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A diffusion-based spatio-temporal extension of
Gaussian Matérn fields

Finn Lindgrenl, Haakon BakkaZ, David Bolin?, Elias Krainski>
and Havard Rue3*

Abstract

Gaussian random fields with Matérn covariance functions are popular models in spatial
statistics and machine learning. In this work, we develop a spatio-temporal extension
of the Gaussian Matérn fields formulated as solutions to a stochastic partial differential
equation. The spatially stationary subset of the models have marginal spatial Matérn
covariances, and the model also extends to Whittle-Matérn fields on curved manifolds,
and to more general non-stationary fields. In addition to the parameters of the spatial
dependence (variance, smoothness, and practical correlation range) it additionally has
parameters controlling the practical correlation range in time, the smoothness in time,
and the type of non-separability of the spatio-temporal covariance. Through the separa-
bility parameter, the model also allows for separable covariance functions. We provide
a sparse representation based on a finite element approximation, that is well suited for
statistical inference and which is implemented in the R-INLA software. The flexibility of
the model is illustrated in an application to spatio-temporal modeling of global tempera-
ture data.

Keywords: Stochastic partial differential equations, Diffusion, Gaussian fields, Non-separable
space-time models, INLA, finite element methods.
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4 A diffusion-based spatio-temporal extension of Gaussian Matérn fields

1. Introduction

1.1. Modelling spatio-temporal data

Statistical models for spatio-temporal data have applications in areas ranging from the
analysis of environmental data (Cameletti et al., 2013) and climate data (Wood et al.,
2004; Fuglstad and Castruccio, 2020), to resource and risk modeling (e.g., of wildfires,
Serra et al. (2014)), disease modeling (Bhatt et al., 2015; Moraga, 2019), and ecology
(Yuan et al., 2017; Zuur, Ieno and Saveliev, 2017). These models typically use spatio-
temporal random effects, defined as Gaussian spatio-temporal stochastic processes and
rely on a large body of theoretical and methodological literature (Stein, 2012; Gelfand
et al., 2010; Cressie and Wikle, 2011, and references therein).

At best, this theory is carefully studied when the spatio-temporal model is con-
structed, so that the model with the most appropriate assumptions can be used. In prac-
tice, however, users of statistical software often choose a model based on convenience.
If there are available code examples, the choices made in these will often be carried for-
ward into future analyses. For example, users of R-INLA (Rue, Martino and Chopin,
2009, 2017; van Niekerk et al., 2021; van Niekerk and Rue, 2024; Gaedke-Merzhiuser
et al., 2022; van Niekerk et al., 2023) construct space-time models through Kronecker
products of a spatial Matérn model, and first- or second-order autoregressive models in
time, following the code examples in Krainski et al. (2019). This paper is aimed at im-
proving the general practice of space-time data analysis, by providing a new family of
spatio-temporal stochastic processes for use as random effects in statistical software.

We will mainly discuss stochastic processes u(s,?) that are stationary and spatially
isotropic, i.e., the covariance function can be written as cov(u(si,f1),u(s2,0)) =
R(hg,hy), where hy = ||s; — s2|| and h, = |t} — 12|, but will also extend these process
models to spatial non-stationarity and processes on general manifolds. We consider
these stochastic processes in the context of hierarchical models, as a latent model com-
ponent, observed through some measurement process, with no direct measurements of
the stochastic process itself. Consider, for example, a model with a linear predictor

m

n(s.t) =Y. Xi(s,0)Bi+ filz1 (8,00 + ...+ filax(s.0) } +u(s,1), (1)

i=1

that is connected to the response y through some likelihood or loss function (Bissiri,
Holmes and Walker, 2016) such that E{y(s,7)} = g{n(s,¢)} for some fixed and known
function g. Here X; and z; are covariates that vary over both space and time, f; the
regression coefficient for the fixed effects, and f;(z;) are random effects. Typical exam-
ples are splines and latent Gaussian processes used to approximate the effect of altitude
or distance to coastline. This common situation with a stochastic process as a model
component impacts the methodological considerations we make. The predictor is also a
spatio-temporal stochastic process, with a covariance function that can be deduced from
the assumptions on the model components. However, properties of the predictor that we
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may discover by investigating the covariance function of the predictor may not be shared
by the spatio-temporal model component u because of the other factors. Hence, we may
have little prior information about the covariance structure of the spatio-temporal model
component, except that it should be physically realistic, and should mimic the depen-
dency structure in models of physical processes.

Users of software for spatio-temporal modelling most often use separable models
(see, e.g., Bakka et al. (2018); Krainski et al. (2019)), i.e., models where u has a co-
variance function of the form R(hy,h;) = Ry(hg)R;(h;), for some spatial and temporal
marginal covariance functions R;(-) and R,(-). This is typically not because this is a
desired property, but since such models are readily available in statistical software, and
there are many good arguments for why models should not be assumed separable, see
Stein (2005), Cressie and Huang (1999), Fonseca and Steel (2011), Rodrigues and Dig-
gle (2010), Gneiting (2002), Sigrist, Kiinsch and Stahel (2015), Wikle (2015).

1.2. The Matérn family of covariance functions

The most well known family of covariance functions for stationary random fields on R¢
is the Matérn covariance,

2

Rulh) = 37

(xh)" Ky (xh), (2)

where v, k > 0 are smoothness and scale parameters, 62 is the variance of the corre-
sponding random field, K is the Bessel function of the second kind of order v, and
I' is the Gamma function. An important property of this covariance family is that it
allows for explicit control of the differentiability of the corresponding stochastic pro-
cess through the parameter v. It further allows for control of the practical correlation
range r = 1/8v/x (Lindgren et al., 2011). The covariance function is usually attributed
to Matérn (1960), and it was advocated early by Handcock and Stein (1993) and Stein
(2012). See Guttorp and Gneiting (2006) for a historical account of the covariance func-
tion and its connections to various areas in physics.

The goal of this paper is to extend the Matérn covariance function to a family of
spatio-temporal covariance functions. One way of doing this would be to extend the
covariance function to a spatio-temporal covariance. However, we argue that it is better
to base the extension on some of the other equivalent mathematical representations, or
views, of Gaussian Matérn fields. One such alternative representation is the stochastic
partial differential equation (SPDE) representation by Whittle (1963). Specifically, a
Gaussian Matérn field on R? solves the SPDE

(K2 = A u=W, 3)

where k¥ > 0, A is the Laplacian, W is Gaussian white noise, and @ = v +d /2. Via
the SPDE representation, we note that a Gaussian Matérn field has precision operator
Q = (k> — A)%. The precision operator (as well as the pseudo-differential operator (k2 —
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A)O‘/ 2) are defined in terms of Fourier transforms (Lindgren et al., 2011), and informally,
we get the Fourier transform of the precision operator by replacing derivatives with d-
dimensional wave-numbers w. For any precision operator which is a polynomial in the
Laplacian, Q = Poly(—A), such as the Matérn operator with o € N, this results in a
polynomial F(Q) = Poly(||w||?). This function is the reciprocal of the spectrum of the
Gaussian process, illustrating why many common spectrums are the reciprocal of an
even polynomial. In fact, Rozanov (1977) showed that a stationary stochastic process
on R¢ is Markov if and only if the spectral density is the reciprocal of a polynomial,
and more generally, a stochastic process is Markov if the precision operator is a local
operator, which is the case for integer powers of the Laplacian. For further details on
the theory of the SPDE representation, see Kelbert, Leonenko and Ruiz-Medina (2005);
Prévot and Rockner (2007); Lindgren et al. (2011); Bolin and Kirchner (2020); Bolin
et al. (2023).

We could also represent a Gaussian Matérn field as a stochastic integral with respect
to white noise. For Gaussian Matérn fields, the kernel in the integral representation is the
Green’s function of the differential operator (see, e.g., Bolin, 2014). This representation
can be used to define other valid covariance functions by replacing the Green’s function
with some other kernel (see, e.g., Fuentes, 2002; Higdon, 2002; Rodrigues and Diggle,
2010).

The modeling approaches stemming from these different views of the Gaussian
Matérn fields can be thought of as implicit and explicit. In implicit approaches such
as the covariance-based representation, one does not have a direct formulation of the
process itself, and properties of interest need to be derived from the covariance function.
In explicit, or constructive, approaches one directly defines the process through, e.g., an
SPDE or a stochastic integral with the desired properties encoded. In this paper we fol-
low the explicit approach to construct a stochastic process based on diffusion processes.
Other properties, such as covariance non-separability, are then merely consequences of
the explicit construction.

1.3. SPDE-based spatio-temporal generalisations of the Matérn
covariance family

There is a large literature on spatio-temporal covariance models see, e.g., Porcu, Fur-
rer and Nychka (2021) and the references within). Broadly, models for spatio-temporal
Gaussian random fields can be divided into two categories; the implicit second-order co-
variance based models and explicit dynamical models (Cressie and Wikle, 2011; Roques,
Allard and Soubeyrand, 2022). It should be noted that Porcu et al. (2021), contrary to this
terminology, classifies the SPDE-based methods as implicit since they do not explicitly
specify the covariance function. However, the covariance functions is merely a property
of the process, and only indirectly defines the process family, whereas dynamical mod-
els directly determine the spatial and temporal evolution of the process. As shown by
Lindgren et al. (2011), the covariance does not have an inherent advantage over spectral
and precision operator/matrix methods, for practical applications and computations.
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The second-order model specifications specify the Gaussian process properties by
specifying its first two moments, and are thus based on formulating valid spatio-temporal
covariance functions. In dynamical model specifications, the evolution of the Gaus-
sian process is explicitly described either by specifying the conditional distributions of
the current state of the process given its past through conditional distributions (e.g.,
Storvik, Frigessi and Hirst, 2002), or by specifying the process as the solution to an
SPDE (Cressie and Wikle, 2011). One of the advantages with the dynamical approach is
that it avoids the difficulties with formulating flexible and yet valid spatio-temporal co-
variance functions that can possess features such as non-separability or non-stationarity.
In this work we focus on dynamical models specified through SPDEs, which makes
extension to non-stationary fields and manifold models straightforward.

Several papers have been using the SPDE view to suggest models for spatio-temporal
stochastic processes. A common extension of Matérn covariance fields to space-time is
to use it as the spatial component in a separable model. Jones and Zhang (1997) discuss
how separable covariance functions can be understood through differential operators,
written as L = LyL,, where L; is a purely spatial operator and L, is a purely temporal
operator. In agreement with Jones and Zhang (1997), we note that these operators are
almost never encountered when modeling physical reality, hence, separable models are
typically not physically motivated models for the spatio-temporal process.

Whittle (1963) considered a spatio-temporal stochastic process formulated as a so-
lution to

du )

E—i—(K —A)u(s,t) = g(s,1), @)
where €(s,7) is a stationary spatio-temporal noise process. Whittle (1986) denoted the
model as a “diffusion-injection model” since it is a diffusion process with stochastic
variability “injected” through the noise process on the right-hand side. Despite being
a natural spatio-temporal extension of the Matérn model (3) with o = 2, the model
does not have any flexibility in terms of differentiability in space or time. Jones and
Zhang (1997) proposed a generalization, with greater flexibility for the marginal spatial
covariances, by considering the fractional SPDE

(5402 -) ) utsi = s )

where d€ is space-time Gaussian white noise. When requiring spatial operator order
o > d, this SPDE has regular continous solutions. In order to allow smaller operator
orders o, such as a dampened ordinary diffusion operator with o = 2 on R?, as in Whittle
(1963), the driving noise process would need to have spatial dependence. We will make
this precise in later sections. An advantage with (5) is that the spatial smoothness can be
controlled, since the solutions on the spatial domain R have smoothness v, = & —d /2.
The disadvantage is that the temporal smoothness also is determined by ¢. As we will
see later, the marginal temporal differentiability of the solutionis v, = (1 —d /) /2.
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A model with general differentiability in both space and time was formulated by
Stein (2005), who considered Gaussian spatio-temporal models specified through the
spectrum

S(ws,we) = {e1(at + [[wel)* +ca(az + wi )=}, (6)

where ¢y > 0,c, > 0,a1,a, are scale parameters, a% +a% >0, o, 0 and v are smooth-
ness parameters with further restrictions in order to obtain a model with finite vari-
ance. For example, on a two-dimensional spatial and one-dimensional temporal domain,
2/oy +1/0p < 2v is required. Stein’s model can also be stated as an SPDE driven by
space-time white noise,

2\ 0 v/2
(Cl(a%_A)al+C2 <a%_aat2> ) M(S,f): d((:(S,t), (7)

see Krainski (2018) and Vergara, Allard and Desassis (2022). A related model based on
spectral densities, which also has separable models as a special case, was considered by
Fuentes, Chen and Davis (2008).

The case @ = 2 of (5) for general dimension was considered in (Lindgren et al.,
2011, Section 3.5), suggesting the generalisation

<aat_|_;<2_|_m.V—V-HV> u(s,t) = dép(s,t), (8)

where H is a constant diffusion matrix, m is an advection (transport) vector field, and
the innovation process d€¢(s,r) white noise in time but is sufficiently smooth in space
to generate regular solutions u(s,?); see Lindgren et al. (2011) and Sigrist et al. (2015,
Sec 2.2). Physically, this model might be interpreted as a dampened advection-diffusion
process, with the driving mechanism of the space-time field, such as introducing new
mass (or, particles) into the system, having positive spatial correlation. See also Liu,
Yeo and Lu (2022); Clarotto et al. (2022).

In this work, we introduce another generalisation of the models by Jones and Zhang
(1997) and Lindgren et al. (2011) that intersects, but is otherwise distinct from, the Stein
model family.

1.4. Outline

In Section 2 we introduce a new family of SPDE-based spatio-temporal stochastic pro-
cesses. Model properties such as spatial and temporal differentiability, and parameter
interpretations, are presented in Section 3.We present a sparse basis function represen-
tation in Section 4, and an implementation in R-INLA (Rue et al., 2009) in Supple-
mentary Materials, which allows us to construct models with different likelihoods and
several random effects in a generalised additive model context. In Section 5, we present
a forecasting example that illustrates clearly the difference between separable models
and non-separable diffusion-based models, and an application to a global temperature
dataset. The article concludes with a discussion in Section 6.



Finn Lindgren, Haakon Bakka, David Bolin, Elias Krainski and Havard Rue 9

2. A diffusion-based family of spatio-temporal stochastic
processes

In this section we define a diffusion-based extension of the Gaussian Matérn fields to a
family of spatio-temporal stochastic processes (abbreviated DEMF). The main property
we aim for is that the process should be a Gaussian Matérn field when considered for
a fixed time point in R¢. That is, when the process is considered on the spatial domain
D = RY, the spatial marginalisations of the process have Matérn covariances. When the
models are considered on a general (compact) manifold D, the spatial marginalisations
are solutions to a generalised spatial Whittle-Matérn model on D (Lindgren, Bolin and
Rue, 2022).

Consider the operator Ly = y> — A, % > 0, on a spatial domain D, including any
boundary conditions needed for compact domains. Let the precision operator for the
generalised Whittle-Matérn covariances be Q(7;, %, &) = y2L%, corresponding to solu-
tions v(s) to the spatial stochastic SPDE

WLY?0(s) =W(s), seD 9)

where W is a spatial white noise process, as discussed by Whittle (1963) and Lindgren
etal. (2011). When D = R?, and a stationary condition is imposed, these processes are
regular Matérn processes. We then define a noise process d€q(s,7) as Gaussian noise
that is white in time but correlated in space, with precision operator Q = Q(%, Y., @, ) for
some non-negative . For a > 0, the cumulative time-integral process

Eos, (0,a]) = /,:o deo(s.1) (10)

is a Q-Wiener process (Da Prato and Zabczyk, 2014), with spatial precision operator
Q/a.

The case of a separable covariance model with a Matérn covariance in space and an
exponential covariance in time is obtained from the stationary solutions to

<§;+K) u(s,t) = deo(s,),  (s,1) € DxR. (11)

This is a spatial generalisation of the Ornstein-Uhlenbeck processes. We aim to produce
a space-time model with diffusive behaviour. For this, we replace the dampening coef-
ficient x in (11) with a power of the dampended diffusion operator Ly, defining a model
family of the time-stationary solutions to iterated diffusion-like processes

o
<?’15t +L§X‘Y/2> u(s,t) = deg(s,1),  (s,;) € DxR. (12)

When D = R?, the space-stationary solutions are used. For compact manifolds with
boundary, the operators L, and Q are equipped with suitable boundary conditions on dD.
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In total, the model has three non-negative smoothness parameters (o, ¢, ¢ ) and three
positive scale parameters (¥, 7%s,7%). It is not immediately obvious how the definition
(12) would be interpreted for non-integer powers ;. However, by taking advantage of
the spectral properties of the operators, we define the following model, which has an
operator that more clearly allows fractional powers o, as

d2 /2
(—)/,2 +LS‘S> u(s,t) = dép(s,t), (s,1) € DxR. (13)

Theorem 2.1. For D = RY, as well as for other domains where L has well defined
positive powers, the definitions (12) and (13) of the Gaussian process u(s,t) coincide
for o € N.

Proof. This can be seen by applying the techniques developed in Vergara et al. (2022).
Alternatively, the transfer function G(@y) (see Lindgren, 2012, Chapter 4) for the tempo-
ral linear filter defined by the operator in (12) is G(@y,) = (iy o + Lg”/ 2)0", well-defined
for positive integers 04, and has |G(@;)|* = (2 @? + L%)%. The transfer function H (ay)
for the temporal linear filter defined by the operator in (13) is H(@;) = (77 ®? +L%) /2,

well-defined for positive ¢. We see that |G(ay)|* = |H(ay)|?, so the spectral properties

of the two process definitions coincide for positive integer ¢ values. |

It should be noted that it would be possible to give a more direct definition of the
model (12) with fractional oy, but this would require more sophisticated mathematical
tools, which is outside the scope of this work.

The two representations make it clear that the model with o, = 0 is a special case
of the Stein (2005) model family, with a; = 0 and a; = 1 in (7), and that the model of
Jones and Zhang (1997) is obtained by setting o, = 0 and o = 1 in (12).

The use of the same spatial operator L, in the left hand side of (13) as in the precision
operator on the right hand side is what causes the spatial marginalisation of the process
to be Matérn fields in the simplest case, as will be shown in Section 3. The parameters
oy, O, and ¢, determine the differential operator orders involved in the SPDE operator
and therefore also the smoothness properties of the process, as shown in Section 3.

The model can be further generalised by allowing the y parameters to vary across
space. This is most straightforward for ¥, since that only alters the L, operator. For
complex domains, as well as when L; is generalised to vary across space, the resulting
solutions are not space-stationary, but still have marginal spatial properties defined by
powers of L;. The practical precision construction in Section 4 can be generalised to
separable non-stationarity, where 7; is allowed to depend on time and 7; and 7, depends
on space, since that retains commutativity between the temporal and spatial operators.
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2.1. Compact domains and manifolds

For compact domains, the model definitions include some form of boundary conditions.
These boundary conditions induce boundary effects near the domain boundary, and as
shown in Lindgren et al. (2011), if such effects are undesirable, one can extend the
domain by at least the spatial range. By taking advantage of a non-stationary spatial
operator, the barrier method introduced by Bakka et al. (2019) can also be used to nearly
eliminate boundary effects, as well as to obtain models that appropriately take complex
geography into account. Similarly, all the common extensions onto curved manifolds,
such as the globe, can be implemented using the same approaches as for R?. This in-
cludes the finite element methods used in Section 4, but also Fourier-like spectral basis
function expansions given by the eigenfunctions of the Laplacian, either given in closed
form, e.g., spherical harmonics on the globe, or obtained numerically from finite element
eigenfunction computations. See Lindgren et al. (2022) for an overview of the literature
on these alternative methods.

3. Parameter interpretations and model properties

In this section we discuss marginal spatial and temporal properties of the diffusion-
based model (12). In order to simplify the exposition, we focus on the ordinary Matérn
covariance case when the spatial domain is D = R?. In this case, the space-time spectral
density of the stationary solutions u(s,?) to (13) is

1

Su ws,w == ’
(@0 0) = T ReR + ( + D)% (2 + 0y )

(14)

for (@, @;) € RY x R. The space-time covariance function is given by the Fourier inte-
gral

Ru(s,t) = /R/Rd expli(@, -5+ 1)]Su( @, @) dsdi (15)

for spatial lags s and temporal lags ¢.

3.1. Sample path continuity and differentiability theory

For fields with Matérn covariance functions, the degree of differentiability is encoded in
the smoothness index v. For models with space-time spectral density given by (14), the
marginal covariance in time is not generally of the Matérn class, so we need to use more
general conditions for determining the smoothness.

The differentiability of a stationary process x(¢), t € R, is determined by the decay
rate of its spectral density. If S(@) ~ @~ for some y > 0 for large @, then the process
is a times mean square differentiable for all a < %1 (Stein, 2005).

For stationary Gaussian processes, stronger statements of almost sure sample path
continuity of derivatives and Holder continuity can be made. The technical details can
be found in Section 9.3 of Cramér and Leadbetter (1967) and Scheuerer (2010), and are
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summarised in Appendix A, including a more formal characterisation of the smooth-
ness index. The results show that Gaussian processes with spectral densities satisfying
S(@) ~ ||®|| =2V~ for some v > 0 and large || @|| have smoothness index v. This means
that the sample paths have almost surely continuous derivatives of order up to and in-
cluding k = [v] — 1, and that the derivatives of order k are Holder of index a for any
0 < a < v — k. Further, the sample paths are almost surely in the Sobolev spaces W’?
for any b < v, on finite subsets of RY. Although these results are derived specifically
for RY, it is clear that sample path properties of Whittle-Matérn fields on more general
but smooth domains will have similar, and usually identical, local differentiability prop-
erties, based on the decay rate of the eigenspectrum of the Laplacian. In particular, the
spectral Fourier representations on the 2D sphere S? lead to series that converge under
the same conditions as the continuous spectra on R.

The smoothness index v can be interpreted as the smallest value for which some
form of weak continuity does not hold. For a process on a multidimensional domain
with potentially different smoothness in different directions, Theorem A.1 and smooth-
ness definition in Appendix A will be applied to the one-dimensional marginals of the
process.

3.2. Properties of the spatio-temporal model

We can now show that the spatial marginals of u(s,?), i.e. for fixed #, are Matérn co-
variance fields, given that the smoothness parameters are chosen appropriately. To keep
some notational brevity, we first define the unit variance and range Matérn covariance
function R¥ (¢),

RM(t) = ————1"Ky(t), t>0 16
\4 ( ) F(v)2‘/*1 V( )’ g ( )
and the scaling constants
o INa—d/2)
T T(a)(4m) 2
for d = 1,2,3,... and a > d/2. These appear as variance scaling constants for the

regular Whittle-Matérn SPDE models.

Proposition 3.1. Define the effective spatial marginal operator order ot = 0, + 04 (04 —
1/2) and assume that o > d /2. Then the solution u(s,t) to (13) has marginal spatial

covariance function
_ 2pM
cov(u(s1,1),u(s2,1)) = 6*RY (4|52 — s1])

where vy = ot — d /2 is the spatial smoothness index and

2 CR-,arCRd,a

o-=————=
2070 o

A7)
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Proof. See Appendix D.1, that also includes a derivation of the marginal spatial cross-

spectra for different time lags. |

Proposition 3.2. Assume o, 0y, Q, satisfy o > d/2. Then the temporal smoothness index

of the solutions u(s,t) to (13) is v, = min [Oc, - %, i] , and for d = 2, the marginal

temporal spectrum is

o, —1 o, —1
st =am (o % va, %L s asimof 7).

S S

where o F| denotes the hypergeometric function.

Proof. See Appendix D.2. |

For integer values of the operator orders, the hypergeometric function can be ex-
pressed using elementary functions. When o = o, = 2 and @, = 0 for d = 2, we obtain

° 1 arctan(@y) 1
S, °</ = dv= ~ T A0 < ’
() o (@ +(1+v)2)2 20 207 (0 +1)

(18)

where @, = @,% /Y%, showing that the marginal temporal covariance is not a Matérn
covariance. The exception is the separable case, where the temporal covariance function
is a Matérn covariance function with smoothness index o4 — 1/2.

