (producing) countries are responsible for their GHG emis-
sions, irrespective of where the demand for such products comes from.

On the other hand, the interest in the so called consumer’s responsibility principle
has been growing since Leontief (1970) described the environmental impacts of the final
consumer as a negative externality of the production process. This concept has been
endorsed by the OECD’s Green Growth Strategy (2011). According to this principle,
the GHG emissions are allocated according to countries’ domestic demand of goods and
services, irrespective of where they were produced. Different approaches have been used
to analyse this new concept of responsibility, such as general balance models, dynamic
models and the analysis of structural decomposition, i.e. Peters and Hertwich (2006),
Peters (2008) Peters et al. 2011), Druckman and Jackson (2009), Davis and Caldeira
(2010), Zhou and Imura (2011) and Edens et al. (2011), Kanemoto et al. (2012), among
others.

Among others, Rueda-Cantuche and Amores (2010) noted that developed countries
may reduce their emissions produced but at the same time, they may increase their
consumption-based emissions. This is due to the different technologies used in the pro-
duction processes of developing countries, generally less clean than those of the devel-
oped countries. In the end, some environmental policies might result in a global increase
in GHG emissions. At the national level, the difference between the production-based
emissions and the consumption-based emissions lead to the so called emission trade
balance (ETB) of a country or of a certain industry. This analysis will determine the
surplus/deficit that a country/industry has. It is expected that developing countries have
surpluses and developed countries, deficits.

Within this context, the aim of this paper is to calculate the Emission Trade Balance
(ETB) of Spain in 2008 at a worldwide level and bilaterally with respect to 39 countries,
35 industries and one additional region as the “rest of the world” for the three main
GHGs (CO,, N,O and CHy). In order to do so, we have used multi-regional input-output
analysis (MRIO) and the World Input-Output Database (WIOD) (Dietzenbacher et al.,
2013).

Input-output analysis (IOA) has been generally used to study environmental prob-
lems (Miller and Blair, 2009). Particularly, there are numerous related studies devoted
to the analysis of polluting GHG emissions, i.e. Minx et al., (2009), Su et al. (2010),
Chen et al., (2010), Liang et al. (2010), Chang et al. (2010), Zhu et al., (2012) and
Mattila et al. (2013), among others.
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Likewise, there are also many studies about GHG emissions associated with the in-
ternational trade of specific countries, such as China, (Liang et al., 2007, Liu et al., 2009,
Zhao et al., 2009, Xu et al., 2011, Hongtau et al., 2010, Chen et al., 2010 a, b, Chen and
Zhang 2010); Finland (Maenpaa and Siikavirta 2007); Ireland (Llop and Tol, 2012);
Italy (Cellura et al., 2013, Mongelli et al.,2006); Japan (Nansai et al., 2009); the United
Kingdom (Wiedman et al., 2010, Druckman and Jackson 2009)) and Turkey (Tung et
al., 2007).

The work of Musksgaard and Pedersen (2001) for Denmark was the first one that
linked the input-output methodology to the consumer’s responsibility principle related
to GHG emissions. It was followed by Ahmad and Wyckoff (2003) for OECD countries
and Peters and Hertwich (2006) for the Norwegian economy and for three different gases
(COQ, N02 and SOQ).

IOA has also been applied to study GHG emissions associated to consumption in the
case of Spain. Tarancén and del Rio (2007) used a combination of IOA with sensitiv-
ity analyses; Cadarso et al. (2010) study the effect of international trade of the Spanish
emissions balace under DTA assumption; Sdnchez-Choliz, and Duarte (2004), Serrano
and Roca (2008a, 2008b), Serrano and Dietzenbacher (2010) used IOA assuming do-
mestic technology in monetary terms while Arto (2009) and Arto et al., (2012) do the
same but in physical terms; Lopez et al. (2013) analyse the existence of pollution haven
hypothesis in a bi-regional input-output model and Cadarso et al. (2012) defined a shared
responsibility criterion to analyse the impact of international trade in CO, emissions on
an industrial basis, such as the food industry in Lopez et al. (2015).

But none of them has used a homogeneous multi-country 10 database such as WIOD
(Dietzenbacher et al., 2013), nor has the analysis been carried out with high industry res-
olution and bilateral trade flows as in the present study. This work covers 35 industries
and 41 different geographical areas for each of the three GHGs considered. Therefore,
the originality and interest of this work lies in the details and the extension of the re-
sults in terms of higher industry breakdown, homogeneity of the multi-country database,
country coverage and pollutants covered (CO,, CHy and N,O) rather than the topic it-
self, which has already been addressed in the literature.

3. Methodology and database

3.1. Input-output analysis

Input-output analysis revolves around the so called input-output tables, which reflect the
supply and demand of the economy in terms of products, industries and final users. By
using the so called Leontief quantity model (Rueda-Cantuche, 2011), the total output of
an economy can be broken down into final and intermediate demand, as indicated in (1):

x=Ax+y (1
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where x is the total industry output vector for n industries (n x 1);Z = Ax is a matrix
describing the intermediate uses of industries; A is a matrix (n X n) of input-output
coefficients showing the inputs needed per unit of output by each industry; and y stands
for a final demand vector (n x 1) showing the sum of consumption, investment and
exports of all goods and services. Within this framework, we use industry by industry
10 tables from the WIOD database (Dietzenbacher et al., 2013) with the same number
of industries and commodities (7).
Reordering (1), it yields

x=(T-A)"y )

where I is the identity matrix and (I —A)~!, the so called Leontief inverse matrix that
shows the total requirements of the economy for the production of goods and services to
satisfy a certain level of final demand. Moreover, with appropriate emission levels (s) per
unit of total industry outputs (x), ¢ = s&~! (where " denotes diagonalization of the vector
x), the Leontief model can serve to estimate the absolute levels of emissions for the
production of a certain level of total output needed to satisfy changes in final demand,
e.g. emissions of the car industry to produce vehicles due to changes in households
demand. It is important to note that this paper is focused on the production phase of
emissions alone and it does not include those emissions derived from the use phase of a
product (e.g. households driving cars). That is:

s—e(I—-A)"ly (3)

3.2. Multi-regional input-output analysis

Multi-regional input-output analysis is based on a set of interconnected input-output
tables of various countries (Miller and Blair, 2009). While equation (3) refers to one
single country with #n industries, we will express hereafter the same equation for a three-
region model with n industries in each region, namely: Spain (u), rest of the EU (r) and
rest of the world (w). The result is a fully fledged input-output table with three times n
industries and its main components are described below.

AMM AM" AMW yuu yur qu

A= Aru Arr Arw Y= Yu Yrir Yrw

AWL[ Awr AWW wu ywr yWW
LL[L[ Lur LMW AL[ 0 0
L=(I-A)"'=(L, L, L, c=(0 ¢ o
qu Lwr wa 0 0 éw
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Matrix A and vector y stand for input-output coefficients and final uses, respectively.
The subscript on the left corresponds to the exporting region and the subscript on the
right refers to the importing region. Doing so, these two elements include bilateral ex-
ports and bilateral imports of intermediate and final uses, too. Besides, each of the sub-
matrices of the A matrix has n rows and n columns, so the fully-fledged matrix A is of
order (3n x 3n). For one single final demand category, the matrix Y is therefore of order
(3n x 3).

Moreover, it is straightforward that the Leontief inverse is a square matrix of the same
dimension as A, being eventually matrix C a diagonal matrix with three diagonalized
vectors of n-dimension each. The latter corresponds to different emission coefficients
by country of origin (or region), which is quite relevant for our analysis. These emission
coefficients have been calculated as the total emissions of each country and industry over
their corresponding total output, both provided by the WIOD database (Dietzenbacher
et al., 2013).

With these new matrices, we re-define equation (3) but also allowing for a fully-
fledged decomposition of the final demand by region. Subsequently, equation (4) is split
up into as many components as number of regions the model has (i.e. three). As a matter
of fact, the sum of all the elements of each component is nothing else but the footprint
of each of the regions (e.g. carbon footprint). As in Lopez et al., (2013), Cadarso et al.,
(2012) or Skelton (2013), we have estimated matrices of emissions (see equation 5),
where the sum by rows allocate the responsibility to industries that supply intermediate
and final goods and the sum by columns allocate the responsibility to agents/industries
that consume them. More precisely, the focus of our analysis is based on the sum of the
elements of each row in each of the three fully-fledged matrices of equation (5), which
yields three vectors of emissions.

y, 0 0
cr-aA)"{o y o=
0 0 y,

I
oo
o>

S

“4)

LL[L[
Lru
LWM

Lur
er
L,

Ly,
L,
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~
S
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Being:
y. 0 0 Vi +Yur + Y 0 0
0 yr 0 = 0 yru+yrr+yrw 0
0 0 y, 0 0 You T Ywr TVuw

Properly extended, equation (4) becomes into:

éLlLLlLlyuu éuLLlrerl éLlLLlWyWLl éuLuuyur éuLuryrr éLlLLlWyW}’
&Ly eLyyn  ¢Lndyy |+ | &Ly €Lny.  CLpd,, |+
é\'WI‘WMyI,tI,t é\.Wl‘Wi”yrl,t éWwaywu éWLWuyur éWLWFyrr é\'WI‘WWywr

éLlLLlLlyuw éLlLuryrw éLlLL”’V.}7\/VM/
Ly, CLny,, CLny,,
Cwlvwiyy, Ly,  Culondy,

and summing row-wise:

d ex ex
gb.t;)m gurp guwp
im ex
g |+ g |+ e ) =
ex
gl g’ g
éuLuuyuu é\.uLurym é\'uLuwy wit 1
= é\.rLi’Myuu éreryru é\."Li’Wywu 1
CwLwiyu CwLlwryp  CwLwwyy, 1 (5)
¢ uLuuy ur é\'uLury r é\'uLuwy wr 1
+ érL"Ilyur érLVVyrr é\"’Lrwywr 1
é\'WLWIAyI,tr é\'WLWFyrr éWLWWywr 1

éL[LL[LlyL[W éuLury}’W éLlLLlWyWW 1
+ érLruyuw é\'Feryrw éFL"Wyww
Ly Cwlwryr  Cwlad

—

with the following definitions (only some of them are presented as illustrative purposes):

(a) ¢,L,.y,, stands for the emissions produced in Spain derived from the Spanish final
demand of domestically produced commodities (e.g. purchase of a Spanish car by
a Spanish resident);

(b) ¢,L,y,, represents the emissions produced in Spain for the production of an ex-
ported commodity that will be used by the rest of the EU (r) to produce something
else that Spain will import (e.g. exports of Spanish electronic components for the
production of Czech cars that will be imported by Spain).
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(c) ¢,Lywy,,, shows the emissions produced in Spain for the production of an exported
commodity that will be used by the rest of the world (w) to produce something
else that Spain will import (e.g. exports of Spanish electronic components for the
production of American cars that will be imported by Spain).

(d) gﬁgm is the sum of (a), (b) and (c); the sum of emissions emitted in Spain coming

from the final demand of Spanish residents.

(e) ¢,L,.y,, stands for the emissions produced in EU countries (r) derived from the
imported intermediate inputs needed to satisfy the Spanish final demand of domes-
tically produced commodities (e.g. purchase of a Spanish car by a Spanish resident
that involves imports of electronic components from the Czech Republic);

(f) ¢,L,y,, shows the emissions produced in EU countries (r) to satisfy the Spanish
final demand of commodities produced in the EU (e.g. imports of German cars by
Spanish residents);

(g) ¢,L,y,,, shows the emissions produced in EU countries (7) to produce an inter-
mediate export to a non-EU country that will serve as input to produce something
to be exported to Spain (e.g. purchase of a Japanese car by a Spanish resident that
involves imports of electronic components from the Czech Republic);

(h) gi’f}p is the sum of (e), (f) and (g); the sum of emissions emitted in the rest of
Europe coming from the final demand of Spanish residents.

1) gmp is, analogously, the sum of emissions emitted in the rest of the world coming
from the final demand of Spanish residents.

(G) é,Lyy,, shows the emissions produced in Spain to satisfy the EU final demand of
Spanish commodities (e.g. imports of a Spanish car by a German resident);

(k) ¢,L,y,, shows the emissions produced in Spain derived from the imported inputs
of the rest of the EU needed to satisfy their own final demand of domestically
produced commodities (e.g. purchase of a German car by a German resident that
involves imports of electronic components from Spain);

M ¢,L,wy,,, shows the emissions produced in Spain derived from the imported in-
termediate inputs of the rest of the world needed to satisfy the final demand of
EU residents (e.g. purchase of a Japanese car by a German resident that involves
imports of electronic components from Spain);

(m) g’ is the sum of (j), (k) and (1); the sum of emissions emitted in Spain coming
from the final demand of EU residents.

(n) gt is, similarly, the sum of emissions emitted in Spain coming from the final
demand of the rest of the world.

Therefore, the total emissions produced in the region u, is:

8"+ 8T gt (6)
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and the total of emissions caused by the final demand of region u (carbon footprint), is:
AT T 1 ™

The difference between the two is the so called Emission Trade Balance (ETB),
which can be calculated here by the difference between the emissions actually produced
in Spain (6) and the Spanish footprint (7).

In a bilateral model (i.e. dropping region w in equations 6 and 7), the ETB yields:

exp imp

8w — 8

which is equal to (from equation 5):
éuLuuyur + éuLWyrr - éreryru - é"Lmyuu

And therefore,

éu(leyur +Luryrr) - ér(eryru - Lruyuu)

where the expressions in parentheses are indeed the sum of intermediate and final ex-
ports and imports, respectively. Thus, the ETB (positive or negative) highly depends on
both the trade balance and the different pollution (emission) intensity of goods traded in
both regions (Rueda-Cantuche, 2011; Lépez et al., 2013).

Furthermore, multi-country input-output tables also allow a detailed separate analy-
sis about trade on intermediate and final goods and services and thus, global value chains
in the emissions balance. For instance, the total emissions generated in the country of
reference due to Spanish imports of final goods and services (g%’p ) can be decomposed
into:

(a) Emissions generated in the country of reference for the production of the final
goods and services exported to Spain (%) - ¢,L,.y,,;

(b) Emissions generated in the country of reference for the production of the interme-
diate inputs that will be exported to Spain for the domestic production of a final
good or service demanded by Spanish residents (%) - ¢,L,,y,,;

(c) Emissions generated in the country of reference for the production of the interme-
diate inputs that will be exported to a third country for the domestic production of
a final good or service to be exported to Spain (%) - ¢,L,Y,,,;

And similarly, the total emissions produced in Spain due to imports of the country
of reference (gi;") can be split up into:
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(a) Emissions produced in Spain for exports of final goods and services - ¢,L,,y,,;

(b) Emissions produced in Spain for exports of intermediate goods and services to
the country of reference for the production of final goods in the same country -
¢uLyy,,;

(c) Emissions produced in Spain for exports of intermediate goods and services to a
third country that will use them for the production of goods and services to be
exported to the country of reference - ¢,L,,,y,,,;

Tables A.2, A.3 and A.4 in the Annex report all these results of the analysis for the
three gases, which are described and commented in Section 4.

3.3. Database

The data used in this paper come from the World Input-Output Database (WIOD), as de-
scribed in Dietzenbacher et al. (2013). This is a free database financed by the European
Union and developed with the aim to analyse the effects of globalization on trade pat-
terns, environmental pressures and the socioeconomic development of a large group of
countries. The data include world input-output tables for the 27 European Union coun-
tries and 13 other non-EU economies and also the corresponding national IO tables. The
WIOD database currently covers the period 1995-2011 and includes 35 industries and
59 commodities (see Table A.1 of the Annex I). However, data on energy and emis-
sions have not been updated up to 2011 yet so we had to carry out our analysis with
environmental data up to 2009. The selection of the year 2008 was eventually done in
order to avoid the use of a year where the economic crisis was hitting hard the European
economy.

4. Results and discussion

The description of the results is divided into three blocks. The first block reflects the
position of the Spanish emission trade balance (ETB) with the rest of the world for all
the three GHG considered. In a second step, the results are broken down into types of
gases, countries and polluting industries, describing the situation of Spain with respect
to the countries with the largest positive or negative ETB.

4.1. Emission Trade Balance of GHG in Spain: general overview

Spain produced 316.6 million tons of CO, equivalents in 2008 (7 tons per capita) and
its final demand led to 494 million tons of CO, equivalents elsewhere in the same year
(10.8 tons per capita). The emission trade balance of Spain of GHG resulted therefore in
-177.7 million tons of CO, equivalents (3.9 tons per capita, a bit over the EU27 average,
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Table 1: Emission Trade Balance of GHG of Spain (thousand tonnes CO»-equivalent).

GHG produced from GHG footprint from Emission
Spanish exports of final Spanish final demand Trade Balance
goods and services of goods and services of GHG

FRA 10943.0 8558.1 23849
PRT 6244.9 4417.3 1827.6
GRC 1123.0 283.2 839.8
GBR 75139 6692.0 822.0
SWE 1141.8 863.7 278.1
CYP 131.7 29.5 102.2
SVN 246.5 150.2 96.3
LUX 123.0 69.9 53.1
MLT 60.9 28.1 32.8
LVA 76.5 53.9 225
ESP 225484.1 225484.1 0.0
EST 65.8 153.3 —87.5
AUT 771.1 860.7 —89.5
LTU 137.6 334.7 —197.1
MEX 1471.8 1699.5 —227.7
HUN 363.4 740.0 —376.6
IRL 575.0 977.3 —402.3
BGR 212.9 632.1 —419.2
SVK 182.9 604.5 —421.6
DNK 602.7 1051.8 —449.0
FIN 421.2 894.0 —472.8
ROM 527.8 1071.1 —543.3
CZE 590.4 1272.6 —682.2
TUR 996.9 1805.8 —808.9
AUS 613.3 1471.7 —858.3
BEL 2059.2 3005.9 —946.7
ITA 5963.5 7289.4 —13259
POL 1446.0 2990.5 —1544.5
JPN 1207.2 2930.1 —1723.0
CAN 1122.8 2870.1 —1747.3
TWN 187.4 1938.2 —1750.7
IDN 200.4 2078.1 —1877.7
KOR 574.7 2659.8 —2085.1
NLD 1733.8 4044.6 —-2310.8
DEU 8209.0 12685.0 —4476.0
BRA 892.1 5810.3 —4918.2
IND 582.6 6947.2 —6364.6
USA 6766.3 13686.8 —6920.5
RUS 1616.6 20659.2 —19042.6
RoW 21055.7 79113.2 —58057.5
CHN 2385.8 65456.3 —63070.4
Total EU27 276951.8 285237.5 —8285.8
Total 316625.3 494363.6 —177738.3

Source: Own elaboration based on data from WIOD (Dietzenbacher et al., 2013).
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1.e. 3.2 tons per capita). Spain is the fifth EU country with the largest negative emission
trade balance, behind Germany, France, United Kingdom and Italy.

Moreover, Spanish exports of final goods and services to France lead to around 11
million tons of CO, equivalent of GHG while Spanish exports to Germany and UK
induce 8.2 million and 7.5 million tons of CO, equivalents of GHG, respectively. On
the other hand, the final demand of Spanish residents (GHG footprint) leads to 65.5
million tons of CO, equivalent of GHG in China; followed by Russia and US with 20.7
and 13.7 million tons of CO, equivalents (see Table 1).

As a result, the largest positive balances are found in France (24 millions of tons
of CO, equivalents) and Portugal (18.3 millions of tons of CO, equivalents). With re-
spect to the largest negative emission trade balances of Spain, China presents the biggest
negative balance (63 million tons of CO, equivalents) followed by Russia and US (19
million and 6.9 million of tons of CO, equivalents, respectively).For further analysis
hereafter, we will limit the analysis to the countries with the largest negative/positive
emission trade balance of Spain.

This implies that the GHG emissions originated from the consumption of Spanish
residents is bigger than those generated in Spain as a consequence of the foreign de-
mand. As shown in Table 1 and in the Annex II (Figure A.1), China is the country with
the biggest negative emission trade balance with respect to Spain, even well above the
sum of the EU-27.

38

28

1.8

0.8

Kg CO2 equiv./USS exported Kg CO2 equiv/ USS imported
(A) (8)

1.2

-2.2

ECHN ERUS ®USA ®IND mDEU mTotal EU27

Figure 1: Comparison of GHG emissions per US dollar in Spain. (Kg COy-equivalents/US dollar).

Source: Based on data from WIOD (Dietzenbacher et al., 2013).
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Figure 1 shows GHG emissions per dollar exported (A) and imported (B) by Spain,
and the difference between both values (A-B) across some relevant countries and the
EU-27 average. Generally speaking, Spanish exports generate less GHG emissions per
dollar than Spanish imports, except in the case of the EU-27 average (e.g. Germany).
Note that the value of GHG emissions per dollar caused by the production of Chinese
and Russian products exported to Spain (i.e. Spanish imports) are remarkably higher
than those originated in Spain due to the demand of Spanish products by China and
Russia.

4.2. Emission trade balance of GHG in Spain by country of destination

Table A.2 of the Annex I lists, on the one hand, the five countries that contribute most
to the negative Spanish ETB in CO, emissions, i.e. China, Russia, Germany, the United
States and Indonesia. They amount to 47% of the total emissions originated outside
Spain due to the imports of Spanish residents. As in Lopez et al. (2013), China is also
the country that contributes most to the negative bilateral ETB of Spain. Spanish imports
from China account for 25% of the total CH4 and CO; emissions associated with Span-
ish imports and 14% of N,O. On the other hand, we show the two countries — France
and Portugal — with the largest positive ETB. The emissions associated with the Spanish
exports to France and Portugal amounts to 18% of the total emissions produced in Spain
to satisfy the total final demand.

Figures A.2, A.3 and A.4 of the Annex II present the results of the bilateral trade
emissions of Spain with respect to the rest of the world for the three gases considered:
CO,, CH4 and N;0, separately. The ETB for CO; is positive for 11 countries, which are
all EU members. The most prominent positive balances are those of France and Portu-
gal. For CHy the situation is similar. The balance is positive for 16 EU countries (e.g.
Germany, Italy and Great Britain) and Japan. Finally, in the case of N,O, the balance is
positive for 8 EU countries, Japan and Turkey. As a last remark, 7 EU countries have
positive ETB for the three gases, being Great Britain and Portugal the ones that con-
tribute most to the Spanish positive trade balance on GHG emissions (see Figures A.2,
A.3 and A.4 of the Annex II).

4.3. Emission trade balance of GHG in Spain by polluting industry

Hereafter, we identify the industries that contribute most to the GHG emissions pro-
duced in other countries different from Spain, particularly in those countries where the
Spanish carbon footprint is the largest. Analogously, we identify the industries (and
countries) that contribute most to the GHG emissions produced in Spain as a result of
its imports from other countries. Those GHG emissions are concentrated in seven indus-
tries, as it is shown in Tables A.2, A.3 and A.4 of the Annex 1.

In Spain, it is interesting to highlight that Electricity is barely traded but nonetheless
it is one of the most important sectors in terms of virtual carbon in trade. The reason
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is that electricity is generally used to produce goods and services that are eventually
traded. In particular, emissions from the Electricity, Gas and Water Supply activities
amount to more than half (53.5%) of the CO; footprint of Spain in China (column B1
in Table A.2), being 86.6% caused by Spanish imports of Chinese final goods (38.4%,
column C1 in Table A.2) and Chinese intermediate goods (48.2%, column D1 in Ta-
ble A.2). All other emissions (13.4%, column E1 in Table A.2) were due to emissions
generated in China for the production of intermediate goods that are exported to third
countries, which in turn produce final goods that are consumed by Spanish residents.
These results agree with those of Cadarso et al. (2008, 2012). The distribution of CO,
footprints between final and intermediate goods is similar to other polluting industries
(e.g. chemicals, non-metallic mineral and basic metals). However, they do not weight
the same as the electricity industry. Cadarso et al.’s results (2008, 2012) suggested that
this might be due to the reallocation of production between countries.

The same industry-wide distribution pattern is associated to the emissions of CHy
and N,O gases derived from the Spanish demand for final goods produced in China.
Particularly, Mining and Quarrying is responsible for almost half (48.1%) of the CHy
emissions and also the Electricity (38.4%) and Chemicals (36.9%) industries for N,O
emissions.

It is also remarkable that the Agriculture, Hunting, Forestry and Fishing industry is
responsible for 26.2% (column B1 of Table A.3) of the CH4 emissions and 75.6% of
the N>,O emissions (column B1 of Table A.4). More than half of these emissions are in
both cases caused by the production of Chinese final goods demanded by residents in
Spain, being only one third intermediate imported inputs for the domestic production of
goods and services demanded by Spanish residents as final goods (columns C1 and D1
in Tables A.3 and A.4 of Annex I).

The second country with the largest negative bilateral ETB (with respect to Spain) is
Russia, both for CO, and CHy, although their weight in the total emissions associated
with the Spanish imports is much lower than in the case of China: 7.5% for CO, and
12.8% for CH4. In both cases more than 90% of the emissions are explained by a few in-
dustries. The most polluting industry in each case is the same as in China: the Electricity
industry for CO, emissions and Mining and Quarrying activities for CH4 emissions. In-
cidentally, Mining and Quarrying is also the second most polluting industry in terms of
CO; emissions. Although the pattern of types of goods associated with these emissions
is somewhat different to China, 70.5% of the emissions associated with the Spanish im-
ports from Russia are caused by the demand for intermediate goods. Besides, Inland
Transport industry is responsible for 14.7% and 28.5% of CO, and CHy4, respectively,
due to pipeline transport services. Differently from China, the relevance of the CO, and
CH,4 emissions generated in Russia for the production of intermediate goods that will be
used by a third country to produce other final goods that Spanish residents will consume,
is much higher (over 20%, column E1 in Tables A.2 and A.3).