Corollary 3.2.1. Assume that o, =0, & > 1/2, and &, > d /2. Then the stationary so-
lutions u(s,t) to (13) have a separable space-time covariance function where the spatial
covariance is given by Proposition 3.1 and the marginal temporal covariance function
is

Clu(s,t1),u(s,12)) = GZR/\‘//II(YI_I it —11]),

where v, = o, — 1 /2 and o2 is given by (17) with @ = Q.
Proof. Follows directly from the product form of the space-time spectrum (14). |

In Table 1, we summarise the general smoothness results, as well as some impor-
tant special cases. The special cases denoted diffusion are generalised analogues of the
diffusion-injection model (4), and the special critical diffusion model is later used in
Sections 4 and 5. The general conditions on the & parameters that give well defined so-
lutions are encoded in the spatial and temporal smoothness conditions vy > 0 and v, > 0,
and can also be written as the conditions & = o, + o (04 — 1/2) > d /2 and 04 > 1/2.
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Table 1. Summary of the smoothness properties of the solutions u(s,t) for different values of
the parameters 04, Qs, Q, together with some examples. Here v, and Vg respectively denote the
temporal and spatial smoothnesses of the process.

o O Ol Type Vi Vs

o O A General min [Ot, — %, ;—i] O + (0 — %) — %
o O o, Separable o — % o, — %

o 0 4 Critical o — 4 a0y — 1)
o O 0 Fully non-separable oy — % - zis o (0 — %) - %

12 o >4 Sub-critical diffusion 1/2 o +1—4

1 2 % Critical diffusion 1/2 1

1 2 4-1<a <% Supercritical diffusion vs/2 Oe+1—4

d

1 0 2 Separable 1/2 2-3
3/2 2 0 Fractional diffusion 1-4 2-4

2 2 0 Iterated diffusion % — % 3— %

3.2.1. Quantifying non-separability

From Table 1 we can see that the o, parameter controls the type of non-separability.
An important case is &, = 0, which we refer to as fully non-separable models. The
spectral density for such models is a subfamily of the Stein (2005) spectral model family.
The degree of non-separability can be quantified by the relation between ¢, and the
effective marginal spatial operator order oc. We introduce the non-separability parameter
Bs=1—-o0,/oo =1—0,/(vs+d/2) € [0,1], where B; = 0 gives a separable model,
and B, = 1 gives a “maximally non-separable” model. Assuming given values for the
temporal smoothness v; > 0, spatial smoothness v; > 0, and non-separability f3; € [0, 1],
we can find the corresponding values of (o4, o, ¢t ). Let B.(vy,d) = VSIZI 75+ Then

1
0y = V;max <1,ﬁs> + =

B«(vy,d) 2’
o, = ‘vijmin (/3(661)1) - itmin[(vs—l—d/Z)ﬁs,vs],
R el
ae—mvs—(vs+d/2)(l_BS)-

The critical branching point B; = B, (Vs,d) motivates the term critical for such models.
Models with By < B.(Vs,d) are sub-critical and models with B; > B.(vs,d) are super-
critical. The critical models have o = v, +1/2, oy = v/ v;, and o, = d /2. The diffusion
models in Table 1 with o = 1 and o, = 2 are of particular interest, as they arise from a
basic heat equation.
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Notably, the fully non-separable diffusion model (o; = 1, 0, = 2, @, = 0) requires
d =1 to ensure vy > 0, whereas the fully non-separable twice iterated diffusion model
(g =2,06=2,0t, = 0) is valid for d € {1,2,3,4,5}.

3.2.2. Scale parameter interpretation

To improve the interpretability of the scale parameters, we define o, r,, and r; via

2 C]RvatC]Rd7a
WRRe

re =% "/8vq (20)

=Y “v8(a—1/2), 2D

where r; is the correlation range as in Lindgren et al. (2011), giving approximately cor-
relation of 0.13 at r, distance in space (keeping time fixed). Similarly, 7, controls the
temporal correlation range for the separable model. In the non-separable cases, it is the
temporal correlation range for the evolution of the spatial eigenfunction corresponding
to the smallest eigenvalue of the Laplacian, i.e. a constant function over space, evolving
in time. Eigenfunctions for larger spatial eigenvalues have shorter temporal correlation
range, so the combined effective range will typically be smaller than the nominal , value
would indicate.

c (19)

3.3. Examples

Table 2. Four specific DEMF models on R? or S.

Model o O O Type |7 Vs

A: DEMF(1,0,2)
B: DEMF(1,2,1)
C: DEMF(2,0,2)
D: DEMF(2,2,0)

Separable order 1 1/2
Critical diffusion  1/2
Separable order 2 3/2
Iterated diffusion 1

NN = =
N O DO
S N =N
DO = =

To simplify notation, we denote by DEMF(ay, a, ¢, ) the model with given values
for (ay, 0, 0, ). The four models we will consider on R2 are defined in Table 2. For these,
we choose ¥;, 7, and %, so that 6 = 1, ry = 1 and r, = 1. This enables us to compare the
non-Matérn behaviour of the temporal correlation to the spatial Matérn behaviour.

In general, the covariances are not available in closed form, but since the temporal
covariance for each spatial frequency is of Matérn type, the spatial cross-spectra (derived
in Appendix D.1) can be inverted numerically to obtain the cross-covariance. Specifi-
cally, the cross-covariance can be computed numerically with a 2D fast Fourier trans-
form (FFT) computation for each fixed temporal lag (see Appendix B). This technique is
related to the half-spectral space-time covariance models from Horrell and Stein (2017).
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There, they focus on models where the temporal spectrum is known for each spatial lo-
cation, F;R(s,t) = f(wy)g(s, @), but the theory also covers the case of known spatial
spectrum for each time point, F;R(s,7) = f(@;)g(®s,1), that we use here.

In Figure 1 we show the spatio-temporal covariance function for these four models,
and the marginal spatial covariances are shown in Figure 2. There is a clear difference
between the spatio-temporal covariances, even though the marginal spatial covariances
are identical for the first three models.

A: Separable order 1 B: Critical diffusion

1.2

—

\\
08 0-‘2\\ ~ level
T =

0.4 %‘\\ \\ i
B SN O\ N - 0> \-\ 08

'Oy"sh;\\‘\\‘ DN — y :
0.0 ESRRSINN N N N =01810/653 N N

= 0.6
< C: Separable order 2 D: Iterated diffusion

1.2 0.4

—

\\

08 02 ~ —  / 02

%Q\\\\ o

oo S NN ~ — 02, =
MRS\ N B

; | e \

o BRI NN REESN )

0.0 0.4 0.8 1.2 0.0 0.4 0.8 1.2

hs

Figure 1. The space-time covariance functions for spatial dimension d = 2, for the four models
in Table 2, Section 3.3. The grey overlayed curves are level curves of the relative decay of the
spatial and temporal covariances in relation to the marginal covariances. The non-separable
models have non-orthogonal decay.

3.4. Spheres and other manifolds

As noted earlier, the marginal spatial covariance properties of the DEMF models on
general manifolds are rooted in the properties of the Whittle-Matérn operator, and de-
pend on the specific geometry. However, the temporal structure is linked to each spatial
frequency in the same way for every manifold, so we can focus on the effects on the
spatial properties. Smoothness properties intuitively follow from the local properties of
the differential operator on smooth manifolds, which locally behave like R?, so that is
not the main obstacle to determining the process properties. Instead, it is the effect of
the manifold’s intrinsic curvature that prevents general closed form expressions for the
covariance functions to be derived. On a compact manifold D, the covariance function

for models based on LY/? = (Y2 — A)*/? (where a = o, + o0 — 1/2) in the DEMF
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—— A: Separable order 1
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0.0 0.4 0.8 2 B: Critical diffusion
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0.75 RSN D: Iterated diffusion

0.50 s

Covariance
7
1

0.25 Tl

0.00
0.0 0.4 0.8 1.2

Figure 2. The marginal spatial and temporal covariances for spatial dimension d = 2, for the
four models in Table 2, Section 3.3. The spatial correlation is approximately 0.13 when the
distance equals the range rs. For the temporal correlations, that relationship to r; only holds
for the contribution from the evolution of a spatial constant, and the effective range has a more
complex structure, depending on the combined model parameter.

models) takes the form

/ - 1 /

R(s,s') = ];)Ck(ysz_,_;tlg)aEk(s)Ek(s ), se€D,

where (A, E)) are the eigenvalue/function pairs of the —V -V (negated Laplace-Beltrami)
operator on D, and C;, are scaling constants that depend on potential scaling of the eigen-
functions and multiplicity of eigenvalues. This was used in Lindgren et al. (2011) to
show that the finite element constructions for Whittle-Matérn fields work on general
manifolds. On the sphere, the eigenfunctions are the spherical harmonics, with eigen-
values Ay = k(k+ 1) with multiplicity 2k + 1. With the spherical harmonic definitions in
Appendix C, the resulting covariance can be simplified to

- 2k+1

R 9 /; \) —

Fatkols o). (22)

where P o(-) are Legendre polynomials of order k, and the factor 22—;1 comes from

the eigenvalue multiplicity and Fourier-Bessel transform theory on the sphere (see Ap-

pendix C). It follows from the construction that the infinite series for the covariances

of the process derivatives that the differentiability properties on the sphere are the same
a_2k+1

as on R?, as the terms A TR A® decay at the same rate as required for the smoothness

criteria on R? from Appendix A.



18 A diffusion-based spatio-temporal extension of Gaussian Matérn fields

Due to the wraparound effects on the sphere, the spatial variance contribution to the
overall field variance is not the same as on R?, and the factor Cpa al Y 20¢=d in (17) needs
to be replaced by a function of 7; defined by

> 2k+1

Co.a() = ,;)47r[y§ k(1) (23)

obtained from the spectral representation of a spherical Whittle-Matérn field. The overall

variance can then be written as var[u(s,t)] = Cra i Cs2a (%), and the asymptotic behaviour

of Cs2 (%) as ¥ approaches 0 or oo is given by

1
> 2k+ 1 41 200 9 7\ 07
C 2 (’)/S) = ~ %

v ;WW%MHJW {WQM“,%%W

This shows that for large ¥, i.e. short spatial ranges, the variance of the field u(s,?) on
the sphere is the same as on R?, but for small ¥, i.e. long spatial ranges, the spherical
geometry leads to larger variance than on R?. For intermediate 7y, values, the upper tail
of the infinite series can be bounded by tractable integrals, which also allows bounding
the relative error in numerical covariance and variance evaluation, by replacing the upper
series tail from k = K by the integral [, | /2 m dk. More details are given in
Appendix C.2.

4. Hilbert space representation

The discussion up to this point has focused on the general continuous domain properties
of the proposed model class. We will now discuss aspects of numerical implementations,
suitable for inclusion in generalised additive latent Gaussian models, as available in
the INLA and inlabru packages for R. The general construction is applicable to a
wide range of basis function representations. In practice, we will use the finite element
approach from Lindgren et al. (2011) due to its computational convenience, in particular
in the unstructured spatial observation location and manifold domain contexts.

4.1. Hilbert space approximation

We consider general Kronecker product basis expansions

ns

ZZ% tuij, (24)

i=1j=

where {y;(s);i =1,...,n,} and {¢;(z);j = 1,...,n} are finite basis sets for Hilbert
spaces on a spatial domain D and a time interval [Ty, T1] C R, respectively. We will
show that projection onto the resulting Kronecker function space only involve integrals
of the form (¢;,9), ((—A)/*¢;, (—A)¥/*¢;1), and <Lk/21;/,,Lk/2l;/,~/>. This is possible due
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to the lack of interaction in the individual model operators; the operator as a whole is
non-separable, but each operator term is space-time separable. This also extends to the
case of a non-stationary L operator, as mentioned in Section 2.

Different choices of spatial and temporal basis functions have benefits and draw-
backs depending on the specific modelling and data context. A natural choice for the
spatial domain is local piecewise linear basis functions. Such functions were used in
Lindgren et al. (2011) to construct model representations with sparse precision ma-
trix structure for the basis expansion coefficients, via Gaussian Markov random fields
(GMREF). This allows a large number of basis functions to be used, and pointwise geo-
referenced observations will not alter the sparseness of the posterior precision matrix,
making this a versatile approach, that can also be used in combination with sparse ma-
trix solvers developed for ordinary deterministic PDE computations. For very smooth
processes, the piecewise linear basis functions can in principle be replaced by higher
order local polynomials (Liu, Guillas and Lai, 2016), but this can be difficult to imple-
ment. For non-stationary L; = ¥s(s) — A, the spatially varying y;(s) values only have a
local influence on the finite element construction, so the additional computational com-
plexity lies mainly on the increased number of parameters needed to represent the spatial
variation of ().

An alternative to piecewise linear basis functions are harmonic basis functions based
on the eigenfunctions of the Laplacian. These can be very efficient on domains that
admit fast Fourier inversion algorithms, such as R? and partially on S>. However, the
diagonal precision matrix structure implied by the basic models is broken by scattered
georeferenced observations, as the resulting posterior precision matrix becomes dense,
so the utility is greatest for very smooth processes that can cut off the harmonics at a long
spatial range. So-called conditioning by kriging can also be applied in such cases, but
this is computationally expensive for large numbers of observations unless the number of
basis functions is kept small. A further complication on general domains and manifolds
is the lack of closed form expressions for the harmonics. Computing them with finite
element methods, for example, is as expensive as applying the piecewise linear basis
GMREF representations directly. They are also impractical for non-stationary operators,
since the precision matrices will typically become dense instead of diagonal.

A third alternative is Karhunen-Log&ve expansions, which yield better approxima-
tions for fewer basis functions than harmonic basis. They can handle non-stationary
operators, but need recomputing the basis for each set of parameter values, making in-
ference expensive. For irregular data, the same problem exists of turning a sparse prior
precision matrix into a dense posterior precision matrix. However, for given parame-
ters, it can in principle be applied to the posterior distribution instead. Unfortunately,
the numerical computations for each eigenfunction is at least as expensive as computing
the posterior expectation using the same numerical method (e.g., finite elements) as in
the GMRF computations, making the full computation much more expensive, and best
suited to special cases such as computing a compact representation of a given, fixed,
distribution.
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Despite their practical numerical cost and other related problems, the harmonic basis
and Karhunen-Loeve e expansions are excellent tools for theoretical analysis, and their
discrete domain formulations are essential in the theoretical proofs of the general dis-
cretisation construction below. See Lindgren et al. (2022) for further discussion on the
relative merits of different basis choices.

The above considerations largely apply to the temporal basis function choice as well,
with a few useful differences. First, in addition to piecewise linear basis functions, B-
spline basis functions of higher order can readily be applied, and in particular second
order B-splines (piecewise quadratic basis functions) provide immediate benefits with
only minimal extra effort. Where piecewise linear basis functions require some form
of mass lumping for operator order 2, second order B-splines can be applied with least
squares finite element projection, and the resulting discretised Laplacian operator matrix
has the same non-sparsity as for piecewise linear basis functions. In addition, when ap-
plied to order 1 operators, temporal interpolation in the finite-dimensional representation
exhibits less quasi-deterministic fluctuations than for piecewise linear basis functions.
Second, harmonic basis functions are useful for smooth cyclic processes, e.g. seasonal
effects, but otherwise suffer from the same issues as in space.

4.2. Precision matrix construction

In this section we represent the stochastic processes DEMF(q;,q;,0) using general Kro-
necker basis Hilbert space representations. Define u(s,7) on D x R, for some polygonal
domain Q C R?, as the solution to (13) with some boundary conditions on dD. The par-
ticular choice of boundary conditions does not matter much in what follows as long as
they lead to a well defined precision operator for the solutions of the equation posed on
the bounded domain. However, in most practical situations one would use homogeneous
Neumann boundary conditions on the spatial domain.

For implementations, we restrict the temporal domain to an interval, and we then
also need to impose temporal boundary conditions. However, temporal boundary effects
can be handled by direct calculations for the resulting AR(2) dependence structure for
the temporal coefficients in the approximation; see Appendix E.

The projection of the solutions onto the finite Hilbert space result in a discretised
model where the coefficients u;; in (24) have a precision matrix that is expressed as a
sum of Kronecker products. As in Lindgren et al. (2011), the approximation properties
of the discretisation is directly linked to the expressiveness of the finite-dimensional
Hilbert space spanned by the Kronecker basis {y;(s)¢;(t),i=1,...,n5, j=1,...,n}.

We provide the following theorem that links the continuous domain DEMF models
to finite-dimensional Hilbert space representations. The theorem focuses on the link
between the continuous domain precision operator and the precision matrix, necessarily
assuming unique solutions with a unique covariance function. This makes it applicable,
in principle, to more esoteric models involving various forms of intrinsic stationarity, i.e.
non-stationary models with stationary properties with respect to some contrast filters.
However, the details of such models are beyond the scope of the presentation.
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Theorem 4.1. Let o € N and consider the equation

82 /2
( 7’232+L0‘v> u(s,t) = d€p e (s,t) onDx[To,Ti], (25)

where [Ty, Ti] C R is a bounded interval, Ly is some spatial differential operator, and
some boundary conditions on 0D and at Ty and Ty are assumed such that the preci-
sion operator for the solutions of (25) is well defined. Let {y;(s),i =1,...,ns} and
{0i(t),j=1,...,n:} be bases for finite-dimensional Hilbert spaces on D and [Ty, Ti), re-
spectively, chosen such that the product basis set {y;(s)9;(t),i=1,...,n5, j=1,...,n}
form a basis for a finite-dimensional Hilbert space Vi, C'V, and let u(s,t) = Y; ; wi(s)9;(t)
u; j € Vy, be a finite-dimensional representation of a solution to (25). Assume the follow-

ing two conditions:

(i) Letv(t) = 22;1 ¢;(t)v; be a finite-dimensional approximation of a solution to

82 OC[/Z
pl/2 < +K > v(t) =W(t), on[Ty,T],

012
for some b >0, k >0, and oy = 1,2,..., and the boundary conditions at Ty and
T\. Assume that the precision matrix for the weights vector v = (vi,...,vy,) takes
the form
20,
b Z K2a’_k.’ahk/2
k=0

Jor some symmetric matrices J o, 0, J o1 /2, 10 J o t,-
ii) Let w(s) =Y. . w;(s)w; be a finite-dimensional approximation of a solution to
i=1 ¥ pp
a/2
Ly “w(s) =W(s) onD,

where Ly is equipped with the boundary conditions on D, for some a > 0. Assume
a
that the precision matrix forw = (wy,...,wy, ) is K, = c'/? (Cil/zKlel/z) c'/?

for some symmetric positive definite matrix K.

Assume additionally that the temporal precision construction in condition (i) is valid
forall kx > l(;x‘/z/y,, where Ay is the smallest eigenvalue in the generalised eigenvalue
problem Kie = CeA. Then, the precision matrix for the collected coefficient vector
u=(uy1,uz1,...)Iis given by

20,

'yez Z #Joc,,k/z ® Ka,r(a,—k/z)-kae-
k=0
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Proof. The result follows from discretising the spatial dimension, diagonalising the re-
sulting operator matrices, and applying the temporal precision structure condition to the
resulting independent temporal equations. A detailed proof is given in Appendix D.3.

|

The existence of finite-dimensional representations fulfilling conditions (i) and (ii)
for certain choices of basis functions follows directly from the general constructions in
Lindgren et al. (2011).

For the regular Whittle-Matérn operator L; = ysz —Aon D we have K| = ySZC +G.
For triangulated domains with local piecewise linear basis functions with Y | y;(s) = 1
on D, we can take C to be the diagonal mass lumped mass matrix with C;; = (y;, 1) and
symmetric sparse structure matrix G with G; ; = (Vy;, Vy;). For domains where the
orthogonal harmonic eigenfunctions of A are available, such as rectangular subdomains
of R and spherical harmonics on S?, the full mass and structure matrices C and G are
both diagonal, with C;; = (y;, y;).

In the temporal case, the same technique applies, but higher order B-spline basis
functions are more easily applied, allowing, e.g., second order B-splines to be used
without mass lumping. For temporal Neumann boundary conditions, Jg, x> = 0 for
oddk=1,3,...,20; — L and [J ¢, 1 2)i.j = ((=A)K/4¢;, (—A)¥/*¢;) (or non-conformal ap-
proximations for non-smooth basis functions) for even k =0,2,...,2¢,. Lemma E.1 in
Appendix E can be used for first and second order B-spline basis functions for o =1
and 2 to provide approximate stationary boundary conditions by modifying the Jg, x>
matrices for k =0,1,...,20;. When such temporal boundary corrections are used, frac-
tional orders appear in Ky (¢, —/2)+¢q, for odd k unless o is an even integer. For the
spatial piecewise linear finite element constructions, this would break sparsity, but for
orthogonal harmonic function representations, K, is diagonal for all a > 0, allowing the
fractional powers to be used without loss of the diagonal property.

In the proof of Theorem 4.1, we see that it is sufficient that the initial temporal
precision structure is valid for k¥ > Ky = 7" /2 /Y. By taking a Taylor expansion for
the boundary precision elements with respect to K and kjp, the approximation would be
improved, compared with taking the Taylor expansion at Kk = 0, as the expansion would
be closer to the exact expression for a wider range of relevant temporal frequencies. This
improvement would however come at the expense of making the matrix constructions
dependent on the 7; and 7y parameters directly.

5. Applications

5.1. Separable vs non-separable forecasting

The difference between using separable and the non-separable models is most clearly
seen when doing forecasting. To illustrate this, we simulated spatial data for time t = 0,
and compute the posterior conditional expectation for t =0, 1, and 2. For the simulation,
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we used the four Matérn models defined in Table 2 with one percent (standard deviation)
nugget effect added. The parameters were set to ry = 4.0, r, = 2.5 for the separable
models and r; = 4.5 for the non-separable models, and o = 1. The scaling difference for
7, in the non-separable models compensates for the difference in parameter interpretation
illustrated in Section 3.3. In the estimation, the nugget precision and the temporal range
parameters r, were kept fixed, so that only the marginal standard deviation ¢ and the
spatial range parameter r; were estimated for each model.

=0

t

Value

1

t

t=2

Figure 3. Predictions from each model (A, B, C and D) when conditioned on a spatially dense
dataset at t = 0, and no observations fort = 1 and t = 2.

Figure 3 displays the predictions from the four models in Table 2. For t = 0, the
results are similar for the four models, due to the highly informative data. For the pre-
dictions for t = 1 and t = 2, we see how the separable model A and C only reduce the
fields point-wise towards zero, and that non-separable models B and D, exhibit spatial
diffusion, as expected. This behaviour was part of the theoretical motivation of Whittle
(1954, 1963), and also a major motivation for developing the DEMF family. It is also
noteworthy that since the forecasts are conditional expectations based on a finite set of
observations, they are smoother than the process realisations. For the separable models,
this effect is not visible, since there this effect only appears on smaller spatial scales
than shown, but it is clearly visible for the non-separable model. In all four cases, the
posterior process realisations however have their ordinary, lower, smoothness. This is
important to take into account when considering probabilistic forecasts, in particular for
prediction of non-linear functionals of the process.
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d the 13581 stations.

Daily temperature at 13581 stations for year 2022. Spatial mesh with 1251 nodes,
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Figure 4. Daily average temperature time series shown grouped near the corresponding loca-
tions (left), with colours based on the year average, for each station, from blue (cold), to red
(warm). The locations (green) and the mesh used for the spatio-temporal model components v
and u (right). The computational mesh is defined by spherical triangles directly on the globe
surface, and triangles crossing the £180° longitude curve are not shown in this Mollweide pro-
Jjection.

5.2. Global temperature dataset

This section presents some results analysing daily temperature data, where all the code
for the data cleaning, model fitting and plots are included in the supplementary material.

5.2.1. Data and model structure

We used daily data for year 2022, using minimum (TMIN) and maximum (TMAX) daily
temperatures, as described in Menne et al. (2012). We cleaned the data for inconsisten-
cies before the analysis. In particular, values beyond 7 standard deviations from the
mean were treated as missing. We computed the mean of these two variables for each
day at each one of 13567 stations world-wide, a total of 4951955 data entries. Figure 4
(top) shows this data as time series grouped by location.