The third country with the largest negative ETB for CO, emissions is Germany,
which, however, has a very small but negative N,O ETB, and a positive CH4 ETB. The
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most polluting industries in terms of CO, emissions are the same as those for China
plus air transportation services. The relative importance of the contribution of indus-
tries to the overall total of emissions is however more spread. The distribution between
intermediate and final goods is also similar to that of China.

The list of industries contributing to the United States’ (US) emissions associated
with Spanish imports is much longer than for the other countries mentioned so far
(China, Russia and Germany). Only six industries weight more than 5% in carbon diox-
ide emissions and they do not sum up even 30% of the overall total, being the most
polluting industry the Gas, Water and Electricity supply activities. The distribution pat-
tern between intermediate and final goods is similar to other countries except for Russia,
reaching for instance, 78% (sum of columns D1 and E1 in Table A.2) in intermediate
goods for Basic metals and fabricated metals. This value is much higher for Russia, i.e.
97%. For N,O and CH,4 emissions the main source is the Agriculture industry. This in-
dustry generates 81.9% and 44.8% of the total emissions of N,O and CHy, respectively.
Moreover, imports of US final goods are bigger than those of intermediate goods in this
industry. As in China, Mining and Quarrying is another relevant emitter of CH,4 gases in
the US exports to Spain.

In addition, Brazil is the most polluting country in terms of N,O and CH4 emissions
coming mainly from the imports of intermediate goods made by the Spanish agricultural
industry. France’s position is peculiar, since it has a positive ETB in CO, and CH4 and
it has, on the other hand, the third largest negative ETB in N,O emissions; mainly due
to the imports of agricultural products (85%) and the imports of chemicals (12%).

Countries with the largest positive emission trade balance in their bilateral trade
with Spain are Portugal and France for CO,, Germany, Italy and United Kingdom (UK)
for CH4 and UK and Portugal for N;O. In terms of N,O and CH,4 emissions, Spanish
has a surplus in the trade balance of mining and quarrying and agriculture industries.
This is mainly due to the fact that the Spanish economy is specialized in exporting
agricultural products, while at the same time it does not import large amounts of related
natural resources. Exported chemicals products play also a relevant role in terms of N,O
emissions. The same applies to Other Social Services for CH4 emissions.

CO, emissions of Spanish exports (with positive emission trade balance) are spread
among several industries but mainly coming from the import demand of France and Por-
tugal (neighboring countries). This demand is concentrated on electricity and demand
for intermediate goods of basic and non-metallic minerals.

5. Conclusions

Many studies have addressed the calculation of the GHG footprint of Spain but to
our knowledge, none or very few of them has used a homogeneous multi-country 10
database, nor has the analysis been carried out with high industry resolution and bilat-
eral country flows as it is done in this paper. Therefore, the originality and interest of
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this work lies on the details and the extension of the results in terms of higher industry
breakdown, homogeneity of the multi-country database, country coverage and pollutants
covered (CO,, CH4 and N,0).

Spain produced 316.6 million tons of CO, equivalents in 2008 and its final demand
led to 494 million tons of CO, equivalents elsewhere in the same year. The emission
trade balance of Spain of GHG resulted therefore in -177.7 million tons of CO, equiv-
alents. Spain is the fifth EU country with the largest negative emission trade balance,
behind Germany, France, United Kingdom and Italy.

Moreover, Spanish exports of final goods and services to France, Germany and UK
are those that contribute most to the GHG emissions produced by Spain. On the other
hand, the final demand of Spanish residents (GHG footprint) leads to 65.5 million tons
of CO; equivalent of GHG in China; followed by Russia and US with 20.7 and 13.7
million tons of CO; equivalents.

As a result, the largest positive balances are found in France (24 millions of tons
of CO, equivalents) and Portugal (18.3 millions of tons of CO, equivalents), while the
largest negative emission trade balances of Spain are found for China, Russia and US.
The analysis also gives some details by polluting industry.

Finally, special attention should be devoted to the emissions trade balance between
Spain and China. China is the country that produces more CO,, CH4 and N,O emis-
sions due to Spanish imports. In particular, Chinese GHG emissions due to intermediate
imported inputs by Spain are much more than those produced for exporting final goods
and services to Spain (as in Lopez et al., 2013). This result could be explained by the re-
allocation of (less clean) production activities and international supply chains across the
world (Cadarso et al., 2012). Interestingly, future work might be focused on whether this
trend of re-allocation of production activities to less developed countries will continue
in time. Policy options like stimuli of technology transfers and the spread use of cleaner
technologies through standard regulations would also be worthwhile to investigate.

Reducing emissions of greenhouse gases (GHG) has become one of the main objec-
tives of the current climate policies of countries. The relative position that countries hold
among their main trade partners is also a key issue in terms of international climate nego-
tiations and this paper hopefully contributes to raise the awareness of national statistical
institutes and statistical international organizations about the necessary construction of
official global multi-country input-output tables that would pave the way for further de-
tailed studies on the economic, social and environmental impacts of globalization and
international trade.
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Annex . Tables

Table A.1: WIOD Industries and Commodities.!

WIOD Sectors

[
— O 0 00 AN N R WD =

L W L) L W LW DN NN NN = = /== = =
N A WD = OO0V JIANWUN A WD = O 0o JN N A W

Agriculture, Hunting, Forestry and Fishing

Mining and Quarrying

Food, Beverages and Tobacco

Textiles and Textile Products

Leather, Leather and Footwear

Wood and Products of Wood and Cork

Pulp, Paper, Paper , Printing and Publishing

Coke, Refined Petroleum and Nuclear Fuel

Chemicals and Chemical Products

Rubber and Plastics

Other Non-Metallic Mineral

Basic Metals and Fabricated Metal

Machinery, Nec

Electrical and Optical Equipment

Transport Equipment

Manufacturing, Nec; Recycling

Electricity, Gas and Water Supply

Construction

Sale, Maintenance and Repair of Motor Vehicles and Motorcycles; Retail Sale of Fuel
Wholesale Trade and Commission Trade, Except of Motor Vehicles and Motorcycles
Retail Trade, Except of Motor Vehicles and Motorcycles; Repair of Household Goods
Hotels and Restaurants

Inland Transport

Water Transport

Air Transport

Other Supporting and Auxiliary Transport Activities; Activities of Travel Agencies
Post and Telecommunications

Financial Intermediation

Real Estate Activities

Renting of M&Eq and Other Business Activities

Public Admin and Defence; Compulsory Social Security

Education

Health and Social Work

Other Community, Social and Personal Services

Private Households with Employed Persons

1. Commodities and industries are the same provided that the World IOT's used are square.
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Legends to read Tables A.2, A.3 and A.4

Al: Total emissions generated in the country of reference due to Spanish im-
ports of final goods and services (GHG footprints) - g

B1: Cumulated share of A1 over the total amount of emissions (%)

C1: Share of emissions generated in the country of reference for the production
of the final goods and services exported to Spain (%) - ¢,L;.y,,

D1: Share of emissions generated in the country of reference for the production
of the intermediate inputs that will be exported to Spain for the domestic pro-
duction of a final good or service demanded by Spanish residents (%) - ¢,L,,,y,,,

E1: Share of emissions generated in the country of reference for the production
of the intermediate inputs that will be exported to a third country for the domes-
tic production of a final good or service to be exported to Spain (%) - ¢,L,Y,,,

A2: Total emissions produced in Spain due to imports of the country of refer-

ence - g5

B2: Cumulated share of A2 over the total amount of emissions (%)
C2: Share of emissions produced in Spain for exports of final goods and ser-
vices - ¢, Ly,

D2: Share of emissions produced in Spain for exports of intermediate goods
and services to the country of reference for the production of final goods in the
same country - ¢,L,.y,,

E2: Share of emissions produced in Spain for exports of intermediate goods
and services to a third country that will use them for the production of goods
and services to be exported to the country of reference - ¢,L,,y,,,
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Table A.2: Industries with larger CO, footprints and commodities. Thousands of tons CO,, 2008.
COUNTRY TOP INDUSTRIES Al Bl C1 D1 El
OF WITH MORE (Th. tons) (%) (%) (%) (%)
REFERENCE CO, EMISSIONS g;fp Final Interm. Interm.
TOTAL 50135 100.0 37.2 49.6 13.2
TOTAL INDUSTRIES WITH MORE EMISSIONS 39150 78.1  36.9 49.5 13.6
CHN (-) Electricity, Gas and Water Supply 26815 535 384 48.2 13.4
Basic Metals and Fabricated Metal 5826 11.6 329 51.7 15.5
Other Non-Metallic Mineral 3301 6.6 315 58.3 10.2
Chemicals and Chemical Products 3208 64 369 48.0 15.1
TOTAL 14450 100.0 4.4 69.7 259
TOTAL INDUSTRIES WITH MORE EMISSIONS 13482 93.3 4.8 70.5 24.7
Electricity, Gas and Water Supply 5850  40.5 5.5 69.2 25.2
RUS (-) Mining and Quarrying 2798 19.4 1.6 75.2 232
Inland Transport 2129 147 14 72.1 26.5
Basic Metals and Fabricated Metal 1868 12.9 3.0 69.4 27.6
Coke, Refined Petroleum and Nuclear Fuel 836 58 229 59.7 17.5
TOTAL 11170 100.0 359 51.6 12.4
TOTAL INDUSTRIES WITH MORE EMISSIONS 8779 78.6  33.5 53.6 12.9
Electricity, Gas and Water Supply 4174 374 397 47.6 12.7
DEU (-) Basic Metals and Fabricated Metal 2087 18.7 233 60.9 15.8
Chemicals and Chemical Products 1160 104 333 53.3 13.4
Other Non-Metallic Mineral 710 64 232 67.5 9.3
Air Transport 647 5.8 383 54.1 7.6
TOTAL 10084 100.0 29.7 50.8 19.5
TOTAL INDUSTRIES WITH MORE EMISSIONS 7332 727 322 49.1 18.7
Electricity, Gas and Water Supply 2981 29.6 315 47.8 20.8
USA () Cl.lemicals and Chemical Products 1256 125 447 38.0 17.3
Air Transport 1043 103 28.8 59.2 12.0
Coke, Refined Petroleum and Nuclear Fuel 843 8.4 352 51.1 13.7
Inland Transport 625 62 218 56.8 21.5
Basic Metals and Fabricated Metal 585 5.8 220 499 28.1
TOTAL 5178 100.0 354 452 194
TOTAL INDUSTRIES WITH MORE EMISSIONS 4095 79.1 68.5 47.7 —16.2
IND (-) Elecj‘tricity, Gas and Wgter Supply 2550 492 40.7 41.3 17.9
Basic Metals and Fabricated Metal 687 133 565 22.8 20.8
Mining and Quarrying 573 11.1 645 10.8 24.7
Chemicals and Chemical Products 286 5.5 554 23.6 21.0
COUNTRY TOP INDUSTRIES A2 B2 C2 D2 E2
OF WITH MORE (Th.tons) (%) (%) (%) (%)
REFERENCE CO, EMISSIONS g Final Interm. Interm.
TOTAL 8735 100.0 47.0 46.4 6.6
TOTAL INDUSTRIES WITH MORE EMISSIONS 7162 82.0 45.0 48.3 6.8
Electricity, Gas and Water Supply 2120 243 512 41.9 6.9
Other Non-Metallic Mineral 1373 157 203 76.0 3.7
FRA (+) Coke, Refined Petroleum and Nuclear Fuel 906 104 437 49.3 7.0
Basic Metals and Fabricated Metal 905 104 378 51.9 10.3
Inland Transport 724 83 443 471 8.6
Agriculture, Hunting, Forestry and Fishing 608 7.0 86.8 10.0 33
Chemicals and Chemical Products 526 6.0 51.0 40.0 9.0
TOTAL 4970 100.0 49.8 48.9 1.3
TOTAL INDUSTRIES WITH MORE EMISSIONS 4150 83.5 455 53.1 14
Electricity, Gas and Water Supply 1185 238 554 43.1 1.5
Other Non-Metallic Mineral 720 145 228 76.3 0.9
PRT (+) Coke, Refined Petroleum and Nuclear Fuel 553 11.1 30.9 68.0 1.1
Basic Metals and Fabricated Metal 473 9.5 38.0 59.5 2.4
Agriculture, Hunting, Forestry and Fishing 340 6.8 727 26.8 0.5
Inland Transport 334 6.7 58.1 39.8 2.1
Chemicals and Chemical Products 288 5.8  42.1 56.1 1.8
Air Transport 256 5.1 602 38.8 1.0
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Table A.3: Industries with larger CHy footprints and types of commodities. Tons CHy, 2008.

COUNTRY TOP INDUSTRIES Al Bl Cl D1 El
OF WITH MORE (tons) (%) (%) (%) (%)
REFERENCE CH,; EMISSIONS gimr Final Interm. Interm.
TOTAL 542790 100.0 40.0 48.3 11.7
TOTAL INDUSTRIES WITH MORE EMISSIONS 534042 984  40.1 48.3 11.6
CHN (-) Mining and Quarrying 261244  48.1 344 50.6 14.9
Agriculture, Hunting, Forestry and Fishing 142116 262 56.5 33.0 10.5
Other Community, Social and Personal Services 130682 24.1 334 60.3 6.2
TOTAL 287495 100.0 24 73.0 24.7
TOTAL INDUSTRIES WITH MORE EMISSIONS 274574  95.5 22 73.3 24.5
RUS (-) Mining and Quarrying 146779  51.1 1.6 75.2 232
Inland Transport 81814 285 1.4 72.1 26.5
Electricity, Gas and Water Supply 45980  16.0 5.5 69.2 25.2
TOTAL 127954 100.0 10.2 71.8 18.0
TOTAL INDUSTRIES WITH MORE EMISSIONS 126645  99.0 10.2 71.9 17.9
BRA (-) Agriculture, Hunting, Forestry and Fishing 112374  87.8 10.7 72.7 16.7
Mining and Quarrying 8006 6.3 2.6 70.3 27.0
Other Community, Social and Personal Services 6265 49 120 60.1 27.9
TOTAL 104801 100.0 35.9 47.8 16.3
TOTAL INDUSTRIES WITH MORE EMISSIONS 101962  97.3  36.0 47.8 16.2
USA () Agriculture, Hunting, Forestry and Fishing 46960 448 475 38.8 13.7
Mining and Quarrying 37936 362 278 53.0 19.3
Other Community, Social and Personal Services 10578 10.1 23.1 63.9 13.1
Inland Transport 6489 62 21.8 56.8 21.5
TOTAL 59613 100.0 33.5 42.0 24.5
TOTAL INDUSTRIES WITH MORE EMISSIONS 58575 983 334 42.0 24.6
IND (-) Agriculture, Hunting, Forestry and Fishing 28941 485 441 31.1 24.8
Mining and Quarrying 16850 283 10.8 64.5 24.7
Other Community, Social and Personal Services 12784 214 39.1 37.0 23.9
COUNTRY TOP INDUSTRIES A2 B2 Cc2 D2 E2
OF WITH MORE (tons) (%) (%) (%) (%)
REFERENCE CH4 EMISSIONS g Final Interm. Interm.
TOTAL 56511 100.0 833 9.6 7.1
DEU (+) TOTAL INDUSTRIES WITH MORE EMISSIONS 53102 940 857 7.8 6.4
Agriculture, Hunting, Forestry and Fishing 48682  86.1 90.2 4.5 54
Other Community, Social and Personal Services 4419 7.8 37.0 449 18.2
TOTAL 34812 100.0 70.0 25.0 4.9
ITA (+) TOTAL INDUSTRIES WITH MORE EMISSIONS 31434 903  73.6 21.7 4.6
Agriculture, Hunting, Forestry and Fishing 26808 77.0 80.6 15.2 4.2
Other Community, Social and Personal Services 4626 133 33.1 59.5 7.4
TOTAL 35302 1000 773 14.5 8.3
GBR (+) TOTAL INDUSTRIES WITH MORE EMISSIONS 32730 92.7 803 11.8 79
Agriculture, Hunting, Forestry and Fishing 28958 820 865 6.3 72
Other Community, Social and Personal Services 3772 10.7 32.5 54.3 13.3
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Table A.4: Industries with larger N, O footprints and types of commodities. Tons N,O, 2008.

COUNTRY TOP INDUSTRIES Al Bl Cl D1 El
OF WITH MORE (tons) (%) (%) (%) (%)
REFERENCE N,0 EMISSIONS gt Final Interm. Interm.
TOTAL 12652 100.0 515 37.7 10.9
TOTAL INDUSTRIES WITH MORE EMISSIONS 12268  97.0 52.0 37.2 10.8
CHN (-) Agriculture, Hunting, Forestry and Fishing 9561 75.6  56.5 33.0 10.5
Chemicals and Chemical Products 1183 9.3 369 48.0 15.1
Other Community, Social and Personal Services 857 6.8 334 60.3 6.2
Electricity, Gas and Water Supply 668 53 384 48.2 13.4
TOTAL 6326 100.0 10.7 72.5 16.8
BRA (-) TOTAL INDUSTRIES WITH MORE EMISSIONS 6216  98.3  10.7 727 16.7
Agriculture, Hunting, Forestry and Fishing 6216 983 10.7 72.7 16.7
TOTAL 5742 100.0 49.1 44.7 6.2
FRA (-) TOTAL INDUSTRIES WITH MORE EMISSIONS 5598 975 493 44.5 6.2
Agriculture, Hunting, Forestry and Fishing 4888 851 499 44.2 5.9
Chemicals and Chemical Products 710 124 45.1 46.7 8.2
TOTAL 4523 100.0 458 39.7 144
USA (-) TOTAL INDUSTRIES WITH MORE EMISSIONS 4259 942 472 38.7 14.1
Agriculture, Hunting, Forestry and Fishing 3704 819 475 38.8 13.7
Chemicals and Chemical Products 556 123 447 38.0 17.3
COUNTRY TOP INDUSTRIES A2 B2 C2 D2 E2
OF WITH MORE (tons) (%) (%) (%) (%)
REFERENCE N,0 EMISSIONS g’ Final Interm. Interm.
TOTAL 1828 100.0 79.9 12.2 79
GBR (+) TOTAL INDUSTRIES WITH MORE EMISSIONS 1682 920 82.7 9.6 7.7
Agriculture, Hunting, Forestry and Fishing 1564 855 86.5 6.3 7.2
Chemicals and Chemical Products 118 6.5 325 52.8 14.7
TOTAL 1713 100.0 70.5 28.9 0.6
PRT (+) TOTAL INDUSTRIES WITH MORE EMISSIONS 1589 928 69.0 304 0.6
Agriculture, Hunting, Forestry and Fishing 1475  86.1 727 26.8 0.5

Chemicals and Chemical Products 115 6.7 42.1 56.1 1.8
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Two alternative estimation procedures for the
negative binomial cure rate model with a latent
activation scheme

Diego I. Gallardo' and Heleno Bolfarine?

Abstract

In this paper two alternative estimation procedures based on the EM algorithm are proposed for
the flexible negative binomial cure rate model with a latent activation scheme. The Weibull model
as well as the log-normal and gamma distributions are also considered for the time-to-event data
for the non-destroyed cells. Simulation studies show the satisfactory performance of the proposed
methodology. The impact of misspecifying the survival function on both components of the model
(cured and susceptible) is also evaluated. The use of the new methodology is illustrated with a
real data set related to a clinical trial on Phase Ill cutaneous melanoma patients.
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1. Introduction

An implicit assumption with the ordinary survival model is that all individuals under
study are susceptible to the event of interest, which is not always true given the im-
provements in disease treatments experienced in the last decades. For some types of
cancer, for example, new treatments have significantly increased the probability that
an individual is considered with the disease under control (typically called cured). The
proportion of cured individuals after a treatment is usually known as the cure fraction.
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Berkson and Gage (1952) developed a model that became known in the literature
as the mixture model, which assumes that there is a proportion 1 — gy of susceptible
individuals and, hence, a proportion gy of cured individuals. An alternative route was
pursued by Yakovlev and Tsodikov (1996) and Chen et al. (1999). Their approach is
based on the assumption that each individual has an unobserved (latent) number M of
cells, each capable of triggering the event of interest. This model is known in the litera-
ture as the promotion time cure rate model and has been the subject of intense research
activity. Rodrigues et al. (2009) unify the two approaches considering the negative bi-
nomial distribution for the variable M, known in the literature as the negative binomial
cure rate model. Those models have a common element: both assume that the initial
cells will produce the event of interest. In order to relax this assumption, Rodrigues et
al. (2012) proposed the so-called destructive weighted Poisson cure rate model in which
it is assumed that each one of the initial cells has a probability p of being able to produce
the patient’s death, so that only D < M cells (usually called activated or non-destroyed
cells) would remain in effect. Clearly, the case p =1 (i.e., M = D) leads to the standard
models above. Both destructive and non-destructive models mentioned above assume
that one cell is sufficient to produce the event of interest, i.e., the time until the event
occurs is considered as the minimum of the times related to each activated cell. This
scheme is known as the first activation (FA) scheme.

Destructive Negative Binomial
cure rate model with a latent
activation scheme

R=1

Destructive promotion

Destructive Negative fime cure rate model
Binomial cure rate model b=1

Destructive Geometric
cure rate model

Mixture model

Promotion time cure
rate model

Negative Binomial cure
rate model

Geometric cure rate
model

Figure 1: Summary of some particular cases of the DNB model with a latent activation scheme.

Cooner et al. (2007) proposed a more general activation scheme in a non-destructive
context. This idea was used by Cancho et al. (2013) in the Destructive Negative Bino-
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mial (DNB) cure rate model, where the negative binomial distribution with mean 6 and
variance 0(1+ ¢0) is used for the initial number of cells. Accordingly, ¢ > 0(¢ < 0)
provides over-dispersion (sub-dispersion), including the Poisson model as particular
case for ¢ = 0. The idea is that the event of interest may be considered as the maximum
of the times related to each one of the concurrent cells, i.e., all cells must be activated to
produce the event of interest. This scheme is called last activation (LA) scheme. A third
activation scheme is proposed assuming that a random number of factors (R) is needed
to produce the event of interest, i.e., the time to the event of interest is defined as the
R-th order statistics from the times related to the activated cells. A simple specification
is to assume the discrete uniform distribution for R on the set {1,...,D}. This scheme is
known as the random activation (RA) scheme. Figure 1 depicts a summary of the DNB
in Cancho et al. (2013) and some particular cases of the model.

The main focus of this work is to develop two different ways of applying the EM
algorithm for maximum likelihood estimation (MLE) for the DNB with different acti-
vation schemes. The first way is to compute directly the expected value of M and D,
the number of initial and activated cells, respectively, and the second way is to write the
model as a mixture model and to use the EM algorithm for this alternative version Lu
(2010).

The paper is organized as follows. In Section 2 we describe the cutaneous melanoma
data set. In Section 3, the DNB model with different activation schemes and some propo-
sitions about this model are stated. In Section 4, two estimation procedures based on the
EM algorithm are proposed for the model in Section 3. Section 5 reveals results of two
simulation studies aiming at investigating parameters recovery and assessing the time-
to-event for the non-destroyed cells. Section 6 presents an application to a real data set
referring to a clinical trial for patients with melanoma. Finally, in Section 7, the main
conclusions and results obtained in this work are presented.

2. Cutaneous melanoma data set

The data set is related to a clinical trial on a Phase III cutaneous melanoma patients
available at http://merlot.stat.uconn.edu/ "mhchen/survbook/,labeled as E1690
data. The clinical trial was conducted by the Eastern Cooperative Oncology Group (see
Ibrahim et al. (2001) for details). The incidence of melanoma is one of the highest among
most types of cancer, with a high mortality rate even with early detection. The objective
of this study was to evaluate a postoperative treatment performance with a high dose of
the drug Interferon alpha-2b, in order to prevent recurrence. The study included patients
between 1991 to 1995 and follow-up was conducted until 1998.

A characteristic of the disease (as in many other types of cancers) is the presence
of a proportion of patients that can lead a normal life, comparable to patients without
the disease. In other words, a proportion commonly known as “cured”. After deleting
patients with incomplete data and missing observation times, the data set is composed of
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Figure 2: Kaplan-Meier curves stratified by covariate Nodule.

n = 408 individuals. The collected variables were: Observed time (in years, average =
2.31, median = 1.64, standard deviation = 1.93), treatment (0: control and 1: interferon
alfa-2b with 198 and 210 patients respectively), age (in years, average = 48.1, median =
47.2 and standard deviation = 13.1), nodal category (categorical variable with levels
1-4 with 110, 131, 86 and 81 patients in each group, respectively, where 1 indicates
the lower risk patients and 4 the higher risk patients) and tumour thickness (in mm,
average = 3.98, median = 3.18 and standard deviation = 3.22).

Figure 2 depicts the Kaplan-Meier curves by nodule category, confirming a well
pronounced plateau in all nodule categories. In the next Section, we present the model
addressed for this particular problem.

3. Model specification

Following Cancho et al. (2013), let M be an unobservable random variable denoting the
initial number of competing causes related to the occurrence of the event of interest. For
the cutaneous melanoma data set, M represents the number of carcinogenic cells. As-
sume that M has negative binomial distribution with probability mass function (p.m.f.)
given by

1 m
P(M:m;G,tb):r((b il )< i

F((ﬁ*])m' 1+¢9> (1+¢0)7l/¢7 m:0717277 (1)
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where 0 > 0, ¢ > —1 and 1+ ¢6 > 0. The distribution in (1) is denoted as M ~ NB
(qﬁ, %). Under this parametrization, E(M) = 6 and Var(M) = 6(1+ ¢). For this
reason, ¢ > 0 (¢ < 0) corresponds to over (under)-dispersion in relation to the Poisson
distribution. For ¢ — 0, the p.m.f. in (1) is reduced to the p.m.f. of the Poisson distribu-
tion and ¢ = 1 corresponds to the geometric distribution with parameter 1/(1+6).

Let ¢j, j = 1,...,M be (conditionally) independent random variables given M = m,
with Bernoulli distribution and success probability p indicating whether the j-th concur-
rent cause can produce or not the event. Contextualizing to the medical problem under
study, ¢; = 1 (¢; = 0) indicates that the j-th carcinogenic cell was (was not) activated or
non-destroyed (destroyed), and each activated carcinogenic cell can produce the metas-
tasis process. The (unobservable) total damaged D is defined as

. G4ty LifM>0,
1o Jif M =0.

Note that D represents the total number of activated carcinogenic cells (among the M
initials) which are activated. It is immediate that D | M = m ~ Bin(m, p) for m > 0 and

P(D=0]|M =0) = 1. Moreover, it is possible to show that D ~ NB <¢, %6p ) Ro-

1+¢0p
drigues et al. (2011). Define W;, j =1,...,D as the time to event for the j-th activated
cell produces the metastasis process. Assume that W;, j = 1,...,D, are conditionally

independent and identically distributed (i.i.d.) given D with common cumulative distri-
bution function F(-;A) and survival function S(-;\) = 1 — F(-; A). Further, assume that
Wi, W,, ..., are independent of D and M. As discussed in Cooner et al. (2007), cure rate
models with latent activation schemes assume that the failure time 7* is generated by the
activation times of D latent factors. Thus, D = 0 implies 7* = o and then the individual
is considered cured. If D > 0 and it is assumed that R among the D cells are required
to produce the event of interest, so the failure time to event is defined by 7" = Wir),
where R depends (or not) on D and Wz, denotes the R-th order statistics corresponding
to Wy,...,Wp.

Assume that the data can be censored to the right. Thus, the observed data can be
represented by 7 = min(7*,C) and 6 = I(T* < C), with T* and C denoting failure and
censoring times, respectively, and I(-) the indicator function. Under this scheme and
following similar arguments in Cooner et al. (2007), we can write the joint distribution
of (T,0,R,M,D) as

f(ta6ar>mad;9>¢apa)‘) :f(l‘,(;|D:d,R:I’,)\)P(R:I’|D:d)X

xP(D=d|M =m;p)P(M =m,¢,0), 2)

where D | M = m; p ~ Bin(m, p), P(M = m;0,¢) is given in (1) and
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f(t,0]D=d,R=r\) = {1(d=0)+1(m>d=r=DIBSE:N),d—r+ 1,r)}1_6

x {d(d _ ;)ﬂz;A)S(z;A)d’F(z;A)” 3 ©)

with B(z,a,b) denoting the incomplete beta function defined as IB(z,a,b) = [; u®"(
u)?~'du. The population survival and density functions can be computed as

Spop(1:0,6,p,X) = P(D = 0;0, ¢, p) +ZZZfr6 0,r,m,d;0,¢,p,\)
m=1d=1 r=1

o m d

Foop(:0,0,0,0) =D Y "N " f(t,6=1,r,m,d:0,¢,p,))

m=1d=1 r=1

It is immediate that gy = S0, (=030, 6, p, \) = (1+¢0p)~/%, so that the cure rate does
not depend on the choice of the (conditional) distribution of R | D = d.

Moreover, to contour the identifiability problems in the sense of Li et al. (2001)
and Hanin and Huang (2014) and discussed in Rodrigues et al. (2011) in the context of
the destructive weighted Poisson cure rate models, it is necessary to introduce a set of
covariates z;; (of dimension r;) associated with the initial number of cells and z; (of
dimension r;) related to the activation probabilities for non-destroyed cells by

logh; =z,.6; and log<1pi ) =203, i=1,...,n. 4)

In addition, z; and z, shall not simultaneously include intercepts nor share common
elements. Henceforth, in order to simplify the notation, define ¢ = (3, 5,,¢,A) as the
vector of parameters to be estimated. Three typically used activation schemes are the
random activation scheme (RA), first activation scheme (FA) and last activation scheme
(LA), for which the p.m.f. for the conditional distribution P(R = r | D = d) and the
population survival function for DNB are given in Table 1. Those models are denoted
by DNB-FA, DNB-LA and DNB-RA, respectively.

Table 1: Conditional distribution of R given D = d for three activation schemes with DNB.

Activation scheme P(R=r|D=d) Spop ()
RA A1 <r<d qo+{1—=qo}S(5:A).
FA I(r=1) {1+ ¢0pF (1 1)}~/

LA I(r=d) 1+qo—{1+¢0pS(t; \)} /¢
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Under the usual assumptions in survival analysis and right censoring (see Williams
and Lagarkos, 1977), the contribution to the (observed) log-likelihood by the i-th indi-
vidual is given by

f e, 6i31p) = fp0p(1i§¢)6i5p0p(ti§7/))176'.' 5)

Based on (2) and (5), the following propositions are now stated.

Proposition 1 For combinations DNB-FA and DNB-LA it follows that, given D, the
conditional distribution of R; degenerates in the distribution of R; = 1 and R; = D; re-
spectively. For the combination DNB-RA, that distribution is

P S(Zi;>\>Di—ri+k+l
i (7 )(—1)’(E{W1(Df2’f) s
PR =Ty ifoi =

P(Rl =7r | Dobs;w) —
F(t:\)i'E [(?f:ll )S(ti;)\)Drr”(Dini)]

1—qo;

where D; ~ NB <¢, lf%'},.), andri=12,....

Proof of proposition 1 is presented in the Appendix A.

Proposition 2 For DNB in (2) and FA and LA schemes in Table 1, P(D; = d; | Dyps; 1)),
i=1,...,n, have a closed form. Moreover, for the model DNB-FA,

- _1 POipiS(tiA)
Di*(;i Dyps;tp ~ NB ]+6i lai )
| D B (76 220
and for the DNB-LA
B (e ) LfSi=1,
Di =01 | Dopstp ~ B0;pi POipiF (1i:A) s
aiNB (b, T+60:p; —i—(l—al)NB ¢,W ,lf5,~—0.

where a; = [1+ qoi — (14 ¢0;p:S(ti: A))~? "' |-\, For the DNB-RA combination, the con-
ditional distribution is
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d; i k(ri— 1\ SN e ay ¢ geip \
2= 24=0(-1) (") A raraa) F(aﬁ*')d,'l! ('+¢l@ilpi)

T+1(1—q07) /4015 () ,if0;i=0
P(Di:di|D0bs;¢): .
D(¢~'+dy) ( ¢0ipi \" '
I(d; > 1 L if 0 = L
L(p=Ndi! \ 1+ ¢b;p; (di 2 1) if

Proposition 2 is proved in Appendix B.

Proposition 3 For DNB in (2) and FA and LA schemes in Table 1, P(M; = m; | D yp531)),
i=1,...,n, have a closed form. Moreover, for the DNB-FA combination, we have

_ S, oot 90i(1=piF (7))
Mi _5i’D0bS71/} ~NB <(¢ +5l) ) 1+¢91 > )

and for the DNB-LA,

NB (((b_l + 1)_17 ¢€i(1;fézgti;A)) s lf(sl - 17

Mi_(si‘Dobs;wN . (1. (e
aiNB (9,720 ) + (1~ a)NB (¢, AU ) s —o.

where a; = [1 4 qoi — (1+ ¢9,~p,~S(t,-;)\))’¢7l]’]. For the DNB-RA and 6; = 0 this condi-
tional distribution is

d; m;
mi d; i i\ ¢9i=pi)
Zdni:() }’,’:1 k:ovl (lfpi> ( ]i(ﬁ@![)))
1+ [(1—q0i)/qoi] S(ti: X) ’

P(M; = m; | Dops, 1)) =

F—1\ S i;)‘ di—ri+k+1 r —1 m; i
where v; = (—l)k( i 1) d(:(d,')—r,'-i—k'ﬂ) r(dr(‘q;df!;:ﬂi—)di)!' On the other hand, for §; =1 we
have that

—1 m; ; m; _
(1= (1= poy] et (1280 (14 66) /21 (m; > 1)

P(M; = m; | Dops, ) = T~ 40
A

)

Proof of proposition 3 is presented in Appendix C.

Propositions 1-3 are very useful because they allow predicting the initial number of
cells, the number of non-destroyed cells and the number of cells necessary to produce
the event of interest in each individual. Moreover, they are useful in implementing the
EM algorithm, to be discussed now.
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Note that the complete log-likelihood function is given by

E(Tzz)|Dc0mp):Zf(tia6iaRiaMi>Di;¢)a (6)

i=1

with f(t;,0;,ri,m;,d;;1)) defined in (2). Specifically, for the DNB-FA the expression in
(6), unless to a constant, assumes the form

n

U | Deomp) = Y _ | (D;— 6;)log S(ti; X) + 6:log £ (t; A) + D;log(py) + M;logb;
i=1

+ (M; — D;)log(1 — p;) + (M; — ¢~ ") log(1 + ;) | . (7

From (7), it is simple to deduce that it is only necessary the expectations of M; and D;
(given D,y,) to implement the E-step of the EM algorithm. Using Propositions 2 and 3,
these expectations are

(1+¢6)0;(1 = piF (1))
1+ ¢0ipiF (13 \)

(14 ¢0:)0;piS(ti; \)
1+ @lipiF (t;; \)

E(Ml | DObs;ﬁla52a¢>)‘) :61+

and (8)

E(Di|D0bs;ﬁla62a¢>)‘) :61+

(©))

On the other hand, the expression (6) for the DNB-LA assumes the form

n

U | Deamp) = D [U — &) log (1—1(D; > DF (5:0)”) + & log Di + log £ (1:\)
i=1

+(D;i — 1)10gF(fi;)\)) + D;log p; + (M; — D;)log(1 — p)

+ M;log8; + (M; — ¢~ ") log(1 + ¢8)) | . (10

However, the expectation of log (1 —I(D; > 1)F (1;; A)P?) does not have a closed form,
hindering the application of the EM algorithm in this way. Finally, using a RA scheme
the log-likelihood function of the model is even more complex, making it difficult the
implementation of the EM algorithm in this form. For this reason, a second way is
proposed to perform the estimation procedure in those models.

Following Tsodikov et al. (2003) and Rodrigues et al. (2009), all cure rate models
can be expressed as a mixture model, i.e.,



40 Two alternative estimation procedures for the negative binomial cure rate model with...

Spop(t:90) = qo + (1 —qo)S*(t;9), (11)

where S*(¢;1) represents the survival function for susceptible individuals and g is the
cure rate. Table 2 presents this function for the three activation schemes considered in
this work.

Table 2: Survival and hazard functions for susceptible individuals for the DNB mixture model
with three activation schemes.

Act. Scheme RA FA LA
. —1/¢ _ o . —1/¢
S sy UEREN 11+ 60750
9 9
o _ Opf(t: N)(1+¢0pF (1:2)"/*=1 Opf(;2)(1+ ¢0pS(r; 1))~ /¢!
PR REN E eN) e — 1= (1 00pS(:0) V3

Let Y; the binary variable that indicates whether the individual is susceptible or cured
(Y; =1 and Y; = 0, respectively). Following Lu (2010), the complete log-likelihood func-
tion for this model is

Le(p) =Y |Yilog(1 = qo;) + (1 = Y;) log goi + Y log ™ (t::46) + ;¥ log h* (t:31)) |, (12)
i=1

and the expected value for ¥; given D, is

(1 —qo)S*(1:¢)
qoi + (1 —qoi)S*(t54)

E(Y; | Dopsitp) = i+ (1= 6;) 13)

Equations (12) and (13) provides a second way to implement the EM algorithm in any
cure rate model, in particular, for the DNB with different activation schemes.

4. Estimation

In this Section it is discussed some inferential procedures for the parameters of the
DNB with the three activation schemes discussed in Section 3. Parameter estimation is
approached using the maximum likelihood method.

In Cancho et al. (2013), the estimation procedure was based on the direct maximiza-
tion of the observed likelihood function given by

n

U0 | Do) = Y | 108 Spop 1:28) 48 log o (1) (14)

i=1
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where S,,,,(+) and /., () depend on the activation scheme used in Table 1. However,
maximization of (14) is not simple because it is a function that involves all parameters.

The EM algorithm Dempster et al. (1977) is a very popular maximization alternative
used to obtain the maximum likelihood estimators when the model has missing data. A
further discussion about the EM algorithm in comparison with the direct maximization
of the log-likelihood function is performed in MacDonald (2014). In the cure rate con-
text, we found many recent works using this algorithm. For instance, Balakrishnan and
Pal (2012, 2013, 2015) and Gallardo et al. (2016). Two different ways of applying this
algorithm in the model considered will be presented in next subsection.

4.1. EM algorithm: implementation 1

Consider initially only the combination DNB-FA, i.e., R = 1. Moreover, it is assumed
that ¢ is fixed. The first way to apply the EM algorithm in this model is to compute the
expected values for M; and D;, i = 1,...,n given D, and the parameters values in last
iteration, namely 1)*~"). Those values are denoted by 551{) and Mi(k) , respectively, and
they can be computed using equations (8) and (9). Then, it is necessary to replace those
values in the complete log-likelihood function given in (7) and maximize it in relation

to 7. The algorithm is summarized as follows.
o E-step: Fori=1,...,n, compute

(14 ¢6)6" " p* Vs (1 &)
1460V pEVF (1 26-1)

5§k) = 4+ and
(1+¢8)8" " (1= p"VF (126

M = i+
1+ ¢6§k_1)p§k_l)F(t,~; Ak=1))

e M-step: Given p" = (5§k), e ,55,1{)) and " = (Mgk), e ,A7I,(,k)), find ﬁgk), ﬁgk)
and \(¥) that maximize Q; (8, | %), Q2(8, | *) and Q3(\ | ¢*) in relation to 3, 3,
and ), respectively, where

JICATEOEDS {Mﬁ’” logt,— 0+ (M) = 67" ) log(1 +¢e,~)}, (1)
i=1

0:(8, | 6%9) =3 {55” tog(py)+ (" ~ D) 1og(1 —pi>}, (16)
i=1

Os(A [y = Z{ (5,@ - 5i) logS(t:; M) +5i10gf(fi;)\)}- (17)

i=1
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Then, define w(") = (ﬁgk), gk),)\(k)). The advantage of this approach is that func-
tions in (15), (16) and (17) can be maximized separately with respect to 3,, 3, and ), re-
spectively, instead of the joint maximization as occurs with the observed log-likelihood.
Steps M and E are repeated until a suitable convergence rule is satisfied. For instance,
[p® — p*=D|| < ¢, where || —p*=1)|| represents the euclidian distance between
1/)(") and 1/)("_1) and € is a prefixed value. For instance, we use € = 0.0001.

4.2. EM algorithm: implementation 2

For this approach, three activation schemes are considered in Table 1. As discussed in
Section 3, models DBN-FA, DBN-LA and DBN-RA can be expressed as the mixture
model with survival function for susceptible individuals given by S*(- | ), according
to Table 2, and cure rate given by go; = (1 + ¢#;p;) /¢ that is common for the three
models.

Proceeding similarly as in the last procedure, the algorithm is summarized next.

e E-step: Fori=1,...,n, compute

(1—gy ")s* (9% D)
(k—1)

S(6)
Y,V =8+ (1-4) - -
gy "+ (1—gl )S* (1)

e M-step: Given 7(1{) = ()71(]‘) yen ,7,@), find ¢»® that maximizes

n

o)=Y [?}") log(1— i)+ (1 -7) log gl + ¥ ¥ log s* (11, ®)

i=1

+6% log h*(ri;w“‘))] |

Then, steps M and E are repeated until a suitable convergence rule is satisfied. The ad-
vantage of this approach in relation to directly maximizing the observed log-likelihood
in (14) is that the latent variables ¥; are completely observed for individuals with failure
times because d; = 1 implies ¥; = 1 (i.e., a failure time guarantees that the individual
is susceptible). This information is lost when an approach based on the observed log-
likelihood is used because the vector Y = (¥j,...,Y,) is removed when summing over
{0,1}". Consequently, implementing the M-step, for fixed 3, and /3,, which consists in
maximizing the function Q(-) with respect to \ is easier than maximizing the observed
log-likelihood function in (14). Thus, it seems more advantageous to use the EM al-
gorithm over than a direct maximization of the observed log-likelihood function. Note
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Table 3: Distributions used for modelling the survival function of the non-destroyed cells.

Distribution S(w; A) fwsA)
Weibull exp (—e*w") vw? " Lexp (a—e*w")
LN 1- o (loalue) o (oet=e)
Gamma 1— % F‘ZZ) o Legmvw

NOTE: ¢(-) and ®(-) represent the density and the cumulative function of standard
normal distribution. (-, ) represents the lower incomplete gamma function.

that the EM procedures does not depend on a specific survival function considered for
non-destroyed cells. In this work, it is used the Weibull, log-normal (LN) and gamma
distributions with parametrizations in Table 3, where A\ = (o, v).

Henceforth, the distribution of S(- | \) will be specified jointly with the activation
mechanism. For instance, DNB-FA/Weibull, DNB-LA/LN, DNB-RA/gamma, etc. Note
that the asymptotic variances for the MLEs could be estimated using the inverse of
the Hessian matrix (matrix of second derivatives of the log-likelihood function). The
observed information matrix is then obtained from the Hessian matrix evaluated in the
MLE:s. The elements of the Hessian matrix are presented in the Appendix of Cancho et
al. (2013) with the Weibull model considered for the times of the non-destroyed cells.
Expressions relatives for the LN and gamma models will not be presented because they
are slight modifications for the Weibull model.

Remark 1

1. In the first version of the EM algorithm, it is assumed that ¢ is fixed. However, it
is possible to relax this assumption by constructing a profile log-likelihood for ¢
and picking the value that maximize that function. On the other hand, the standard
error for the estimator of ¢ can be estimated via Jackknife (Miller, 1974).

2. To avoid maximization problems with the constraint 1 + ¢0 > 0 (presented after eq.
(1)), we use the same approach used by Cancho et al. (2013) considering ¢ > 0,
i.e., the over-dispersed case.

3. The maximization involved in the M-steps can be performed using software R (R
Development Core Team, 2015), among others. The computational programs used
in this work are available from the authors upon request.

4. Differently from the direct maximization of the log-likelihood function, the EM
algorithm allows to obtain predictions for the number of initial cells and activated
cells for each individual (M; and D;, i = 1,. .. n, respectively) in the version I and
to the chance for cure for each individual (Y;, i = 1,...,n), in the version 2.
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5. Simulation studies

In this Section, two simulation studies are presented. The first study assess the perfor-
mance of the two procedures through different elements as bias and coverage proba-
bilities. The second study is designed to evaluate whether the AIC and BIC (Akaike’s
and Bayesian information) criteria are able to correctly pick the distribution for the non-
destroyed cells, given the correct activation scheme.

5.1. Parameters recovery

For simulation purposes, the covariates z; and z, were drawn from the Bernoulli distri-
bution with success probability 0.5. As discussed in Section 3, both vectors should not

Table 4: Average of parameter estimates, standard errors (se), root of mean squared errors (vVMSE) and
coverage probability of 95% (CP) using the way 2 of defining the EM algorithm for DNB-FA, DNB-LA and
DNB-RA models considering Weibull distribution for time-to-event of the non-destroyed cells. (CA denotes
censoring average with their respective standard errors).

DNB-FA
n =200 n =400
Parameter  True average se MSE CP average se VMSE CP
B 1.0 1.021  0.287 0.240  0.943 1.008  0.202 0.165 0.943
B0 —-0.5 —0473 0.453 0.381 0.954 —0.484 0.304 0.259  0.947
B21 0.5 0.577 0.519 0.489 0.970 0.524  0.386 0.309 0.961
0] 1.0 1.078 0.254 0.227  0.935 1.042  0.152 0.134  0.941
o -13 —-1.333 0.177 0.167 0.905 —1.317 0.124 0.114 0914
v 1.5 1.530  0.191 0.125 0.986 1.517 0.133 0.086  0.986
CA 0.636  0.039 0.612 0.024
DNB-LA
B 1.0 1.040  0.288 0.307 0914 1.022  0.222 0.207  0.940
B0 —-05 —-0460 0.514 0446 0931 —0.496 0.307 0.295  0.947
B21 0.5 0.646  0.801 0.694 0.923 0.542  0.420 0.402  0.950
10) 1.0 1.081 0.267 0.239  0.937 1.032  0.131 0.129  0.943
o —-13 —1.308 0.226 0.189 0938 —1.305 0.158 0.132  0.942
v 1.5 1.523  0.222 0.152  0.975 1.513  0.155 0.105 0.971
CA 0.660 0.034 0.659 0.024
DNB-RA
B 1.0 1.025 0.302 0274 0916 1.010 0.212 0.191 0.920
B20 —-0.5 —0.469 0.491 0418 0.946 —0.485 0.315 0.276  0.937
B21 0.5 0.615 0.654 0.590 0.960 0.530 0.429 0.360  0.950
10) 1.0 1.064  0.297 0.276  0.939 1.037 0.142 0.131  0.945
e -13 —1.320 0.187 0.158 0940 —1.313 0.132 0.111  0.939
v 1.5 1.526  0.202 0.134  0.984 1.513 0.142 0.092  0.985

CA 0.632 0.034 0.632 0.024
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incorporate intercept at the same time. Thus, only z, has an intercept term. It is chosen
B1 = 1,80 = —0.5 and 3,; = 0.5, implying cure rates 0.73, 0.67, 0.49 and 0.42 for
profiles (0,0), (0,1), (1,0) and (1,1) respectively. Parameters related to the time-to-
event for non-destroyed cells where chosen as oo = —1.3, v = 1.5 for the Weibull model,
a =0.8,v = 0.4 for the Log-Normal model and o = 3.5,v = 1.5 for the gamma model.
Those parameters were used with FA, LA and RA schemes. We assume ¢ = 1 in all
cases.

For scheme FA, the two methods exposed in Section 4 were used with sample sizes
n =200 and n = 400. For schemes LA and RA, the second method exposed in Section
4 was used with sample sizes n = 200 and n = 400. In each case, 10,000 replicates were
considered. Tables 4 shows part of the results for the simulations. We report the average
of the estimates obtained (average), the mean of the asymptotic standard errors (se), the
root of the mean squared error (v/MSE) and the asymptotic coverage probability with
95% (CP). Main conclusions are that the two ways of implementing the EM algorithm
provide close results relation to average, se, vMSE and CP for the three activation
schemes. Results also reveals that the estimates are closer to the true values and v MSE
is decreased as n increases, suggesting that estimators are consistent. On the other hand,
the se is greater than VMSE, suggesting that the standard errors are overestimated.
Despite this, the CP are closer to the nominal value.

5.2. Misspecification of the distribution for the non-destroyed
concurrent cells

In the survival analysis literature, it is common to consider the Weibull distribution
as the survival model for the time-to-event for the non-destroyed cells because of its
appropriateness in many medical and biological contexts. However, to the best of our
knowledge, we were unable to trace studies on the effects on both susceptible and cured
parts of the model, of an incorrect specification of the survival function for the time-to-
event for the non-destroyed cells.

Bearing this in mind, a simulation study is conducted using the same specification
for parameters used in the last subsection. The three activation schemes mentioned in
Section 3 and the Weibull, LN and gamma distributions for the time-to-event for non-
destroyed cells were used. For each activation scheme/distribution combination, 10,000
samples were simulated and, for each sample, parameter estimates were computed (in-
cluding S(- | A)). Then, the mean and MSE of the estimates were computed for each
parameter and for the cure rate. Additionally, the mean and MSE for the expected times
for the non-destroyed cells were also computed. Furthermore, the AIC and BIC criteria
were computed for the three distribution and which was the model choice based on those
criteria. Since they provide similar results, data on AIC was presented. Results for FA
scheme are shown in Table 5. It is expected that a wrong choice for S(- | A) increases
the bias and the MSE for the expected activation time for non-destroyed cells. However,
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Table 5: Estimated bias and MSE for cure rate and expected values for the non-destroyed cells in DNB-FA
with different activation schemes.