The model includes an overall level u, the elevation in kilometres E(s), a smoothed
deviation from the overall mean jointly over latitude and time b(s,?), a spatio-temporal
random field v(s,7) varying slowly in time, and a spatio-temporal random field, u(s,?),
capturing the daily variability. The b(s,?) function is allowed to vary by latitude and
time, but is fixed to zero at the equator. The linear predictor expression is

n(s,t) = u+ aE(s)+b(s,t)+v(s,t)+u(s,t). (26)

Each observation y; is modelled with additive Gaussian noise with a common variance
parameter, 62, so that y; = 1(s;,t;) + e;, where (s;,t;) is observation i, i = 1,...n, and
ei ~N(0,02).

5.2.2. Model discretisation and estimation

For the b(s,t) and v(s,¢) functions in the predictor expression (26), we defined temporal
basis functions 1, cos[(r — 1) -2 /365], and sin[(r — 1) - 27t /365]. For b(s,t), these were
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multiplied with two quadratic basis function in sin(latitude - 7/180), which guarantees
smooth behaviour with respect to the location, s, at the two poles, giving a total of
six basis functions. For v(s,7), each of the three temporal basis functions were instead
multiplied by stationary spatial Whittle-Matérn fields over the sphere forming a model
term that captures the seasonal local deviation from the basic seasonal pattern described
by b(s,1).

The reported results were estimated using a spatial mesh with 1251 nodes (median
node distance ~ 587km), shown in Figure 4, both for the spatial coefficients in v and for
u. For u, we discretised the time domain with first order basis functions with one knot
per day. This setting gives a spatio-temporal model for u# with size 456615. In vector
form we have

y=1u+Ex+Bb+A,v+A,u+te,

where B is a six-column matrix of the evaluated basis functions for b(s,t) at the ob-
servation locations and times, and A, and A, contains the evaluated basis functions,
respectively, for v(s,#) and u(s,t). The vectors b, v, and u contain the corresponding
basis weights.

We used independent priors for all the model parameters. We used a flat prior for
W and a Gaussian with mean zero and variance 100 for ¢ and each element in b. The
three spatial fields in v are assumed as independent realizations each one modelled using
Eq. 3 with a common spatial range r,, and common marginal variance 2. The u(s,?)
term is a spatio-temporal field using one of the four models in Table 2. In total, we have
six variance/range parameters to estimate. We used penalized complexity priors for all
these parameters (Simpson et al., 2017; Fuglstad et al., 2018), applied to the marginal
properties of the models.

To define the PC-prior for 6, we used Pr(c, > 5) = 0.01 and the same for ¢, and ©.
We used Pr(r, < 1000km) = 0.01 for r,, Pr(r; < 600km) = 0.01 for r,. For r, we used
Pr(r, < 1 days) = 0.01 in models A and C and Pr(r; < 2 days) = 0.01 in models B and
D.

5.2.3. Model fitting results

Attributing the relative contributions to each model component is non-trivial due to the
posterior correlation between the components. However, a basic linear model variance
decomposition, SQT = ¥;(y; —¥)? and SQR = ¥;(y; — E(n; | ¥))*, can be obtained to
define R* = 1 — SQR/SQT. We have that the predictor model 1 (s, ) captures 97.18% of
the variability with model B. Table 3 reports DIC, WAIC, and goodness-of-fit statistics
for within-sample and leave-one-out assessment (leave-one-out log predictive density
score, LCPO, see Held, Schrodle and Rue (2010), for each of the five fitted models.
For within-sample assessment, R?, mean squared error (MSE), and mean absolute error
(MAE) assess the posterior mean and median only, whereas the log predictive density
score (LPO), CRPS, and SCRPS assess the full predictive distribution (Gneiting et al.,
2005; Bolin and Wallin, 2023). The model M, includes the fixed effects and v(s,7),
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whereas models A, B, C and D all include u, using the four models in Table 2. When
considering R?, LPO, MSE, MAE, CRPS and SCRPS model B performed a slightly
better. When considering DIC, WAIC and LCPO model C was slightly better.

Table 3. Summary statistics for each estimated model. The LCPO score is the average negated
log-predictive density for leave-one-out predictions, and LOP is its within-sample version. The
MAE, MSE, CRSP, SCRPS were all computed as within-sample scores based on a Gaussian
approximation of the posterior predictive distribution for each data point.

Model My A B C D
R? 0.8649 09718 0.9718 09718 0.9718
DIC 5.8103 4.3217 4.3222 43212 4.3222
WAIC 5.8101 4.3123 43128 43118 4.3128
LPO 29046 2.1332 21330 2.1335 2.1331
LCPO 29051 21572 2.1574 21569 2.1574
MSE 19.5151 4.1163 4.1136 4.1193 4.1155
MAE 33236 1.4667 1.4657 1.4678 1.4661
CRPS 24288 1.0947 1.0943 1.0952 1.0945
SCRPS 1.7905 1.3947 1.3945 1.3949 1.3946

Table 4. The posterior mean and standard deviation (in brackets) for each of the model param-
eters.

latitude

A B C D
o, 2.06(0.001)  2.06(0.001) 2.06(0.001) 2.06(0.001)
ry 5402 (217) 15304 (10683) 5242 (266) 5346 (486)
o, 8.5 (0.4) 20.9 (14.0) 7.9 (0.4) 8.3 (0.8)
s 1322 (6) 2079 (19) 1329 (7) 1365 (6)
r 5.60(0.04)  42.07(091)  3.92(0.02)  6.94(0.05)
o 2.73(0.01) 3.67(0.03) 2.63(0.01) 2.80(0.01)
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Figure 5. The posterior mean of the smoothed seasonal latitude effect b(s,t) for each model.
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Figure 6. The posterior mean for v(s,t), at some time points, for each model. From left to
right, models A, B, C, and D. From top to bottom, the time points are 46, 137, 228, and 319,
corresponding to the day of year in 2022 as labelled at the top left of each plot.
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Figure 7. The posterior mean for u(s,t), at some time points, for each model. From left to
right, models A, B, C, and D. From top to bottom, the time points are 46, 137, 228, and 319,
corresponding to the day of year in 2022 as labelled at the top left of each plot.
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For B (using model B for u(s,?)), the posterior mean for u is 34.74 and for
is —4.70. The posterior mean of b(s,t) for all four models are shown in Figure 5,
which displays the temperature over time and latitude. The seasonal pattern is clear,
with summer and winter temperatures in the two hemispheres standing out, with in par-
ticular lower temperatures (blue) in each hemisphere’s respective winter. The model
range/variance parameter estimates are summarised in Table 4. For the posterior mean,
we have E(ry | ¥) = 2078.66 km and E(r;, | y) = 42.07 days for model B, and smaller
for the other models. In particular the temporal range estimates are much smaller for
the other models, ranging from 4 to 7 days, which is more realistic. These values can
be interpreted through Figure 2. The posterior mean for the spatio-temporal field v(s,?)
for some days in 2022 is shown in Figure 6. This term is intended to capture slowly
temporally varying spatial variation from the overall mean, elevation effect and the basic
seasonal latitude parts of the model. It is clear that the desired interpretation is con-
founded with the interpretation of b(s,7), shown in Figure 5. The posterior mean for the
spatio-temporal field u(s,¢) for some days in 2022 is shown in Figure 7. This term cap-
tures the remaining spatio-temporal variation of the temperature field around the other
parts of the model.

5.2.4. Forecast evaluation

As was already apparent from the diagnostic scores in Table 3, despite the temporal
range parameters being different for the four models, particularly for model B, they are
nearly indistinguishable with respect to direct and leave-one-out prediction distributions.
Since the space-time non-separability effect is unclear in the leave-one-out setting, we
extend the assessment by computing multi-horizon temporal predictions. We used the
first 14 days of the data from each month to predict the following 7 days. These forecasts
were done while keeping the covariance parameters and the long term spatio-temporal
components b(s,) and v(s,7) fixed to their posterior modes from the full joint model
estimates, so that only the short-term spatio-temporal field u(s,7) was reestimated for
each scenario. This generated forecasts for each model for 12 different weather and
seasonal conditions over the year.

Figure 8(top) shows the mean absolute error (MAE), mean squared error (MSE),
mean Dawid-Sebastiani (DS, equivalent to log-score for Gaussian predictions, see Gneit-
ing et al., 2005), and mean SCRPS summarized for each prediction horizon (1-7 days)
for each of the 12 scenarios. Figure 8(bottom) shows the difference between the scores
for each model to those of model D, to more clearly highlight the differences between the
models. The prediction errors all exhibit increasing variability for longer forecast hori-
zons, as well as a generally increasing trend, that mostly levels off around 6 days, which
is compatible with the estimated temporal correlation length parameter r; for models A,
C, and D. For 1-day ahead forecasts, model D achieved the lowest scores, and it appears
more stable than the other models for longer forecast horizons. Model B has large score
variability, and is doing worse than the other three models for long forecast horizons, in
particular for the scores that take forecast uncertainty into account. For more details see
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Figure 8. Top: Multi-horizon (1-7 days) and multi scenario (one for each month of year 2022)
forecast scores for predicting one week ahead. Lower scores indicate a better forecast. Bottom:
The differences in scores compared with model D.

Appendix F, where one can see that the scores are generally worse in the start and end
of the year, indicating an unmodelled aspect of seasonality, e.g. in weather variability.

6. Discussion

We have developed a spatio-temporal extension of the Gaussian Matérn fields based on a
fractional and stochastic version of the physical diffusion equation considered by Whittle
(1954, 1963). We named the new family the diffusion-based extension of the Matérn
field (DEMF), and showed that it has several useful properties: The spatial marginals are
Gaussian Matérn fields; the family contains Markovian diffusion processes with clear
physical interpretations; and we can control the smoothness in space and in time, the
degree of non-separability, and interpret all the parameters. The family can also be
extended to non-stationary models and be defined on curved manifolds.
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The DEMF family contains several important subfamilies; 1) separable models, 2)
Markov models, 3) partially separable models, 4) a fully non-separable subfamily of
the Stein (2005) family, and 5) spatially non-stationary model dynamics. This provides
a rich outset for studying the practical and methodological impacts these assumptions
have.

An important special case in the DEMF family is the DEMF(1,2,1) model, which in
two-dimensional space, is the closest stochastic process analogue to the diffusion equa-
tion (see (4)), and hence a natural default choice for spatio-temporal model components.
The non-separable DEMF(1,2,1) model has the same smoothness in space and in time as
the separable DEMF(1,0,2) model, which has a covariance function that is a Kronecker
product of a Matérn covariance in space and an exponential covariance in time. Of par-
ticular interest is also the non-separable DEMF(2,2,0) model which can be viewed as an
iterated diffusion model.

Although the proposed model family includes non-separable models, which in itself
might be desirable from considerations about covariance properties, another view-point
is that the non-separability here arises as a direct and natural consequence of the physics-
inspired dynamical diffusion construction. Most importantly, the results shed light on
which types of non-separability would occur naturally under certain assumptions on the
spatio-temporal dynamics and properties of the driving noise process. Although there
are strong arguments in the literature against using a separable model, the space of non-
separable models is vastly larger than the space of separable models. Hence we need to
consider which types of non-separable models are more, and which are less, appropriate
than the separable alternatives. As illustrated by the practical example in Section 5.2,
it is important to assess models in a context relevant to the intended use case. In par-
ticular, non-separability is unlikely to make a difference for space-time interpolation, as
assessed by e.g. leave-one-out cross-validation, but can make a difference in full space-
time forecasting settings.

It is natural to view the model class as an example of building models via building
blocks with precision operator space-time separability. The most basic form of sepa-
rability is functional separability, where a spatial and temporal processes are added or
multiplied, which can be viewed as having S+ T degrees of freedom, where S and T
are the spatial and temporal effective dimensions of the functions. The next form is
covariance separability, where the model is formed from a sum of covariances (giv-
ing the same as functional separability) or a product of covariances, where the latter
gives S- T degrees of freedom. These covariance product models are covariance sep-
arable but functionally non-separable. For precision models, plain products are equiv-
alent to covariance separable models, but sums of precision products give covariance
non-separability. In both the covariance and precision cases, non-stationarity in the
spatial and temporal operators can be introduced, as long as the operator separability
is kept. This distinguishes this type of non-separability from fully non-separable non-
stationary models that cannot be written as precision sums and products. The key is to
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retain commutativity between the spatial and temporal operators within each product:
(Qt ®IS)(II & QY) = (It & Qv)(Qt ®IY) = Qt ® Qs

With the GMREF representation presented herein, the computational costs of the sep-
arable and non-separable models are similar, as the sparsity structure of posterior pre-
cisions, given irregularly spaced observations in generalised latent Gaussian models, is
only marginally affected by the non-separability, and can even be more sparse in the non-
separable cases; the separable precision neighbourhood structures are space-time prisms,
whereas the non-separable neighbourhood structures are double-cones. Together with
interpretable parameters, this makes the non-separable models as practically accessible
as the separable models. In the supplementary materials we provide an implementation
with examples in R—-INLA.

In this paper we mainly focused on stationary fields, but also showed how very little
in the theory and computational construction changes for models with curved manifolds
or spatially non-stationary operators, as already discussed by Lindgren, Rue and Lind-
strom (2011). Although the initial practical implementation only covers a subset of the
general model class, we believe that the general results can and will be applied in more
general contexts in the future.

Supplementary Material

R code for the examples: The examples were computed with the INLAspacetime
package, using the cgeneric method from the R—INLA software for compu-
tationally efficiency, via the inlabru interface Bachl et al. (2019). See also
Niekerk et al. (2021) for a similar example. Code for the figures and exam-
ples is available at https://github.com/finnlindgren/spacetime-paper-code, and the
INLAspacetime R package (https://github.com/eliaskrainski/INLAspacetime)
implements a subset of the models.
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Appendices

A. Almost sure sample path continuity

We start by rephrasing the main theorem of Section 9.3 of Cramér and Leadbetter (1967),
and giving a formal definition of the smoothness index.

Definition A.1 (Cramér and Leadbetter, Section 2.5, generalised). A stochastic process
x(t) on some domain D, is equivalent to another process y(t) on D, if for each fixed
t € D, x(t) = y(t), with probability one. This means that x differs from 'y on at most a set

with measure zero, and that they have the same finite dimensional distributions.

This technical definition allows us to view equivalent processes as an equivalence
class that encapsulates some of the finer details of probabilistic measure theory for sam-
ple path continuity of stochastic processes.

Theorem A.1 (Cramér and Leadbetter, Section 9.3). Let S*(w) be the spectral measure

of a stationary Gaussian process x(t) ont € R, and let
Loy = / 0% [log(1 + 0)]" dS* (o)
0

for a,b > 0. For spectral measures that admit a spectral density S(®), replace dS*(®)
in I, with (@) do.

1. If I, < oo for some b > 3 and some a in the range [k,k + 1) for some k € N,
then x(t) is equivalent to a process y(t) that has a continuous sample derivative of

order k, with probability one.

2. Ifl,1 < oo for some a in the range (k,k+ 1] for some k € N, then x(t) is equivalent
to a process y(t) whose sample derivative of order k is Holder continuous with

exponent a—k € (0, 1], with probability one.

For the case k = 0, the sample derivative of order zero refers to the sample path of the

process itself.
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Proof. The results follow directly from the main theorem of Section 9.3 of Cramér and
Leadbetter (1967). |

Results from Scheuerer (2010) show that under a similar condition for d-dimensional
domains,

/Rd @] [log(1+ |@])))” dS* (@) < o=,

for all ¢ < v and some b > 1, the sample paths on R? belong to any Sobolev space
W42 of order a < v, on any bounded subdomain, with probability one. For isotropic
spectra, this translates to I, ;, < oo for all a < v and some b > 1, when applied to the
one-dimensional marginal spectra.

The integral criteria above motivate the following characterisation of the smoothness
index v, in particular when applied to models with power law spectral density tails.

Definition A.2. The smoothness index v of a stationary Gaussian process x(t), t € R, is

v =sup,{a;l, | < e}, where I, is defined as in Theorem A.1.

B. Numerical evaluation of covariances

When spatio-temporal spectral density is available in closed format on R¢ x R, the co-
variance function can be obtained to close numerical accuracy using fast Fourier trans-
formation (FFT). In order to reduce the memory requirements for isotropic models on
high-dimensional spatial domains, the marginal space-time spectrum along a single spa-
tial dimension can be evaluated first. For general models, evaluating spatial FFT trans-
formations for each time lag further reduces the memory footprint if only some of the
covariances are stored.

The idea is construct the folded spectrum resulting from spatial/temporal discretisa-
tion, and then discretise it onto a finite regular lattice. The resulting integral approxima-
tions can be evaluated with standard FFT implementations, and the numerical approxi-
mation error in the covariance evaluation is determined by the frequency resolution and
smoothness of the spectral density. The brief theory behind the construction presented
below is based on Lindgren (2012).

B.1. Spectral folding

The exact spectral representation of the covariance evaluated on a discrete infinite lattice
can be derived from the continuous domain representation. For simplicity, assume the
same lattice spacing 4 in each direction. A stationary covariance function R(s) evaluated
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at lattice points jh, j € Z¢ is given by
R(s) = / exp(ior-)S(@) do,
R

R(j) = [ explio- jh)S(@) do

/ Y exp(i(@+2mk/h)- jh)S(@+27k/h) de
[~ /hx/h) "kezd

/ exp(io - jh)S(®)dw, (27)
[—x/h,7/h)d

where
o)=Y S(o+2nk/h), @¢c[-n/hn/h)".
kezd
If instead the spatial discretisation should be interpreted as the cell averages (which is
the more usual case for PDE discretisations and e.g. satellite data, rather than pointwise

values), the spectrum is altered by a multiplicative frequency filter with a squared sinc
function:

sin[(@; + 27k, /h) /2] | *
ke;Z:dS a)—|—27rk/h)131{ CESIIDIE } , @c[—n/hn/h)?

B.2. Discrete Fourier transformation

To approximate the integral in (27) with FFT, choose a positive integer M . This gives a
numerical integration approximation

S oo (T o 2T . d
R(]h)_<m> ke[_%M)dexp<lk- 12M> (kh—M) jel-MM)¥,  28)

which is of the form that can be evaluated using FFT.

B.2.1. Sampling

With the above theory, sampling from the model can be expressed as an integral with re-
spect to continuous domain complex valued white noise process, dZ(@®), with conjugate
symmetry:

s = [ ewlio- jmS(@)  dz@), jez,
[—7/h,7/h)4

where dZ(—®) = dZ(®), Cov(dZ(®),dZ(®')) = §(® — ®')d®. This can be discre-
tised with a lattice of frequencies in much the same way as for computing the covariance
function, with noise variances equal to the cell area/volume (, i ) “ of each frequency lat-
tice point. When the outer pairwise opposing cells are discretised, the combined complex
noise contributions are real, and should be assigned to the —M indices, which ensures
that the resulting field has no non-zero imaginary components.
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C. Spherical harmonics

C.1. Definition and standard properties

In R?, the harmonic functions, sine and cosine, play an important role as basis functions
in spectral representations of functions and random fields. On the sphere, this role is
instead taken by the spherical harmonics. This section presents the basic results needed
for spectral representation theory for stationary processes on the sphere.

-
Definition C.1. The spherical harmonic Yy ,,(u), u = [ul,uz,ug} € S? C R?, of order
k=0,1,2,... and mode m = —k, ... k is defined by
V2sin(m@)P_(cos8) —k<m<0,
k—|m|)!
Yim(u) =4/ 2k+1)- ——=-< P, =
ko (U) \/( ) (k+ m))! %.0(cos 0) m=0,
V2c0s(m@) Py m(cos0)  0<m<k,

where @ is the longitude and 6 = arccos(u3) is the colatitude, and Py, (u3) are as-

sociated Legendre functions (Po(u3) are Legendre polynomials). Note that sing =
up/Jut +u3, cos¢ =uy/\/ut+u3, and cos 6 = us.

Standard property results for spherical harmonics, following Wahba (1981), building
the basis of spherical Fourier theory:

1. The spherical harmonics form an orthogonal basis for functions on the unit sphere,
S%:

4, K =k,m =m,

a%man&m»SZZ:{

0, otherwise.

2. The addition formula for spherical harmonics is

ZYkm u)Yim(v) = (2k+1)Po(u'v).

m=—k
3. The spherical harmonics are eigenfunctions to the Laplacian on S?,
AYj i (u) = —k(k+ 1)y (u).

4. Let ¢(u) be a square-integrable function on S2. Then ¢ (u) has series expansion

R ok
¢(u)=(3"_1¢)(u)=l; Z, ¢ (k) Vi (w),

with Fourier Bessel coefficients ¢ (k,m) = (F¢)(k,m) = #(d)(u),Yk,m(u»Sz(du).
Also, (9, 1)g: =476(0,0) and (9, ¢)c2 =47 L @ (km)°.
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C.2. Spherical variance approximation
Define

b
2k+1

F.p,=

“ ,;47r[}g,2+k(k+l)]“

so that Fp ., gives the variance in (23). With

/ 2x+1
4m| yg +x(x+1)]*

1 1
N 4n(a -1 (m Ptaa+ D]t [R+b(b+ 1)]‘“) ’
choose K so that the terms in the sum (23) are decreasing for k > K. This holds for any
K > Ko, where Ko = 0if % < 1/2, and Ky = L [ELE ;W for ¥, > 1/2. Then the full

sum Fp . can be bounded by a partial sum F g and tail integrals:

Fox +1x11,00 < Fooo < Fo g + 1K o

Tighter bounds can in principle be obtained for the approximation Fo . &~ Fo x +Ig 1 1/2,c0-
Let f; denote the integrand for I, ;. Then a second order Taylor expansion around each
x = k gives the error bound

[}
u

1
Fox +1ki1/200 = Foo = Ixi1/200 = Fk41,0 *4 Z sup fe -
L xe(k—1/2k+1/2)

It may be possible to construct a bound for this series using another integral bound, but
the practical utility of doing so is unclear.

D. Collected proofs

D.1. Proof of Proposition 3.1

The covariance function for spatial lag s = s, —s; and temporal lag ¢ can be written as a
nested integral,

cov[u(0,0), u(s, )] = / / / expli(s - @+ 10,)]Su(@;, @) deo, d@,
R4 JR
— [exp(is-a)s){ / exp(ita),)Su(a)S,a)t)dw,} do.
Re R
:/ exp(is - @;)S,(®s;1) d@;,
]Rd

where the inner integral S, (@;;?) is the marginal spatial cross-spectrum for time lag 7.
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Let A = ¥2 + ||@,]||> and k?> = A% /9?2. Then, integrating over @y, we get

eil(o,

Su(@g;t) = , do,

(2m)d YZ)LaeyZ“f/Zn OF + A% [ y?)%
CRoc,

- G

2h Q)R+ o) '

R%fl/z(m)

{r Pt ||ws||2/%},

where RY(t) is the standard Matérn correlation with smoothness v, defined in (16),
and the additional scaling was given in Lindgren et al. (2011). For ¢t = 0, the temporal
constribution factor is 1, and we recognize the resulting expression as the spectral den-
sity corresponding to a spatial Matérn covariance function with range parameter 7, and
smoothness parameter V; = & —d /2, and marginal variance equal to the sought value ¢
in the proposition. We then also know that the marginal spectrum for # = 0 in any single
spatial dimension is proportional to (72 + @?)~"*1/2, which shows that the conditions
on a in Theorem A.1 are fulfilled if and only if a < vy, so V; is the smoothness index.