Cure rate E(W)

True First Activation Scheme
n Distribution  Distribution bias MSE bias MSE % AIC
200 Weibull Weibull 0.001 0.004 —0.049 0.129 0.912

Log-Normal 0.087 0.014 —7.909 195.7 0.080

Gamma 0.008 0.902 0.689  0.902 0.008

Log-Normal Weibull 0.005 0.004 0.337 0.138 0.025
Log-Normal 0.000 0.004 0.294 0.118 0.932

Gamma 0.294  0.004 —24.1 689.0 0.043

Gamma Weibull 0.000 0.004 2974 8.886 0.083
Log-Normal 0.019  0.005 2321  5.857 0.086

Gamma 0.001 0.004 —0.722 6.089 0.831

400 Weibull Weibull 0.002 0.002 —0.030 0.084 0.920
Log-Normal 0.094 0.012 —6.908 88.6 0.038

Gamma 0.008 0.002 0.782  0.787 0.042

Log-Normal Weibull 0.005 0.002 0.336  0.125 0.001
Log-Normal 0.000 0.002 0.301 0.106 0.923

Gamma 0.000 0.002 —22.5 549.7 0.075

Gamma Weibull 0.000  0.002 2974 8.865 0.074
Log-Normal  0.019  0.002 2363 5.754 0.074

Gamma 0.000 0.002 —-0313 2.371 0.852

the wrong choice also impacts on the cure rate estimates. Except for the gamma model,
the AIC and BIC criteria chose the correct model for more than 90% of generate sam-
ples, suggesting that those criteria are appropriate to this purpose. For other activation
schemes, similar results are obtained.

6. Application

In this section we analyze the cutaneous melanoma data set described in Section 2.
Models DNB-FA, DNB-LA and DNB-RA were fitted to the data, with the survival func-
tions from the Weibull, LN and gamma distributions used as survival functions for the
time-to-event for the non-destroyed cells. To avoid identifiability problems, the covari-
ates treatment, age, nodule and thickness were incorporated into the model through the
0 and p parameters. All possible combinations of covariates preserving identifiability
were considered and the combination that provided the least AIC and BIC criteria was
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Table 6: AIC/BIC criteria for E1690 data set using the DNB with different activation schemes.

Activation Scheme

S(-|A) FA LA RA

Weibull 827.6/863.7 854.3/890.4 842.7/878.8
LN 834.6/870.7 851.8/888.0 842.0/878.1

gamma 828.0/864.1 854.5/890.6 841.8/877.9

selected, leading to the one assigning nodule and tumour thickness to # and treatment
to p (see equation (4)). Given that all considered patients have cutaneous melanoma, it
is reasonable to assume that the nodule category is related to the number of initial cells
(most advance stage, more initial cells) and the same with tumour thickness (greater
tumour, more initial cells). On the other hand, treatment can be interpreted as an element
that determines the chance of such cells be activated (patients receiving the treatment
have reduced their probability of initial activation of the initial cells). Table 6 shows
the AIC and BIC vales for those combinations of covariates. Based on those criteria, the
DNB-FA/Weibull model was chosen as the one presenting the best fit. On the other hand,
it makes sense to use this activation scheme in a biological context, because just one cell
can trigger the metastasis process. The estimates for this model are presented in Table 7.

Table 7: Parameter estimates for the DNB-FA/Weibull model.

Parameter est se |est|/se
B1 nodulel 0.4690 0.4565 1.03
B1 nodule2 1.5143 0.3661 4.14
B1 nodute3 2.1539 0.4044 5.32
B1 nodules 3.0702 0.4210 7.29
B thickness 0.0858 0.0473 1.81
B2 treatment —0.7965 0.4064 1.96

1) 3.1807 0.0785

« —1.3142 0.1977

v 1.5372 0.0273

The estimated means of the initial number of cells are 1.60 x 1.09kmess (nodule
1), 4.55 x 1.09""ickness (nodule 2), 8.62 x 1.09" s (nodule 3) and 21.55 x 1.09ickness
(nodule 4) and the probability of activation of those cells is 0.5 for patients in control
group and 0.31 for patients in the treatment group.

Finally Figure 3 shows the estimated mean of non-destroyed cells (D) for each pa-
tients stratified by control and treatment group. Note that the estimated means of D vary
on both group, agreeing with the fact that the treatment is effective. On the other hand,
it is possible to conclude that patients with nodule 4 have more estimated non-destroyed
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Figure 3: Predicted means of the conditional distributions for all patients under the DNB-FA/Weibull
model for the number of activated cells (D), stratified by nodule categories and belonging to the control
group (left panel) and to the treatment group (right panel), respectively.

cells. This is expected because patients in this stage of disease are more susceptible to
die faster than patients in others stages of disease.

7. Final discussion

In this paper, an alternative estimation procedure based on the EM algorithm is pro-
posed for the destructive Negative Binomial cure rate model introduced in Cancho et
al. (2013). Two different ways of implementing the algorithm are investigated. Simula-
tion studies indicate that those procedures work satisfactorily. It also investigated other
alternatives (besides the Weibull distribution) for the survival function for the time for
non-destroyed cells S(- | A), and through the use of simulation studies evaluating the
performances of the AIC/BIC criteria to correctly choose the model that provides the
best fit to the data. Using simulation studies we assess the performances of the AIC/BIC
criteria to correctly choose the model that provides the best fit to the data. However, a
wrong choice for S(- | A) can lead to incorrect estimates in both, the parameters related
to the cure rate and the ones related to the survival function of the time-to-event for non-
destroyed cells. Thus, precision loss is incurred if the wrong model is selected, that is,
one has to be careful when selecting the working model. For this reason, it will be pro-
posed non-parametric frameworks to estimate S(- | A). Finally, the proposed approach
was illustrated using real data related to a clinical trial on Phase III cutaneous melanoma
patients.
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8. Appendix: Proofs of propositions

8.1. Appendix A: Proposition 1

For DNB-FA and DNB-LA the result is trivial. On the other hand, note it is possible to
show that the marginal distribution of D; | 0;, p;, ¢ is NB(60;p;,®). Thus, for the DNB-RA
we have that for r; € {1,2,...,}

Zzzri f(ti75i ‘ Di = di7Ri = ri)
[(1 —qoi) f (11 )} [qoi + (1 — qoi) S (8 A)]' =01

P(R; =ri | Dops, ) =

where f(t;,0; | D; = d;,R; = r;) is defined in (3). For §; = 1, the expression takes the form

P( _rl|D0b37¢ 1—%
i

F(t: ri—1 D:—1
=1 B P sz
(1 qui) ri — 1

—1
Zd< > l,,)\)d r’F(t )\)r, lP( —d,,@,,p,,qb)

For 6; =0,

Zd!*’t ( (tl;)‘)7di_ri+17ri) ( _dl’elapla(b)
qoi + (1 — qoi)S(1i5A)

P( —rz|D0bu7;Z))

On the other hand, by using the binomial theorem, it can be shown that IB(S(#;; \),d; —
R s kSN Gtk
ri+1,r) =30 () (=12 ———. In other words,

ri—1 (ri—1 S(t; Dj—ri+k+1
o () (1 [(Ip)rﬁl(l)i > Vi)]

qoi + (1 —qo)S(ti; \)

P(R; =ri | Dops, ) =
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8.2. Appendix B: proposition 2

Consider now the DNB-FA model (R; =1,i=1,...,n). Thus, by (2) and (5) the expres-
sion P(D; = d; | D,ps, 1) assumes the following form

—1 X . dl‘ 1
S(Zi;)\)di—éi [dif(ti;)\)]éi F(¢71+6{:') ¢>91P.z : (1 +¢9ipi)_¢
P(Dl = d,‘ | Dobs,rl,z)) = F<¢ )dl' (l+¢6’pl>

(0:pif (t::0))% (1 + G0, piF (1; 1)) =@ )

Do +6) +di— 5)9d -5
(¢ +6)(di—6)!

(1 - 911,)(45714-51') ’

i.e., Di—0;| Dos |10 ~ NB (67" +6)~",01;), where 0; = L2550 For the DNB-LA,
Ri=D;,i=1,...,n and then

{diF (1 N £ (0 M)V {1 = F (g 0)4
5

P(Di:di‘DObsa )— l
{Gipif(ti;)\) (1+ ¢9ipiS(li;A))7(¢ +1) }

X

D¢~ +d) (o0 |\ —¢7!
(¢~ N)d;! (1+¢912p1.) (1+¢91Pz) ¢

g1 1-6;°
{1+610i*(1+¢9,-p,-5(t,-;)\)) }

For §; = 1, this expression takes the form

C((¢p'+1)+(di—
C(¢p~'+1)(d;—1)!

P(D: = d; | Dops, ) = D) a1 (1 — g,py-67'+0

I

i.e., (D;—1) | Dops, ) ~ NB((¢7" +1)71,65), where 6 = %&t\). For 6; = 0, this
expression is reduced to

Lo~ +dy) (oOip: a g
( _d ’D0b571/}) ((b )d‘ <1+¢01p1> (1+¢Hlpl)

F(qb*] +d,‘)
['(¢p~1)d;!

+(1—ay) 6% (1—6y)7 ",

-1 . D
where a; = (1+qor— (14 60piS(60)) ™)™, i Di | Doyt ~ VB (6, 12041 ) +
(1 —a;)NB (¢,0;). Finally, for DNB-RA we have that
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Iyl {di (72 0) £ (6 X)S (135 A) 1 F (135 0)"! }6i 7
[qoif (15 X)]% [qoi + (1 — qoiS (i3 X)) )1~

x {IB(S(t5:\),di — i+ 1,77)}' 0

P(Di = di ‘ Dobﬁw) =

(o' +d) < ®0;p;i

d;
¢!
C(o~Nd! \1+ ¢9ipi> (1+¢0ipi) .

For §; = 1, it is immediate that

T(¢~'+d) [ ¢0ipi \“
i.e., (Di—1) | Dops, ) ~ NB(¢, lfg;é’i"pi ). Finally, for ¢; = 0, using the binomial theorem,
the expression is reduced to

ri=1 £<k=0 k /) di(di—ri+k+1) T(¢p~N)d;! \ 1+90;p;
1+ [(1—qoi)/qoi] S(tis \)

Zdi ri (fl)k(ri*])S(li;>\)d”7r"+k+1 (¢~ +dy) ( dY;ip; )di
P(Di - di ’ Dobmw) =

8.3. Appendix C: proposition 3

Considering the DNB-FA model (R; =1, i=1,...,n), and by (2) and (5) the expression

P(M; = m; | Dyys,1) assume the following form

SN (6 V)] () i (1 = pi)
(Oipif (13 X))% (1 + (bHiPiF(ti;)\))_(drl-«—éi)

" C(o ' +m) [ ¢
Lo~ m! \ 1+ ¢0;

(07" +6;) +mi — ;) g5,
- F(¢_1 + (5,’)(1’11,' — (5,)‘ 3

P(M; = m; | Dops, ) =

>mi (1 +¢9i)7¢—1

(1— 931_)(¢>*'+5f) :

ie., M;—0; ’ D ,ps ‘ Y ~NB (((b_l +5i)_1,93i), where 03; = W]l:rpiw For the DNB-
LA,R,=D;,i=1,...,n and then
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m;

P(M; = m; | Dops, ) = >

d;=9;

{diF () £ N} {1 = Flam )™
{9ipif(t,~;>\) (1+ ¢9ipig(,i;)\))—<¢*'+1)}5i

X

mi\ . di mi—d; T(¢~+m; )™ -1
(d;)p?(l_pi) ' dlrr((ﬁbfﬁ)rm,-!) (1fi€t> (1+06;) = ]
X
1) 10
{1+610i*(1+¢9ipi5(fi;>\)) ¢ }

For 6; = 1, this expression is reduced to

C((¢~ " 4+ 1)+m—1)

gmi—! 1791.((157]“)
Do T+ im0

P(M; = m; | Dops, 1)) =

i.e., (M;—1) | Dyps, 1) ~ NB ((gb*' + 1)*',94,~), where 0,4 = W]]*fifeifi?\)). For 6, =0,
this expression takes the form

P(Mi =m; ‘ Dobsaw) = 'F(¢_1 +ml) ( QSQI

DT Nm! \1+ 00,

C(¢~" +my)
F((b*])mi!

>mi (1 +¢61)_¢—1

+(1—a) O (1—04)"

where a; = (1+qoi — (1+ @0:piS(t: 1) ™)~ i, Mi | Dops,tp ~ aiNB <¢’ %&@) +
(1 —a;)NB (¢,04;). Finally, for DNB-RA we have that

. . i~ i—Ti i 9
ZZ":& f;:l {di(crlffll)f(fi;)\)S(t,-;)\)d' iF(ti; A\)'i 1} % dl,»
[goi.f (1 ))1° [qoi + (1 — goiS (3 A))] 1=

x {IB(S(ti;A),di — ri+ l,ri)}1_5i X

mi\ g Nmi—d; F((ﬁ*] +mi) ¢9i m; g
X <di>pi (1—pi) (o m! <1+¢9i> (14¢6,)7%".

P(M; = m; | Dops, ) =

For §; = 1, the expression is reduced to

r —1 ; 91’ m;
P(M; = mi | Dops, ) = [1 = (1= pi)™] r(f)qb—ljn’z;) <1f¢9i) fm 21).
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Finally, for §; =0,

d; m;
m; d; 7 i\ e0id=pi) )
di=0 2r;=1 Zk:o"l( ppi) ( 1+¢0¢ )
P(M; = m; | Dpps, ) = . -
1

s
1+ [(1—qoi)/qoi]S(ti; M)
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A test for normality based on the empirical
distribution function

Hamzeh Torabi!, Narges H. Montazeri! and Aurea Grané?

Abstract

In this paper, a goodness-of-fit test for normality based on the comparison of the theoretical and
empirical distributions is proposed. Critical values are obtained via Monte Carlo for several sample
sizes and different significance levels. We study and compare the power of forty selected normality
tests for a wide collection of alternative distributions. The new proposal is compared to some tradi-
tional test statistics, such as Kolmogorov-Smirnov, Kuiper, Cramér-von Mises, Anderson-Darling,
Pearson Chi-square, Shapiro-Wilk, Shapiro-Francia, Jarque-Bera, SJ, Robust Jarque-Bera, and
also to entropy-based test statistics. From the simulation study results it is concluded that the best
performance against asymmetric alternatives with support on the whole real line and alternative
distributions with support on the positive real line is achieved by the new test. Other findings de-
rived from the simulation study are that SJ and Robust Jarque-Bera tests are the most powerful
ones for symmetric alternatives with support on the whole real line, whereas entropy-based tests
are preferable for alternatives with support on the unit interval.

MSC: 62F03, 62F10.

Keywords: Empirical distribution function, entropy estimator, goodness-of-fit tests, Monte Carlo
simulation, Robust Jarque-Bera test, Shapiro-Francia test, SJ test; test for normality.

1. Introduction

Let Xi,...,X, be a n independent an identically distributed (iid) random variables with
continuous cumulative distribution function (cdf) F(.) and probability density function
(pdf) f(.). All along the paper, we will denote the order statistic by (X1, ..., X))
Based on the observed sample x,...,x,, we are interested in the following goodness-
of-fit test for a location-scale family:
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{H()ZFE? (1)

H12F¢ﬁ

where .7 = {Fy(:0) =Fy (2) |6 =(p,0) €@}, @ =R x (0,0) and y and o are
unspecified. The family . is called location-scale family, where Fy(.) is the standard
case for Fy(.;0) for 8 = (0,1). Suppose that fo(x;0) = 1 fo (£) is the corresponding
pdf of Fy(x;0).

The goodness-of-fit test problem for location-scale family described in (1) has been
discussed by many authors. For instance, Zhao and Xu (2014) considered a random
distance between the sample order statistic and the quasi sample order statistic derived
from the null distribution as a measure of discrepancy. On the other hand, Alizadeh
and Arghami (2012) used a test based on the minimum Kullback-Leibler distance. The
Kullback-Leibler divergence measure is a special case of a ¢-divergence measure (2)
for ¢(x) = xlog(x) —x+1 (see p. 5 of Pardo, 2006 for details). Also ¢-divergence is a
special case of the ¢-disparity measure. The ¢-disparity measure between two pdf’s fj
and f is defined by

fo(x;0)
Dths) = [0 (250) ) an @
where ¢ : (0,00) — [0,00) is assumed to be continuous, decreasing on (0, 1) and increas-
ing on (1,00), with ¢(1) = 0 (see p. 29 of Pardo, 2006 for details). In ¢-divergence, ¢ is
a convex function.

Inspired by this idea, in this paper we propose a goodness-of-fit statistic to test (1) by
considering a new proximity measure between two continuous cdf’s. The organization
of the paper is as follows. In Section 2 we define the new measure H,, and study its prop-
erties as a goodness-of-fit statistic. In Section 3 we propose a normality test based on
H,, and find its critical values for several sample sizes and different significance levels.
In Section 4 we review forty normality tests, including the most traditional ones such as
Kolmogorov-Smirnov, Cramér-von Mises, Anderson-Darling, Shapiro-Wilk, Shapiro-
Francia, Pearson Chi-square, among others, and in Section 5 we compare their perfor-
mances to that of our proposal through a wide set of alternative distributions. We also
provide an application example where the Kolmogorov-Smirnov test fails to detect the
non normality of the sample.

2. A new discrepancy measure

In this section we define a discrepancy measure between two continuous cdf’s and study
its properties as a goodness-of-fit statistic.
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Definition 2.1 Let X and Y be two absolutely continuous random variables with cdf’s
Fy and F, respectively. We define

D F) = [ (LB gy [ (LRGSO

—o0

where Eg|.] is the expectation under F and h : (0,00) — R™ is assumed to be continuous,

decreasing on (0, 1) and increasing on (1,e0) with an absolute minimum at x = 1 such
that h(1) =

Lemma 2.2 D(Fy,F) > 0 and equality holds if and only if Fy = F, almost everywhere.

Proof. Using the non-negativity of function &, we have D(Fy, F) > 0. It is clear that Fy =
F implies D(Fy,F) = 0. Conversely, if D(Fy,F) = 0, since & has an absolute minimum
atx=1,then F, =F. n

Let us return to the goodness-of-fit test problem for a location-scale family described
in (1). Firstly, we estimate 1 and o by their maximum likelihood estimators (MLEs), i.e.,
i and &, respectively, and we take z; = (x; — 1) /8, i = 1,...,n. Note that in this family,
Fy(xi5f1,6) = Fp (z;). Secondly, consider the empirical distribution function (EDF) based
on data x;, that is

1 n
=D <,
j=1

where 14 denotes the indicator of an event A. Then, our proposal is based on the ratio
of the standard cdf under Hy and the EDF based on the x;’s. Using (3) with F = F,,
D(Fy, F,) can be written as

oo

H, :=D(F,F,) = /h (%) dF,(x)

—o0

n

1)
_‘i <1sz/n >

Under Hy, we expect that Fy(t;i,6) ~ F,(t), for every t € R and 1+ Fy(¢; {2,

)~
1 + F,(t). Note that, since i(1) = 0, we expect that h((1+ Fy(r)) /(14 F,(t))) a

&
0 and
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thus H,, will take values close to zero when Hy is true. Therefore, it seems justifiable
that Hy must be rejected for large values of H,,. Some standard choices for & are: h(x) =
(x—1)2/(x+ 1) xlog(x) —x+1,(x — 1)log(x), |x — 1] or (x — 1)? (for more examples,
see p. 6 of Pardo, 2006 for details).

Proposition 2.3 The support of H, is [0,max(h(1/2),h(2))].
Proof. Since Fy(.) and F, are cdf’s and take values in [0, 1], we have that

< 1+ F(y)

1/2< 1+ F,(y)

<2, yeR
Thus

0<h (%}?g;) < max(h(1/2),h(2))

Finally, since H, is the mean of 4(.) over the transformed data, the result is obtained. m

Proposition 2.4 The test statistic based on H,, is invariant under location-scale trans-
formations.

Proof. The location-scale family is invariant under the location-scale transformations of
the form g ,(Xi,...,X,) = (rXi +c,...,rX, +¢), c € R, r > 0, which induces similar
transformations on ®: g, .(8) = (rpi+c,ro) (See Shao, 2003). The estimator T (X1, . .., X;,)
for 4 is location-scale invariant if

T(rXi+c,....rX,+c)=rTh(Xy,...,X,) +¢, Vr>0,c€R,
and the estimator 7;(Xy,...,X,) for o is location-scale invariant if
Ti(rXi+c,...,rX,+¢)=rTi(X1,...,X,), Vr>0,ceR.
We know that MLE of i and o are location-scale invariant for p and o, respectively.

Therefore under Hy, the distribution of Z; = (X; — f1) /6 does not depend on p and o.
If G, is the EDF based on data z;, then

n

1o 1
Gn(zi) = Z ZI[ZJ'SZ,‘] = Z ZI[XJSM = Fn(xi)>
=1

j=1
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therefore

1< 1+F0(X(l~);ﬂ,5')> | — < 1+F0(Z(1))>
Hn = — h _— = - h o~ 7/ N .
n ; < 1+ F,(x(;)) n 12_1: 1+Gu(zp)

Since the statistic H,, is a function of z;, i = 1,...,n, is location-scale invariant. As a
consequence, the null distribution of H,, does not depend on the parameters ;o and 0. =

Proposition 2.5 Let F| be an arbitrary continuous cdf in H,. Then under the assumption
that the observed sample have cdf Fy, the test based on H,, is consistent.

Proof. Based on Glivenko-Cantelli theorem, for n large enough, we have that F,(x) ~
Fi(x), for all x € R. Also /i and & are MLEs of x and o, respectively, and hence are
consistent. Therefore

| — 1+ Fy(x(): f1,6) 1 & 1+ Fy(xi; f1,6)
H=-) h| ——2" 2 =-) p| —20~
nz< 1+Fn( ) nz 1+ F,(x;)

i=1 i=1

i=1

1+ Fy(X
HEFI h M :;D(FO’FI)’asnﬁoo,
1+F(X)

where Ep, [.] is the expectation under F7, and p and o are, respectively, the expectation
and variance of Fj. Note that the convergence holds by the law of large numbers and
D(Fy, Fy) is a divergence between Fj and Fj. So the test based on H,, is consistent. =

3. A normality test based on H,,

Many statistical procedures are based on the assumption that the observed data are nor-
mally distributed. Consequently, a variety of tests have been developed to check the
validity of this assumption. In this section, we propose a new normality test based on
H,.

Consider again the goodness of-fit testing problem described in (1), where now
folxsp,0) =1/V2mc2e= 1) /20 x € R, in which i € Rand o > 0 are both unknown,
and Fy(.; u,0) is the corresponding cdf, where Fy(.) is the standard case for Fy(.;0,1).

First we estimate u and a by their maximum likelihood estimators (MLEs), i.e., fi =
F=1/nd> 1 xiand 62 =5>=1/(n—1)>", (x; — X)?, respectively. Let z; = (x; — X) /s,
i=1,...,n. Then, the test statistic for normality is:
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1~ [ 1+ Fy(x),%,s) 1<~ (14 Folzp)
Hl’l:_ h e E——— = — h N7 , 4
”2—1: < 1+ Fy(x) n; 1+i/n X

where

W) = (i;)z 5)

Note that 4 : (0,00) — R is decreasing on (0, 1) and increasing on (1,c0) with an ab-
solute minimum at x = 1 such that 4(1) = 0 (see Figure 1). We selected this function
h, because based on simulation study, it is more powerful than other functions /. For
example, we considered &, (x) := xlog(x) — x + 1 for comparison with A;(x) := (%)2
(see Tables 6 and 7).

Corollary 3.1 The support of H, is [0,0.11].
Proof. From Proposition 2.3 and Figure 1, max(h(1/2),h(2))=0.11. [

Table 1 contains the upper critical values of H,,, which have obtained by Monte Carlo

from 100000 simulated samples for different sample sizes n and significance levels
o =0.01,0.05,0.1.

“ _ h(X)_(X—1)2 !

= h T (x+1)2 ,

0.4

\ - = h(x)=xlog(x) —x+1 !

0.3

0.2

0.1

0.0
L

Figure 1: Plot of function h.
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Table 1: Critical values of Hy, for = 0.01,0.05,0.1.

n 5 6 7 8 9 10 15 20 25 30 40 50
o

0.01 .0039 .0035 .0030 .0026 .0023 .0021 .0014 .0011 .0008 .0007 .0005 .0004
0.05 .0030 .0026 .0022 .0019 .0017 .0016 .0010 .0007 .0006 .0005 .0004 .0003
0.10 .0026 .0022 .0019 .0016 .0015 .0013 .0009 .0006 .0005 .0004 .0003 .0002

Remember that, H,, is expected to take values close to zero when Hj, is true. Hence,
Hy will be rejected for large values of H,,. Also H,, is invariant under location-scale
transformations and consistent under the assumption H,, respectively, from Propositions
2.4 and 2.5.

4. Normality tests under evaluation

Comparison of the normality tests has received attention in the literature The goodness-
of-fit tests have been discussed by many authors including Shapiro et al. (1968), Poitras
(2006), Yazici and Yolacan (2007), Krauczi (2009), Romao et al. (2010), Yap and Sim
(2010) and Alizadeh and Arghami (2011).

In this section we consider a large number (forty) of recent and classical statistics that
have been used to test normality and in Section 5 we compare their performances with
that of H,,. In the following we prefer to keep the original notation for each statistic. Con-
cerning the notation, let xy,xy, . .. ,x, be a random sample of size n and x(1),X(2), - - -, X(n)
the corresponding order statistic. Also consider the sample mean, variance, skewness
and kurtosis, defined by

= 1 ¢ 2 1 -2 ms3 oy
XZZ;XI', § :—Z(xi*x), vbIZW, by =

respectively, where the j-th central moment m; is given by m; = %Z" | (xi — %)/ and
finally consider z(;y = (x(;) —X)/s,fori=1,...,n.

1. Vasicek’s entropy estimator (Vasicek, 1976):

where

1
HV, = = S {5 (X —Xm) | ©®)
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m < n/2 is a positive integer and X;) = X(y) if i < 1 and X;) = X, if i > n. Hy is
rejected for small values of KL. Vasicek (1976) showed that the maximum power
for KL was typically attained by choosing m = 2 for n = 10, m = 3 for n = 20 and
m = 4 for n = 50. The lower-tail 5%-significance values of KL for n = 10,20 and
50 are 2.15, 2.77 and 3.34, respectively.

. Ebrahimi’s entropy estimator (Ebrahimi, Pflughoeft and Soofi, 1994):

TE, — exp {HEmn}’
S
where
1 & n
HE,, = n zljln c,_m (X(H—m) _X(i—m)) ) (7

and ¢; = (14 )11 (D) + 20 g 1,y (i) + (1 + 2511, (i). Ebrahimi et al.
(1994) proved the linear relationship between their estimator and (6). Thus for
fixed values of n and m, the tests based on (6) and (7) have the same power.

. Nonparametric distribution function of Vasicek’s estimator:

TV, = log /2762 +0.5 — HV,,
where HV,,, was defined in (6), 62 = Var,, (X), and

0 x<£1 Orx>£n+1a
g&v(x) = . _
l m E<x<&p i=1,...,n,
where §; = (x(l-,m) +-- +X(,~+m,1)) /2m. Hy is rejected for large values of TV,
(See Park, 2003).

. Nonparametric distribution function of Ebrahimi estimator:

TE,,, =log /2762 + 0.5 —HE,,,,

where HE,,,, was defined in (7), 67 = Var,, (X) and

0 x<mp or X> Nyt
ge(x) =

1 .
aro M<X < i=1,.0m,
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with

St — ﬁ D ki (X (merk) — X (1)) 1<i<m,
= ﬁ(x(i—m)+"'+x(i+m—1)) m+1<i<n—-m+]1,
Enmmit T T Dokenmin () = Xm—1)) n—m+2<i<n+1,

and & = (X(j_m) + -+ X(izm—1)) /2m. Hy is rejected for large values of TE,,,. (See
Park, 2003).

5. Nonparametric distribution function of Alizadeh and Arghami estimator (Alizadeh Noughabi
and Arghami, 2010, 2013):

TAyy = log /2762 +0.5 — HA

where

1 & n
HA,,, = E ;m{a,—m (X(i+m) *X(ifm)) } )

with @; = Iy ) (i) + 2Lps 1) (0) + X1, (i), 62 = Varg, (X) and

0 X <M Or X > Mutd,
8alx) = 1 p <mu i=1
Wy <X SN t=1,..n,
with
§1n+l - %ka:i(x(m-q-k) —X(l)) 1<i< m,
M= 2w e ) ml<i<n—m+l,

Enmy1 T % Z;{:n—m+2('x(ﬂ) *x(kfmfl)) n—m+2<i<n+l,
and & = (X(j_m) + -+ X(izm—1)) /2m. Also m = [\/n+ 1]. H is rejected for large
values of TA,,,. The upper-tail 5%-significance values of TA for n = 10,20 and 50
are 0.4422, 0.2805 and 0.1805, respectively.

6. Dimitriev and Tarasenko’s entropy estimator (Dimitriev and Tarasenko, 1973):
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where

HD,, — — / In(f(x))f(x) dox,

where f(x) is the kernel density estimation of f(x) given by

n

. 1 Xi—X;
f(x) = n—hz;k (Tf> (8)
=

where k is a kernel function satisfying [~_k(x) dx = 1 and h is a bandwidth. The
kernel function k being the standard normal density function and the bandwidth
h=1.066n""75. H) is rejected for small values of TD,y,,.

. Corea’s entropy estimator (Corea, 1995):

TC, — exp {HCm,,},
s

where

_ 15 S (X —Xa) (G—1)
HCmn — *Z ;ln{

i+m > 2
n> o (X —Xw)

and X;) = Sk X(j)/(2m+1). Hy is rejected for small values of TC,,,.

Jj=i—m

. Van Es’s entropy estimator (Van Es, 1992):

exp {HEs,, }
s )

TEsy, =

HEs,,, = T —m Z {111 < " (X(i+m) _X(i))> } + Z A +In(m) —In(n+1).

i=1 k=m

H, is rejected for small values of TEs,,,,,.

9. Zamanzade and Arghami’s entropy estimator (Zamanzade and Arghami, 2012):

71, — exp{HZ1,,,} ’
s
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where HZ1,,, = 1 3" In(b;), with

i=1

X(ivm) — X(i—m)

b =
! ky(i)—1, 2 2
ijz(k)l(,-)(f(x(jﬂ))+f(X(j)))(X(j+1)*X(j))/z

(©))

where f is defined as in (8) with the kernel function k being the standard normal
density function and the bandwidth 4 = 1.066n~"/>. Hy is rejected for small values
of TZ1. For n = 10,20 and 50, the lower-tail 5%-significance critical values are
3.403, 3.648 and 3.867.

10. Zamanzade and Arghami’s entropy estimator (Zamanzade and Arghami, 2012):

11.

172, — exp{HZ2,,,} ’
S

where HZ2,,, = >""_, w;In(b;), being coefficients b;’s were defined in (9) and

(m4+i—1)/3_ wi 1<i<m,
wi=13 2m/> " wi m+1<i<n—-m, i=1,...,n,
(n—i+m)/> 7 wi n—m+1<i<n,
are weights proportional to the number of points used in computation of b;’s. Hy

is rejected for small values of TZ2. For n = 10,20 and 50, the lower-tail 5%-
significance critical values are 3.321, 3.520 and 3.721.

Zhang and Wu’s statistics (Zhang and Wu, 2005):

Zg = max [(iO.S)ln

1<i<n

i—0.5 n—i+0.5
— " t(n— i+0.5)ln—] :
nky(Z ;) n(1—Fo(Za))

RN (1/Fo(Z)) — 1) ?
Ze=), (log (7=05)/(i—075) = 1) :

i=1

and

- IOgF()(Z(i)) log(l - F()(Z(i))
Zn=—
A Z<ni+o.5+ i—0.5 ’

i=

The null hypothesis Hy is rejected for large values of the three test statistics.
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12.

13.
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Classical test statistics for normality based skewness and kurtosis from D’ Agostino
and Pearson (D’ Agostino and Pearson, 1973):

T ns N niy
= (m)3/2” =

The null hypothesis Hy is rejected for both small and large values of the two test
statistics.

Transformed skewness and kurtosis statistic from D’ Agostino et al. (1990):

2

K2 = |Z(V/bn)| + [2(62)

where
Z(x/by) = log(Y/c —i—los/g((}v’v/)c)z—i- 1)’
(o2 s 12/ 24
z<b2>—[<1 9A> \/1+y TA@‘\E,
where

c1=64+8/c2(2/cr+1/1 +4/C%),

ey = (6(n* —5n+2)/(n+7)(n+9))\/6(n+3)(n+5)/n(n—2)(n—3),

c3=(by—3(n— 1)/(n+1))/\/24n(n72)(n73)/(n+1)2(n+3)(n+5).
and

3(n*+27n—170)(n+1)(n+3) o 2
(n=2)(n+5)(n+7)(n+9) ° (w2—1)

fr=

Transformed skewness Z(+/b;) and transformed kurtosis Z(b,) is obtained by
D’ Agostino (1970) and Anscombe and Glynn (1983), respectively. The null hy-
pothesis Hy is rejected for large values of K2.
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14. Transformed skewness and kurtosis statistic by Doornik and Hansen (1994):

pH = [2(v5)| +23

¢ 1/3 1
= e —1 e
“ [<2a> +9a

where

V9,

and
E=(by—1—Dby)2k,

(n+5)(n+7)(n*+37n> + 11n — 313)

T RGN 5n—4)

. (n+5)(n+7) ((n—2)(n*+27n—70) + by (n —7)(n* +2n —5))

6(n—3)(n+1)(n>+15n—4)

Transformed kurtosis z, is obtained by Shenton and Bowman (1977). The null
hypothesis Hy is rejected for large values of DH.

15. Bonett and Seier’s statistic (Bonett and Seier, 2002):

Vn+2(w—3)

Zy = )
3.54

where w = 13.29 (ln /my —log (n*' S —X|) ) H, is rejected for both small
and large values of Z,,.
16. D’ Agostino’s statistic (D’ Agostino, 1971):
D— > it (i—(n+1)/2)X;
" N2
”2\/21':1 (x) —X)

Y

Hy is rejected for both small and large values of D.
17. Chen and Shapiro’s statistic (Chen and Shapiro, 1995):

n—1
QH= ! T Xii+n = X
(n—1)s &= M1y — M)’

i=1
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18.

19.

20.

21.
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where M; = @~ !((i —0.375)/(n+0.25)), where @ is the cdf of a standard normal
random variable. Hj is rejected for small values of QH.

Filliben’s statistic (Filliben, 1975):

2 i1 XM
> it M(zi) (n—1)s

where M(i) = CI>_1 (m(l-)) and m) = 1 *0.51/", mp) = 0.51/" and mgy = (i—0.3175)/(n+

0.365) for i =2,...,n— 1. Hy is rejected for small values of r.

del Barrio et al.’s statistic (del Barrio et al., 1999):

Xo [ FNe) d ’

D1 Xy f(k o (1) dt

R,=1— ,
ny

where m;, is the sample standardized second moment. Hy is rejected for large val-
ues of R,,.

Epps and Pulley statistic (Epps and Pulley, 1983):

(X; —Xk) (X;—X)?
= e oo )—zexp< =),
where m;, is the sample standardized second moment. Hy is rejected for large val-

ues of Tgp.

Martinez and Iglewicz’s statistic (Martinez and Iglewicz, 1981):

Z?:] (Xi—M)2

In = )
(n—1)S;

where M is is the sample median and

@ nY iz (Xi—M)*(1-2Z3)*
2

(S -200-52))"

with Z; = (X; — M) /(9A) for |Z;| < 1 and Z; = 0 otherwise, and A is the median of
|X; — M|. Hy is rejected for large values of L.
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22. deWet and Venter statistic (de Wet and Venter, 1972):
n i 2
E, = Xy —X—s®' [ — 2,
2_1:< e <n+1>> /S
H is rejected for large values of E,,.

23. Optimal test (Csorgo and Révész, 1971):

M”:,ijx(”_x_@] <ni1>>2¢<®l <nil>> {q)l <ni1>]H'

H, is rejected for large values of M,,.

24. Pettitt statistic (Pettitt, 1977):

Q”:zn:<¢ <X(i)sx> _nj-1>2 [(b (q)l <ni1>>]2'

i=1

H, is rejected for large values of Q.

25. Three test statistics from LaRiccia (1986):
22 22 _
Tin =Ci,/(s"Bin), Ton =G5,/ (s°Bay), T3n = Tin+ Ton,

where

1 & i i
Cop = — 1% —Ap, @ ! X,
> \/ﬁzl:[ 2<n+1> 2 <n+1>} ®

i=

Also W (u) = [® 1 (u)]? — 1 and W5 (u) = [@ ! (u)]> — 3~ (u). The constants A,,,
Asy, By, and By, are given in Table 1 from LaRiccia (1986). For all three statistics
H, is rejected for large value.

26. Kolmogorov-Smirnov’s (Lilliefors) statistic (Kolmogorov, 1933):

KS = max{ max [1 —FO(Z(J-))] , max [Fo(z(j)) - 1] } :

I<j<n | n 1<j<n n
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217.

28.

29.

30.

31.
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Lilliefors (1967) computed estimated critical points for the Kolmogorov-Smirnov’s
test statistic for testing normality when mean and variance estimated.

Kuiper’s statistic (Kuiper, 1962):

1<j<n 1<j<n n

. i1
V = max [% _FO(Z(j)):| + max [FO(Z(J')) -1 ] :

Louter and Kort (1970) computed estimated critical points for the Kuiper test
statistic for testing normality when mean and variance estimated.

Cramér-von Mises’ statistic (Cramér, 1928 and von Mises, 1931):

W2 = ! +zn: Fo(Z ) 2j—1Y?
" 12n = =) on )

Watson’s statistic (Watson, 1961):

Anderson-Darling’s statistic (Anderson, 1954):
1 n
Al=—n— p > (2i—1) (log(Fo(Zy)) +1log (1= Fo(Zju-i11)))) -
i=1

These classical tests are based on the empirical distribution function and Hj is
rejected for large values of KS, V, W2, U? and A2.

Pearson’s chi-square statistic (D’ Agostino and Stephens, 1986):
P=> (Ci—E)*/E,
i

where C; is the number of counted and E; is the number of expected observations
(under Hp) in class i. The classes are build is such a way that they are equiprobable
under the null hypothesis of normality. The number of classes used for the test is
[2n?/°] where [.] is ceiling function.
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32. Shapiro-Wilk’s statistic (Shapiro and Wilk, 1965):

(Z, 1 A(n—i+1) (X(nfi+1)*X(i))>2

SW = - — ,
Zi:] (X(i) _X)

where coefficients g;’s are given by

m'v—1
(ala"'aan) = (mTV_lv_lm)l/za (10)
and m’ = (my,...,m,) and V are, respectively, the vector of expected values and

the covariance matrix of the order statistic of # iid random variables sampled from
the standard normal distribution. H is rejected for small values of SW.

33. Shapiro-Francia’s statistic (Shapiro and Francia, 1972) is a modification of SW. It
is defined as

(Z?:l biX(i))2

SF= ==l 0/
>im (X —X)?
where
T
m
(bl,...,bn) — W

and m is defined as in (10). Hy is rejected for small values of SF.

34. SJ statistic discussed in Gel, Miao and Gastwirth (2007). It is based on the ratio
of the classical standard deviation & and the robust standard deviation J,, (average
absolute deviation from the median (MAAD)) of the sample data

N

SI=— 11
7 (1)

where J, = \/g % % |Xi — M| and M is the sample median. Hy is rejected for
large values of SJ.

35. Jarque-Bera’s statistic (Jarque and Bera, 1980, 1987):

JB Z—b1+2

by—-3
6 2 )’

4(
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36.

A test for normality based on the empirical distribution function

where /b and b, are the sample skewness and sample kurtosis, respectively. H,
is rejected for large values of JB.

Robust Jarque-Bera’s statistic (Gel and Gastwirth, 2008):

2 2
n [ ms n [ my
RIB= — | — — | —=-3
Ci <Jff> G <Jﬁ ) ’
where J,, is defined as in (11), C; and C; are positive constants. For a 5%-significance

level, C; = 6 and C, = 64 according to Monte Carlo simulations. H is rejected for
large values of RJB.

5. Simulation study

In this section we study the power of the normality test based on H;, and compare it
with a large number of recent and classical normality tests. To facilitate comparisons of
the power of the present test with the powers of the mentioned tests, we select two sets
of alternative distributions:

Set 1. Alternatives listed in in Esteban et al. (2001).
Set 2. Alternatives listed in Gan and Koehler (1990) and Krauczi (2009).

Set 1 of alternative distributions

Following Esteban et al. (2001) we consider the following alternative distributions, that
can be classified in four groups:

Group I: Symmetric distributions with support on (—eo,o0):

Standard Normal (N);

Student’s ¢ (t) with 1 and 3 degrees of freedoms;

Double Exponential (DE) with parameters p = 0 (location) and o = 1 (scale);
Logistic (L) with parameters 1 = 0 (location) and o = 1 (scale);

Group II: Asymmetric distributions with support on (—oo,c0):

e Gumbel (Gu) with parameters oo = 0 (location) and 3 = 1 (scale);
e Skew Normal (SN) with with parameters ;1 = 0 (location), o = 1 (scale) and
a =2 (shape);



Hamzeh Torabi, Narges H. Montazeri and Aurea Grané 73

Group III: Distributions with support on (0,e0):

e Exponential (Exp) with mean 1;

e Gamma (G) with parameters S = 1 (scale) and o = .5,2 (shape);
e Lognormal (LN) with parameters =0 and 0 = .5,1,2;

e Weibull (W) with parameters 3 = 1 (scale) and a = .5,2 (shape);

Group IV: Distributions with support on (0, 1):

e Uniform (Unif);
e Beta (B) with parameters (2,2), (.5,.5), (3,1.5) and (2,1).

Set 2 of alternative distributions

Gan and Koehler (1990) and Krauczi (2009) considered a battery of “difficult alterna-
tives” for comparing normality tests. We also consider them in order to evaluate the
sensitivity of the proposed test. Let U and Z denote a [0, 1]-Uniform and a Standard
Normal random variable, respectively.

Contaminated Normal distribution (CN) with parameters (A, u1,u2,0) given by
the cdf F(x) = (1 — A\)Fo(x, p1, 1) + AFo(x, 2, 0);

Half Normal (HN) distribution, that is, the distribution of |Z|.

Bounded Johnson’s distribution (SB) with parameters (+y, d) of the random variable
eZ=N/0 [ (1 4 Z=/%)

Unbounded Johnson’s distribution (UB) with parameters (-y, ) of the random vari-
able sinh((Z—~)/9);

Triangle type I (Tri) with density function f(x) =1— ¢, -1 <t < I;

Truncated Standard Normal distribution at a and b (TN);

Tukey’s distribution (Tu) with parameter A of the random variable U* — (1 —U)?.
Cauchy distribution with parameters . = 0 (location), o = 1 (scale).

Chi-squared distribution y* with k degrees of freedom.

Tables 2-3 contain the skewness (1/31) and kurtosis (3,) of the previous sets of alter-
native distributions. Alternatives in Set 2 are roughly ordered and grouped in five groups
according to their skewness and kurtosis values in Table 3. These groups correspond
to: symmetric short tailed, symmetric closed to normal, asymmetric short tailed, asym-
metric long tailed. Figure 2 illustrates some of the possible shapes of the pdf’s of the
alternatives in Ser I and Set 2.



74

0.8

0.4

0.0

0.8

0.4

0.0

2.0

1.0

0.0

0.6

02 04

0.0

respectively. These tables show consistency of the test statistic H,,.

A test for normality based on the empirical distribution function

Symmetric short-tailed

—— Beta(.5,.5)
—— Beta(1,1)
— Beta(2,2)

Figure 2: Plots of alternative distributions in Set 1 and Set 2.
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Tables 4-5 contain the estimated value of H,, (for 4(x) = (x—1)?/(x+1)? and h(x) =
xlog(x) —x+ 1, respectively), for each alternative distribution, computed as the average
value from 10000 simulated samples of sizes n = 10,20,50, 100, 1000. In the last row of
these tables (n = «)), we show the value of D(Fy,F}) computed with the the command
integrate in R Software, with (1) and (%) being the expectation and variance of Fi,

Tables 6-7 report the power of the 5% significance level of forty normality tests based
on the statistics considered in Section 4 for the Set I of alternatives.
Tables 8-9 contain the power of the 5% significance level test of normality based on
the most powerful statistics and the alternatives listed in Ser 2.
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Table 10: Ranking from first to the fifth of average powers computed from values in Tables 6-7 for
Set 1 of alternative distributions.

Group I Group II Group III Group IV
Symmetric (—co, o) Asymmetric (—oo,00) Asymmetric(0, o) 0,1)
Rank n=10 n=20 n=10 n=20 n=10 n=20 n=10 n=20
1 SJ SJ H, T, H, Za TV TV
2 RJB RJB T1n H, TV T, TE TE
3 T3, M, Tep Za A H, TV TA
4 M, TZ2 Vby R, T, SW Zc QH
5 E, E, R, SW Za QH QH Zc

Table 11: Ranking from first to the fifth of average powers computed from values in Tables 8-9 for
Set 2 of alternative distributions.

Symmetric Asymmetric

Rank Short tailed Close to Normal Long tailed Short tailed Long tailed
n=10 n=20 n=10 n=20 n=10 n=20 n=10 n=20 n=10 n=20

1 TV TV M, RIB SJ SJ H, H, Tin Tin
2 TA TA SJ M, RIB  RIB TA vV SW  SW
3 SW R, RIB SJ A2 SF TV TA R, R,
4 H, SW SF SF SF A? SW SW H, TA
5 A2 A? SW Tan Tan M, R, R, TA H,

Tables 10-11 contain the ranking from first to the fifth of the average powers com-
puted from the values in Tables 6-7 and 8-9, respectively. By average powers we can
select the tests that are, on average, most powerful against the alternatives from the
given groups.

Power against an alternative distribution has been estimated by the relative frequency
of values of the corresponding statistic in the critical region for 10000 simulated sam-
ples of size n = 10, 20. The maximum reached power is indicated in bold. For computing
the estimated powers of the new test, R software is used. We also use R software for
computing Pearson chi-square and Shapiro-Francia tests by the package (nortest), com-
mand pearson. test and sf. test, respectively, and also the package (lawstat), com-
mand sj.test and rjb. test for SJ and Robast Jarque-Bera tests, respectively. For the
entropy-based test statistics, powers are taken from Zamanzadeh and Arghami (2012)
and Alizadeh and Arghami (2011, 2013). In the case of the test base;l on H,, we also
x—1 )

consider /1 (x) := xlog(x) —x+ 1 for comparison with A, (x) := (45
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Results and recommendations

Based on these comparisons, the following recommendations can be formulated for the
application of the evaluated statistics for testing normality in practice.

Set 1 of alternative distributions (Tables 6-7 and 10): In Group I, for n = 10 and
20, it is seen that the tests based on SJ, RIB, T3, TZ2, M,, and E,, are the most powerful
whereas the tests based on I,,, TV, TC and KL are the least powerful. The difference
of powers between KL and the others is substantial. In Group II, for n = 10 and 20,
it is seen that the tests based on H,, Ty,, Tgp, R,, Z4 and /b; are the most powerful
whereas those based on Ty,, TV, TC, Kl and Z,, are the least powerful. In Group III,
the most powerful tests for n = 10 are those based on H,,, TV, TA and Ty,, and for
n = 20, those based on Z, Ty, H,, and SW are the most powerful. On the other hand,
the least powerful tests are those based on I, and Z, are the least powerful. Finally, in
group IV, the results are not in favour of the proposed tests. In this group, for n = 10 and
20, the most powerful tests are those based on TV, TE, TA, Z¢, Za and r, whereas the
tests based on TZ,, SJ and RJB are the least powerful. The SJ and RJB show very poor
sensitivity against symmetric distributions in [0, 1] such as Unif, B(2,2) or B(.5,.5). For
example, for n = 20, in the case of the [0, 1]-Unif alternative, the SJ test has a power
of .002 while even the H,, test has a power of .156. From Tables 6-7 one can see that
the proportion of times that the SJ and RJIB statistics lie below the 5% point of the null
distribution are greater than those of the H,, statistic.

Note that for the proposed test, the maximum power in Group II and III was typically
attained by choosing /;.

From the simulation study implemented for Set / of alternative distributions we can
lead to different conclusions from that existing in the literature. New and existing results
are reported in Table 12.

Table 12: Comparison of most powerful tests in Groups I-1V, according to
Alizadeh and Arghami (2011, 2013) and Zamanzade and Arghami (2012) with new simulation results.

Alizadeh and Arghami (2011) JB SW KL?r SW KL
Alizadeh and Arghami (2013) A2 SW TA A
Zamanzadeh and Arghami (2012) TZ2 TZ2 or TD TZ1, KL or TD KL or TC
New simulation study SJor RJIB Hyor Ty, Hy or Za TV or TE

4 Statistic based on Vasicek’s estimator
b Statistic using nonparametric distribution of Vasicek’s estimato

Set 2 of alternative distributions (Tables 8-9 and 11): For symmetric short-tailed
distributions, it is seen that the tests based on TV, TA and SW are the most powerful.
For symmetric close to normal and symmetric long tailed distributions, RIB, JB and M,,
are the most powerful. For asymmetric short tailed distributions, H,,, TV and TA are the



Hamzeh Torabi, Narges H. Montazeri and Aurea Grané 83

contaminated normal density power of 5% for n=20
o wi=-3, W=3,06=9 2 - H
(VJ_ — n
S — =02 — KS
_ — A=05 g _ — A2
— A=0.8 — R,
o
N ©
o o |
i <
o o
= -
o
— o
8 o |
© T T T T e T T T T T T
-5 0 5 10 00 02 04 06 08 10
f(x) = (1 =)o, Wy, 1) +Ad(X, Uz, 6) A

Figure 3: Left panel: Probability density functions of Contaminated Normal distribution for several values
of the parameter \. Right panel: Power of the tests based on H,, KS, A% and R,, as a function of X against
alternative CN(\, 1 = =3, up = 3,0 =2).

most powerful. Finally, for asymmetric long tailed distributions, T;,,, SW and R,, are the
most powerful. It is also worth mentioning that the differences between the power of
tests based on TV and H,, in TN(—3, 3) alternative are not considerable.

In Figure 3 we compare the power of the tests based on H,,, KS, A? and R, against
a family of Contaminated Normal alternatives CN(\, pi; = —3,up = 3,0 = 2). The left
panel of Figure 3 contains the probability density functions of Contaminated Normal
alternatives CN(\, iy = —3,up = 3,0 = 1), for A = .2,.5,.8, whereas the right panel
contains the power comparisons for n = 20 and o = 0.05. We can see the good power
results of H,, for 0.2 < A < 0.6.

In general, we can conclude that the proposed test H,, has good performance and
therefore can be used in practice.