D.2. Proof of Proposition 3.2

Let v, be the smoothness index for the marginal temporal process u(s,t). We need to
identify for which values of a the integral 1,1 = [;° ®?log(1 + @)S,(®;)day in Theo-
rem A.l is finite. We start by integrating out the spatial spectral dimensions and repa-
rameterising the resulting integral:

w)e [ 7+ (2 + @ P)*) (2 + o)) do,
w [THR (R ) )

cx/mv(d—”/z(lw) %(@f + (1+v)%) " %dy (29)
0

where we in the second step changed to polar coordinates and in the third set v = r2/y2
and @ = @y /Y% The integral (29) is finite for all @, when @, + 0,0 > d /2. Assuming
a < V;, we can then write the integral in the smoothness criterion as

11 :/ a),z"log(lJra)[)S,,(a)t)da),

—Co/ @ log <1+ tw)/ [@=2)/2(1 4 ) =% (@7 + (1 +v)*%) "% dvday
0

for some constant Cy. Let € > 0 such that a+ € < v,. Then log (1 + %%Dﬁ) < CS(T)tzg for
all @, > 0 for some C¢ > 0. We can then bound 1,1 and change the order of integration
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since the integrands are positive:

Iy < CoCe / oRe) /0 PAD/2(1 ) =% (G2 4 (14 v)%) % dvday

2(a+¢€)

°° °° (0 ~
:cc/ (d=2)/2(1 4 —“e/ - da, dv.
0Ce fy VU @ (e 1

72 in the inner integral gives

i S
The change of variables w = )

(1+)%/%dwdy

oo oo 2(a+€) (1 + V) (LlJn‘;‘*(X;)as
< [@-2/2(] 4 ) / W
o1 _Coce/o v (1+v) A W2+ )%

=CoC  d-2)2 1 —a—ay(o—a—z—1/2) [~ 7w2(a+8) dwd

=G 8/0 v (1+v) /o e wdv.
In this expression, the inner integral is a finite constant, C,,, when 20, —2a—2¢ > 1, i.e.,
when a+ € < oy — 1/2. Since € can be chosen arbitrarily small, we can make C,, finite
for all a < oy — 1/2. The remaining integral has an integrable singularity at v = 0 for
d = 1, and the integral is finite when o, + o (0y —a—€—1/2) —(d —2)/2 > 1. Solving
for a and again recognising that € can be chosen arbitrarily small, we have now shown
that I, ;| < oo when botha < o4 —1/2 and a < M Vz hold. Therefore the
temporal smoothness is given by v, = min(o; — 1/2, VS)

We now turn to the special case d = 2, where we can derive an explicit expression

for the spectral density. Let B(x,y) be the beta function,

1
B(x,y):/o P =) dr.

Making the change of variables 1 +x = (1+v)% in (29) the marginal temporal spectrum
becomes

Su((o,)o(/o (14x)" & @ +1+x)"%dx  [formula3.197.9 in G&R (p317)]

o, —1 o, —1 o, —1 ~
o«B( : +oc,,1>zF1 <at, o, — +at+1;—w,2>,
Ol O O
because %1 4 o = VS + > 0. Finally we verify that this spectrum yields the smooth-
ness parameter 1mphed by the general dimension result. Assuming that a — b is not an

integer, the hypergeometric function »Fj (a,b;c, z) for large values of z behaves like
2F1 (a,b,c,z) ~ciz @ —|—C2Z_b + O(Z—a—l) + O(Z_b_l)

as 7 — 0. If a— b is an integer we have to multiply z~¢ or z =% with log(z) (Erdélyi
(1953) volume 1, section 2.3.2, page 76). This extra logarithmic factor will not make a
difference for the final smoothness. Thus, we may write

)) i (wIZ((x,JrOLmin(O,ael)))

_ (Gl
St(wt) = O(wt 2a,>+(f) (wt Ce
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for large @;. This decay rate is such that the conditions in Theorem A.1 are if and only
if a < v, with

2(e4 + = min(0, 06, — 1)) — 1 1. 1 1 v
Vi = % ) ‘ _Ott—i-asmln((),(xe—l)_z_mln|:(xt—2;ass:|7
which completes the proof.
D.3. Proof of Theorem 4.1
Define the eigenvector matrix V and the eigenvalue (diagonal) matrix A = diag(Ay,...,4,,)

solving the generalised eigenvalue problem K|V = CVA. Since K and C are symmet-
ric and K is positive definite, the eigenvectors can be chosen so that V' CV = I. For
general a =0,1,2,..., K,y = KaC’lKl, so that K,V = K,VA. Recursion shows
that K,V = CVA“, which also holds for general a > 0, and V'K,V = A“.

For oy = 1, the temporal evolution of the spatial Hilbert space discretisation of (25)
is determined by

d
<)/,Cat +K%/2> u(t) = Cdépg,, (r), teR.

A multivariate change of variables u(t) = Vz(¢) and multiplication by V" on both sides
gives

d
<%Iat + AOCS/Z) Z(t) - VTCdgngae (t) - dSYZAaB (t),
where the precision of the driving noise process follows from
-1
P (VTCK;jCV) — 2V Ic K, VT
=%V 'KaV=7A%
For o; = 2, the same technique yields

32
<—}/,2Cat2 +Kas> u(t) = Cdépg,, (1)

and
82
<_%2181‘2 +A06s> Z(l) = dgygj\”‘f (t)

Using the solutions for o = 1 and 2 as the driving noise processes on the right hand
side, the recursive construction technique from Lindgren et al. (2011) gives the general
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spatial discretisations
/2
< ’yzcatz_‘_KOCx) u(I)ICdEﬁKW(Z),

82 /2
(—'}’tzlatz +Aas> Z(t) == d(g%zAae(t),

for any oy = 1,2,.... Since the evolution of z(r) is independent between the vector
components, we get

Py o /2 1
< yzatz—l-),ar) Zi(l‘)_WW(Z‘), fori=1,...,ns,

where 4; is the i:th generalised eigenvalue of K, and W;(-) are white noise processes,
independent across all i. Rearranging factors, we get

/2
yekia“/2%°"< §2+y,27u%> z(t) = Wilt), fori=1,...,n,.

Applying the temporal condition of the theorem with b; = /lafyza’ and x; = %/ 2 /Y
then gives a the temporal discretisation precision for each z;(¢) as

& oak

_ 120 —

= Zb'Ki Jo, /2
k=0

Collecting the processes gives the joint precision as

204 20,
Qz = Z J(X,,k/Z X diag(bﬂ(izatik) = '}/ez Z '}{(J(x,,k/z & AaﬂL(za[ik)aS/z.
k=0 k=0

The joint discretisation vector in the original parameterisation is given by u = (I®V)z,
with covariance @, ' = (I@V)Q, '(I®VT). We note that V=T A*V~! = K, so that the
joint precision matrix becomes

204

0,= (1®V_T)Qz(1®v_l) = Yez Z %Jank/Z ®K0¢e+(a,—k/2)ocs’
k=0

which completes the proof.

E. Temporal GMRF representation with stationary boundary
conditions

We present precision matrices for stationary AR(2) (autogregressive order 2) processes,
and then show how this can be used to construct stationary boundary conditions for
GMREF representations of 1st and second order Whittle-Matérn type stochastic differen-
tial equations.
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Lemma E.1. Let u; be a stationary AR(2) process with evolution
aoug + ary—i + a2k = e,

with ag > 0 and ey independent, ey ~ N(0,1). Then, the precision matrix Q for (uy,...,uy)
is quint-diagonal, and, except for the upper left and lower right 2 X 2 corners, Q has
diagonal elements qg = a(z) + a% + a% and off-diagonal elements q, = a)(ap + a;) and

g = apay. Further, the corner elements are given by

2 2, 2
Q0,0 = Onn = ag, 011 =0n-1n-1=ay+aj,

Q0,1 = OQnp—1 = aiag, 010=0n-1,, = aiao.

Conversely, if the inner elements qo, q1, and q> are known, the ag, a;, and ay values

can be recovered, and hence the corner elements be constructed: Define the constants

by+b_

Then,

1 5 by —b_ 1
—_— = s _4 = = — s 2—4 .
aop > <bA +4/b3 q2>, ay 7 a > by — /b2 q>

Proof. Follows by direct computation. |

Let @, = {¢:1(¢), ..., 9, (t)} be a set of piecewise linear basis functions in time, on a
regular grid, and consider precision matrices on the coefficients for a linear combination
of these basis functions. We want to obtain a GMRF representation of a stationary
process Ornstein-Uhlenbeck process z(z), such that

d
wea(t) + —a(t) = b"2e(r), reR (30)
where € is white noise. However, we can instead use the equivalent stochastic process
model

, & = 1/2
K°—— t)=>b"""¢g(t), tekR. 31
(@- i) =00 61)
Under stationarity, these two models are equivalent in the sense that they have the same
covariance function. Let Mo = ({91, 9;)); ;» M2 = ((V9;,V9;)), ;. Assuming Neumann
boundary conditions on a finite interval, and (31), the precision matrix is Q = b(x*M +
M,), see Lindgren et al. (2011, Sec 2.3). This matrix does not represent a stationary
process on the finite interval. However, it is quint-diagonal, and can be corrected to give
a stationary GMRF by adding bk+/1+ h?k? /4 ~ bk, to the first and the last entries of
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the matrix Q, per the previous lemma. Here, / is the step-size in the mesh, and we
assume that 2x is small. Let M| be a matrix of zeroes, except the first and last elements
which are 1/2. We then have a stationary GMRF representation of the process (31) with
precision matrix

b(kK’My+2xM| + M5). (32)

For second order B-spline basis functions, a similar adjustment can be made to the
initial and final 2-by-2 blocks of the matrix. In both cases, Taylor expansion of the
boundary correction at a specific ky > 0 is likely preferable when the temporal construc-
tion is applied to the space-time construction in Theorem 4.1.

F. Application details

We performed the computations for the temperature case study on a single node ma-
chine with 52 cores (26 dual-socket Intel Xeon Gold 6230R CPU) and 755 GB of main
memory. After preliminary model fitting with lower resolution spatial mesh we fitted
the model with 1251 mesh nodes. The parallel computations were performed with
inlabru (version 2.10.0), INLAspacetime (version 0.1.7) via R—-INLA (version
23.11.26) with the PARDISO library, using 4 parallel evaluations of the posterior log-
density, each one using 8 threads. The average time per function evaluation were 52.94
seconds, 67.96 seconds, 92.06 seconds and 186.05 seconds, respectively for models A,
D, C and D. The respective number of evaluations of the posterior density were 479,
1114, 333 and 607, and the total computing time 7.12 hours, 21.09 hours, 8.58 hours
and 31.45 hours. The real memory peak were 114.75 GB, 178.78 GB, 219.25 GB and
211.43 GB, respectively. These timings can be significantly reduced by using a different
parallelization strategy along with better starting values. Starting values can be set from
fits of each one of these models but using lower resolution meshes which allows faster
computations.

The computed results were used for the within-sample and leave-one-out prediction
scores in Table 3, as well as for the multi-horizon forecast assessment in Section 5.2.4.
Details of the multi-horizon forecast scores are shown in Figures 9 and 10, including the
mean error (ME, estimated forecast bias), mean absolute error (MAE), mean squared
error (MSE), mean Dawid-Sebastiani scores (DS), mean continuous ranked probability
score (CRPS), and scale-invariant CRPS (SCRPS).
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Figure 9. Mean error and prediction score averages for each model, for each forecast horizon

(1-7) and each month of the year, for the multi-horizon multi-scenario setting.
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Figure 10. Prediction score averages for each model with the scores for model D subtracted,
for each forecast horizon (1-7) and each month of the year, for the multi-horizon multi-scenario
setting.
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We congratulate the authors on their spatio-temporal extension of the Matérn spatial
process. As outlined in this comprehensive paper, the connection between the Matérn
covariance function and its SPDE representation remains of foundational importance to
the understanding and construction of geospatial stochastic processes. This paper joins
the authors’ previous efforts in increasing the awareness (and ease of use) of so-called
“constructive” approaches to spatial modeling, most notably their SPDE approach for
Gaussian fields (Lindgren, Rue and Lindstrom, 2011) and its implementation via INLA
(Rue et al., 2017). We share the belief that such constructive approaches typically func-
tion best when relevant physical processes are incorporated in the model, often to the
benefit of the theorist and practitioner alike. Furthermore, the extension from a purely
spatial to spatio-temporal model is both elegant and (at least conceptually) simple: spec-
ify a dynamical system in the SPDE construction. It is surprising, then, that until Jones
and Zhang’s (1997) specification of a stationary space-time process via a fractional dif-
fusion equation, this approach received so little attention after its introduction by Heine
(1955) and Whittle (1963). Indeed, Jones and Zhang (1997) was ahead of its time; it is
nice to see that work getting the attention it deserves and that it has helped to motivate
the extension to spatio-temporal Matérn processes presented here. We have little to add
in this regard beyond what is said in the paper. Instead, we will focus our brief discussion
on the broader SPDE modeling approach.

One interesting question, which might be overlooked upon a first reading of this pa-
per, is whether there is a distinct advantage to specifying the dynamical system in contin-
uous, rather than discrete, time. For example, Cressie and Wikle (2015, Chap. 6) compare
the space-time covariance from the diffusion-injection SPDE model of Heine (1955) and
the marginal space-time covariance implied by the associated conditional discrete-time
dynamic spatio-temporal model (DSTM). Not surprisingly, they are nearly indistinguish-
able except near the space and time origins. Thus, one obvious advantage of the marginal
SPDE approach is the adaptability of the continuous-time model to irregularly observed
and/or high-frequency data, although the exact scope of the advantage would depend
on the number of observations and the complexity of the specified SPDE. Yet, when
the data are reasonably considered to be discrete in time, the conditional DSTM may
provide much greater flexibility in deep hierarchical frameworks as it allows parameters
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that control the advection, diffusion, and injection processes to themselves be specified
as dependent processes (or conditioned on spatio-temporal covariates). This deep con-
ditional modeling, motivated by mechanistic and stochastic parameter processes, is the
foundation for the physical-statistical modeling approach pioneered by Mark Berliner
and colleagues (e.g., Berliner, 2003; Wikle and Hooten, 2010).

Perhaps a less obvious advantage of continuous SPDE representations in general,
and the addition of the temporal smoothness parameter in the model presented here
specifically, is its potential adaptability to changes in temporal support. For example,
spatial data may represent observations from a time-averaged or aggregated dynamic
process (e.g., monthly precipitation totals, annual average pollution concentrations, etc.).
In such cases, the SPDE approach can suggest novel marginal spatial dependence struc-
tures for the aggregated observations: define the relevant continuous-time process and
integrate the solution over the observational time span. This idea has been considered
for advection-diffusion processes with certain simplifying assumptions (see Wikle et al.
(2022) or Hanks (2017) for a similar approach). However, to our knowledge this has not
been attempted with the more general fractional diffusion-like processes considered in
this paper. Such an approach may yield relevant marginal spatial dependence structures
beyond the fixed-time Gaussian Matérn fields considered here, and continues the broader
trend of relating conditional spatial models to relevant spatio-temporal processes found
elsewhere in the geospatial literature. We recall D.R. Cox’s comment to the classic Besag
(1974) work on Markov random fields (MRFs):

Nevertheless, understanding of the conditional models may be helped by
relating them to temporal-spatial models, and in particular to their station-
ary distributions. It would be interesting to know what general connections
can be established between Mr Besag’s auto-models and stationary distri-
butions of simple temporal-spatial processes. (Besag, 1974, p.225)

Another exciting avenue suggested by the present work concerns extensions to non-
linear spatio-temporal processes. Most biological/environmental/geophysical processes
are, at least at some temporal scale, nonlinear. That is, there are explicit interactions
between spatio-temporal scales of variability that lead to nonlinear phenomena (density-
dependent growth, fronts, predator-prey dynamics, disease spread, etc.). Given that such
processes imply higher-order marginal dependence, the constructive approach may mo-
tivate new statistical models for such processes. Wikle and Hooten (2010) present a
discrete time DSTM approach for quadratic nonlinear processes motivated by PDEs, but
the resulting models can be limited by the curse of (parameter) dimensionality and com-
putational tractability. These are the same issues one faces with nonlinear deep neural
approaches for modeling nonlinear spatio-temporal processes (see the recent review in
Wikle and Zammit-Mangion, 2023). Whether the SPDE approach can overcome these
issues is unclear, but it provides, at least, a possible connection (or alternative) to the in-
creasingly popular physically-informed neural network approaches (e.g., Cuomo et al.,
2022; Ren et al., 2023).
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Another area of future research motivated by the present work is to expand the gen-
eral manifold ideas herein to suggest new general classes of dependence models for
graphical models such as those motivated by time-varying networks (e.g., Ghosh et al.,
2022). Indeed, the well-known connection between MRFs and graphical models, and
the similar connection between SPDE models and MRF-based implementation methods
championed by the authors, suggests a potential to provide mechanistically-motivated
process dependence models for time-varying networks, both in their classical represen-
tation and in graph neural methods (e.g., Zhou et al., 2020).

In conclusion, we thank the authors for a well-written and important extension of
their SPDE/INLA approach to flexible spatio-temporal processes. Not only does this
provide a useful suite of models for many real-world data sets, but it has suggested to us
several interesting connections and possible extensions to our own work.
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The authors are to be congratulated on a valuable and thought-provoking contribution in
the rapidly developing field of space-time modelling with tangible grounds in statistics,
mathematics and computer sciences. Since the first INLA proposal, thousands of sci-
entific contributions have appeared in the literature, using, adapting and enhancing this
Bayesian-based inference framework, starting with spatial contexts, and lately extending
this paradigm into space-time in combination with more complex developments. In this
context, we underline the undoubtful fact that Gaussian random fields with Matérn co-
variance functions are not only popular (as written by the authors) but necessary building
block models in spatial statistics and machine learning. These two scientific communi-
ties are coming together to solve joint problems that time ago were solved separately.

This paper extends the Matérn covariance function to a family of spatio-temporal
covariance functions, and the way the authors have chosen their way is through the alter-
native mathematical representation of stochastic partial differential equations (SPDE),
rather than following analytical representations of covariance functions. By doing this,
this paper enhances, and builds upon, existing SPDE developments and are able to de-
lineate and define the process with desired properties already encoded in the process.

We acknowledge this diffusion-based extension of the Gaussian Matérn fields to a
family of spatio-temporal stochastic processes (DEMF) for a number of reasons, very
much in particular for the possibilities of improving existing methodologies in the field
of spatio-temporal point processes. Our discussion centres around two main points as
follows.

1. Applications to point processes

We have found the sentence ‘In practice, however, users of statistical software often
choose a model based on convenience. If there are available code examples, the choices
made in these will often be carried forward into future analyses.” particularly true in
applied contexts, and it highlights the importance of having accessible code for complex
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models. An interesting class of models that is not mentioned in the paper but that is
already implemented in inlabru (Bachl et al., 2019) is the Log-Gaussian Cox Process
(LGCP) model. LGCP models are implemented using the methodology described in
Simpson et al. (2016) and we believe there is no problem in combining the new class of
random effects illustrated in the paper with this point process methodology. Having the
ability to use non-separable spatio-temporal GMRFs as random effects in LGCP models
is appealing in a number of different applied contexts. In this section, we will provide
examples of interesting applications and use of the proposed class of random effects.
Most of these examples concern earthquake occurrence but can be used to illustrate
different problems.

A first application that comes to mind regarding earthquakes modelling and forecast-
ing is concerned with the magnitude distribution. Two widely popular choices consist in
setting a magnitude of completeness My, and assuming that the observed magnitudes
m < My follow an exponential distribution; this corresponds to the standard Gutenberg-
Richter law (Gutenberg and Richter, 1956), or a truncated Pareto distribution on the
seismic moment (Kagan, 1991). In this context, there is great interest in determining
whether the parameters of the magnitude distribution are varying over time and space
(Herrmann, Piegari and Marzocchi, 2022; El-Isa and Eaton, 2014; Kamer and Hiemer,
2015). These variations are usually estimated partitioning the space-time domain and
producing different estimates for each element of the partition. The ability of expressing
the parameters as a Gaussian Markov random field (GMRF) with non-separable covari-
ance functions and with a physical interpretation could be very relevant in this context.
This will not only be useful in testing more complex hypothesis on the magnitude distri-
bution but also to build better performing models in terms of their operational capabilities
(Hiemer and Kamer, 2016). Still in the context of the magnitude distribution, it would be
very interesting to express the magnitude threshold M, using a spatio-temporal GMRF.
This would be important because the magnitude of completeness changes over time and
space depending on the quality of the seismographic network and, therefore, it would be
appropriate having a non-separable, possibly non-stationary, random effect.

The combination with LGCP models can prove fruitful for modelling long (years,
decades) and short (days, weeks, months) term seismicity. Regarding long-term seis-
micity, Bayliss et al. (2020, 2022) used the SPDE approach and inlabru to build
models for earthquakes occurrence incorporating covariates and using the random effect
to explain the spatial correlation due to unobserved phenomena. Having easy access to
non-separable spatio-temporal random effects could greatly improve this type of models.
Indeed, these effects would reflect the spatial and temporal change in long-term seismic-
ity, which are mainly due to the variables changing over time and space, such as distance
from faults, the level of stress accumulated in the earth crust, and heat flow.

Regarding short-term seismicity models, Serafini, Lindgren and Naylor (2023) adap-
ted the technique used for LGCP to approximate Hawkes process models (Hawkes,
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1971), which have intensity of the form

Ax|H) =ux)+ Y g(x—xi), (1)

x; €Hx

where X is a point in space-time and possibly equipped with one or more marks (e.g.,
magnitude, depth), and JHy is the history of the process up to x. The Hawkes process
can be seen as the superposition of a background Poisson process p(x) representing
events occurring spontaneously, and different offspring processes g(x — x;) represent-
ing the points induced by observation x;. In this context, having non-separable, possi-
bly non-stationary, spatio-temporal random effects may be useful in various ways. First
of all, similarly to long-term seismicity, it can be used for the background rate u(x).
This is usually considered constant in time but varying in space and it is factorised as
H(x) = uv(x), where v(x) is just the spatial variation integrating to one over the spa-
tial domain. This is usually estimated independently from u and the parameters of the
triggering function (g(x —x;)) (Ogata, 2011). Therefore, a natural first extension would
be to use an LGCP model for v(x) with non-separable spatio-temporal effects to have
a spatio-temporally varying background rate. Another important application would be
to use such random effects to define the parameters of the triggering function. As be-
fore, this is usually done by partitioning the observations. In contrast, having this type
of diffusion models would first provide a more mathematically appealing formulation
of models with triggering functions that have spatio-temporally varying parameters, and
secondly, will likely provide more capable models in terms of forecasting future oc-
currences. In general, providing accessible code to implement these random effects in
combination with LGCP models will enable many applied researchers to formulate and
test more complex hypotheses on the earthquake generation process with the potential
of shedding light on new aspects of the process, and improve forecasting models used
for operational purposes.

Another potential field of application is cosmology and research devoted in study-
ing the evolution of the spatio-temporal correlation between galaxies locations (Ker-
scher, 2001; Simon, 2007; Friedrich et al., 2021). Indeed, they also use LGCPs to model
the locations of galaxies and, therefore, having a non-separable spatio-temporal process
would be useful in this context as opposed to the separable models that are in use now.
The problems that cosmologists face are similar to the distance sampling problem de-
scribed on the inlabru website!. One caveat would be that they usually are interested
in covariance functions defined as power laws of the distance between galaxies. For this
field, it would be useful to know if there are special settings of the DEMF parameters
able to approximate a power law, and if there is the possibility to generalising the ap-
proach proposed in the paper to obtain such covariance functions. Even if this would not
be possible, providing accessible code for LGCP to be used in combination with DEMF
random effects would be beneficial for this field for two reasons, the first one is having
the ability to use non-separable models, and secondly, it can leverage the advantages in

Uhttps://inlabru-org.github.io/inlabru/articles/2d_Igcp_distancesampling.html
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computational time provided by inlabru. Indeed, their data are usually composed of
petabytes of recordings which usually makes the use of MCMC or similar techniques
unfeasible.

2. Non-Euclidean spaces, and anisotropy

Although mathematically very convenient, Euclidean spaces (and Euclidean distances)
are arguably not always the best option, and many times they are not even correct in
certain contexts. Spatial data living on networks is gaining importance with the develop-
ment of technology able to provide such type of data. This applies to all types of spatial
data, in particular to geostatistical and point pattern data. Linking with the previous sec-
tion, space-time point pattern models such as LGCPs and Hawkes processes living on
networks require accurate while fast inferential frameworks to be able to provide real
and helpful solutions to events living on networks.

A number of papers have dealt with the analysis of crime data using self-exciting
point process theory, after the analogy drawn by Mohler et al. (2011) between after-
shock ETAS models and crime. Zhuang and Mateu (2019) proposed a spatio-temporal
Hawkes-type point process model, which includes a background component with daily
and weekly periodisation, and a clustering component that is triggered by previous
events. However, as crime events are naturally constrained to occur on the streets struc-
ture of a city, we advocate the use of point processes on linear networks. A network, or a
graph, is a collection of vertices joined by edges. A linear network is a union of finitely
many line segments in the plane where different edges only possibly intersect with each
other at one of their vertices.

Statistical analysis of network data presents severe challenges (Baddeley et al., 2021).
A network is not spatially homogeneous, which creates geometrical and computational
complexities and leads to new methodological problems, with a high risk of methodolog-
ical error. Real network data, as crime data, can also exhibit an extremely wide range of
spatial scales. These problems pose a significant challenge to the classical methodology
of spatial statistics based on stationary processes, which is largely inapplicable to data
on a network. Note also that the choice of distance metric on the network is pivotal in
the theoretical development and in the analysis of real data.

As commented above, a Hawkes process can be interpreted as a generalised Poisson
cluster process associating to centres, of rate t, a branching process of descendants. The
spatio-temporal Hawkes process has a conditional intensity of the form

A(X,)’J):.U(xay,t)‘i‘ Z 8(x—xi7y—)’i,l—fi)7 (2

1<t

where 1 (x,y,1) is the background rate, and g(x, y,7) is the rate of occurrence triggered by
an event at time 0 and location at the origin. The triggering density governs the spatio-
temporal distance of triggered events from their antecedent events and is usually mod-
elled to decay with distance from the origin over time and space.
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Although inlabru makes good progress on fitting Hawkes point processes, there is
yet a gap in providing a strong framework when network data comes into play. Adapting
the diffusion approach proposed in this paper to enhance inlabru with fitting capabil-
ities on networks would be welcome by the research community.

Also in this network context, there are some further points to be considered. One is
the possibility to generalise equation (24) in the main paper with different basis func-
tions that support processes on non-continuous, non-Euclidean spaces (e.g., processes
on networks). Piece-wise linear basis functions, Harmonic basis functions or Karhunen-
Loeve expansions are still to be extended to these supports, opening theoretical avenues
of research. Another aspect is the idea of latent embeddings of point process excitations.
When specific events seem to spur others in their wake, marked Hawkes processes enable
us to reckon with their statistics. The under-determined empirical nature of these event-
triggering mechanisms hinders estimation in the multivariate setting. Spatio-temporal
applications alleviate this obstacle by allowing relationships to depend only on relative
distances in particular (non-)Euclidean spaces; in this case, we can embed arbitrary event
types in a new latent space following the idea of diffusion maps (DM). We might posit a
diffusion process across event types. Random walk methods yield approximate manifold
embeddings, proven helpful in deep representations. Constructed as graph affinities, the
triggering influences guide a Markovian random walk of which diffusion maps may be
approximated via spectral decomposition. Indeed, asymmetrical DM embeddings serve
as an adequate initial condition, but are not always conducive to stable learning in con-
junction with dynamic kernel bases; this approximation builds the DM approach.

A final aspect needed in the context of LGCPs or Hawkes processes is how to ex-
ploit inherent properties of existing main directions in the events leading to a clear
anisotropic spatial or space-time structure. The paper on discussion focuses on sepa-
rability and provides a unified framework to deal with separable covariance functions
as well as non-separable ones, depending on the value of the parameters. In doing so,
the covariance functions they report (e.g. Preposition 3.1, Corollary 3.2.1, Figure 1) are
always isotropic. Formulating anisotropic covariance functions is a known exercise and
these could drive anisotropic LGCPs. However, using the diffusion-based representation
might help in getting deeper the process structure itself while providing comprehensive
and flexible anisotropic structures. If, in addition, this can be implemented for network-
support point processes, we will be able to handle and model a larger body of more
complex problems.
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Rejoinder

We thank the discussants for their insightful comments and suggestions. We will address
some of the points raised, by topic.

As noted by Wikle & Wikle in their comment, an important aspect of the DEMF
models presented in the paper is their physical interpretability. In addition to provid-
ing a straightforward method for defining valid space-time stochastic processes without
requiring direct access to the resulting covariance function, the continuous definition
allows them to form building blocks of complex models. Hierarchical models with mul-
tiple observation sources and types of data are easily defined, and the same hierarchical
model can involve point-referenced measurements as well as spatially and temporally
aggregated information. Moreover, just as in the spatial case handled in Simpson et al.
(2016) and extended by Bachl et al. (2019), the processes can be used as building blocks
for log-Gaussian Cox process observation models, by constructing numerical integration
schemes based on the basis functions used to numerically represent or approximate the
theoretical process realisations.

In their comment, Wikle & Wikle also raise the question of whether the increased
flexibility of time-discrete models may be advantageous. While such flexibility can be
useful in specific situations where the processes exhibit variation and structure on a
shorter time scale than the numerical representation can handle in a continuous-time ap-
proach, in general we believe that the greater interpretability of time-continuous models
outweighs this; see also Simpson, Lindgren and Rue (2011) for a related discussion.
One reason is that some of the flexibility of valid time-discrete models constitutes non-
physical behaviour that is sensitive to changes in the temporal resolution. In addition,
the possibilities for time-discrete models that do have physical meaning, such as advec-
tion, diffusion, and injection processes, are equally applicable in the time-continuous
setting. The only real obstacle to such extensions, including allowing the model param-
eter themselves to be spatial, temporal, or spatio-temporal processes, is the practical
numerical implementation and inference, both in terms of computational cost and the
need for sufficient amounts of information in the available data. Indeed, the comment
mentions that the curse of dimensionality also affects the time-discrete approaches. In
practice, the modeller needs to decide what temporal spatial resolution, and structural
flexibility is needed for any given problem.

Both discussion comments bring up the idea of extending the models beyond R¢ and
S?. One advantage of the SPDE approach to defining stochastic processes and using finite
elements or related methods for practical computation is that extensions to curved spaces
is relatively straightforward. For sufficiently smooth manifolds, much of the theory and
practical implementation details remain the same. The only real difference is the need
to define the differential operators in terms of the metric of the manifold. For purely
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spatial fields, this was covered for Whittle-Matérn fields in Lindgren, Rue and Lindstrom
(2011), allowing models to be defined on curved compact manifolds (Coveney et al.,
2020). As can be seen by the proof of the precision structure construction in the paper,
both non-stationary and manifold extensions of the DEMF models are straightforward,
as each term in the precision matrix sum only involves Kronecker products of separable
time and space operators; See Kirchner and Willems (2023) for recent theoretical results.
We agree that it would be interesting to consider extensions of the proposed models to
networks or graphs, and this is a topic that we are currently investigating, and we discuss
this in further detail below.

In their comments, both Mateu & Serafini and Wikle & Wikle touch upon different
aspects of either extending the models to non-linear behaviour or to use them as building
blocks in other models, such as Hawkes point process. Continuing the theme of taking
inspiration from physics, we note that even in the deterministic case, non-linear PDE
models can be extremely challenging, both from a theoretical and practical point of view.
For example, the Navier-Stokes equations still lack a general existence and smoothness
theory. However, a potentially fruitful avenue may be to extend linearisation techniques
to the stochastic setting, by considering linear SPDEs whose solutions approximate the
statistical properties of the original non-linear models.

When it comes to using the models as building blocks, such as modelling spatio-
temporally varying parameters of a Hawkes process excitation kernel, the need for non-
separable models is less clear. In point process settings, the observations generally are
only weakly informative about the model parameters, and the non-separability would
likely only be a higher-order effect that cannot be reliably estimated or used, and that
covariance product separable models are likely to be sufficient. The main utility of the
DEMEF models is likely to be as primary models in a hierarchical model where the param-
eters are modelled in a more parsimonious way, ideally in combination with observed
covariates with at least qualitatively known impact on the processes.

We agree with Mateu & Serafini that there are exciting opportunities to create new
models by finding SPDE operators that generate fields with other properties than those
of the Whittle-Matérn class, such as power law covariance functions. Spatially oscillat-
ing fields have already been constructed without direct reference to the wave equation
Lindgren et al. (2011), but directly adapting the wave equation could have useful applica-
tions and increased interpretability, including intermediate models between the heat and
wave equations. Another possibility is to exploit the same technique as used by Bolin,
Simas and Xiong (2023) and Sgrbye, Myrvoll-Nilsen and Rue (2019) to approximate
Whittle-Matérn models with fractional exponents. In this approach, the target model is
approximated by a sum of just a few high-order Markov processes, but the resulting
processes are non-Markovian.

We now turn our attention to the issue of how to define space-time processes on
networks or graphs. A suitable space to introduce this extension on is a metric graph
I, which is defined in terms of a set of vertices V and a set of edges € connecting the
vertices. The difference to a regular graph is that the edges are defined as rectifiable
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curves, and a position s € I" can be represented as (e,?), where e € £ denotes an edge,
and ¢ is a position on that edge. Thus, these spaces contain linear networks as a special
case.

Recently, we introduced Whittle—Matérn fields on metric graphs as the solution to

(k> —Ap)*?(tu) =W, onT (1)

where a > 1/2, W is Gaussian white noise on I" and Ar is the so-called Kirchhoff
Laplacian on I', which is an operator that acts as the second derivative on the edges
(Bolin, Simas and Wallin, 2023a).

This model is well-posed for any compact metric graph, and ¢ controls the sample
path regularity of the solutions in the same way as it does when the model is posed on
Euclidean domains. Thus, the model can be used to define differentiable Gaussian pro-
cesses on general metric graphs, and this is as far as we know, the only construction
that can do so. Further, if o € N, these models are Markov random fields (Bolin, Simas
and Wallin, 2023b) and this can be used to perform exact and computationally efficient
likelihood-based inference (Bolin, Simas and Wallin, 2023d). For fractional ¢, and for
generalised Whittle—-Matérn fields where k and T are spatially varying, FEM approx-
imations can be used to obtain computationally efficient approximations (Bolin et al.,
2023).

These spatial models are implemented in the R package MetricGraph (Bolin, Simas
and Wallin, 2023c), which also contains an implementation of LGCPs on metric graphs.
An example of a simulated point pattern based on a Whittle-Matérn field with a = 2,
and an estimate of the log-intensity using R-INLA can be seen in Figure 1.

Data Posterior mean of Log-intensity
8- 8-

W

0.0 25 5.0 7.5 10.0 0.0 25 5.0 7.5 10.0

Figure 1. Simulated LGCP on a metric graph and estimate of log-intensity based on R-INLA and
the MetricGraph package.

We are working on the extension of the spatio-temporal models introduced in this
work to the setting of metric graphs. In this case, it is important to consider an extension
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of the model which includes an advection term,
d
%——+ (K2 + pdy — Ap)%/?)%u = d€g, onT x[0,T], (2)
dt

because many datasets on metric graphs, such as river systems, have a clear transport
direction. It should be noted that even though the spatio-temporal models considered
in this work result in isotropic covariances when posed on R, this is not the case for
the metric graph setting: Even if p = 0 in (2), the model is anisotropic on general metric
graphs. Thus, we agree that isotropy typically is not a realistic property on metric graphs.

Finally, there are indeed close connections between graphical models and Whittle—
Matérn fields on metric graphs, because certain models based on the graph Laplacian can
be viewed as finite difference approximations to (1) (Bolin et al., 2023d). Finding sim-
ilar connections between the spatio-temporal model (2) and spatio-temporal graphical
models is an interesting topic for future work.
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Abstract

In complex survey data, each sampled observation has assigned a sampling weight,
indicating the number of units that it represents in the population. Whether sampling
weights should or not be considered in the estimation process of model parameters
is a question that still continues to generate much discussion among researchers in
different fields. We aim to contribute to this debate by means of a real data based
simulation study in the framework of logistic regression models. In order to study their
performance, three methods have been considered for estimating the coefficients of
the logistic regression model: a) the unweighted model, b) the weighted model, and
c) the unweighted mixed model. The results suggest the use of the weighted logistic
regression model is superior, showing the importance of using sampling weights in the
estimation of the model parameters.
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1. Introduction

Complex survey data are increasingly used by researchers and analysts from different
fields. In particular, complex survey data are usually used, among other purposes, to fit
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prediction models. These data are commonly obtained by sampling the finite population
that is of interest for the survey by some complex sampling design. One of the charac-
teristics of this type of data are sampling weights, which indicate the number of units
that each sampled observation represents in the finite population. When working with
complex survey data, before implementing the traditional statistical techniques, most of
which have been designed to be implemented on simple random samples, it should be
assessed whether these techniques are valid to this kind of data (Skinner, Holt and Smith,
1989).

In particular, whether or not to use the sampling weights when fitting prediction
models is a question that has been widely discussed in the literature by a number of
researchers (Brewer and Mellor, 1973; Smith, 1981). Different perspectives can be
adopted when fitting prediction models to survey data, which are usually denoted as
model -and design-based approaches (Binder and Roberts, 2009; Chambers and Skin-
ner, 2003). On the one hand, the researchers that adopt the design-based perspective
warn that if the complex sampling design, and in particular, the sampling weights are
not considered in the estimation process of model parameters, the variances tend to
be underestimated and biased estimates may be obtained (Binder and Roberts, 2009;
Heeringa, West and Berglund, 2017). Therefore, they claim that the sampling weights
should be considered in the estimation process of model parameters.

On the other hand, from a model-based point of view, if the model is well speci-
fied the coefficient estimates must be unbiased even though the sampling weights are
not considered directly in the estimation process and considering them may increase
the standard deviations of the estimates, particularly for small sample sizes (Scott and
Wild, 1986; Reiter et al., 2005; Chambers and Skinner, 2003; Korn and Graubard, 1995).
In this context, Rubin (1976); Scott (1977); Sugden and Smith (1984) established con-
ditions under which the sampling design may be ignored for inference purposes. As
explained by Skinner et al. (1989) a condition for a design to be ignorable is to be nonin-
formative. A sampling design is denoted as informative if the response variable is related
to the sampling weights, even after considering the covariates that are going to be part of
the model (Pfeffermann and Sverchkov, 2009). Different methods have been proposed
from the model-based perspective in order to ensure that the design is ignorable and the
models are well specified (Pfeffermann and Sverchkov, 2009). Researchers that adopt
this perspective propose, among other techniques, to incorporate into the model as co-
variates all the design variables that have been considered in the sampling process and
the interactions between them (see, e.g., DeMets and Halperin (1977); Nathan and Holt
(1980); Gelman (2007)).

Although it was already pointed out by Chambers and Skinner (2003), the discus-
sion between the two perspectives is still alive. Some more recent works, such as Reiter,
Zanutto and Hunter (2005), Masood, Newton and Reidpath (2016) and Lumley and Scott
(2017), show that this debate still generates doubts among researchers and makes it diffi-
cult to decide whether or not to use sampling weights in their analyses. Most researchers
agree that it is not advisable to ignore sampling weights if the sample is informative
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or the model is not well specified, but at the same time, they encourage to ignore the
sampling weights when they are not strictly necessary. The difficulty usually lies in
identifying whether or not sampling weights are necessary to estimate model parameters
based on our particular survey data, or put it another way, whether or not the design is
informative. As explained by Pfeffermann and Sverchkov (2009), informativeness de-
pends not only on the sampling design, but also on the model that is going to be fitted,
the response variable of that model and the covariates that will be included. Therefore,
commonly it is not easy to know whether the sampling design of the survey data to be
analysed is informative or not to fit a particular model. In addition, it is not always possi-
ble to include all the design variables and the interactions between them in the model due
to several reasons, such as the lack of information, the large number of design variables
and the fact that when including design variables as covariates into the model it may lose
scientific interpretability (Pfeffermann and Sverchkov, 2009). Consequently, nowadays,
it is not easy to decide in practice whether sampling weights should or not be considered
for estimating model parameters yet. For this reason, we believe that further studies are
needed in this area and, in particular, we consider that it is necessary to provide insight
considering real data based simulation studies, as a complement to the theoretical results
and case studies that have been most discussed so far.

Throughout this work we focus on the estimation of model parameters and, in partic-
ular, on the logistic regression framework for dichotomous response variables. Although
in general there are more studies concerned with the linear regression model (see, e.g.,
DeMets and Halperin (1977); Nathan and Holt (1980); Holt, Smith and Winter (1980);
Hausman and Wise (1981)), a number of works have also been carried out in order to
address this problem arising from complex samplings in the field of logistic regression
models. In particular, Scott and Wild (1986, 2002) work with simulated data inspired
from a case-control study. It should be noted that case-control studies consist in stratify-
ing the data based on the dichotomous response variable, and therefore, are always based
on informative sampling designs. But, what if we do not know whether our sampling
design is informative or not to fit a certain model? As mentioned above, in practice,
this is the situation that usually occurs when working with real complex survey data.
Chambless and Boyle (1985); Lumley and Scott (2017) and Reiter et al. (2005) raise this
issue in their analysis with real survey data and they compare several estimation meth-
ods adopting both, model- and design-based perspectives and they finally select the most
appropriate model for their analysis. However, how can we know in practice whether
these differences in estimates are large or not, and if so, which of the estimates is the
most appropriate? In this work we aim to go a step further and contribute to the work
that has been done in the above-mentioned papers by analysing the differences among
different methods by means of a real data based simulation study, in order to work under
a real-life scenario that allows us to compare the coefficient estimates to the theoretical
ones. Hence, data were generated based on real surveys and, a priori, whether these
data are informative or not to fit different models it is not known for us in advance. Our
goal is to analyse by means of a simulation study a situation that frequently occurs in
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practice and to analyse and evaluate the consequences or the effect of making the deci-
sion to consider or not the sampling weights to estimate the coefficients of the logistic
regression model in each situation. In this study we compare the performance of sev-
eral estimation methods that are commonly applied for estimating the coefficients of the
logistic regression model (see, for example, Lumley and Scott (2017)). In particular,
we compare the coefficient estimates obtained by: a) the unweighted logistic regression
model, b) the weighted logistic regression model, and c) the unweighted logistic regres-
sion mixed model with random intercept. Different scenarios were defined based on a)
data obtained from two different real surveys; and b) number of covariates/parameters
in the model. The real surveys were designed and collected by the Official Statistics
Basque Office (Eustat) based on single-stage stratification with simple random sampling
in each stratum.

The rest of the document is organized as follows. In Section 2 we describe the two
original real surveys that motivated this work: ESIE and PRA surveys. In Section 3
the methods that were applied for estimating the model parameters are described. In-
formation about the simulation procedure, scenarios that were drawn and the results we
obtained can be found in Section 4. In Section 5, we apply the described methods to real
survey data for illustration purposes. Finally, the paper concludes with a discussion in
Section 6.

2. Motivating data sets

In this section, we describe the two complex surveys that motivated this work. These
surveys were designed and conducted by the Official Statistics Basque Office (Eustat).

On the one hand, the Information Society Survey' in companies, which is usually de-
noted as ESIE survey for its Spanish acronym, was carried out among the companies in
the Basque Country in order to collect information about the use of technology. In partic-
ular, the response variable that we concern about in this study is a dichotomous response
variable that indicates whether a company has its own web-page (1) or not (0), which
we aim to model by means of covariates such as ownership (which indicates whether
the company is a corporation, limited liability company, public administration,...), activ-
ity or number of employees of the establishment. On the other hand, the Population in
Relation to Activity (PRA) Survey? was conducted among the inhabitants of the Basque
Country aged 16 and over, with the aim of estimating the percentage of the labor force
of the Basque Country. Specifically, the response variable that we consider in this study
indicates whether each individual is active (1) or not (0). Among the most important
covariates were age, educational level, nationality, and sex.

In both surveys, the two finite populations were sampled based on single-stage strat-
ification with simple random sampling in each stratum, i.e., the populations were split
into different strata, and a certain number of units (that were previously determined)

Uhttps://en.eustat.eus/estadisticas/tema_l 50/opt_1/tipo_7/temas.html
Zhttps://en.eustat.eus/estadisticas/tema_37/opt_0/temas.html
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were sampled randomly from each stratum. Nevertheless, the strata were defined in very
different ways in both surveys. In the ESIE survey, strata were defined based on the
combination of three categorical variables which are 1) province where the company is
located (that takes 3 categories), 2) activity of the company (in 65 categories) and 3)
number of employees (3 categories). Therefore, a large amount of small strata, a total
of 585 were defined. However, it should be noted that in some of these strata there are
no units in the population, so in fact we have 515 strata in total. In contrast, in the PRA
survey, strata are the 23 regions of the Basque Country. This causes the response vari-
able to be distributed differently in each stratum in ESIE, while in PRA, there are no
differences of the distribution of the response variable among the strata. In both, ESIE
and PRA surveys, once the sample was obtained from the finite population following the
described sampling process, a sampling weight was assigned to each sampled unit.

In the ESIE survey, from the finite population of 195222 companies, 7725 were sam-
pled (these data was collected in 2010). In particular, strata sizes in the finite population
range from 1 to 14535, where the median is 38 and the interquartile range 7 — 185.5.
The sampling probabilities for each stratum range from 0.0061 to 1, with a median of
0.2830 and an interquartile range of 0.0970 — 0.8417. In contrast, in the PRA survey,
from a total of 1851316 individuals 10609 were sampled (information related to the
last quarter of 2016). Specifically, strata sizes range from 2768 to 438595, being the
median 44335 and 22024 — 72834 the interquartile range. The sampling probabili-
ties range from 0.0041 to 0.0488, with a median of 0.0063 (the interquartile range is
0.0055 —0.0102).

3. Methods

In this section, we describe the methods we have considered in order to estimate the
logistic regression coefficients for complex survey data.

Let Y indicate the dichotomous response variable, which takes the value 1 to indicate
the event of interest (0 otherwise), and X = (X,... ,Xp)T the vector of p covariates. Let
U ={1,...,N} be a finite population for which N realizations of the set of random vari-
ables (Y,X) are associated, i.e., {(y;,x;)}_,. Let S be a sample of n observations drawn
from the finite population U by single-stage stratification. Let 2 = 1,...,H indicate the
different strata. The sampling weights associated to each sampled unit i € S are denoted
as wj.

Let us define the true population logistic regression model as follows:

logit(pi) = In[pi/(1 — p;)] = x;B""™ (D
where p; = P(Y = 1]x;) denotes the probability of event for the unit i given the values of
covariates x; (Vi € U) and the model coefficients B7"¢ = (B]™¢, B[™,... BI"™) are

computed by maximizing the population likelihood:

N
LpOp(ﬁ):HPii(l_pi)l_yi- 2)
i=1
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However, it should be noted that responses y; are usually known only for the sampled
units, i € S. For this reason, the model should be estimated based on the sample S. In this
work, we compare the performance of several estimation methods that are commonly
applied for estimating the coefficients of the logistic regression model for dichotomous
response variable (Lumley and Scott, 2017). The goal is to compare these estimates to
BT in order to analyse the performance of each method.

In this context, a simple logistic regression model can be fitted to the complex survey
sample S, which can be defined as follows:

logit(pi) = In (1 f"pi) —xB. ©)

Different methods can be applied to estimate the vector of regression coefficients B =
(ﬁov B aBp)T based on S:

M1. Unweighted logistic regression model

This method consists in estimating the model coefficients by maximizing the like-
lihood function in equation (4) by means of some iterative algorithms such as
the iteratively reweighted least squares (IRLS) algorithm (McCullagh and Nelder,

1989):
L) =TIr"(1=p)"". @)
€S
Let us denote as BMI the coefficients estimated by means of the maximum likeli-
hood method, hereinafter.

M2. Weighted logistic regression model

This approach consists in estimating the coefficients that maximizes the pseudo-
likelihood function in equation (5) (Binder, 1981, 1983) which considers the sam-

pling weights w;:
PL(B) = Hp{iwi (1 _pl_)(l_yi)wi _ (5)
ieS
The pseudo-likelihood function is also maximized by means of iterative algo-
rithms (Heeringa et al., 2017; Wolter, 2007). Let us denote as [§M2 the coefficient
estimates obtained based on this method.

In addition to the above-mentioned methods, another option is to fit a mixed model
considering the complex sampling design as second level units (see, e.g. Lumley and
Scott (2017); Masood et al. (2016)). In this study, in particular, we consider a random
intercept model in the same way as in Lumley and Scott (2017). Leti =1, ...,n;, indicate
the sampled units belonging to stratum i (Vh € {1,...,H}), while x; and yj; indicate the
values of the vector of covariates and response variable for i in stratum /£, respectively.
Then, we aim to fit the following model to our sample S:

logit(py;) = In <1fhll7/> =X, Y+ up, uy,~N(0,02). (6)
i
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eX;i Y+up

h = P(Y = 1|x; =
WHETE Phi ( | h”uh) 1—|—€inY+Lth

M3. Unweighted logistic regression model with random intercept

In this case, the likelihood function is defined as follows:

H +o0
Luix(V,0,) = H/ S nileni, un) f (un)dup, (7
het =

1

where f(yiloni, un) =TT, phr (1 — pri) ' ™ and f(up) = e "i/2%0, The
u

parameters ¥ and 6> are commonly estimated by maximizing the likelihood func-
tion in (7) numerically, usually by means of Laplace approximation (Lee and
Nelder, 2001). Let us denote as ¥ and 62 those estimates, respectively, hereinafter.