Numerical example

Finally, we illustrate the performance of the new proposal through the analysis of a
real data set. One of the most famous tests of normality among practitioners is the
Kolmogorov-Smirnov test, mostly because it is available in any statistical software.
However, one of its drawbacks is the low power against several alternatives (see also
Grané and Fortiana, 2003; Grané, 2012; Grané and Tchirina, 2013).We would like to
emphasize this fact through a numerical example.

Armitage and Berry (1987) provided the weights in ounces of 32 newborn babies(see
also data set 3 of Henry, 2002, p. 342). The approximate ML estimators of i = 111.75
and & = 1/331.03 = 18.19. Also sample skewness and kurtosis are \/b; = —.64 and
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Histogram and theoretical densities
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Figure 4: Histogram and theoretical (normal) distribution for ounces of 32 newborn babies data.

b, = 2.33, respectively. From the histogram of these data it can be observed that the
birth weights are skewed to the left and may be bimodal (see Figure 4).

When fitting the normal distribution to these data, we find that the KS (Kolmogorov-
Smirnov) test does not reject the null hypothesis providing a p-value of 0.093. How-
ever with the H,, statistic we are able to reject the null hypothesis of normality at a
5% significance level, since we obtain H,, = .0006 and the corresponding critical value
for n = 32 is .00047. Also associated p-values of the H,,, SW (Shapiro-Wilk) and SF
(Shapiro-Francia) tests are .015, .024 and .036, respectively. Thus, the non-normality is
more pronounced by the new test at 5% level. In Appendix, we provide an R software
program, to calculate the H,, statistics, the critical points and corresponding p-value.

6. Conclusions

In this paper we propose a statistic to test normality and compare its performance with
40 recent and classical tests for normality and a wide collection of alternative distribu-
tions. As expected (Janssen, 2000), the simulation study shows that none of the statistics
under evaluation can be considered to be the best one for all the alternative distributions
studied. However, the tests based on RIB or SJ have the best performance for symmetric
distributions with the support on (—oo,c0) and the same happens to TV or TA for distri-
butions with the support on (0, 1). Regarding our proposal, H,, and also Ty,, are the most
powerful for asymmetric distributions with the support on (—oo,00) and distributions
with the support on (0, ), mainly for small sample sizes.
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Appendix

h=function(x) (x-1)"2/(x+1)"2
Hn=function(x) {x=sort(x);n=length(x);
F=pnorm(x, mean(x), sd(x)*sqrt(n/(n-1)))+1;
Fn=1:n/n+1; mean(h(F/Fn))}

##weights in ounces of 32 newborn babies,
data=c(72,80,81,84,86,87,92,94,103,106,107,111,112,115,116,118,
119,122,123,123,114,125,126,126,126,127,118,128,128,132,133,142)
Hn(data) ## statistics

n=length(data); B=10000; x=matrix(rnorm(n*B, @, 1), nrow=B, ncol=n)
Ho=apply(x, 1, Hn); Q=quantile(HO, .95); Q ## critical point
length(HO[HO>HNn(data)])/B #i#tp-value
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Point and interval estimation for the logistic
distribution based on record data
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Abstract

In this paper, based on record data from the two-parameter logistic distribution, the maximum
likelihood and Bayes estimators for the two unknown parameters are derived. The maximum like-
lihood estimators and Bayes estimators can not be obtained in explicit forms. We present a simple
method of deriving explicit maximum likelihood estimators by approximating the likelihood func-
tion. Also, an approximation based on the Gibbs sampling procedure is used to obtain the Bayes
estimators. Asymptotic confidence intervals, bootstrap confidence intervals and credible intervals
are also proposed. Monte Carlo simulations are performed to compare the performances of the
different proposed methods. Finally, one real data set has been analysed for illustrative purposes.

MSC: 62G30, 62F10, 62F15, 62E15.

Keywords: Logistic distribution, record data, maximum likelihood estimator, Bayes estimator, Gibbs
sampling.

1. Background and statistical context

Let {Y;,i > 1} be a sequence of independent and identically distributed (iid) random
variables with cumulative distribution function (cdf) G(y;6) and probability density
function (pdf) g(y;#), where 6 is a vector of parameters. An observation Y; is called
an upper record value if Y; > Y; forall i = 1,2,..., j— 1. An analogous definition can be
given for lower record values. Generally, if {U(n), n > 1} is defined by

U(]):l, U(n):min{j:j>U(n—1), Yj>YU(n—1)}a
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for n > 2, then the sequence {Yy(,), n > 1} provides a sequence of upper record statis-
tics. The sequence {U (n), n > 1} represents the record times.

Suppose we observe the first m upper record values Yy (1) = y1,Yy2) = Y2, s Yy(m) =
ym from the cdf G(y;0) and pdf g(y;0). Then, the joint pdf of the first m upper record
values is given (see Ahsanullah, 1995) by

h(y:0) = glym0) T 5220

, Ty < <. <y, <o, (1.1)
i1 1= G(ys0)

where y = (y1,...,Ym). The marginal pdf of the nth record Yy, is

[=In(1 —G(:0))]""
(n—1)!

The definition of record statistics was formulated by Chandler (1952). These statis-
tics are of interest and important in many real life problems involving weather, eco-
nomics, sports data and life testing studies. In reliability and life testing experiments,
many products fail under stress. For example, an electronic component ceases to func-
tion in an environment of too high temperature, a wooden beam breaks when sufficient
perpendicular force is applied to it, and a battery dies under the stress of time. Hence, in
such experiments, measurements may be made sequentially and only the record values
(lower or upper) are observed. For more details and applications of record values, one
may refer to Arnold et al. (1998) and Nevzorov (2001).

The logistic distribution has been used for growth models in the biological sciences,
and is used in a certain type of regression known as the logistic regression. It has many
applications in technological problems including reliability, studies on income, gradua-
tion of mortality statistics, modeling agriculture production data, and analysis of cate-
gorical data. The shape of the logistic distribution is very similar to that of the normal
distribution, but it is more peaked in the center and has heavier tails than the normal
distribution. Because of the similarity of the two distributions, the logistic model has
often been selected as a substitute for the normal model. For more details and other
applications, see Balakrishnan (1992) and Johnson et al. (1995).

Although extensive work has been done on inferential procedures for logistic distri-
bution based on complete and censored data, but not much attention has been paid on
inference based on record data. In this article, we consider the point and interval estima-
tion of the unknown parameters of the logistic distribution based on record data. We first
consider the maximum likelihood estimators (MLEs) of the unknown parameters. It is
observed the MLEs can not be obtained in explicit forms. We present a simple method of
deriving explicit MLEs by approximating the likelihood function. We further consider
the Bayes estimators of the unknown parameters and it is observed the Bayes estimators
and the corresponding credible intervals can not be obtained in explicit forms. We use an

ha(y;0) = g(y;0).
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approximation based on the Gibbs sampling procedure to compute the Bayes estimators
and the corresponding credible intervals.

The rest of the paper is organized as follows. In Section 2, we discuss the MLEs
of the unknown parameters of the logistic distribution. In Section 3, we provide the
approximate maximum likelihood estimators (AMLEs). Bayes estimators and the cor-
responding credible intervals are provided in Section 4. The Fisher information and
different confidence confidence intervals are presented in Section 5. Finally, in Section
4, one numerical example and a Monte Carlo simulation study are given to illustrate the
results.

2. Maximum likelihood estimation

Let the failure time distribution be a logistic distribution with probability density func-
tion (pdf)

e—(y—,LL)/O’
8()’,M7U):U(1+e_(y_u)/g)2 ’ —oo Jy < oo, MGR, U>07 (21)
and cumulative distribution function (cdf)
G(y; = ! R 0 2.2
(y’M’U)_l—i—e*(Y*N)/" ) - <y< ) AUJG ) o >0. ( . )

Consider the random variable X = (Y — u)/o. Then, X has the standard logistic
distribution with pdf and cdf as

—X

e
f(x):m, —o0 < x < oo, (2.3)
and
1
F(X):m, —oo L x < oo, (24)

respectively. Note that g(y;p,0) = 2f((y — p)/0) and G(y;p,0) = F((y — p) /o). It
should also be noted that f(x) and F(x) satisfy the following relationships:

f) =F)[1 = Fx)], f'(x) = fx)[1=2F(x)]. (2.5)

Suppose we observe the first m upper record values Yy (1) = y1, Yy o) =y2, - , Yu(m) =
v from the logistic distribution with pdf (2.1) and cdf (2.2). The likelihood function is
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given by

m—1

L(p,0) = g(ymp,0) [ % (2.6)
i=1 b

By using Egs. (2.3), (2.4) and (2.5), the likelihood function may be rewritten as

m—1

L(p,0) =0 " f(xm) [T F(x) , 2.7

i=1
where x; = (y; — pt) /0. Subsequently, the log-likelihood function is

m—1

InL(p,0) = —mIno +Inf(x,)+ > InF(x;). (2.8)

i=1
Again, by using Eq. (2.5), we derive the likelihood equations for 1 and ¢ from (2.8), as

m—F(xn) — Y _F(x))

i=1

dInL(p,0) 1

=0, (2.9)

au o

dInL(p,0)
do

m—l—Zx,—xm Xm) le xl]—O (2.10)

The MLES [z and 7, respectively of 1 and o, are solution of the system of Egs. (2.9) and
(2.10). They can not be obtained in closed forms and so some iterative methods such as
Newton’s method are required to compute these estimators.

3. Approximate maximum likelihood estimation

It is observed that the likelihood equations (2.9) and (2.10) do not yield explicit estima-
tors for the MLEs, because of the presence of the term F(x;), i = 1,...,m, and they have
to be solved by some iterative methods. However, as mentioned by Tiku and Akkaya
(2004), solving the likelihood equations by iterative methods can be problematic for
reasons of (i) multiple roots, (ii) nonconvergence of iterations, or (iii) convergence to
wrong values. Moreover, these methods are usually very sensitive to their initiate values.
Here, we present a simple method to derive approximate MLEs for i and o by lineariz-
ing the term F'(x;) using Taylor series expansion. Approximate solutions for MLEs have
been discussed in the book by Tiku and Akkaya (2004) for several specific distributions.
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Balakrishnan and Aggarwala (2000), Balakrishnan and Kannan (2000), Balakrishnan
and Asgharzadeh (2005), Agharzadeh (2006), Ragab et al. (2010) and Asgharzadeh et
al. (2011) used approximate solutions for the MLEs, when the data are progressively
censored.

We approximate the term F'(x;) by expanding it in a Taylor series around E (X;) = ¢;.
From Arnold et al. (1998), it is known that

4

F(X;) = U,

where U; is the i-th record statistic from the uniform U (0, 1) distribution. We then have

4

23

and hence

From Arnold et al. (1998), it is known that

1 i+1
E(U,-):l—<§> Li=1,....m.

Since, for the standard logistic distribution, we have

F‘l(u):1n<luu),

we can approximate &; by F~'[1— (1)1 =In(2"! —1).
Now, by expanding the function F(x;) around the point J; and keeping only the first
two terms, we have the following approximation

F(x;) = F(6;) + (xi = 6:) f(6:)
= a; + Bix;, (3.1)

where

o = F((Si) - 5if(5i)7

and

fori=1,--- ,m.
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Using the expression in (3.1), we approximate the likelihood equations in (2.9) and
(2.10) by

dlnL* 1 “
% = [m (i + B ) 2_1: i+ Bixi) | =0, (3.2)
dlnL* 1 - “
% = - m+;xixm(am+ﬁmxm) ;xi(ai+ﬁixi) =0, (3.3
which can be rewritten as
m 1 m m
[mamZai]; Buym+ Y Bovi| + = 5m+2ﬁi]u=0, (3.4)
i=1 i=1 i=1

u u (ﬂmym + Em:1 /Biyi) (am + Zm:] Q; — m)
( Yi = QmYm — aiYi)+ L = !
IZ_I: 12_1: ﬁm+2i:1ﬁi

3.5
ﬁm"‘ZT:]/Bi ( )

m m 2
—(Baym+ Y BoD) + COURS VLD ] =0,
i=1

respectively. By solving the quadratic equation in (3.5) for o, we obtain the approximate
MLE of o as

_ —A++A?_4mB
5= - , (3.6)

where

= = (Buym + 300y Biyi) (m + D01, i —m)
A= i~ GmYm— iyi) + m ) 3.7
(E: Yi— Qmy .E_] ;i) 5 ST (3.7)

(ﬁmym + Z;n:] 51’)’1’)2
ﬂm‘i‘zlr'n:] ﬂi .

= —(Buym+ Y By7) + (3.8)
i=1

Now, by using (3.4), we obtain the approximate MLE of p as

i = C+ D&, (3.9)
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where

C= ﬁmym + Z:H:I 5:%’

L R L (3.10)
6m + Zi:l /Bi 5m + Zi:] 51‘
Note that Eq. (3.5) has two roots but since B < 0, only one root in (3.6) is admissible.
The proof of B < 0 is given in Appendix A.

Note that, the AMLE method has an advantage over the MLE method as the for-
mer provides explicit estimators. The AMLEs in (3.6) and (3.9) can be used as good
starting values for the iterative solution of the likelihood equations (2.9) and (2.10) to
obtain the MLEs. As mentioned in Tiku and Akkaya (2004), the AMLEs of the loca-
tion an scale parameters p and o are asymptotically equivalent to the corresponding
MLEs for any location-scale distribution. This is due to the asymptotic equivalence of
the approximate likelihood and the likelihood equations. The approximate MLEs have
all desirable asymptotic properties of MLEs. They are asymptotically unbiased and ef-
ficient. They have also robustness properties for all the three types distributions: skew,
short-tailed symmetric and long-tailed symmetric distributions. For more details, see
Tiku and Akkaya (2004).

4. Bayesian estimation and credible intervals

In this section, the Bayes estimators of the unknown parameters p and o are derived
under the squared error loss function. Further, the corresponding credible intervals of p
and o are also obtained. It is assumed that joint prior distribution for i and o is in the
form

m(p,0) = m(plo)m(o),

where o has an inverse gamma prior /G(a,b), with the pdf
—L _(a+1)
m(0)<e oo , 0>0, a,b>0,

and p given o has the logistic prior with parameters po and o

_kTHo
e o
mi(plo) = o

_—
o [1+e‘7}

This joint prior is suitable for deriving the posterior distribution in a location and
scale parameter estimation.
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From (2.6), for the logistic distribution, the likelihood function of x and o for the
given record sample y = (y1,y2,...,Ym) is given by

m— m_ 1 7”;# -1
L(p,oly)=e¢" 4 e LI ‘1(:8)," H ) . (4.1)
e o

By combining the likelihood function in (4.1) and the joint prior distribution, we obtain
the joint posterior distribution of p and o as

Yi—H

_b+y"+“00_—(m+a+2) Il?il(l +e o )*l (4 2)
2" ’
[1+ } [”e :0]

Therefore, the Bayes estimators of 1 and o are respectively obtained as

m(p,oly) o< e

Yi— K

Liss = E(ply) k//,ue btym=ro o (m+a+2) Hﬁ-"_](lee* 7 )
12
w0 [1+ } [1+e %]

dodp,

and

oo oo yi—p
~ bom =g o e, (14+e s )t
ops = E(oly) k//e (mtat1) ylm(u )uuo sdody,
—o 0 {H—e‘aHH—e‘a]

where k is the normalizing constant.

It is seen that the Bayes estimators can not be obtained in closed forms. In what
follows, similarly as in Kundu (2007, 2008), we provide the approximate Bayes estima-
tors using a rejection-sampling within the Gibbs sampling procedure. Note that the joint
posterior distribution of x4 and o giveny in (4.2), can be written as

m(p,aly) =< gi1(oly)g2(plo,y). (4.3)

Here g;(coly) is an inverse gamma density function with the shape and scale parameters
asm+a-+ 1 and b+ y,, — po, respectively, and g,(u|o,y) is a proper density function
given by

o

I (1+e )
[1+e] [1+e ]

(4.4)

g2(plo,y) o<




A. Asgharzadeh, R. Valiollahi and M. Abdi 97

To obtain the Bayes estimates using the Gibbs sampling procedure, we need the
following result.

Theorem 1. The conditional distribution of . given o andy, g,(u|o,y), is log-concave.
Proof: See the Appendix B.

Thus, the samples of © can be generated from (4.4) using the method proposed by
Devroye (1984). Now, using Theorem 1, and adopting the method of Devroye (1984),
we can generate the samples (u,0) from the posterior density function (4.3), using the
Gibbs sampling procedure as follows:

1. Generate o from g (.|y).
2. Generate p; from g»(.|oy,y) using the method developed by Devroye (1984).

3. Repeat steps 1 and 2 N times and obtain (p,01),-, (un,0n).
Note that in step 2, we use the Devroye algorithm as follows:

i) Compute ¢ = g2(m|o,y). (m is the mode of g»(.|o,y) ).

i1) Generate U uniform on [0,2], and V uniform on [0,1].
i) fU<1thenpy=UandT=V,elseu=1—In(U—1)andT =V (U —1).
iv) Let p=m+£.

v) If T < é'Z(NCM’ then p is a sample from g, (.|o,y), else go to Step (ii).

Now, the Bayesian estimators of x4 and o under the squared error loss function are
obtained as

N N
Zj:l:u'j ~ Zj:] gj
— ops = .

N N

Iips = (4.5)
Now we obtain the credible intervals of u and o using the idea of Chen and Shao

(1999). To compute the credible intervals of i and o, we generate (i1, ...,y and oy,...,0n

as described above. We then order p1,..., uy and oy,...,0n s iy, - - -, vy and oy, ..., o ().

Then, the 100(1 —7)% credible intervals 1 and o can be constructed as

(M(%N)’ M((l%)N)) ) (W%Nw 0(<17%)N)) : (4.6)
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5. Fisher information and different confidence intervals

In this section, we derive the Fisher information matrix based on the likelihood as well as
the approximate likelihood functions. Using the Fisher information matrix and based on
the asymptotic distribution of MLEs, we can obtain the asymptotic confidence intervals
of 1 and 0. We further, propose two confidence intervals based on the bootstrap method.

5.1. Fisher information

From (2.9) and (2.10), the expected Fisher information matrix of 8 = (u,0) is

oy - [ T B () e
E(BZS;(S;:L,U)) E(821I:91:T(;,0)) I, I»
where
1 m
=~ E[f(Xn)]+ > E[f(X)]]|,
i=1
I = = |m—E[F(X,)) = Y EIF(X)] ~ EXuf (X)) = > EXf(X)]|
i=1 i=1
I =~ mt 237 EIX(1— F(X))] 2B (X, (X,)]
i=1

m

— E[Xpf(Xn)] = Y E[X2£(X,)]

i=1

Similarly, the expected approximate Fisher information matrix of § = (u,0) is ob-
tained to be

92 InL* (p,0) 92 InL* (u,0)
)= - E( auzua ) E( @a(’fa ) (I I 52)
- %InL* (u,0) d%InL* (u,0) - Iikz Iikz ’ '
E( ao'ay/ ) E( 80-2 )
where
1 m
ITI = ; ﬂ’n—"_zﬁi] s

i=1

)

§ 1 m m
ly=—— [m —om— Y0 = 2BuE[Xy] =2 BiE[X]]
i=1

i=1
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12*2:—— m+221—o¢, —20E X, — 3BuE]| 325,

From Ahsanullah (1995), since

EX)|=0, EX]=) (), i>2,

=2
and

i+1 )

=203 ¢() —ii+1) +Z B’
=2 =2

where ((.) is Riemann zeta function {(n) = >, k" and forn > 2

1 1 1
B, (1 + +F T])
we can derive the elements of Fisher information matrix in (5.2). Now, to derive the
elements of Fisher information matrix in (5.1), we need to calculate the expectations

E[f(X)], E[F(X;)]. EX;(1 = F(X))], EX,f(X;)], EIX;F (X;)] and E[X2f(X;)]. We use

the following lemma to compute these expectations.

Lemma 1. Let X; < X5 < --- < X, is the first m upper record values from the standard
logistics distribution with pdf (2.3). Then we have

B0 = 5 - 5 53
E[F(X;)] =1 21 (5.4)
= 1 1 1 1
E[Xif (X)) zg {l(l+3)i - l(l+2)’} +i [5 ﬂ : (5.5)

=1

oo

i 1
EX(1-F(X)| = 5 _; TR (5.6)
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and

jii: [12 20+2) (211+3)i]
ZZ[WM (=]

<l<k<oo
23, :
— l+3 i+1 l(l+2)l+1

1
+i O—%l)[2+2 3H2}. (5.7)

Proof. See the Appendix C.

Moreover, E[X;F (X;)] can be obtained from the expression
E[XiF (Xi)] = E[Xi)]| — E[Xi(1 - F(X;))].

It should be mentioned here that the loss of information due to using record data in-
stead of the complete logistic data can be discussed by comparing the Fisher information
contained in record data with that of the Fisher information contained in the complete
data. Since @ = (u,0) is a vector parameter, the comparison is not a trivial issue. One
method is that to compare the Fisher information matrices for the two data using their
traces. Based on a given data, the trace of Fisher information matrix of 6 = (u,0) is
the sum of the Fisher information measures of y, when o is known, and o, when p is
known. For the logistic distribution, the Fisher information matrix of 8 = (u,0) based
on the first m record observations can be obtained from (5.1). On the other hand, the
Fisher information matrix based on the m complete logistic observations is (see Nadara-

jah (2004))
Jiw Ji
J(6) =
©) <J12 Jzz)’

where
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Table 1: The trace of the Fisher information matrix based on
complete and record observations for different values of m.

Complete observations Record observations
m=2 3.526 3.149
m=3 5.289 4.502
m=>5 8.816 6.916
m=10 17.633 12.131
m=15 26.450 19.175
m =20 35.265 27917

We have computed the traces of the corresponding Fisher information matrices for
both data and the results are reported in Table 1. From Table 1, as expected, we see that
the Fisher information contained in the m complete observations is greater than that the
Fisher information contained in the m record observations.

5.2. Different confidence intervals

Now, the variances of the MLEs 1z and &, can be approximated by inverting the Fisher
information matrix in (5.1), i.e,

< Var(fi) Cov(i,5) >% < Iy I >“ 55

Cov(ﬁ,&) Var(b\) 112 122

The approximate asymptotic variance covariance matrices are valid only if asymptotic
normality holds. For the asymptotic normality, the certain regularity conditions must
be satisfied (see, for example, the conditions in Theorem 4.17 of Shao (2003)). These
conditions mainly relate to differentiability of the density and the ability to interchange
differentiation and integration. In most reasonable problems, the regularity conditions
are often satisfied. Since the logistic distribution satisfies all the the regularity condi-
tions (see Shao (2005), Pages 198-200), we can obtain the approximate 100(1 — )%
confidence intervals of 1 and o using the asymptotic normality of MLEs as

<//J\/—Z1_7/2 \/ Var(p) //I+Z]_7/2 \/ Var(ﬁ)) , (5.9

and

<8zw/2\/v?r(\6> . T4z Va/r<\8>) : (5.10)
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Similarly, the approximate confidence intervals can be obtained based on the AMLEs
also, by inverting the approximate Fisher information in (5.2).

Now, we present two confidence intervals based on the parametric bootstrap meth-
ods: (i) percentile bootstrap method (we call it Boot-p) based on the idea of Efron
(1982), (ii) bootstrap-t method (we refer to it as Boot-t) based on the idea of Hall (1988).
The algorithms for these two bootstrap procedures are briefly described as follows.

(i) Boot-p method:

1.
2.

Estimate p and o, say & and o, from sample based on the MLE procedure.

Generate a bootstrap sample {X;,--- ,X,:} , using /7 and &. Obtain the bootstrap
estimates of x4 and o, say ;i and ¢* using the bootstrap sample.

Repeat Step 2 NBOOT times.

P, s — PO .
Order fiy, s liygoor @S H(yy» " Hinpoor) and O7: . 0xpoor a8 0(p)

/U\(*NBOOT) . Then, the approximate 100(1 — )% confidence intervals for p and o

become, respectively, as

~x 2 s gl A 2 o~ 2
(MBootfp(E) ) IU’Bootfp(l - 5)) ) (UBootfp(E) ’ O-Bootfp(l - E)) . (5.11)

(ii) Boot-t method:

. Estimate p and o, say fi and &, from sample based on the MLE method.

Generate a bootstrap sample {X;,--- ,X:} , using 1z and ¢ and obtain the bootstrap
estimates of 4 and o, say ;i and ¢* using the bootstrap sample.

Determine
To=—m—=> Io ==
Var(i*) Var(c*)

where Var(7i*) and Var(5*) are obtained using (5.8)
Repeat Steps 2 and 3 NBOOT times.

Define [ij;,,,_, = i+ 1/ Va\r(ﬁ*)T; and G, , =0 +1/Var(c*)T;. Order it - - - ,
Bnsoor a8 K1y, Binpoor) ad 01, ,Onpoor S 0(1y,"** 10 (ypoor)- Then, the
approximate 100(1 — )% confidence intervals for  and o become respectively

as

gl

(o1 )+ Ghosr(1=3)) - (5:12)

N2

~x Y ~x%
) ’ MBoot—t(l - E)) ) (UBoot—t(

N2
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6. Data analysis and simulation

In this section, we analyze a real data set to illustrate the estimation methods presented in
the preceding sections. Further, a Monte Carlo simulation study is conducted to compare
the performance of proposed estimators.

6.1. Data analysis

The following data are the total annual rainfall (in inches) during March recorded at
Los Angeles Civic Center from 1973 to 2006 (see the website of Los Angeles Almanac:
www.laalman-ac.com/weather/we(08aa.htm).

2.70 3.78 4.83 1.81 1.89 8.02 5.85 4.79 4.10 3.54
8.37 ©.28 1.29 5.27 ©0.95 0.26 0.81 0.17 5.92 7.12
2.74 1.86 6.98 2.16 0.00 4.06 1.24 2.82 1.17 0.32
4.31 1.17 2.14 2.87

The Los Angeles rainfall data have been used earlier by some authors. See for exam-
ple, Ragab (2006), Madi and Ragab (2007) and Raqab et al. (2010).

We analyzed the above rainfall data by using the logistic distribution with p = 2.905
and 0 = 1.367. It is observed that the Kolmogorov-Smirnov (KS) distance and the cor-
responding p-value are respectively

KS =0.1066, and p-value = 0.8120.

Hence the logistic model (2.1) fits quite well to the above data.
For the above data, we observe the following five upper record values

2.70 3.78 4.83 8.02 8.37
We shall use the above rainfall records to obtain the different estimators discussed in

this paper. Here, we have m = 5,A = —3.644, B = —1.436,C = 4.089 and D = —0.742.
From (3.6), we obtain the AMLE of ¢ as

. —A++A2—4mB
0= 2 =1.012.
m

Now, by using (3.9), the AMLE of p becomes

ji=C+ D& =3.338.
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The MLEs of p and o are then respectively as i = 2.929 and o = 0.998. Note that
the MLEs were obtained by solving the nonlinear equations (2.9) and (2.10) using the
Maple package, in which the AMLEs were used as starting values for the iterations. To
ensure that the solution (& = 2.929,5 = 0.998) of the likelihood equations (2.9) and
(2.10) is indeed a maximum, it must be shown that the matrix of second-order partial
derivatives (Hessian matrix)

2InL(p,0)  9%InL(p,0)

i du? dudo
- ?InL(p,o)  I*InL(p,0) ’
dodu do?

is a negative definite when 1 = 2 and o = . Based on the above rainfall records and for
1t =2.929 and o = 0.998, the Hessian matrix is

H_ —0.5857 0.4156
04156  —5.0194 )’

which can be shown that is negative definite. Therefore, we have indeed found a maxi-
mum. On the other hand, we have also plotted the likelihood function of i and o for the
given record data in Figure 1. From Figure 1, one can observe that the likelihood surface
has curvature in both ¢ and o directions. This leads to the interpretation that MLEs of p
and o are exist and unique.

L(y, o)

Figure 1: Likelihood function of u and o.
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Table 2: Point and interval estimators of u and o.

Point estimators 95% Confidence intervals
MLE AMLE Bayes MLE AMLE p-boot t-boot Bayes

2929 3338 3.649  (2.059,3.798) (1.785.4.889) (0.643,5.554) (1.501,3.641) (2.831,4.239)
o 0998 1.012 1370  (0.625,1.371) (0.689,1.335) (0.251,0.936) (0.719,0.992) (0.592,1.604)

Trace Plot of u Trace Plot of 6
— © :
3. & ] © i
] [QVIS
l I I I I I I I I I I I I
0 2000 4000 0 2000 4000
lterations lterations
ACF Plot of u ACF Plot of o
@ ] @ ]
L o | L o ]
(@] _ Q _|
< N < ]
© S e
o T T 1T T T 1T T 1T T 17T O T T 1T T T 1T T 1T 17171
0 10 20 30 0 10 20 30
Lag Lag

Figure 2: Trace and autocorrelation plots of p and o.

We also computed the Bayes estimators of ¢ and ¢ using Gibbs sampling procedure.
To compute the Bayes estimators, since we do not have any prior information, we have
used very small (close to zero) values of the hyper-parameters on o, i.e. a = b = 0.00001.
In this case, the prior on ¢ is a proper prior but it is almost improper. Since p is a loca-
tion parameter for the logistic prior of i given o, without loss of generality, we assumed
that 1o = 0. For Gibbs sampling procedure we use N = 5000 and we have checked the
convergence of generated samples of 1 and 0. We have used the graphical diagnostics
tools like trace plots and autocorrelation function (ACF) plots for this purpose. Figure
2 shows the trace plots and ACF plots for the parameters. The trace plots look like a
random scatter and show the fine mixing of the chains for both parameters x and o.
ACEF plots show that chains have very low autocorrelations. Based on these plots, we
can fairly conclude that convergence has been attained.

We also computed different confidence intervals namely the approximate confidence
intervals based MLEs and AMLEs, p-boot and t-boot confidence intervals and credible
intervals. All results are reported in Table 2.
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6.2. Simulation study

In this section, a Monte Carlo simulation is conducted to compare the performance of the
different estimators. In this simulation, we have randomly generated 1000 upper record
sample X1,X,,...,X,, from the standard logistic distribution (i.e., 4 =0 and o = 1) and
then computed the MLEs, AMLEs and Bayes estimators of ; and . We then compared
the performances of these estimators in terms of biases, and mean square errors (MSEs).
For computing Bayes estimators, we take 1o = 0. We use both non-informative and
informative priors for the scale parameter o. In case of non-informative prior, we take
a=b=0.Wecall it as Prior 1. For the informative prior, we chosea=3and b =1. We
call it as Prior 2. Clearly Prior 2 is more informative than the non-informative Prior 1.

In Table 3, for different values of m, we reported the average biases, and MSEs of
the MLEs, AMLEs and Bayes estimators over 1000 replications. All the computations
are performed using Visual Maple (V16) package.

Table 3: Biases and MSEs of the MLEs, AMLEs and Bayes estimators for different values of m.

Estimation of Estimation of o
MLE AMLE Bayes MLE AMLE Bayes

Prior 1 Prior 2 Prior1  Prior2

m=72 Bias —0.732 —-0.749 —0.635 —0.608 0.362  0.386 0.310 0.286
MSE 2.619 2.654 2.574 2.543 0.510  0.538 0.497 0.467

m=73 Bias —0.653 —0.681 —0.568 —0.534 0.284  0.297 0.261 0.242
MSE 2.468 2.492 2.419 2.397 0.451 0.468 0.416 0.402

m=>5 Bias —0.558 —0.579 —0488 —0.443 0.142  0.166 0.123 0.107
MSE 2.129 2.171 1.938 1.903 0.109  0.139 0.087 0.073

m=10 Bias —0.313 —-0366 —0.265 —0.244 0.067 0.084 0.041 0.016
MSE 1.567 1.636 1.510 1.482 0.059  0.067 0.049 0.041

m=15 Bias —-0.238 —-0.250 -0.197 —0.170 0.059  0.063 0.053 0.048
MSE 1.148 1.176 1.125 1.107 0.043 0.051 0.034 0.027

m=20 Bias —-0.150 -0.177 —-0.121 —0.104 0.033 0.045 0.021 0.018
MSE 0.999 1.024 0.956 0.937 0.024  0.033 0.018 0.011

From Table 3, we observe that the AMLEs and the MLEs are almost identical in
terms of both bias and MSEs. The AMLEs are almost as efficient as the MLEs for
all sample sizes. Comparing the two Bayes estimators based on two priors 1 and 2, it
is observed that the Bayes estimators based on prior 2 perform better than the Bayes
estimators based on non-informative prior 1. In addition, the Bayes estimators perform
better than the classical estimators MLEs and AMLEs. It is also noted as m increases,
the performances of all estimators better in terms of biases and MSEs.

We also computed the 95% confidence/credible intervals for p and o based on the
asymptotic distributions of the MLEs and AMLEs. We further computed Boot-p, and
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Table 4: Average confidence/credible lengths and coverage probabilities for different values of m.

MLE AMLE p-boot t-boot Bayes

Prior 1 Prior 2

m=2 Length 1.964 1.972 1.937 1.925 1.916 1.892

Cov. Prob. 0.937 0.936 0.938 0.939 0.939 0.940

m=3 Length 1.729 1.741 1.709 1.686 1.681 1.669

< Cov. Prob. 0.938 0.937 0.940 0.941 0.940 0.941

E m=>5 Length 1.411 1.424 1.384 1.377 1.358 1.345

2 Cov. Prob. 0.939 0.937 0.941 0.942 0.941 0.943
<

E m=10 Length 1.097 1.110 1.068 1.046 1.028 1.009

0 Cov. Prob. 0.941 0.940 0.943 0.943 0.943 0.944

m=15 Length 0.804 0.811 0.794 0.783 0.752 0.739

Cov. Prob. 0.943 0.942 0.944 0.945 0.945 0.946

m =20 Length 0.653 0.673 0.634 0.625 0.605 0.590

Cov. Prob. 0.945 0.943 0.945 0.947 0.947 0.948

m=2 Length 1.310 1.328 1.286 1.279 1.271 1.260

Cov. Prob. 0.939 0.936 0.939 0.940 0.939 0.941

m=3 Length 1.186 1.197 1.172 1.164 1.152 1.140

5 Cov. Prob. 0.941 0.939 0.941 0.941 0.942 0.943

E m=>5 Length 0.924 0.931 0.907 0.902 0.894 0.887

2 Cov. Prob. 0.942 0.940 0.943 0.944 0.944 0.945
3

g m=10 Length 0.716 0.724 0.701 0.694 0.680 0.671

0 Cov. Prob. 0.943 0.941 0.943 0.944 0.945 0.946

m=15 Length 0.543 0.560 0.530 0.522 0.516 0.505

Cov. Prob. 0.944 0.942 0.944 0.945 0.946 0.948

m =20 Length 0.375 0.383 0.366 0.359 0.352 0.345

Cov. Prob. 0.946 0.945 0.945 0.947 0.948 0.949

Boot-t confidence intervals, and the credible intervals. Table 4 presents the average con-
fidence/credible lengths and the corresponding coverage probability over 1000 replica-
tions. The nominal level for the confidence intervals is 0.95 in each case.

From Table 4, the length of the 95% confidence interval based on the asymptotic
distribution of the MLE, is slightly smaller than the corresponding length of the interval
based on the asymptotic distribution of the AMLE. We also observe that the Bayesian
credible intervals work slightly better than the bootstrap and asymptotic confidence in-
tervals in terms of both confidence length and coverage probability. Also, Boot-t confi-
dence intervals perform very similarly to the Bayesian credible intervals. The bootstrap
confidence intervals work better than the asymptotic confidence intervals. The Boot-t
confidence intervals perform better than the Boot-p confidence intervals. Also, it is ob-
served that all the simulated coverage probabilities are very close to the nominal level
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95%. Also, for all interval estimators, the confidence lengths and the simulated coverage
percentages decrease as m increases.

Overall speaking, from Tables 3 and 4, we would recommend the use of Bayesian
method for point and interval estimation, especially when reliable prior information
about the logistic parameters is available.

Appendix A

To prove B < 0, we need to show that

(Buym+ 21, Bivi)
/Bm + 271:1 /81'

< (ﬁmyli + Z ﬁiyiz)a
i=1

or equivalently

m m 2 m m m m
2Buym > Biyi+ (Z Bm) <Bn Y B+ Buyn > Bit (Z @-) (Z @y%) :
i=1 i=1 i=1 i=1 i=1 i=1 (Al)
We can rewrite (A.1) as

m m 2 m m m
" (z /ai[zymyi]) ' (z Bm-) <s (z /3,~Lv,-2+y3n]) s (z /si) (z B,-y?> |
i=1 =1 i=1 i=1 i=1

(A2)
Now, since yi2 + y? > 2y;y;, we have

/Bm (Zﬂi[zym)’i]> < ﬂm (Zﬂl[y?—i_y?n]) ’ (A'3)

i=1

and

(Zﬂm) < (Zﬂi) (Zﬁiﬁ) : (A.4)

Now by using (A.3) and (A.4), (A.2) is true and the proof is thus obtained.
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Appendix B (Proof of Theorem 1)
The log-likelihood function of g, (p|o) is
Ing(plo,y) < — Z]n(1 + e 0mm/7) _n(1 4 e Om=m/7) _21n(1 4 ¢~ BH0)/),
i=1

The second derivative of Ing,(u|o,y) is obtained as

e~ bi—m)/o e~ Om—p)/o 2 e~ (u—po)/o

1
2 Z;(]+g(}‘iﬂ)/0)2+(1+e()’mM)/U)2+(1+e(MM0)/a)2 )

which is negative. So, the result follows.

Appendix C (Proof of Lemma 1)

Using the relation (2.5), we have

= [Fen-ren =T rar
P
:/u(lu) (i—])' du
0
r =2t 1! 1 1
:/(1—e Je (1_1)!61 =530
0
and
- i—1
ElF00) = [P =R s
[ in(1— )
- [
0
L i—1 1
:/(le )e (1_1)!61 =1-
0
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We also have

E[Xif(X;)] = E[XiF (X;)(1 - F(X;))]

8

= [ = F ) (@
B (L LA
since F~!(u) = Inu — In(1 — u). Setting t = —In(1 — u), we get
E[X ]m l—e e (l—e)—— lil dt+je2’ )(itiil)!dz

- 1 J1 1
1_1[ 1(143)i 1(1+2)i]Jr [5_5]'

The two other expectations E [X;(1 — F(X;))] and E[X? f(X;)], can be obtained in the
same manner using the binomial expansion and writing In(1 —e™") = —>"7 e

Acknowledgements

We would like to thank the editor for his encouragement and the referees for their con-
structive suggestions and comments that substantially improved the paper.

References

Ahsanullah, M. (1995). Record Values-Theory and Applications. New York, University Press of America
Inc.

Arnold, B. C., Balakrishnan, N., Nagaraja, H. N. (1998). Records. New York, John Wiley and Sons.

Asgharzadeh, A. (2006). Point and interval estimation for a generalized logistic distribution under progres-
sive Type II censoring. Communications in Statistics-Theory and Methods 35, 1685-1702.

Asgharzadeh, A., Valiollahi, R. and Ragab, M. Z. (2011). Stress-strength reliability of Weibull distribution
based on progressively censored samples. SORT, 35, 103-124.

Balakrishnan, N. (1992). Handbook of Logistic Distribution. New York, Dekker.

Balakrishnan, N. and Aggarwala, R. (2000). Progressive Censoring: Theory Methods and Applications.
Birkhéuser, Boston.

Balakrishnan, N. and Asgharzadeh, A. (2005). Inference for the scaled half-logistic distribution based on
progressively Type II censored samples. Communications in Statistics-Theory and Methods, 34, 73—
87.



A. Asgharzadeh, R. Valiollahi and M. Abdi 111

Balakrishnan, N., Chan, P.S. (1998). On the normal record values and associated inference. Statistics and
Probability Letters, 39, 73-80.
Balakrishnan, N., Kannan, N. (2000). Point and interval estimation for the parameters of the logistic distri-
bution based on progressively Type-2 censored samples. Handbook of Statistics, 20, 431-456.
Chandler, K. N. (1952). The distribution and frequency of record values. Journal of the Royal Statistical
Society, B14, 220-228.

Chen, M. H., Shao, Q. M. (1999). Monte Carlo estimation of Bayesian credible and HPD intervals, Journal
of Computational and Graphical Statistics, 8, 69-92.

Devroye, L. (1984). A simple algorithm for generating random variates with a log-concave density. Com-
puting, 33, 247-257.

Efron, B. (1982). The Jackknife, the Bootstrap and Other Re-Sampling Plans. Philadelphia, PA: SIAM, vol.
38, CBMS-NSF Regional Conference Series in Applied Mathematics.

Hall, P. (1988). Theoretical comparison of bootstrap confidence intervals, Annals of Statistics, 16, 927-953.

Johnson, N.L., Kotz, S. and Balakrishnan, N. (1995). Continuous Univariate Distributions, vol. 2, 2-nd
edition. New York, John Wiley and Sons.

Kundu, D. (2007). On hybrid censoring Weibull distribution. Journal of Statistical Planning and Inference,
137, 2127-2142.

Kundu, D. (2008). Bayesian inference and life testing plan for the Weibull distribution in presence of pro-
gressive censoring. Technometrics, 50,144—154.

Madi, M. T. and Raqab, M. Z. (2007). Bayesian prediction of rainfall records using the generalized expo-
nential distribution. Environmetrics, 18, 541-549.

Nadarajah, S. (2004). Information matrix for logistic distributions. Mathematical and Computer Modelling,
40, 953-958.

Nevzorov, V. (2001). Records: Mathematical Theory. In: Translation of Mathematical Monographs, vol.
194. Amer. Math. Soc. Providence, RI, USA.

Raqgab, M. Z. (2006). Nonparametric prediction intervals for the future rainfall records. Environmetrics, 17,
457-464.

Ragab, M. Z., Asgharzadeh, A. and Valiollahi. R. (2010). Prediction for Pareto distribution based on pro-
gressively Type-II censored samples. Computational Statistics and Data Analysis, 54, 1732-1743.

Tiku, M. L. and Akkaya A. D. (2004) Robust Estimation and Hypothesis Testing. New Delhi, New Age
International.

Shao, J. (2003) Mathematical Statistics. Second edition, New Work, Springer-Verlag.

Shao, J. (2005) Mathematical Statistics: Exercises and Solutions. New York, Springer-Verlag.






SORT 40 (1) January-June 2016, 113-138

A goodness-of-fit test for the multivariate
Poisson distribution

F. Novoa-Muifioz!* and M.D. Jiménez-Gamero?

Abstract

Bivariate count data arise in several different disciplines and the bivariate Poisson distribution is
commonly used to model them. This paper proposes and studies a computationally convenient
goodness-of-fit test for this distribution, which is based on an empirical counterpart of a system of
equations. The test is consistent against fixed alternatives. The null distribution of the test can be
consistently approximated by a parametric bootstrap and by a weighted bootstrap. The goodness
of these bootstrap estimators and the power for finite sample sizes are numerically studied. It is
shown that the proposed test can be naturally extended to the multivariate Poisson distribution.

MSC: 62F03; 62F05; 62F12; 62F40.

Keywords: Bivariate Poisson distribution, goodness-of-fit, empirical probability generating func-
tion, parametric bootstrap, weighted bootstrap, multivariate Poisson distribution.

1. Introduction

Univariate count data appear in many real life situations and the univariate Poisson dis-
tribution is frequently used to model this kind of data (see for example Haight, 1967;
Johnson and Kotz 1969; Sahai and Khurshid, 1993). Giirtler and Henze (2000) present
a wide variety of procedures for testing goodness-of-fit (gof) for the univariate Poisson
distribution.

In practice, bivariate count data appear in different areas of knowledge and the bi-
variate Poisson distribution (BPD), being a generalization of the Poisson distribution,
plays a key role in modelling them, provided that such data present a positive correlation.
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Different authors have given a definition for the BPD (see for example Kocherlakota and
Kocherlakota, 1992). In this article we will work with the one that has received more
attention (see for example Holgate, 1964; Johnson, Kotz and Balakrishnan, 1997). Let

Xi=Y1+Y; and X,=Y,+Y3,

where Y;,Y, and Y3 are mutually independent Poisson random variables with means
0y =6,—6;>0,0,=0,—603 >0 and 63 > 0, respectively. The joint distribution of
the vector (X,X;) is called BPD with parameter 6 = (6;,6,,63), (X1,X2) ~ BP(0) for
short. In the statistical literature on gof tests for the BPD, which is not so rich as in the
univariate case, we found the following: the tests given by Crockett (1979), Loukas and
Kemp (1986), Rayner and Best (1995) —these three tests are not consistent against all
fixed alternatives — and, more recently, the tests in Novoa-Muioz and Jiménez-Gamero
(2014) (hereafter abbreviated to NIJ).

The two tests in NJ are consistent against all fixed alternatives. The results in Janssen
(2000) assert that the global power function of any nonparametric test is flat on balls of
alternatives except for alternatives coming from a finite dimensional subspace. Because
of this reason, it is interesting to propose new gof tests able to detect different sets of
alternatives.

This paper presents a consistent gof test for the BPD. It is based on the following:
since the probability generating function (pgf) of the BPD is the unique pgf satisfying
certain system of partial differential equations, and the empirical probability generat-
ing function (epgf) consistently estimates the pgf, the epgf should approximately satisfy
such system. The proposed test statistic is a function of the coefficients of the polyno-
mials of an empirical version of that system. The asymptotic behaviour of the proposed
test under alternatives is shared with the ones in NJ. An advantage of the test proposed
in this paper over those in NJ is that its application does not entail the choice of a weight
function, which is rather arbitrary.

The null distribution of the test statistic can be consistently approximated by a para-
metric bootstrap as well as by means of a weighted bootstrap. The finite sample perfor-
mance of the proposed test is investigated by means of a simulation study, where the
goodness of the proposed approximations is numerically studied and the test is com-
pared, in terms of power, to the tests cited above. The numerical power study reveals
that, as expected from the results in Janssen (2000), there is no test yielding the highest
power against all considered alternatives. In most cases, the power of the proposed test
is quite close to the highest one; in other cases, the proposed test is the most powerful.
In addition, from a computational point of view, the test proposed in this paper is more
efficient than its competitors.

The work is organized as follows. Section 2 introduces the test statistic and derives
its asymptotic null distribution. Since the asymptotic null distribution does not provide
a useful means of approximating the null distribution of the test statistic, Section 3 stud-
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ies two bootstrap estimators. Specifically, it is shown that the parametric bootstrap and
a conveniently defined weighted bootstrap estimators produce consistent null distribu-
tion estimators. This Section also studies the power of the resulting tests against fixed
alternatives. Section 4 deals with the practical implementation of the bootstrap null dis-
tribution estimators as well as other related issues. Section 5 reports a summary of the
results of a simulation study carried out to examine the finite sample performance of the
tests and to compare them with the existing ones. All stated results are valid for 63 > 0.
Section 6 deals with the case 63 = 0. Section 7 shows how the proposed technique can
be applied to the general multivariate case. All proofs are relegated to the last section.
Hereinafter we shall use the following notation: all vectors are row vectors and V'
is the transposed of the row vector v; for any vector v, v, denotes its kth coordinate,
and ||v|| its Euclidean norm; Ny = {0,1,2,3,...}; I{A} denotes the indicator function
of the set A; Py denotes the probability law of the BPD with parameter 6; P denotes
the probability law of the data; Ey denotes expectation with respect to the probability
function Py; E denotes expectation with respect to the true probability function of the
data; P, denote the probability law, given the data; all limits in this work are taken as n —

L T P . .
o0; — denotes convergence in distribution; — denotes convergence in probability;
2% denotes almost sure (a.s.) convergence; for any function 4 : § C R” — R, for some
fixed m € N, we will denote

ak

DU h(u) = =g gy h(u),
1 m

Yai,...,a, € Ngsuchthatk=a;+ -+ ay.

2. The test statistic and its asymptotic null distribution
Let X; = (X11,X12), X2 = (X21,X2), ..., X, = (Xu1,X,2) be independent identically dis-
tributed (iid) from a random vector X = (X;,X5) € N(Z). Based on the sample X, X5, ..., X,
the objective is to test the hypothesis

Hy: (X1,X3) ~ BP(6,,0,,05), for some (6,,0,,03) € O,

against the alternative

H: (X],Xz) OOBP(91792793), V(91792,93) E@,



116 A goodness-of-fit test for the multivariate Poisson distribution

where © = {(6;,6,,63) €R* : 0, > 63, 6, > 063, 63 > 0}. Since the distribution of a
random vector X = (X;,X,) € N2 is determined by its pgf g(u) = E (ufl u;(z) Ju=
(u1,uz) € [0,1]2, and the joint pgf of a random vector X ~ BP(f) is

8(u:0) = Eg(uy't?) = exp{ 0 (1 — 1)+ 02(ur — 1) + 03(u; — 1)z — 1)}, (1)
testing Hy vs H; is equivalent to testing
Hy: g(u) = g(u:0), Yu € [0,1)?, for some (6,6,,03) € @,
versus
H, : g(u) # g(u;0), for some u € [0,1]%, V (6,,6,,63) € ©.
Proposition 2 in NJ shows that g(uy,u,;6) is the only pgfin G, = {g:[0,1]> = R,
such that g is a pgf and aBTIg(”l’W) and aiuzg(ul,uz) exist V(up,up) € [0,1]%} satisfying
the following system,

Di(u:0)=0, i=12, Vuel0,1]?

where

0
Di(u;0) = a_mg(“l’”2) — {01+ 03(us — 1) } g(u1,u2),

Dy (u;0) = aiuzg(ul,uz) — {02+ 03(ur — 1)} g(ur,u2).