However, the comparison of the coefficients obtained from conditional random
effect models and the corresponding marginal models is not straightforward (Lee
and Nelder, 2004). In the case of logistic random intercept models, marginal
coefficients B can be obtained based on conditional parameters ¥ as follows:

- Y
b= e ®)

where ¢ = (164/3)/(157) (Diggle, Liang and Zeger, 2002). Let us denote as BM3
the coefficient estimates obtained based on ¥ and 62.

The goal is to analyse the performance of the above-mentioned methods by compar-
ing the estimates By, By, and By to the true finite population coefficients 7.

4. Simulation study

In this section, we describe the simulation study that we have conducted in order to
analyse the behaviour of the estimation methods described in Section 3 for estimating
the coefficients of the logistic regression model based on complex survey data under
different scenarios. As mentioned previously, our goal in this study is to compare the
coefficient estimates to the true finite population coefficients in real data-based scenarios.

In Section 4.1 the simulation process is described in detail and in Section 4.2 the
results obtained in the simulation study are shown.

4.1. Scenarios and set up

In this section, we describe the different scenarios where the simulation study has been
conducted and the steps we have followed. The simulation process is described below,
step by step:
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Step 1. Generate the pseudo-population U of N units from the set of random variables
(Y.X) (see Appendix A): { (yi,. )},

Step 2. Compute B¢ by maximizing the population likelihood in (2).
For r=1,...,R repeat the following steps:

Step 3. Obtain a sample S” C U by single-stage stratified sampling and assign the corre-
sponding sampling weights w;, Vi € §” (see Appendix B).

Step 4. Fit the models to §” by the likelihood functions in (4), (5) and (7) and obtain By,
ﬁ]rv[z and B ;43, respectively.

Finally, for the results obtained based on samples » = 1,...,R and for each method
Vm € {M1,M2,M3}, let us define the bias of the coefficient vector estimates as follows:

bias; = B, — Bi™, Vd=0,1,...,p. )

Then, the average bias (AvBias) and the mean squared error (MSE) across Vr=1,...,R
are defined in equations (10) and (11), respectively:

) 1 R R
AvBias; = E; (bias);) = Z (Bdm T’“) , vd=0,1,...,p, (10)

1 & 7 2
MSE; = - ) (bias}) —*Z(Bdm ), ¥d=01,..p. (D
r=1

Two scenarios have been defined based on the two real surveys described in Sec-
tion 2, ESIE (Scenario 1, hereinafter) and PRA (Scenario 2, hereinafter). One finite
pseudo-population was generated based on each of the surveys (described in Step 1., see
Appendix A). Those populations were sampled based on the complex sampling designs
that were applied by Eustat in the corresponding real surveys (defined in Step 3., see
Appendix B). A total of R = 500 samples were obtained from each pseudo-population.

In addition, two different models were fitted to the finite population as well as to
the samples for each of the surveys with different number of covariates (Step 2). In
particular, in Scenario 1 models with p =1 (X;) and p = 3 (X, X, and X3) covariates
were fitted. In the same way, in Scenario 2, the models were fitted with p = 1 (X;) and
p =4 (X1, X2, X3 and X4) covariates.

It should be noted that all the covariates are categorical and one coefficient was
estimated for each category, except for the one considered as reference category. In
particular, in Scenario 1, a total of / = 7 parameters (including the intercept, fy) are
estimated for the model with p = 1 covariates and / = 14 parameters for p = 3. In the
same way, in Scenario 2, [ = 7 parameters are estimated for p = 1 and [ = 14 parameters
for p=4.

All computations were performed in (64 bit) R 4.0.5 (R Core Team, 2021) and a
workstation equipped with 32GB of RAM, an Intel i7-8700 processor (3.20 Ghz) and
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Windows 10 operating system. In particular, the unweighted logistic regression models
(M1) were fitted by means of the g1m function from the st ats package, the weighted
logistic regression models (M2) by means of the svyglm from the survey package
(Lumley, 2019) and the unweighted mixed models with random intercept (M3) by the
glmer of the 1me4 package (Bates et al., 2015).

4.2. Results

In this section, we describe the results we obtained in both scenarios: Scenario 1 (which
is based on the ESIE survey) and Scenario 2 (which is based on the PRA survey). As ex-
plained in Section 4.1, in each scenario two models were fitted with different number of
covariates. Our goal is to compare the estimates obtained based on the three coefficient
estimation methods described in Section 3 (which are the unweighted logistic regression
(M1), the weighted logistic regression (M2) and the unweighted logistic regression with
random intercept (M3)) to the true finite population coefficients (B77%¢), in terms of bias
and MSE.

Due to the large number of results obtained, we begin by summarizing the main
findings. When comparing the performance of the three methods in each scenario, we
observe that the results differ depending on the scenario. In Scenario 1, M2 outperforms
M1 and M3 in terms of bias and MSE, while the estimates obtained with M2 had a
greater variance than the estimates obtained with M1 or M3. On the other hand, in
Scenario 2, there are no differences among the results obtained with the three methods.
The results also show that the method M2 performs correctly in both scenarios and the
results are quite similar in terms of bias (which is negligible in all scenarios) and MSE.
However, the performance of M1 and M3 methods in terms of bias (and consequently,
also in terms of MSE) differ depending on the scenario, being much lower in Scenario
2 than in Scenario 1. We proceed below to analyse the graphical and numerical results
related to each scenario.

Figure 1 depicts the box-plots of the bias of the estimates obtained by the methods
M1, M2 and M3 for the models with p = 1 (Figure 1(a)) and p = 3 (Figure 1(b)) co-
variates in Scenario 1. As can be observed, M2 is the method that performs the best in
terms of bias in both models, with either p = 1 or p = 3 covariates. This can also be
observed in Table 1. This table describes the numerical results of the mean, standard
deviation, average bias and MSE of those estimates, as well as the true finite population
coefficients in Scenario 1 for the models with p = 1 and p = 3 covariates, respectively.
As can be seen, while the estimates obtained by M2 method are quite similar to the true
coefficients (B77“¢) obtained in the finite population (which leads to low average biases
for this method), the estimates obtained by M1 and M3 methods differ considerably. In
the estimates obtained for the model with p = 1 for example, for the coefficient f3; ¢ for
instance, the average bias obtained by means of M2 method is of —0.095, which is con-
siderably lower than the one of the M1 method (0.378) and the M3 method (—1.379). It
can also be observed that the average bias decreases for all the methods (and most no-
tably for M1 and M3) when p = 3 covariates are included into the model. This is in line
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with Nathan and Holt (1980). In particular, the average bias of the coefficient estimates
related to the category B ¢ decreases to 0.050 for the M1 method, to 0.007 for M2 and
to —0.700 for M3 in the model with p = 3 covariates.

In Figure 1 it can also be seen that the variability of the estimates obtained based on
the method M2 is the greatest one, comparing to the rest of the methods. This is also
shown in Table 1, where the standard deviations of these estimates can be up to twice
as large as that of M1 and M3. For example, the standard deviations corresponding to
the estimates of f3; 3 are 0.063, 0.132 and 0.070 for M1, M2 and M3, respectively. The
larger variability of the weighted estimates has also been observed in previous studies
(see, for example, Scott and Wild (1986)). The source of variability could also be related
to data. It is especially remarkable the variability of the estimates of the coefficient f3; »
for all the methods in general, and most importantly for M2. It should be noted that
there are very few units in the category 2 of the covariate X; in Scenario 1. In particular,
450 units in the population (0.2% of the total of units in the finite population) take this
category on that covariate and in the samples this amount varies from 27 (0.3%) to 53
(0.7%) (results not shown). This may be affecting in the estimates of the parameter
Bi 2, specifically for the M2 method. The behaviour of the estimates of f; 4 could be
explained in the same way, for which a greater variability is also observed, especially
for M2 (2008 units (1.0%) in the finite population, from 178 (2.5%) to 232 (3.2%) in
the samples). In addition, in Table 1, it should also be noted that for all the methods,
the standard deviation of the three methods are slightly greater for the model with p =3
than for the one with p = 1 covariates.

Finally, as shown in Table 1, the method M3 is, in most of the cases, the one with
the greatest MSE, because of the large bias of the estimates based on that method. For
instance, the MSE of the coefficient corresponding to the category 3 4 in the model with
p = 11s0.722 for the method M3, while for the M2 and M1 methods the MSE are 0.085
and 0.378, respectively. Given that the bias decreases while adding covariates for the
methods M1 and M3, the MSE also decreases in the same way. For the same coefficient,
when p = 3, the MSE related to the method M3 decreases to 0.536. The MSE of the M2
method is quite similar in both models, with p = 1 and p = 3 covariates. Comparing the
MSE of M2 and M1 methods it can be observed that the MSE of M1 is greater when
p = 1. However, in Scenario 1 with p = 3, there are no differences in terms of MSE
between M1 and M2 due to the larger variability of M2 estimates despite their smaller
bias.

Figure 2 depicts the box-plots of the bias of the estimates obtained by the methods
M1, M2 and M3 for the models with p =1 and p = 4 covariates in Scenario 2. In this
case, as shown in Figure 2, the performance of the three methods is quite similar in terms
of bias and variability. The differences are not considerable, neither among the different
methods, nor between the different models (fitted with p = 1 and p = 4 covariates). Ta-
ble 2 describes the numerical results of the mean, standard deviation, average bias and
MSE of those estimates and the true finite population coefficients for p =1 and p =4
in Scenario 2. The average bias is very low for all the methods and in both models, either
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Scenario 1: p=1
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Figure 1. Box-plots of the bias of the estimates obtained by the methods M1, M2 and M3 for the
coefficients in the models with (a) p=1(1 =7) and (b) p = 3 (I = 14) covariates in Scenario 1,
Vr=1,...,R
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Scenario 2: p=1

e R 2
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Scenario 2: p=4
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Figure 2. Box-plots of the bias of the estimates obtained by the methods M1, M2 and M3 for the
coefficients in the models with (a) p=1(1 =1T) and (b) p = 4 (I = 14) covariates in Scenario 2,
Vr=1,...,R
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with p =1 or p = 4 covariates. The greatest observed average bias is —0.067, which
corresponds to the coefficient B4 > of the model with p = 4 covariates for the method M2.
The variability of the estimates obtained by the method M2 are usually slightly greater
than that of the rest of the methods. However, as noted above, those differences are
very small. The greatest difference in terms of standard deviation of the estimates and
MSE are observed in the model with p = 4 for the coefficient estimates corresponding to
category f3, 5. The standard deviation of the estimates obtained by means of M2 method
is 0.185 while the ones corresponding to the M1 and M3 methods are 0.174. In the same
way, the MSE of the M2 method for this coefficient is 0.035 while for the methods M1
and M3 is 0.030. It can be concluded that all the studied methods perform properly to
estimate the finite population model coefficients in Scenario 2.

5. Application to the real data sets

In this section we apply the methods described in Section 3 to the real survey data de-
scribed in Section 2. The goal is to compare the coefficient estimates obtained by means
of the different methods among them. Note that in this case, the real finite population
coefficients are not known.

Table 3. Coefficient estimates (Estimate) and their standard errors (SE) obtained by means of
the methods M1, M2 and M3 for the ESIE survey with p = 3 covariates.

ESIE survey
MI M2 M3

Estimate SE | Estimate SE | Estimate SE

Bo | -2261 0.097 | -2482 0.133 | -2217 0.140
B2 1.892  0.338 1.293  0.444 1.697 0.368
i3 2.490 0.107 2.718  0.161 2.337  0.119
Bra 2.248  0.196 2.577  0.299 2.151 0215
Pis 1.550  0.084 1.721  0.111 1.458  0.094
Bie 2260 0.146 2.544  0.206 2.092  0.181
P 1341 0.103 1.130  0.133 1.197 0.119
Ba | -0774 0.148 | -0.613 0.189 | -0.883 0.329
B2 0.453 0.073 0.358  0.107 0.538 0.123
B3 0.669 0.069 0.632  0.097 0.750  0.077
B33 0.996  0.096 0.965 0.132 1.124  0.134
P34 1479  0.114 1452 0.152 1.698  0.149
B35 2230 0.182 2205 0.241 2.461  0.209
P36 2454 0.143 2.532 0.151 2.787  0.195

One model was fitted to each of the surveys. In particular, we fitted the model with
three covariates (p = 3) to the ESIE survey and the model with four covariates (p = 4)
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to the PRA survey. Those covariates are the ones that were considered in the simulation
study for both surveys and are also considered in the models that are applied in practice
by Eustat. To fit those models, the three methods described in Section 3 were applied:
the unweighted logistic regression (M1), the weighted logistic regression (M2) and the
unweighted logistic regression with random intercept (M3). Table 3 and Table 4 depict
the coefficient estimates and their standard errors obtained for models fitted to the ESIE
and PRA surveys respectively.

Table 4. Coefficient estimates (Estimate) and their standard errors (SE) obtained by means of
the methods M1, M2 and M3 for the PRA survey with p = 4 covariates.

PRA survey
M1 M2 M3

Estimate SE | Estimate SE | Estimate SE

Bo -2.039 0.176 -2.040 0.171 -2.037  0.179
B2 2.508 0.164 2523 0.172 2.515 0.164
B3 3.106 0.179 3.105 0.191 3.113  0.179
P14 3.191 0.121 3292 0.126 3.194 0.122
Bis 2.836 0.114 2934 0.118 2.835 0.114
Bie 1.455 0.103 1.543 0.108 1.454 0.103
Bi7 -3.170  0.184 -3.102  0.199 -3.182  0.184
B2 1.005 0.174 0.899 0.177 1.016 0.174
P23 1.689 0.178 1.587 0.182 1.700  0.179
Baa 1.167 0.171 1.056 0.170 1.170  0.172
Bas 2.123  0.207 1.970 0.227 2.128 0.208
P26 2.357 0.192 2.177 0.201 2.360 0.193
B3 -0.596 0.063 -0.546  0.067 -0.596 0.063
Paz 0.547 0.158 0.530 0.190 0.551 0.159

As shown in Table 3, the coefficient estimates, as well as their standard errors, ob-
tained by means of the three above-mentioned methods differ considerably in the ESIE
survey. It should be noted that these differences in the estimations and their standard
errors, could lead to considerable differences in the Wald statistic defined as the frac-
tion among those parameters. However, in this case, those differences did not affect the
significance of the model parameters and all of them are statistically significant (results
not shown). The largest standard errors are in most of the cases the ones obtained by
means of the method M2. In addition, the standard errors related to the coefficient [31,2
are larger than any other’s, which is in line with the large variability observed in the
simulation study for this coefficient (in Scenario 1). Based on the results obtained in the
simulation study, we may conclude that the model fitted by the method M2 would be the
preferred one in this case.
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In contrast, the coefficient estimates and their standard errors obtained for the PRA
survey are very similar among them, as can be observed in Table 4. This is also in
line with the results observed in the simulation study (in Scenario 2). As expected, the
standard errors of the estimates obtained by M2 are usually slightly greater than the rest,
although there are not great differences, in general.

6. Discussion

In this work we compared the performance of three different methods to estimate model
coefficients in the logistic regression framework for complex survey data by means of
a real data based simulation study. In general, the results we obtained are in line with
the ones obtained in related works, based on either logistic (Scott and Wild, 1986, 2002;
Lumley and Scott, 2017; Chambless and Boyle, 1985; Reiter et al., 2005) or linear re-
gression framework (DeMets and Halperin, 1977; Holt et al., 1980; Nathan and Holt,
1980; Smith, 1981). Nevertheless, there are also some differences among this work and
the above-mentioned studies. We proceed to comment on these similarities and differ-
ences in the following lines.

One of the greatest differences between this study and the ones mentioned previ-
ously is that this work is a simulation study based on real survey data. The objective has
been to work in a realistic scenario that allows us to compare the results we obtain to
the true coefficients of the finite population models. Data for the simulation study have
been simulated based on two real surveys conducted by the Official Statistics Basque
Office (Eustat). In both surveys the finite population were sampled by single-stage strat-
ification. However, the strata were defined in very different ways. In the ESIE survey
the strata were defined by means of the combination of three categorical variables with
many categories, resulting in a total of 585 small strata. On the other hand, in the PRA
survey, strata were defined by means of the region to which each individual belongs,
which leads to 23 different strata. In addition to the sampling design, the impact of the
number of covariates included in the model and the number of parameters, were also
analysed. It should be noted that in this simulation study the theoretical model from
which the finite population is generated from is not known for us. Thus, we compare
the model estimates obtained based on the methods under study to the true coefficient
values obtained by fitting the model to the finite population.

The main conclusions of this study are that the weighted logistic regression (M2)
performed properly in both scenarios and the estimates we obtained were unbiased. In
contrast, the behavior of the unweighted logistic regression (M1) and the unweighted
logistic regression with random intercept (M3) depended on the scenario and on the
number of covariates/parameters estimated in the model. In the scenario related to the
ESIE survey, unlike in the scenario based on the PRA survey, biased estimates were
obtained based on these two methods. These results are in line with Scott and Wild
(1986); Holt et al. (1980); Nathan and Holt (1980) among others, which also warn about
the bias of the unweighted coefficient estimates in both, linear and logistic regression



84 Estimation of logistic regression parameters for complex survey data

frameworks. Scott and Wild (1986) claim that the bias of the unweighted coefficient
estimates is smaller when the model fitted to the sample is exactly the same as the true
theoretical model from which the data is derived than when the model fitted is “reason-
able but not perfect”. As mentioned previously, the theoretical model from which the
finite population is generated from is not known for us. Nevertheless, in this study we
have also observed that the bias becomes smaller when more covariates are included
into the model, which would be in line with the results obtained in the above-mentioned
studies. However, this bias is still larger than the bias obtained by means of the weighted
logistic regression. For this reason, the message we aim to transmit with this work is
the recommendation of fitting weighted models. In line with Reiter et al. (2005), we
agree that comparing the estimates obtained with the unweighted model can help to de-
tect if the model is well specified (and improve the model, if the needed variables are
available), since a large difference between the two estimates can suggest that the fitted
model is mis-specified.

The variability of the estimates obtained by the weighted logistic regression model
is greater than that of the estimates obtained by means of the unweighted logistic re-
gression model (with and/or without random intercept) which is in line with Chambless
and Boyle (1985); Lumley and Scott (2017); Scott and Wild (1986). These differences
are not very large in most of the cases. However, we have observed that when there are
few individuals in a particular category of a categorical variable, then the variability of
the weighted estimates of the coefficient corresponding to that category can be much
greater than the unweighted ones. We conclude that we should be careful when we have
categorical variables with unbalanced distribution of individuals in the categories. In
addition, we should keep in mind that cluster sampling has not been considered in this
simulation study and that estimates with sampling weights may show higher variability
in this context. In addition, the mixed model is commonly used when we have clustered
sampling, being the clusters the ones used as random effects, instead of the strata, as in
this paper. It should be noted that in the simulation study we have conducted, it was
unfeasible to put all the design information as fixed effect (as recommended for strata)
because of the problems that would arise for both model estimation and interpretation.
For this reason, we have opted to use the strata as a random effect. Through this study
we have been able to verify that the mixed model does not provide us with advantages
compared to the other models, but, in order to make a really fair comparison for these
models we should also test what happens when we have a design that involves clustering
(further research).

We also applied the three methods under study to real survey data and the estimates
we obtained are in line with the results observed in the simulation study. On the one
hand, in the PRA survey, the estimates are quite similar among them, and there are
not many differences between the standard deviations of these estimates, which leads
us to conclude that all the studied methods work properly in this case. On the other
hand, in the ESIE survey, there are many differences in the estimates of the parameters
among different methods. Observing the similarities among the simulation study and the
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application to real data sets, and taking into account that those results are also in line with
the results obtained in similar empirical studies, such as Chambless and Boyle (1985)
and Lumley and Scott (2017), we can assume that the weighted logistic regression would
be preferred when working with ESIE survey data.

We now proceed to comment on the limitations of this work. First of all, in this
simulation study we are unable to know which is the theoretical model from which the
data is derived due to the fact that we aimed for the simulation study to be based on
real survey data and hence, we have focused on comparing the estimates obtained based
on the samples with the true coefficients of the model fitted to the finite population. It
should be noted that often the objective in working with survey data is to draw conclu-
sions related to that particular finite population, and therefore, this comparative study
makes sense in that context. For those readers who are interested in comparisons with
the theoretical infinite population model, we suggest checking Scott and Wild (2002).
Secondly, as mentioned above, some authors recommend including the design variables
and the interactions between them as covariates in the model. However, in this case, and
in particular in the case of the ESIE survey, this option would not be feasible due to the
large number of parameters (a total of 585) to be estimated within the model. Therefore,
we have decided to fit the mixed model, replicating in this way the comparison made by
Lumley and Scott (2017) on real datasets (it should be noted that we considered strata
as random effect instead of clusters, as in the referenced paper). In addition, some of
the covariates included in the models are related to the stratification variables. It should
also be noted that in this simulation study we have worked with surveys of consider-
able sample sizes, which is quite common in official statistics. Nevertheless, we also
believe that it would be interesting to work with simulations based on real surveys with
smaller sample sizes and compare the results, paying special attention to the variabil-
ity of the estimates. It should also be noted as a limitation, the fact that in this work
we consider 100% of response, ignoring in this way the impact that non-response may
have on the sampling weights, which is a common problem to deal with in the daily
practice of complex survey data. Lastly, in this work we have focused on the estimation
of the parameters of the logistic regression model. Other issues of interest, such as the
selection of the covariates or the effect that these differences may have on the estimated
probabilities of the individuals, are out of the scope of this work.

To sum up, the weighted logistic regression performs properly in all the scenarios we
have drawn. In contrast, the behavior of the unweighted logistic regression (both, with
and without random intercept) depends on the scenario. Therefore, based on the results
of the simulation study, we believe that not using sampling weights when necessary leads
to worse results than using them when they are not needed. For this reason, we would
recommend the use of the weighted logistic regression model in the context of complex
survey data.

Nevertheless, we are aware that the use of sampling weights is an ongoing debate.
For instance, Lumley (2010) pointed out two points why it might be interesting not to
use weights in certain cases. One of the reasons was the lack of software available



86 Estimation of logistic regression parameters for complex survey data

to work with them, something that is nowadays solved as they note. Another reason
why some researchers may find it interesting to ignore the weights in cases where the
estimates are similar is that greater standard errors are obtained with weighted estimates,
involving reduction of precision. However, as the same authors point out, small biases of
unweighted estimates cannot be reliably detected from real data and could be enough to
give less-accurate estimates than the weighted methods. It is possible that the resistance
of some researchers to use sampling weights comes from the feeling of not knowing how
to work with them. For example, Gelman (2007) defined survey weighting as a “mess”.
We would like to end this discussion with a comment on our view of the importance
of using sampling weights in the development of a prediction model as a whole. When
we fit prediction models, we are usually not only interested in the estimation of the
model itself, but we are usually interested in developing good prediction models that can
be used in daily practice. As Steyerberg and Vergouwe (2014) pointed out, several steps
should be considered to develop valid prediction models that could be applied in practice,
that go from the estimation of model parameters to the validation of the final model.
Therefore, the authors would like to highlight the lack of tools to develop good prediction
models as a disadvantage of using weighted techniques. Although steps are being taken
in this direction as several works published over the last decade show (Lumley and Scott,
2015, Yao, Li and Graubard, 2015; Lumley, 2017; Wieczorek, Guerin and McMahon,
2022; Iparragirre et al., 2022), the authors believe that it is essential to continue research
in this line, lose the fear of sampling weights and continue to improve techniques so that
we can develop good prediction models considering complex sampling designs.
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Appendices

A. Pseudo-population generation

This section describes the process of generating the pseudo-populations that have been
used in the simulation study described in Section 4, in Scenario 1 (based on the ESIE
survey) and in Scenario 2 (based on the PRA survey).

The pseudo-population applied in Scenario 2, related to the PRA survey, is actually
a real finite population, for which the response variable, as well as the rest of the ex-
planatory variables, are known. This pseudo-population was obtained and provided by
Eustat.

In the case of Scenario 1, we have generated a pseudo-population based on the real
finite population and sample of the ESIE survey. Let us denote as Sgsig the original sur-
vey sample and Uggg the real finite population of size N (Sgsig C Ugsie). As explained
in Section 2, a total of H strata have been defined (i.e., {1,...,H}) combining informa-
tion of three categorical variables, which will be denoted as X;, X» and X3. Therefore,
the finite population can be partitioned in subsets defined by means of these strata, i.e.,
Ugsig = Ule Ugsig,p- Vh € {1,...,H} let us indicate as N}, the size of stratum / in the
finite population Ugsie (Ugsig,n) and as ny, the size of this stratum in the sample Sggig.
Then, the sampling weight associated to a unit j € Sgsig from stratum /4 is the following:

N
I’lh.

w; (12)

Our goal is to generate a pseudo-population (U) based on the known real ESIE
survey data, for which all the information of the covariates X, ...,X,, and the response
variables Yi,...,Y, will be available. This new pseudo-population U will be the same
size as the true ESIE population (). In order to ease the notation, the variable names
of the pseudo-population are the same as in the real finite population and the units of
the real ESIE population will be denoted as j € Ugsig while the units that are artificially
generated for the pseudo-population will be denoted as i € U.

Several dichotomous response variables are available in the original survey being the
response variable Y, the one we have applied in the simulation study, one of them. All
possible combinations of these response variables have been examined. For instance, as-
suming that Y1, ... Y, are all the response variables that are available in the survey (where
Y e {Yl,...,Yq}), for some j € Sgsig: yi = (yhj,...,yq’j) =a, Va € {OC],...,O{A},
where {a,...,a4} is the set of all of possible combinations of the responses. For
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each stratum & € {1,...,H} and for each possible combination of the responses (i.e.,
Vo e {ay,...,04}) we generate Ny, ¢ units in the pseudo-population (U) as:
Nh,oc = Z leUESIE‘h(j) [yj = Ot], (13)
JESESIE
where,
~_ ) L, if j € Ugsig, ps
e (/) = { 0, if j ¢ Ugsig,, (14
and
i N 1 if yi=0a,
[y-’_“]_{o ity #a. (15)

In this way, N, o is the number of units of the pseudo-population U in stratum &, which
take the values of responses (y1,j,...,yq,j) = . Once we repeat the process for VA €
{1,...,H}andVa € {eu,..., 0 } apseudo-population of N =Y e (1, . 1}y Lac{a.....an} Mo =
Y jeSeor W, Units we generated with the information of response variables (¥, among oth-
ers) and strata (hence, information fo the design variables X;, X, and X3 will also be
generated).

Finally we generate the rest of the ovariates as follows Vd € {4,..., p} assume that
X, is a categorical variable with a total of K categories: {1,...,K} categories. Then, for
each unit i generated in the pseudo-population (Vi € U), we generated x4; € {1,...,K}
following a categorical distribution (i.e., x4; ~ Cat(7yy, ..., Tyx)) where the probability
corresponding to each category k € {1,...,K} is calculated as follows based on the
known ESIE finite population Ugsig. Let us assume that i € Uggig ;,Vh € {1,...,H}.
Then,

. ZjEUESIE lUESIE.h (J) [xd.i - k]

Tk = - ,Vke{l,...,K}, (16)
ZjEUES[E lh(])

where 1y , (/) is defined in (14) and,

o) Uit xgi =k, . '
(x4 =k| = { 0 if xy £k Vj € Uesie and Vk € {1,...,K}. (17)
In this way, the pseudo-population based on the ESIE survey has been generated with
the response variable Y, the vector of explanatory variables X and the strata.

B. Pseudo-population sampling process

The two pseudo-populations have been sampled by single-stage stratified sampling, in
the same way as the real survey data described in Section 2.

In order to sample the pseudo-population of the Scenario 1, first, we identify how
many units have been sampled from a stratum h, Vh € {1,...,H} in the real survey
sample Sgsie (let us denote this amount as n;). Then, we sample n;, units randomly
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from stratum A from the pseudo-population U. Repeating the same process for Vi €
{1,...,H} we obtain a sample S.

Finally, sampling weights are assigned to each sampled unit as follows. For Vi € §

assume that 7 is a unit from stratum h, Vh € {1,...,H}, then:
N,
wi= 2, (18)
np

where N, indicates the number of units in the stratum 4 in U, and ny, the number of units
in the stratum /4 in S.






SORT 48 (1) January-June 2024, 93-124 DOLI: 10.57645/20.8080.02.15

Kernel Weighting for blending probability and
non-probability survey samples

Marfa del Mar Rueda!**, Beatriz Cobo?, J orge Luis Rueda-Sénchez!,
Ramon Ferri-Garcia! and Luis Castro-Martin?

Abstract

In this paper we review some methods proposed in the literature for combining a non-
probability and a probability sample with the purpose of obtaining an estimator with a
smaller bias and standard error than the estimators that can be obtained using only
the probability sample. We propose a new methodology based on the kernel weighting
method. We discuss the properties of the new estimator when there is only selection
bias and when there are both coverage and selection biases. We perform an extensive
simulation study to better understand the behaviour of the proposed estimator.
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1. Introduction

Probability sampling methods are well established by statistical offices and researchers
as one of the primary tools for data collection in surveys. This is because when con-
trolling the sampling design, it is feasible to make valid statistical inference about large
finite populations using relative small samples. There exists an extensive literature on
methods for probability sampling and design-based inferences for complex surveys.
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However, the deployment of probability sampling methods has become more chal-
lenging, as there has been a notorious decline in response rates (Marken, 2018; Kennedy
and Hartig, 2019) with the subsequent increase of the survey costs. In addition, new
data sources which have arisen in recent years could be considered as alternatives to
survey data. Examples are large volume datasets coming from sources such as passive
data or “data lakes”, and web surveys that have the potential of providing more timely
estimates, as well as offering easier data access and lower data collection costs than tra-
ditional probability sampling, leading to larger sample sizes. On the other hand, there are
serious issues concerning the use of non-probability survey samples (or volunteer sam-
ples) for estimation. Non-probability surveys are those where the inclusion probability
is not known and/or not strictly positive for any individual in the population, which is the
case for volunteer samples obtained from the Internet or similar means. For this reason,
non-probability surveys are often known as voluntary surveys. The primary issue with
these data sources is that the selection mechanism, which decides what individuals are
eventually included in the dataset, is often unknown and may induce serious coverage
and selection biases. Coverage bias can be defined as the bias that arise from the lack of
exhaustiveness of the sampling frame from which the sample is drawn, this is, the inabil-
ity of the sampling frame to include all the members of the target population. Selection
bias is a term that comprises different types of errors when drawing the sample, but the
most common in the aforementioned data sources is self-selection: the decision of being
in the sample or not is taken by the individuals themselves, meaning that the inclusion
probabilities are not given by the sampling design but by the participants, and therefore
these probabilities remain unknown, constituting a non-probability sample. The gener-
alization of the results under these biases is therefore compromised.

Despite these limitations, non-probability survey designs may be particularly useful
in several cases. For example, they can be used in those cases where the target population
is a small subpopulation unlikely to meet sample size requirements, or when we are
interested in non-demographical strata which cannot be considered in a sampling design.
Given the potential of non-probability surveys, statisticians have studied the integration
or combination of data from probability and non-probability samples. Some reviews on
methods of statistical data integration for finite population inference can be consulted in
Buelens, Burger and vanden Brakel (2018), Valliant (2020), Yang and Kim (2020) or Rao
(2020). The number of papers that are emerging in recent years in this field is immense.
The importance that the topic is taking has motivated the holding of specialized sessions
in many statistics and survey congresses as well as a special discussion paper in the
Survey Methodology journal (vol 48, n.2). The paper of Wu (2022) ably and usefully
summarizes the state of the literature of analysis of non-probability survey data and
comments to the article by Bailey (2022), Elliott (2022), Lohr (2022), Meng (2022) and
Wang and Kim (2022) deal with aspects of great interest and topicality in this subject.

Different data integration methods, which are based on combining probability and
non-probability samples, have been developed in the literature on survey sampling.
These integration methods can be divided into three groups depending on the availabil-
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ity of the study variable: available in the non-probability sample only, in the probability
sample only, or in both samples.

Many methods consider the first case, where the target variable has been observed
in the non-probability sample only. In this situation, the probability sample plays an
important role as the reference data, and can be used to increase the efficiency of the
estimates through a variety of adjustment approaches to account for the selection bias
of non-probability samples. However, other methods were also developed from dif-
ferent perspectives according to the availability of auxiliary information. Calibration
(Deville and Sarndal, 1992; Ferri-Garcia and Rueda, 2018), propensity score adjustment
(PSA) (Lee, 2006; Lee and Valliant, 2009; Castro, Rueda and Ferri-Garcia, 2022), kernel
weighting (KW) (Wang et al., 2020), statistical matching (or mass imputation) (Rivers,
2007; Beaumont, 2020), double robust estimation (Kim and Wang, 2019) and superpop-
ulation modeling (Valliant, Dorfman and Royall, 2000; Buelens et al., 2018) are relevant
techniques to mitigate selection bias.

When the non-probability (or volunteer) survey contains auxiliary variables but no
study variable, Medous et al. (2022) shows how the use of a non-probability database
can improve estimates from a probability sample and they define a class of QR predictors
(Sarndal and Wright, 1984) asymptotically design-unbiased under certain conditions.

In this paper we consider the third situation posed above, where the study variables
are measured in both samples. In Section 2 we review the estimation from probability
and non-probability samples to introduce the notation and the framework. In Section 3
we revisit some important works in data integration for handling selection bias in our
context. In Section 4 we adapt the kernel weighting method introduced in Wang et
al. (2020), to data integration. First, we consider a situation where there are no cov-
erage biases (there is a one-to-one correspondence between the target population and
the sampling frames), and we propose a KW estimator by a linear combination of bi-
ased and unbiased estimators of a population mean. When undercoverage occurs in the
non-probability sample (the sampling frame does not include all members of the target
population), as is usual in practice, we propose a KW estimator based on dual frame
methodology. We derive conditions such that these proposed estimators are asymptot-
ically design-unbiased. In Section 5, we use Monte Carlo simulations to compare the
proposed method with several models and show that the kernel weighted estimator is a
good compromise for several setups. Finally we conclude and give perspectives in 6.

2. Context and notation

Let U be the target population of size N, U = {1,...,i,...,N}. Let s, be the set of
n, units selected from the frame U, using a non-probability (volunteer) data collection
method. Let s, be a probability sample of size n, selected from a frame U, under the
sampling design d = (S,, P,), where S, is a subset of the universal sample space S and P,
is a probability function defined on S,, with m; > 0 the first order inclusion probability
for individual i and 7;; the second order probabilities for individuals i and j. Let be
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d; = 1/m; the sampling design weight of unit i. We consider a situation in which U, and
U, coincide with the population under study U. That is, there are no coverage biases in
either the probability or the non-probability sample.

Let us denote with y; the collected value on the unit i for the target variable y and let
x; be the observed values for individual i for a vector of covariates x. Both y and x have
been measured in both samples.

The target parameter is the population mean, Y = % Y/ vi, that can be estimated from
the probability sample using the Horvitz-Thompson estimator:

_ 1
V= 2 divi (1

ies,

and from the volunteer sample with the naive estimator:

Fo= Y o @)
ics, "V
If we assume a situation in which there are no non-sampling errors (coverage errors,
observation errors, non-response...) the estimator y, is unbiased but if the sample size is
small it can lead to estimates with large sampling errors.
Let us consider the variable

1 des, .
m_{OieU%,l_LwN. 3

The estimator y, is biased (Kim and Wang, 2019) and its bias is given by
— 1
EV(yv - YN) = ?EV{COV(IWy)}7
v

where E,(.) denotes the expectation under the selection mechanism model of the non-
probability sample and f, = n,/N. Thus the mean squared error (MSE) is given by the
formula

MSE(y,) E,{Corr(l,,y)*}Var(I,)Var(y).

1
1
Therefore, a non-probability sampling where E,{Corr(1,,y)} # 0 induces a certain se-
lection bias to the results.
In the next section we will consider how we can estimate the mean population by
using a data integration estimator that combine information for these two independent
surveys.

3. Methodology in data integration for handling selection bias

3.1. Some previous works

Starting with the work of Elliott and Haviland (2007), these authors consider the prob-
lem of combining the two samples by means of a linear combination of the biased and
unbiased estimators of the population mean:
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Yeom = Oy, + (1 - a)yv'
The best estimator, in terms of efficiency, of this combination when the magnitude of the
bias is known is given by:
Vo + (B2 + )
B4

A

YEH =

: 4

being y, and y, the sample means, with variances < and % and B the bias of y, .

In practice, the bias and variances have to be estlmated usmg the information available
from both samples. The bias can be estimated as the difference between the sample
means of both samples. In addition, the authors calculate the maximal contribution of the
non-probability sample in terms of effective sample size, the role of the non-probability
sample size in approaching this limit and the roles of both sample sizes in estimating bias
with enough precision. They show that a large probability sample size (1000—-10000) is
needed for reasonably precise estimates of the remaining bias in initially bias-adjusted
non-probability sample estimators.

Other important work is due to Disogra et al. (2011). Their proposal, based on calibra-
tion weighting, considers that auxiliary variables needed for calibration weighting must
reliably differentiate between the probability sample and the non-probability sample.
This calibration method has four steps:

1. Authors do a post-stratification raking calibration of s, using a set of demographic
and geographical variables.

2. They combine the weighted s, with the unweighted s,. The combined sample is
then weighted according to the probability sample’s benchmarks from the previous
step.

3. They compare the answers from early-adopter questions between the probability
sample from step 1 to the answers from the blended sample from step 2.

4. They select some minimum number of early adopter questions to include in the
raking due in Step 2.

Therefore, this procedure requires a good selection of early adopter questions that are
included in the two surveys and that we believe will help to differentiate the samples.
Recently, Kim and Tam (2021) developed two estimators using combined data from
probability sampling and non-probability sampling based on the total decomposition:

Y=Y +7Y,

where ¥, = ZiESV Vi = Yicy lvi yi and Y. = ZieUfs),YI Yicv(1 —1,;)y;. Since y is mea-
sured for all units of non-probability sampling, Y, is known. Therefore, we only have to
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estimate Y. Authors proposed a first estimator where Y. is estimated using the expansion
estimator based on the probability sample

Ypr = Y+Zd L yl

ics,

In Poisson sampling, the variance of yj,; is smaller or equal to the variance of y, if a
condition on the study variable for simple random sampling without replacement holds.
When N is known, Kim and Tam (2021) propose to improve the previous estimator using
the following one:

Yics, di(1—Li)yi )
Ziesr dl(l - IVi)

Authors prove that the variance of ypp; is smaller than the variance of y, for simple ran-
dom sampling. They also discuss how to improve the efficiency of this data integration
estimator by using ratio and calibration estimation.

Other works in this matter are briefly introduced below.

Fahimi et al. (2015) improve the blended calibration estimator provided by Disogra
etal. (2011). Elliot (2009) develop pseudo-weights to create a representative sample us-
ing data from the non-probability sample under model assumptions that can be partially
tested. With this approach, probability and non-probability samples can be blended,
and the resulting sample can be treated as a probability sample with these new pseudo-
weights. Dever (2018) proposes a hybrid estimation method based on the combined data
file containing probability-based and nonprobability sample cases in a similar way as
dual-frame estimation. For this hybrid estimation method , both samples cover the same
portion of the population, referred to as common support. The common support assump-
tion is a necessary first step and the authors propose sample matching as the method to
evaluate this common support assumption. It is very difficult to make this assumption
when we work with web surveys (or social media) and with probabilistic surveys based
on population records, as the coverage differences between these samples may be very
large and the method cannot be applied. On the other hand, the authors do not solve the
problem of the determination of the lambda factor that glues the samples into one data
file for population inferences. Wisniowski et al. (2020) consider a Bayesian approach
for integrating a small probability sample with a non-probability sample. They show
that considering informative priors based on non-probability data can reduce the vari-
ance and mean squared error of the coefficients of a linear model.

B 1
YppI = Y, + (N —ny)

Recently, Xi et al. (2022) do an extensive simultation study for comparing various
weighting strategies where probability and non-probability samples are combined with
weight normalization and raking adjustment. They apply these methods to a teen smok-
ing behaviour survey. NekraSaité-Liege, (Vjiginas and Krapavickaité¢ (2022) consider
the case of estimating proportions when a non-probabilistic sample and scraped data
are available. Some important works (Robbins, Ghosh-Dastidar and Ramchand, 2021;
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Rueda et al., 2022) have appeared in which probability and non-probability samples are
combined based on the propensity score adjustment technique. In the next section, we
explain this technique and how it has been used by these authors.

3.2. Some estimators based on propensity score adjustment

The key concept in a non-probability survey sample is the selection mechanism. This
mechanism is usually unknown and requires a suitable prediction model for the inclu-
sion indicator variable. In this context, propensity scores, T,;, can be defined as the
probability of the i-th individual of being included in the sample, P(,; = 1), given the
characteristics of the unit.

Let x be a vector of covariates measured in s, and also in s,. We make the following
assumption:

Assumption 1 (strong ignorability condition): the indicator variable /, and the study
variable y are conditionally independent given x; i.e. P(I, = 1|x,y) = P(I, = 1]x).

We assume that the selection mechanism of s, verifies Assumption 1 and follows the
model:

Tty :P(Ivi = I‘Xi) Zp,-(X) = m(yvxi)a i=1,..,N, )

where m(-) is a given function with second continuous derivatives with respect to 7.

We aim to estimate propensity scores using data from pooling both samples. The max-
imum likelihood estimator of m,; is m(7,x;) where ¥ maximizes the pseudo-likelihood
(Chen, Li and Wu, 2020):

Zl

+Z -1og(1—m(y,x;)). 6)
x, 5
The estimated propensities 7,; = m(7,x;) are thus used to readjust the propensity bias of
the volunteer sample.
Based on these propensities, Robbins et al. (2021) define several estimators integrating
the two samples. A first estimator is calculated weighting estimators from each sample:

Yror1 = @1y, + (1 —001)y,, @)
Y] ik Ty (Z.S‘r Tc[il)(Zn \72)
where y, = st vi/qi with ¢q; = ﬂ_;r‘ and o = AR S AT

For the second estimator, the authors calculate the values p; = m; /(1 — #,;) for all indi-
viduals in the joined s = s, U s, and obtain a simple Horvitz-Thompson type estimator
with these new weights:

YRDR2 = Zy:/l?n 3

IES

Let x be a set of auxiliary variables, related to y, whose population totals are known.
Two calibration estimators are also proposed:
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YRDR3 = %(st Yi*wi;+ Y, yi*wa;) where wi; and wy; are as close as possible to 1/p;
fulfilling T, = Y ¢, w1iX; = Y.c;, w2;X; and the estimator:

_ _ — . Zr i ZV 12
Yrors = 0¥, + (1= 00)3, being o = (eril)((f.v Wvgzl)ﬁ()::vwzﬁ))():vwiz)'

Rueda et al. (2022) propose the combined estimator:

Yepsa = oY, + (1= 00)Vipw, €))
being y;py = %ZSV yi/ fvi, and og = Vl‘f% where V; and V5 are estimators of the variance
of y. and the MSE of y,py, respectively. They also propose alternative methods that
combine propensity score adjustment and calibration using machine learning predictive
algorithms.

Burakauskaité and Ciginas (2022) consider a few ways on non-probability integra-
tion by combining generalized difference estimator and post-stratified calibration esti-
mator with the inverse probability weighted estimating for estimating proportions in the
survey on population by religion, native language and ethnicity in Lithuania.

The above methods can reduce bias by using propensity scores to estimate partici-
pation rates of non-probability sample units. However, they are sensitive to propensity
model misspecifications and can largely increase the variance of the estimators due to
extreme weights. A possible way to reduce the effect of extreme weights is the kernel
weighting (KW) method Wang et al. (2020) that uses propensity scores as a measure
of similarity, and therefore is less sensitive to model misspecification while avoiding the
extreme weights that may be produced in propensity score estimation. In the next section
we introduce the KW approach to create pseudo-weights for the non-probability sample
and propose a new method of integration based on this KW estimator.

4. Estimators based on kernel weighting

The KW method was developed by Wang et al. (2020), and is a method similar to the
PSA since both consist of creating pseudo-weights for the non-probability sample using
auxiliary variables of a reference probability sample. However, what differentiates them
is the way in which these new weights are generated, although as in PSA we will use
the estimated propensities to participate in the survey. As it occurred in that case, these
propensities can be estimated in different ways, even though the most commonly used
one is by means of logistic regression models which may entail several disadvantages for
large populations in comparison to modern prediction methods such as machine learn-
ing (ML) algorithms. The ML methodology does not require strong parametric model
assumptions and therefore is robust to model misspecification. Recently, ML algorithms
have been considered in the literature for the treatment of nonprobability samples (see
e.g. Ferri-Garcia and Rueda (2020), Buelens et al. (2018), Kern, Li and Wang (2021),
Chu and Beaumont (2019), Castro et al. (2021). Their findings showed that ML methods
have the potential to remove selection bias in nonprobability samples to a greater extent
than logistic regression in some scenarios.
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The KW is based on using these propensities to measure the similarity between individu-
als based on the distributions of the auxiliary variables of the reference sample s, and the
non-probability sample s,. These similarities will be used as weights for our estimator,
after smoothing the distances using kernel functions.

The estimated propensity score for k € s, Us, is obtained as
e = Em[le = 1|x4],

where M will be one of the mentioned machine learning models to estimate this propen-
sity and

A 1 for k€s,
L= k Us,.
v {Oforkes, P KESE

Once we have these estimated propensities, we will calculate the distance between the
two individuals belonging to the different samples. We define this distance as:

dij=f;—Rj, i€sy, jEs,

This distance between individuals will have a value between —1 and 1. We seek to
smooth these values, which is why we use a kernel function centered at zero. There are
many alternative kernel functions that can be used (normal function, standard normal,
triangular, etc.), see Servy et al. (2006). The closer this distance is to zero, the more
similar the individuals are with respect to their auxiliary variables (propensities are es-
timated depending on the values of the auxiliary variables). Moreover, the more similar
the individuals are, the greater the proportion that the KW will assign to the original
weight of the reference sample dy; to the i unit of the volunteer sample. This proportion
is called the kernel weight, whose expression is as follows:

v —  Kidij/h}
U Yies, K{dij/h}

i€sy, JES,

where K{-} is a zero-centred kernel function Epanechnikov (1969), and 4 is the band-
width corresponding to that kernel function. In addition:

Zk,‘j: 1, kij € [0,1]

icsy,

The larger the value of the kernel weight k;; is, the more similar the propensities will be
among individuals i € s, and j € s,.

Once we have the kernel weights, the pseudo-weights KW can be calculated, leW for
i € s, which are the sum of the weights of the reference sample d;, where j € s,, weighted
by the kernel weights k;; for the unit i € s,:
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KW o .
wj :dekii’ i €Sy, JES
JESr

Therefore a KW estimator for the population mean is:

= 1 KW
Yrw = N Z wi Vi

i€s,

KW _ _ -
where Y wi'" =Y e, d;j, because of Y kij = 1.

The KW estimator is consistent if certain regularity conditions are met (see Appendix
1). Furthermore Kern et al. (2021) improve the KW method by pairing it with machine
learning, in particular, they considered conditional random forests, model-based recur-
sive partitioning, gradient tree boosting and model-based boosting for estimating the
propensities and constructing pseudo-weights. Kernel smoothing is also used by Chen,
Yang and Kim (2022) in the case when the study variable of interest is measured only in
the non-probability sample. These authors consider mass imputation for the probability
sample using the non-probability data as the training set for imputation.

Next, we proceed to present the new proposed method based on KW in two different
situations: firstly, if there is no coverage bias for the sample of volunteers, and secondly,
when such bias exists.

4.1. Blending the samples with kernel weighting

First, we consider the situation where there is no coverage bias (U, and U, are equivalent
to the population under study U). In this situation we propose a class of estimators based
on both samples:

Yo = ay, + (1 —a)ygw, (10)

where « is a nonnegative constant such that 0 < o < 1.