Now we consider the following empirical versions of the functions D;(u;0),i= 1,2,

A d A
D1y (u;0) = a—ulg"(”l’uz) — {01+ 03(uz — 1) } gu(ur,u2),
DZn(u;é) = 8—u28”(u1’u2) - {52-1-53(”1 - 1)} gn(uy,u2),

where 0 = (él .0, ég) is a consistent estimator of # and g, (u,uy) is the epgf associated
to the data,

1 n

Xi1, Xi

gn(ur,up) = - g u iy
i=1
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Proposition 1 in NJ shows that g(u) and its derivatives can be consistently estimated by
the epgf and the derivatives of the epgf, respectively. Thus, if Hy is true then D]n(u;é)
and Dy, (u;0) should be close to 0, Vu € [0, 1]%. This proximity to O can be interpreted in
several ways. For example, NJ interpreted this proximity as

Sun(d) = n / (D1n(1:0)? + Do (102} w(10)dut ~ 0, 2

where w(u) is a non-negative function on [0, 1]2.
Here we present another interpretation, reasoning as in Nakamura and Pérez-Abreu
(1993) for the univariate case. With this aim, observe that

Din(u;0) = ZZdi(r,s;é)u{ui, i=1,2, (3)
r>0 s>0
where
dl(raS;é) = (I’+ 1)pn(1’+ I,S) - (él 79A3)pn(ras) *é3pn(rasi l)a
dZ(raS;é) = (S+ l)pn(r,s+ 1) - (é27é3)pn(ras) *é3pn(r* 1,S),
and
1 n
pa(rys) = ;ZI(XH =rXn=s)
k=1

is the relative frequency of the pair (r,s). Thus, Dy, (1;0) = 0, Yu € [0,1]%,i = 1,2, if and
only if the coefficient of uju5 in the right hand side of (3) is null, Vr,s > 0, i = 1,2. This
leads us to consider the following statistic for testing H,

Wa(0) =) {di(r5:0) + do(r,5:0)*} = Y {di(1,5:0)” + da(r,5:0)°}, ()

r>0 s>0 r,s=0

where M = max{X(,)1,X(n)2}> X(n)x = maxi <<, Xi, k = 1,2.
Taking into account that

S A
di(r,s:0) == duns(Xi), k=12,
i=1
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with

O1s()=(r+DIxy=r+1Lx,=5)— (01— 0:3)[(x; =rx;=5)—0:1(x; =r,x, =s—1),
Gus(0)=(s+D)I(x1=rxa=s+1)—(h—03)[(x; =rx,=5)—031(x; =r—1,x, =5),

where x = (x;,x,), the statistic W, (d) can be expressed as follows,

nzthX 0),

with

h(x,y;0) = hi(x,;0) + ha(x,y30),
hi(x,y30) = 32,50 2520 P1rs(x50) P115(30)
= {x1 + (01 = 03)> + 05} (x1 = y1,x2 = y2) — (61 — 03)x:1 1 (x1 = y1 + 1,x2 = y2)
—O3x1(x1 =y1+ Lxy =y2 + 1)+ (61 — 03)031(x1 = y1,00 = y2 + 1)

—(Or—)yIyi=x1+1Ly2=x)—yl(y1 =x1+ 1,y =x+1)
+(01 —03)031(y1 =x1,y2 =x2+ 1),

hy(x,y;0) = ZrZO Zszo Gars(X,0) P25(v30)
= {3+ (02— 05)> + 03} (x1 = y1,%2 = y2) — (02— 03)x2l (x; = 1,00 = y2 + 1)
=030l (x1 =1+ 1L,xy = y2 + 1) + (02— 03)031 (x) = y1 + 1,52 = y2)
—(02=03)y2l(y1 =x1,y2 =x2+ 1) =032l (y1 = x1 + 1, )2 =52+ 1)
+(02 —05)031(y1 = x1+ 1,52 = x2),
where x = (x1,x;) and y = (y1,2).

In order to give a sound justification of W, (0) as a test statistic for testing Hy we next
derive its a.s. limit.

Theorem 1 Let X1,X>,...,X, be iid from X = (X1,X2) € N3 with E(X?) < oo, k=1,2.
Let p(r,s) = P(X; = r,Xy = 5). If 0 255 0, for some 6 € R3, then

Wa(0) <> {a1(r,5:0)* + as(r,5:0)*} = n(P:0),

7,5>0

where
ai(r,s;0) = (r+1)p(r+1,5) = (61— 63)p(r,s) — b3p(r,s — 1),

ay(r,s;0) = (s+1)p(r,s+1) — (02— 63)p(r,s) — O3p(r — 1,s).
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Note that n(P;6) > 0 and, taking into account that

Dk(u;e)zzzak(raS;e)uquéﬂ k:1>2a

r>0 s>0

it follows that n(P;6) = 0 if and only if Hy is true. Thus, a reasonable test for testing H
should reject the null hypothesis for large values of Wn(é). Now, to determine what are
large values we must calculate its null distribution, or at least an approximation to it.

We first try to estimate the null distribution of W, (4) by means of its asymptotic null
distribution. In order to derive it, it will be assumed that the estimator 0 is asymptotically
linear, as expressed in the next assumption.

Assumption 1 Under Hy, if 0 = (01,0,,03) € ® denotes the true parameter value, then

Vn(0—-6)= % Ze(x,.;e)Jrop(l),

where £: N2 x ® — R3 is such that Eg {¢ (X1;0)} =0 and J (0) = Eg { £ (X1;0)" ¢ (X1;6) }
< oo,

Assumption 1 is not restrictive at all since it is fulfilled by some commonly used
estimators such as the moment estimator, the maximum likelihood estimator, the double
zero estimator, the even points estimator and the conditional even points estimator (see
Kocherlakota and Kocherlakota, 1992, and Papageorgiou and Loukas, 1988).

The next result gives the asymptotic null distribution of W,, ().

Theorem 2 Let X1,X;,...,X, be iid from X = (X1,Xz) ~ BP(01,60,,03). Suppose that
Assumption 1 holds. Then

A L

jz1

where X31,X%,, ... are independent x* variates with one degree of freedom and the set
{A;} are the non-null eigenvalues of the operator C(8) defined on the function space
{7 :N{ = R, such that Eg [T*(X)] < =,V € ®}, as follows

C(0)71(x) = Eg{K(x,X;0)T(X)},

with K (x,y;60) = h(x,y;0) +£(x;0) (33 0)'+ £ (y:0) po(x; 0) ™+ £ (x; 0) S (0) £(v:0)', pu(ox;0) =
(p1(x30), p2(x30), 3 (x39)),
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pi(x:0) = —x1Py(x1 — 1,x2) + 03P (x1,x00+ 1) + (61 — 63) Py (x1,x2),

p2(x30) = —x2Pg(x1,00 — 1) + 03P (x1 + 1,x2) + (62 — 63) Py (x1,x2),

w3(x;0) = —pi(x;0) —x1Py(x) — 1,xa — 1) + 03Py (x1,x2) + (61 — 03) Py (x1,x00 — 1)
( )

—,uz(x;H) —x2Py(x1 —1,xp — 1) +93P9(X1,X2) + (92 — 05 P@(xl — I,XQ),

$(0) =2 1205(0),

alb—a) a(c—a) (b—a)’>+(c—a)?

a=Py(r,s), b="Py(r,s—1),c=Py(r—1,s),

The asymptotic null distribution of Wn(é) does not provide a useful approximation
to its null distribution since it depends on the unknown true value of 6. Even if 6 were
known or replaced by an appropriate estimator, to determine the eigenvalues of an oper-
ator is a rather hard problem.

So, we next study two further ways of approximating it: a parametric bootstrap (PB)
estimator and a weighted bootstrap (WB) estimator.

3. Approximating the null distribution

3.1. Parametric bootstrap

Let X1,X>,...,X, be iid taking values in N3 such that [ 9(X1,X2,...,Xn) € 0. Let
X7,X5,...,X, be iid from a population with distribution BP(@), given X1, X>, ..., X,,
and let W7 (@*) be the bootstrap version of W, () obtained by replacing X, X, ..., X,
and 0 = é(X],Xz,...,X,,) by X7,X5,...,X), and 0* = HA(X]*,X;...,X;), respectively,
in the expression of W, (9) To prove that the PB can be used to consistently approximate
the null distribution of Wn(é), we will assume the following, which is a bit stronger than
Assumption 1.

Assumption 2 Assumption 1 holds and the functions ¢ and J satisfy

(1) supyee, Eg (116X 9) | PI{|6(X;9)|| > 7v}] — 0, as v — o, where ®) C @ is an
open neighborhood of 6.

(2) L(X;9) and J(V¥) are continuous as functions of O at O = 0 and J(V) is finite
Y € .
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Theorem 3 Let X1,X,...,X, beiid from X = (X1,X;) € N(Z). Suppose that Assumption
2 holds and that § 2550, for some 0 € ®. Then

sup
xeR

P {nW; (0°) <x} — Py {nW,(0) <x}| == 0.

Let wy, ,, = inf{x: P.(W; (6*) > x) < a} be the o upper percentile of the PB distri-
bution of Wn(é) and let W,,,; be the observed value of the test statistic. From Theorem 3,
the test function

1, ifW,(0)>w:,,
‘PPB — { n,x

0, otherwise,

or equivalently, the test that rejects Hy when p* = P, (Wn*(é*) > Wobs) < a, is asymptot-
ically correct in the sense that Py(¥Ppz = 1) — a.

3.2. Weighted bootstrap

From the proof of Theorem 2, when H is true, we have that nW,,(6) = nW,,(6) +op(1),
where

1 n
nWin(6) = > K(X;,X:0),

i,j=1

which converges in law to Wp = > i>1 A jxf ;- As observed before, the greatest difficulty
with Wy is to determine the set {)\;}. Nevertheless, Delhing and Mikosch (1994) have
shown that the eigenvalues {);} can be consistently (a.s.) approximated by the eigen-
values of the matrix

1
Hn: (—K(XI,XJ,H)) s
n

1<i,j<n

say 5\1,... ,5\,1. Therefore, we could approximate the null distribution of nWm(é) (and
thus that of an(é)) through the conditional distribution, given X1, ...,X,, of

n
* I .2
nWy, = E AjX1j-
j=1

This is tantamount to approximate the null distribution of nW;,(#) by means of the
conditional distribution, given X,...,X,,, of
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* 1 -

ij=1

where ¢i,...,§, are iid from a standard normal distribution, N (0, 1), independent of
Xi,...,X,, that is, by means of the WB distribution of nWln(é), in the sense of Burke
(2000). The main problem with this approach is that K(x,y;#) is unknown because it
depends on 6, which is unknown, and because it also depends on £(x; 6), which is usually
unknown. To overcome this problem we replace 6 by # and £(x;6) by #(x;#) which is
assumed to satisfy

l — A Ao p

- 06(X10)—0X;0)> 0,
n;” 1(X:0) = 6X:0)[|” — )
with E{||¢1(X;0)||*} < o and £;(x;0) = £(x;0) if Hy is true.

So, instead of nW;,(A) we consider
W5, (0) =Y Aixi s
j=1

where Aj,...,\, are the eigenvalues of the matrix

N 1.
Hn: <—K(X1,X],9)> s
n 1<i,j<n

with K (x,y;0) = h(x,y:60) +0(x;0) pn(y; 0) ™+ (y;0) 11 (x;0)"+ £ (x;6)S(6) (v 6)". The next
theorem gives the limit of the conditional distribution of nWj, (), given X1, ..., X,.

Theorem 4 Let X1,X>,...,X, beiid from X = (X1,X2) € N3 with E(X?) < o0, k=1,2.
Suppose that 0 i>9, for some 0 € © and that (5) holds. Then,

sup [P, {nW;, (9) <x} —P{W; <x}| 2> 0, (6)

where Wi =3 -, )‘ljx%j’ {1} are the non-null eigenvalues of the operator C,(0) de-
fined on the function space {7 : Nj — R, such that E [7*(X)] < e}, as follows

C1(0)7(x) = E{K\(x,X;0)7(X)},

with Ky (x,y;0) = h(x,y;0) + £, (x;0) (33 0) + £, (y;0) (2 0) "+ €1 (x;0) S (0) 41 (y; 6)".
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Remark 1 If in addition to the assumptions in Theorem 4 we assume that > and
that the limit in (5) is a.s., then the convergence in (6) is a.s.

Remark 2 The result in Theorem 4 keeps on being true if instead of using the raw
multipliers, £, ...,&,, we use the centered multipliers, &, —&,...,&, — &, as suggested in
Burke (2000) and Kojadinovic and Yan (2012).

Letwj, , =inf{x: P (W5 (0) > x) < a} be the a upper percentile of the WB distri-
bution of W, (#). From Theorems 2 and 4, the test function

) L i Wa(8) 2 w30,
Wyp = { e

0, otherwise,

or equivalently, the test that rejects Hy when p* = P, (Wz*n(é) > W(,bs) < a, is asymptot-
ically correct.

3.3. Behaviour against alternatives

This subsections shows that, in contrast to the tests given by Crockett (1979), Loukas
and Kemp (1986) and Rayner and Best (1995), the tests W55 and Wy, are consistent,
that is, they are able to detect any fixed alternative.

As an immediate consequence of Theorems 1 and 3 (Theorems 1 and 4) the next
result gives the asymptotic power of the test Wp5 (W}, 5) against fixed alternatives.

Corollary 1 Let X1,X,,...,X, be iid from X € N3 with pgf g(u). Suppose that assump-
tions in Theorems 1 and 3 hold. If n(P;0) > 0, then P(Wpg=1) — 1.

Corollary 2 Let X1,X,...,X, be iid from X € N} with pgf g(u). Suppose that assump-
tions in Theorems 1 and 4 hold. If n(P;0) > 0, then P(Wyz =1) — L.

It can be shown that the proposed tests are also able to detect local alternatives con-
verging to the null at the rate n~ /2. The statement and the proof of this result are quite
similar to those of Theorem 4 in NJ, for the PB, and of Theorem 4 in Jiménez-Gamero
and Kim (2015), for the WB. So, in order to save space, we omit it.

Although the tests W, and Wy, both asymptotically correct and consistent, their
power for finite sample sizes differ. This point will be numerically studied by simulation
in Section 5.
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4. Some practical considerations

4.1. Bootstrap algorithms

In practice, the exact bootstrap estimator of the null distribution of W, (4) cannot be
calculated. As usual, we approximate it by simulation as follows:

PB algorithm

1. Estimate 6 through 0 and compute the observed value of the test statistic W,;.
2. For some large integer B, repeat for every b € {1,...,B}:
(a) Generate X*” = (X710, X30,...,X:?), where X3°. X3P, ... . X;? are iid from a
BP(9).
(b) Calculate the test statistic evaluated at X**, obtaining W*(§*?).
3. Approximate the p-value by p = £ S0 [{W,?(0*") > Wip, }.

In contrast to the PB distribution, the exact WB estimator of the null distribution of
Wn(é) can be calculated by using some numerical approximation method, as for example
Imhof’s (1961) method. Thus, to calculate the WB distribution of W, (#) we can proceed
as follows:

WB algorithm 1

1. Estimate 6 through 0 and compute the observed value of the test statistic W,;.
2. Calculate mi; = [%(Xi,Xj;é), 1 <i < j < n. Note that mj; = m;;j.
3. Calculate the eigenvalues of H,, \i,..., \,.

4. Approximate the p-value by p = P, (Z;f:l b jx% ;> Wobs).

The WB estimator can be also approximated by simulation as follows:

WB algorithm 2

1. Estimate 6 through 0 and compute the observed value of the test statistic W,;.
2. Calculate m;; = I%(Xi,Xj;HA), 1 <i < j<n. Note that mj; = m;;.
3. For some large integer B, repeat for every b € {1,...,B}:
(a) Generate n iid N(0, 1) variates &, ... ,&,.
(b) Calculate W2 (0) = 5 37, &&my; (or Wa (0) = 537, (& — &)(& — E)miy.
as observed in Remark 2).
4. Approximate the p-value by p= L350 [{W;?(0) > Wi }.
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4.2. Point estimators

All above theory assumes that the considered estimator 0 satisfies Assumption 1. Com-
monly used estimators such as maximum likelihood estimators (MLE) and method of
moment estimators (MME) satisfy it. Lemmas 1 and 3 in Jiménez-Gamero and Kim
(2015) show that the functions ¢ associated to MLEs and MMEs can be approximated
by / satisfying (5), and give the expressions of such approximations. Specifically, if 6 is
estimated by means of its MLE, then a choice for £ = /), satisfying (5) is

O ((x1,%2)30) = <x1 — 01,00 — 61,03 (

HO) <P9(x1 Lo Plx-lx) Plxxn-1) +1)>,

Py(x1,x2) Py(x1,x2) Py(x1,x2)

Py(xi —1,x0)  Pylxi,xo—1) 2)
Py(x1,x2) Py(x1,x2)

where
03(61 + 60, —2605)(Q — 1) — 03+ (01 — 2605) (02 — 265)
(9192*95)(Q*1)*91*92+293 ’

i, jeNy P@(la.])

f(0) =

If 8 is estimated by means of its MME, then a choice for 0 =lyy satisfying (5) is

éMM((xla)Q);a) = (Xl —01,x2—0s, —92()61 —91) —91()62 - 92) +x1x2 — 03 —9192)-

5. Finite sample performance

The properties so far studied are asymptotic. To study the finite sample performance
of the proposed tests, we conducted a simulation experiment. In this section we briefly
describe it and display a summary of the results obtained. All computations in this paper
were performed by using programs written in the R language (R Development Core
Team, 2015).

We started by comparing the proposed approximations to the null distribution of the
test statistic W,,(#) from the point of view of the required time to get a p-value. Several
values of 01, 8> and 65 were considered. We observed that the value of 65 has almost no
influence in the required computation time. In contrast, the values of 6, and 6, have a
high impact. We also tried two methods to estimate the parameters: maximum likelihood
(ML) and the method of moments (MM), and observed that the choice of the method
has little mark on the consumed time. The method used to estimate the null distribution
has a high repercussion on the consumed time. In order to value some of these facts,



126 A goodness-of-fit test for the multivariate Poisson distribution

Table 1: CPU time (in seconds) to get a p-value with B = 1000.

ML n =50 n =100 n =200
01 0, PB WB2 WB1 PB WB2 WB1 PB WB2 WB1
1 1 8.37 0.11 0.07 9.31 0.25 0.15 10.25 0.72 0.46
1 3 13.15 0.14 0.09 17.20 0.27 0.18 19.72 0.74 0.49
3 3 23.57 0.14 0.10 30.12 0.27 0.17 41.15 0.74 0.46
3 10 57.27 0.22 0.22 60.90 0.36 0.29 87.06 0.82 0.59

10 10 132.32 0.28 0.22 187.57 0.36 0.30 277.43 0.86 0.60
10 50 188.64 2.08 2.17 317.47 2.34 242 449.14 3.29 2.89
50 50 621.02 2.29 2.40 1160.52 2.48 243 2340.78 3.45 3.03

MM n =50 n =100 n =200
0, 23 PB WB2 WBI PB WB2 WB1 PB WB2 WB1
1 1 7.69 0.11 0.07 9.82 0.25 0.15 10.53 0.72 0.45
1 3 11.62 0.13 0.10 14.89 0.26 0.17 21.18 0.73 0.47
3 3 25.73 0.14 0.10 31.81 0.28 0.17 43.13 0.74 0.46
3 10 69.31 0.22 0.20 60.15 0.36 0.28 79.80 0.81 0.57
10 10 88.90 0.27 0.22 195.39 0.38 0.31 278.02 0.85 0.58

10 50 174.27 2.07 2.17 280.04 231 243 462.41 3.26 291
50 50 717.87 2.28 224 1172.18 248 2.38 2402.07 343 2.89

Table 1 displays the CPU consumed time (in seconds) to get a p-value for several values
of 0; and 6,. The value of 05 was set so that the correlation coefficient between the
variables, p = 63/+/0;0,, is equal to 0.5. To calculate the PB approximation and the
approximation in WB algorithm 2 we took B = 1000. There is almost no difference in
using the raw multipliers and the centered multipliers in WB algorithm 2. To calculate
the p-value of the approximation in WB algorithm 1 we used the function imhof of
the package CompQuadForm of the R language (Duchesne and Lafaye De Micheaux,
2010). From the results in this table it becomes evident that the PB is much more time
consuming than the WB, specially for large values of 6}, 6, and the sample size. There
are small differences between WB algorithm 1 and WB algorithm 2.

We then studied the goodness of the proposed bootstrap approximations to the null
distribution of the test statistic for finite sample sizes. With this aim, we generated 1000
samples of size n = 50,100,200,300 from a BP(0;,6,,03), for several values of #; and
6, with 85 such that p equals to 0.25 and 0.75, in order to examine the approximations
for low and high correlated data, respectively, when 6, = 6,, and p = 0.25 for 0, #
0, (p = 0.75 was not considered because it gives values of 83 out of the parametric
space for the tried values of 8; # 6,). Because of the results in Table 1, for §; = 6, =
50, the PB was only tried for n = 50,100. For 6, = 0, = 50 the WB was also tried
for greater sample sizes. For each sample, the p-values were calculated with B = 500.
The p-values obtained with the WB approximation calculated by means of simulation
(WB algorithm 2 with raw and centered multipliers) and numerical approximation (WB
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algorithm 1 with Imhof’s method) were, as expected, quite close. As for raw multipliers
versus centered multipliers, a bit better results are obtained when using the centered
multipliers. Table 2 displays the fraction of estimated p-values less than or equal to
0.05 and 0.10, which are the estimated type I error probabilities for o = 0.05 and 0.10,
respectively by using PB and WB with centered multipliers. From the results in this table
it can be concluded that both approximations give rise to conservative tests for small
sample sizes. As the values of 6; and 6, increase, the tests become more conservative,
specially the one based on the WB approximation. For example, when 8; = 6, = 50 and
p = 0.25, the sample size required to get empirical levels close to the nominal values is
n = 4000. For #; = 6, = 50 and p = 0.75, n = 3000 is enough. In general, better results
(in the sense of closeness to the nominal values) are obtained for p = 0.75 than for
p = 0.25. Finally, it is also observed a bit better results when the parameter is estimated
by the maximum likelihood estimator.

To study the power we repeated the above experiment for samples with size n =
50 from the following alternatives: bivariate binomial distribution BB(m; py, p2, p3),
where p; + po — p3 < 1, p1 > p3,p> > p3 and p3 > 0; bivariate Hermite distribution
BH (11,0 M1, X2, \3), where p > 0?(\; + X2+ \3); bivariate logarithmic series distribu-
tion BLS(\1, A2, A\3), where 0 < A; + A\, + A3 < 1; bivariate Neyman type A distribution
BNTA(X; A\, A2, A\3), where 0 < A\; 4+ A\, + A3 < 1; bivariate Poisson distribution mixtures
of the form pBP(6) + (1 — p)BP()),0 < p < 1, denoted by BPP(p;0,\); and (X;,X>)
with X] = max{Y],Y3} and X2 = ’Y] — Y3’ (type 1), X] = max{Yz,Y3} and X2 = ‘Yz — Y3‘
(type 2), X; = max{Y;,Y3} and X, = min{Y,,¥3} (type 3), X; = max{Y>,¥3} and X, =
min{Y;,Y3} (type 4), X; = max{Y;,Y3} and X, = max{Y»,Y3} (type 5), where ¥},Y>,Ys
are independent variables taking values in Ny whose distribution are binomial B(m; p),
negative binomial BN (m; p), Poisson P(\) and uniform on 1,2,...,m, U(m). The val-
ues of the parameters were chosen so that the expectations E(X;) and E(X;) are small
for the PB and the WB not to be excessively conservative. In this part of the simulation
experiment we only considered the maximum likelihood estimator of the parameter.

In addition to the tests proposed in this paper, Y55 and Wy, 5, we also considered the
tests given in Crockett (1979) (denoted by T'), Loukas and Kemp (1986) (denoted by Ip),
Rayner and Best (1995) (denoted by Nig) and NJ (denoted by R, and §,,, with weight
function w(u) = 1). Table 3 displays the alternatives considered and the estimated power
for nominal significance level oo = 0.05. Looking at this table we conclude that the tests
Y5, Y, Re and S, are able to detect all considered alternatives while, as expected,
the other tests cannot, specially the tests based on Iz and Nlg. For the alternatives in the
first half of Table 3 we see that the powers of the new tests, R, and S, are quite close;
while for the other alternatives the tests proposed in this paper are more powerful than
R, and §,,. We also compared these tests from a computational point of view. From the
results in Table 1 we saw that, in this respect, W}, is more efficient than W;;. Since R,
and S, are both based on a PB, for the comparisons to be fair, we compared W5z, R,, and
S,. Table 4 reports the ratio of the average CPU to get a p-value. Clearly, regarding the
required computing time, W55 is more efficient than R, and S,,.
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Table 4: Ratio of average CPU time (in seconds).

n=230 n=>50 n="170 n =100 n =200 n =300
Ro/Wis | 7350 | 7571 77.44 80.19 79.69 79.20
Su/Wihg 5.01 11.07 | 2020 5373 14528 | 303.92
Table 5: Results for the real data sets.
Plants Health
Ru00) 0.003 0.000
Ru10) 0.005 0.000
Ro0.1) 0.010 0.000
S100) 0.005 0.002
Sp10) 0.009 0.000
S0 0.011 0.000
EN 0.049 | 0.000 |
| 0 | ©0:64000,0.94000,0.19852) | (0.30173,1.21830,0.12518) |

To end this section, Wpp is applied to two real data sets. The first one were first given
and analysed by Holgate (1966), and refers to the number of plants of the species Lacis-
tema aggregatum and Protium guianense in each of 100 contiguous quadrats. Crock-
ett (1979), Loukas and Kemp (1986), Rayner and Best (1995) and NIJ tested the data
for agreement with the bivariate Poisson model, they all concluded the data were not
well modelled by a BPD. The second data set were analysed in Karlis and Tsiamyrtzis
(2008), who used two variables, the number of consultations with a doctor or a specialist
(X1) and the total number of prescribed and non-prescribed medications used in past 2
days (X»), from the Australian Health survey for 