We study the asymptotic properties of the proposed estimator under the framework of
Isaki and Fuller (1982) in which the properties of estimators are established under a
given sequence of populations and a corresponding sequence of random sampling de-
signs.

Theorem 1. Under assumption given in Appendix 1, the proposed estimator y- — Y in
probability as N — o, n,, — o, n, — oo with ”ﬁ‘ =O0(1) and §; = O(1).

Proof. Assumptions la and 2a give sufficient conditions for the Horvitz-Thompson
estimator yp to be consistent (Isaki and Fuller, 1982). Under these conditions y, — Y in
probability as the finite population size N — oo.

Under assumptions 2a-2¢ Wang et al. (2020) (Appendix A) proves that ygy, — Y
in probability as the finite population size N — oo, the survey sample size n, — co and
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the probability sample size n, — oo with n./N = O(1). Then it is obtained that y- —
aY + (1 — @)Y the proposed estimator converges to Y.
Now, we consider the problem of how select the ¢ parameter. A simple selection for
o is to weight each estimator by the weight that sample has in the total sample so that
o, =n,/(n,+ny).

An optimal choice of & can be calculated by minimizing the MSE of y., which is
given by

MSE(3¢) = &’V (3,) + (1 — o) MSE (5w ) +2a(1 — 0)E((5, = Y) Gxw — Y)).-

As this equation is a quadratic equation of «, its sole extreme is found straightfor-
wardly. The values of & that minimizes this MSE are given by

MSE(?KW)_E(@r_?)@IiW—7)) _
V(5,) + MSE (Yxw) —2E((3, —Y)Fxw —Y))

1D

Oopr =
The optimal ¢,,; can be used to define the optimum expression

yCr)pt = Oopry, + (1 - O‘Opt)yKW'

The optimal coefficient «,,; depends on population parameters, which are unknown
in practice, and so y,,,, cannot be calculated.

Though the sampling procedure of the nonprobability and the probability sample can
be treated as independent, the estimator ygy uses information from both non-probability
and probability sample, and therefore can be correlated with y,. If we assume that the
term E((y, —Y)(Ygw — Y)) is small relative to MSE (g ) and V(3,), and denoting by
V(y,) the Horvitz-Thompson estimator of V(3,) and MSE (Yxw) an estimator for the
MSE (Yxw ), we can consider the following estimator for the population mean:

MSE (Ygw) — _ V(y,)

— e — Yrw - (12)
MSEGy)+V(5,) " MSEGgy)+V(F,)

Yco =

An estimator for the variance of yg, can be obtained by using resampling methods
Wolter (2007). By using resampling techniques, one can incorporate aspects of an es-
timation process into variance calculations that are not easily captured algebraically.
Robbins et al. (2021) consider a delete-a-group jackknife for variance estimation when
use weighting methods for blending probability and convenience samples. Rafei, Elliott
and Flannagan (2022) and Chen et al. (2022) use bootstrap as the method for variance
estimation when the study variable of interest is measured only in the non-probability
sample. Wang et al. (2020) considered the jackknife method for calculating an estimator
of the V (ykw ). The bias of ygy can be estimated by ¥, — Y-
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4.2. Blending the samples with coverage bias

Web and social media surveys usually have a significant under-coverage bias. Thus,
we consider now a more realistic situation where there is also under-coverage bias in
the non-probability sample. Chen et al. (2020) highlight the estimation problems in
the scenario of having zero propensity scores for certain units in the target population.
According to these authors, the severity of the problem depends on the proportion of the
uncovered population units and the discrepancies between the two parts of the population
in terms of the response variables. Chen (2020) also discusses issues with incomplete
sampling frames where units have zero propensity scores and illustrates the danger of
applying regular procedures when the sampling frame is incomplete proposing methods
to adjust for under coverage bias from the nonprobability sample.

We will consider that U, covers the entire finite population but the frame U, be in-
complete (U, C U). The population of interest, U, may be divided into two mutually
exclusive domains, ab = U, and a = U NU; . Units in s, can be divided as s, = 5,4 U Syqp,
where s,, = s, Na and s,4, = s, N (ab).

Following Hartley’s idea (Hartley, 1962), we can obtain a combined estimator of ¥ by
weighting the estimators obtained from each sample:

| BN A A
yH(n):N(Ya‘i_nYab"‘(l_n)YKW)v (13)
where ?a = Ziam d,-y,-, Yab = Zi@mb d,'yl' and YKW = ZiEsv WlKWy,' and 0 < n< 1.

Now, we denote as:
d; if i€,y
d; =< nd; if €58 (14)
(1—n)wkW if ies,
then |
yu(n) = de?yi'

ics

Theorem 2. Under the regularity conditions given in Wang et al. (2020) for the sampling
design and the propensity scores, the Hartley estimator yy (1) is asymptotically unbiased
forY.

Proof. Since each domain is estimated by its Horvitz-Thompson estimator, ¥, + 1Y,
is an unbiased estimator of Y ;c,vi + N Y;cqp Vi, for a given 1. Under the regularity con-
ditions given in Wang et al. (2020) the estimator Yy is asymptotically unbiased for
Yo = YicapVi» thus the estimator y (1) is asymptotically unbiased for Y.
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Though U, and U, are sampled independently, the estimators v+ nf/ab and Yxw are not
independent because, Yxw uses information from the probability sample. In the same
way as in the previous section, we are going to assume that this dependence is small in
relation to the variances of the estimators, and we suppress the covariance term between
these two estimators in the calculus of the asymptotic variance of y; (7). Under this
assumption, the asymptotic variance of the estimator is given by the following expression

V(1)) = 5V (Fart 1) 4V (1= 1) i)
= %(V(ﬁHnZV(YabH(l =)V (Yxw)), (15)

where V (¥,) and V (¥, ) are computed under the sampling design d = (s, p,) and V (Yxw )
under the propensity model 7,.

The choice of the value for i is an important issue. For a fixed value of 7, the estimator
is simple to implement and gives internal consistency given that the same set of adjusted
weights is used for all variables. The value of 7 = 0.5 is frequently used in dual frame
estimation (Mecatti, 2007). The value of 1 that minimizes the asymptotic variance in 15
is:

(16)

o0 A

 MSE(Ygw) — cov(¥y, Yap)
V(?a;,) +MSE( KW)

This value depends on unknown population variances and covariances. By substituting
the variances and MSE for its sample based estimators we obtain an estimator that we
denote by yy (opt). We note that these modified weights are random variable and their
variability needs to be accounted for in standard errors of estimators.

Note. In formula 13, the true population total N is used. It is possible to use an estimator
N instead of N to construct a type-Hajek estimator as in the paper of Chen et al. (2020).
In our case we would first have to decide which estimator N to use. For example based
only on the non-probability sample N; = Yies, leW, only on the probability sample N> =
Y ins, di Or some estimator based on the two samples. This choice can influence the
biasness and the efficiency of the proposed estimator, and adds one more difficulty to the
problem.

5. Simulation studies

We have conducted a simulation study to compare the efficiency of some of the pro-
posed estimators based on KW. We are interested in comparing those estimators with
some alternative estimators defined in Section 3, in the effect of the machine learning
algorithm used in KW, in the effect of the kernel function used in the construction of
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KW pseudo-weights and also in the effect of considering coverage bias. In order to il-
lustrate that the superiority of some estimators compared to others depends on the data,
we define different setups based on different artificial populations and different sampling
strategies.

5.1. Populations and setups

We consider a finite population of size N = 500000. The variables of interest were
designed with the objective of having various types of relationships with the covariates
and the propensities. We consider 8 auxiliary variables x, 2 variable of interest y and
a variable m,; which indicates the probability of being included in the non-probability
sample. All of them were simulated as follows:

1. The covariates x1,x3,x5 and x7 followed a Bernoulli distribution with p = 0.5, and
Xp,x4,%¢ and xg followed normal distributions with standard deviation of one and
a mean parameter of 0 or 2, depending on the value of the previous Bernoulli
variable. That is to say, in order to calculate x, we relied on the variable x; and
if this variable was equal to 1, then the mean would be 2, or if the variable was
equal to 0, then the mean would be 0. The same procedure was followed for the
rest of the variables. The propensity models were fitted using all of the 8 auxiliary
variables.

2. The non-probability samples were drawn with a Poisson sampling design where
the inclusion probability depends on variables x5, x¢,x7 y Xxg as:

l (I—V;T ) 5 5( > 1) 31 15 3 6iA8i 2'5(x7i 1)7 l .
vi ev

3. The target variables were created in order to have different relationships with the
covariates and the propensities were simulated according to the formulas:

yli:N(8,2)+3(x5i:1)+57ria ieU,

U ify>1446 . (18)
yzl_{ 0 ify; <1446 @ 'EY

The threshold of 14.46 was chosen because it is equivalent to the median of the
variable y;.

We considered three setups. In the first setup the probability sample was drawn by
simple random sampling without replacement (SRSWOR) from the full popula-
tion; in the second setup the probability sample was drawn with stratified random
sampling by the auxiliar variable x; and considering an allocation by strata of 1/3
and 2/3; in the third setup, the probability sample was selected with Midzuno sam-
pling where the probabilities were proportional to a variable following a normal
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distribution with a mean parameter dependent on the value of the auxiliar variable
x7 and a standard deviation of 0.5.

The aim of the described selection mechanism was to create weights with large
variability. As a result, the mean propensity is 0.7050, with a standard deviation of
0.3792, and thus a coefficient of variation of 0.5379. The histogram of propensities
m,;,i € U, is provided in figure 1.
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Figure 1. Histogram of the population propensities.

5.2. The simulation procedure

The first simulation study evaluates the performance of some estimators for ¥ when
there is selection bias in the estimates. We focused on the proposed estimator discussed
in the paper, Yo, and we compared it with others estimators based on propensities. As
a reference estimator we have considered the naive estimator that weights the estimators
simply by their sizes yppr = x—iyr + ;—:yv. We also evaluate the estimators yppg; (7),
Yrpre (8) and Y-pgs (9) that do not use calibration.

We considered the XGBoost (Chen and Guestrin, 2016) algorithm among several
machine learning approaches for estimating the propensities in all estimators. This al-
gorithm builds decision trees ensembles that optimize an objective function via gradient
tree boosting (Friedman, 2001). Literature shows that PSA with gradient boosting ma-
chines provides better results than other machine learning approaches (Lee, Lessler and
Stuart, 2010, 2011; McCaffrey, Ridgeway and Morral, 2004, 2013; Ferri-Garcia and
Rueda, 2020; Rueda et al., 2022). The method depends on several hyperparameters for
a proper functioning and in order to avoid overfitting. We have considered the following
hyperparameters: the number of trees forming the ensemble (50, 100 or 150), the weight
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shrinkage applied after each boosting step (0.3 or 0.4), the maximum number of splits
that each tree can contain (1, 2 or 3), the proportion of variables used in each step (0.6
or 0.8) and the proportion of data used in each step (0.5, 0.75 or 1).

For each setup we select 500 probability samples of size n, = 250 and 500 non-
probability samples of sizes n, = 500; 1000;2000. We compute the Monte Carlo relative
bias of the estimators:

L& 3,7
RB| = — =100 19
RBI=5 L5 : (19)

and the Monte Carlo root mean square relative error (RMSRE):

1 & (3,-7Y
RMSRE = \| = Y (=2=—) -100. (20)
B&\ Y

where B is the number of iterations, and y, is an estimate of Y, by the method under
study, computed for the b-th sample.

We also examine the behaviour of variance estimators. We consider the jackknife
method used in Wang et al. (2020) to account for all sources of variability. The perfor-
mance of a variance estimator along with the point estimator y; is assessed by the length
of the intervals obtained at 95% confidence level and their real coverage.

Variance estimators for ygy, is also calculated based on bootstrap methods. We have
obtained similar results for RB and RMSRE for the proposed estimator y-, and we
observed that the behaviour with respect to the other estimators is barely influenced
by the variance estimation method used. In the work only the results of the jackkniffe
method are shown.

The simulation study has been carried out using the statistical software R, and for
its implementation we have needed the use of specific packages of the area, such as
NonProbEst (Castro, Ferri and Rueda, 2020), KWML (Kern et al., 2021), sampling (Tillé
and Matei, 2021) and caret (Kuhn et al., 2022).

5.3. Results

Tables 1 and 2 contain the simulation results for y; and y, respectively for the three setups
considering different sample sizes. In all setups, as expected, the proposed estimator
with gradient boosting and kernel weighting (y-,) provides lower values of both |RB|
and RMSRE. The second best estimator is yc-pg4, Which obtains results similar to the
first and with the rest of the estimators we obtain higher values of the |RB| and RMSRE.
It is also observed that the behaviour pattern in terms of reduction |[RB| and RMSRE is
similar in the three sample designs considered for the probabilistic sample.
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Table 1. Monte Carlo bias and root mean square relative error. Variable y.

n, =250,n, =500 n, =250,n, =1000 n, =250,n, =2000

RB| RMSRE |[RB] RMSRE  |RB| RMSRE

Simple random sampling without replacement

Yrer 4772 4.847 4.732 4.795 4.801 4.872
Yror1  3.081 3.231 2.736 2.895 2.770 2.952
YrprR2 3.246 3.389 2.888 3.045 2.907 3.088
Yepsa 1251 1.554 1.197 1.512 1.341 1.663

Yeo 1.173 1.457 1.232 1.559 1.213 1.576

Stratified sampling

Yeer 4800 4880  4.864  4.942 4730 4788
Yepri 2998 3190 2913 3.114 2752 2910
Yepre 3651 3788  3.601 3746 3435  3.546
Sepsa 1448 1798 1595 2.003 1326 1.665

Seo 1224 1521 1322 1671 1162 1431

Midzuno sampling

Yrer 4771 4.845 4.766 4.827 4.735 4.792
Yrpri  3-100 3.257 2.801 2.947 2.766 2912
Yror2 3.381 3.520 3.122 3.250 3.069 3.198
Yepsa 1219 1.526 1.261 1.554 1.2390 1.573

Yeo 1.010 1.393 1.141 1.412 1.124 1.425

Table 2. Monte Carlo bias and root mean square relative error. Variable y;.

= 250,71, = 500 71, = 250,71, = 1000 71, = 250, 1, = 2000

RB| RMSRE |RB] RMSRE |RB| RMSRE

Simple random sampling without replacement

Yeer 16229 16653 16199 16547 16396  16.775
Yepri 10025 10769  9.130  9.809  9.188  9.971
Yepra 10650 11367  9.600 10281  9.605  10.398
Yepsa 5188 6406 5136 6400 5759  7.176

Yoo 4538 5665 4681 5920 5343  6.642

Stratified sampling

Yeer 16317 16738 16703 17.133 16222 16.537
Sepri 11010 11734 11012 11772 10518  11.068
Seore 12819 13412 12.821 13447 12326 12785
Yepsa 5647 7110 5866 7613 5126 6408

Yeo 5119 6444 5198 6704 4612 5684

Midzuno sampling

Yrerp 16421 16.829  16.248 16.581 16.690 17.030
Yrpr1 10.738  11.437 9.866 10.512 10.182 10.824
Yrpr2 11.634  12.271 10.771 11.382 11.020 11.632
Yepsa  95.246 6.652 5.052 6.206 5.632 7.004

Yo 4.706 5.903 4.490 5.583 4.965 6.163
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Table 3. Confidence invervals’ real coverage and length. Variable y.

n, =250,n, =500 n,=250,n,=1000 n,=250,n, =2000

Coverage Length Coverage Length Coverage Length

Simple random sampling without replacement

YREF 0.000 0.481 0.000 0.453 0.000 0.438
YRDRI 0.108 0.517 0.168 0.492 0.164 0.475
YRDR2 0.088 0.522 0.146 0.505 0.146 0.490
Yepsa 0.956 0.853 0.962 0.854 0.918 0.855

Yco 0.962 0.811 0.960 0.807 0.928 0.781

Stratified sampling

Seer 0002 0503 0.002 0477  0.000 0463
Sepri 0190 0552 0178 0525  0.178  0.509
Sepre 0054 0533 0052 0507 0030  0.494
Yepsa 0944 0939 0898 0948 0954  0.948

Yoo 0958  0.844 0906 0822 0952  0.788

Midzuno sampling

Seer 0000 0488  0.000 0462  0.000 0445
Sepri 0124 0529  0.146 0505  0.140  0.487
Yepra 0090 0528  0.090 0509  0.094 0493
Sepss 0958  0.886 0962 0887 0956  0.886

Yoo 0952 0820 0964  0.808 0950  0.769

Table 4. Confidence invervals’ real coverage and length. Variable y,.

= 250,71, = 500 1, = 250,71, = 1000 71, = 250, 7, = 2000

Coverage Length Coverage Length Coverage Length

Simple random sampling without replacement

Yeer 0008 0076  0.006 0070 0002  0.066
Yepri 0276 0077 0286 0070 0236  0.066
Yepra 0242 0077 0252 0071 0232 0.068
Yepsa 0968  0.130 0954 0130 0930  0.131

Yoo 0950  0.118 0954  0.119 0904  0.116

Stratified sampling

Sger 0018 0080  0.002 0074 0002 0071
Yepri 0198 0079 0174 0072 0.132  0.069
Yepra 0108 0078 0084 0071 0052  0.068
Sepss 0944 0139 0924 0140 0976  0.140

Seo 0932 0126 0916 0121 0944  0.114

Midzuno sampling

Yger 0010 0077 0002 0071 0002  0.068
Yepri 0232 0077 0232 0071 0162  0.067
Yeora 0168 0078 0178 0072  0.126  0.068
Yepsa 0950  0.133 0988  0.134 0958  0.134

Yo 0950 0122 0960 0118 0924  0.115
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Table 5. Monte Carlo bias and root mean square relative error of estimators changing the ML
method. Variable y.

n, =250,n, =500 n, =250,n, =1000 n, =250,n, = 2000
IRB| RMSRE [RB| RMSRE |RB| RMSRE
Simple random sampling without replacement
Yo 1.156 1.406 1.162 1.428 1.260 1.570
Yco_nner 1.165 1.422 1.243 1.521 1.317 1.676
Yco-x 1.165 1.418 1.165 1.438 1.270 1.610
Yco_r 1.197 1.468 1.279 1.568 1.339 1.695
Stratified sampling
Yeo 1.250 1.547 1.261 1.595 1.257 1.578
Yco-nver 1.389 1.713 1.379 1.773 1.474 1.829
Yco_x 1234 1.527 1.250 1.582 1.240 1.550
Yco_r 1.467 1.814 1.477 1.891 1.557 1.923
Midzuno sampling
Yeo 1.254 1.567 1.191 1.478 1.307 1.615
Yco-nver 1.331 1.665 1.277 1.605 1.490 1.884
Yco-x 1272 1.592 1.203 1.495 1.337 1.658
Yco-r 1.382 1.732 1.313 1.650 1.529 1.929

Table 6. Monte Carlo bias and root mean square relative error of estimators changing the ML
method. Variable y;.

n, =250,n, =500 n, =250,n, =1000 n, =250,n, =2000
[IRB] RMSRE |RB| RMSRE  |RB| RMSRE
Simple random sampling without replacement
Yoo 5.144 6.264 4.932 6.105 5.115 6.378
Yco_nner 5510 6.760 5.315 6.554 5.618 6.840
Yco-x 5.107 6.278 5.023 6.240 5.057 6.334
Yco-tr 5.739 7.011 5.558 6.903 5.842 7.101
Stratified sampling
Yco 5.045 6.334 5.151 6.566 5.200 6.455
Yco_nner 5.449 6.848 5.870 7.472 6.058 7.461
Yeo-x 4967 6.312 5.240 6.716 5.553 6.837
Yco_tr 5.593 7.028 5.939 7.508 6.197 7.615
Midzuno sampling
Yeo 4.781 5.868 4.9700 6.309 5.137 6.327
Yco-nver 5290 6.467 5.683 6.972 5432 6.698
Yco-x 4922 6.078 5.175 6.454 5.086 6.292
Yco_r  5.520 6.717 5.807 7.124 5.592 6.916

Tables 3 and 4 show the real coverages and lengths of the corresponding 95% confi-
dence intervals. The coverage of intervals based on estimators Yrzr, Yrpr1 and Ygrpgo are
very low, as expected, due to the bias in the estimates. On the contrary, the proposed es-
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Table 7. Confidence invervals’ real coverage and length changing the ML method. Variable y.

n, =250,n, =500 n,=250,n,=1000 n,=250,n, =2000
Coverage Length Coverage Length Coverage Length
Simple random sampling without replacement
Yco 0.974 0.812 0.948 0.805 0.924 0.780
Yco-NNET 0.970 0.830 0.956 0.839 0.918 0.858
Yco-k 0.970 0.823 0.960 0.820 0.936 0.821
Yco-ir 0.970 0.854 0.956 0.867 0.916 0.876
Stratified sampling
Yco 0.946 0.845 0.930 0.820 0.916 0.784
Yco-NNET 0.926 0.905 0.932 0.915 0.926 0.929
Yco-x 0.954 0.854 0.938 0.849 0.936 0.849
Yco-Lr 0918 0.936 0.924 0.951 0.920 0.963
Midzuno sampling
Yco 0914 0.823 0.952 0.804 0.918 0.770
Yco-NNET 0.922 0.860 0.940 0.875 0.892 0.882
Yco-x 0.930 0.835 0.952 0.827 0.912 0.829
Yco-Lr 0.918 0.893 0.950 0.901 0.908 0.911

timator Y, and ycpgs have good performance, having the intervals a real coverage close
to the nominal coverage. With respect to the length of the intervals, as we expected, the
Yco estimator is the one with the shortest length for all types of sampling considered,
sample sizes and type of variable. The KW is intended to reduce variance and indeed it
succeeds for these scenarios and variables.

Table 8. Confidence intervals’ real coverage and length changing the ML method. Variable y,.

n, =250,n, =500 n,=250,n,=1000 n,=250,n, =2000
Coverage Length Coverage Length Coverage Length
Simple random sampling without replacement
Yco 0.940 0.118 0.938 0.120 0.926 0.119
Yco-NNET 0.906 0.124 0.926 0.125 0.900 0.126
Yco-k 0.954 0.120 0.944 0.120 0.938 0.120
Yco-1r 0.920 0.128 0.916 0.130 0.900 0.130
Stratified sampling
Yco 0.950 0.127 0.928 0.120 0.898 0.116
Yco-NNET 0.944 0.138 0.930 0.139 0.942 0.139
Yco-x 0.960 0.128 0.952 0.127 0.950 0.127
Yco-Lr 0.938 0.140 0.920 0.140 0.946 0.143
Midzuno sampling
Yco 0.952 0.120 0.934 0.120 0.900 0.114
Yco_nNET 0.964 0.130 0914 0.130 0.958 0.133
Yco-x 0.962 0.123 0.944 0.121 0.958 0.122
Yco-Lr 0.958 0.134 0.930 0.135 0.952 0.137
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5.4. Influence of the machine learning method

In the previous simulation we used gradient boosting machine as a machine learning
method, but different methods can be used. In this case we are going to make a compar-
ison of the most used machine learning methods to see if the results are influenced by
them. Specifically, we are going to compare neural networks (NNET), K-nearest neigh-
bours (K) and logistic regression (LR) with respect to gradient boosting machine for
qualitative and quantitative variables y; and y, considering the three types of sampling
and for the different sample sizes. The results obtained in the comparative study can be
seen in the Tables 5, 6, 7 and 8.

When comparing the |RB| and the RMSRE values for y; for all sample sizes (Table
5), we can see that in simple random sampling and Midzuno sampling the smallest val-
ues are found for y,, in the case of stratified sampling, the smallest values are found in
Yco_x. For y, (Table 6) the results obtained for the gradient boosting machine and K-
nearest neighbours method are similar if we compare the |RB| and the RMSRE values.
When looking at the Tables 7 and 8 for y; it can be observed that the greatest coverage
(0.91-0.97) obtained is given in the case of the gradient boosting machine and K-nearest
neighbours methods. For y, the K-nearest neighbours method obtains the greatest cover-
age (0.93-0.96). With respect to the length of the confidence interval, gradient boosting
machine obtains the smallest values and logistic regression model obtains the largest.
The performance of the logistic regression was to be expected since the propensities do
not depend on all the covariates and there is an error in the propensity model specifica-
tion.

Table 9. Monte Carlo bias and root mean square relative error of estimators changing the kernel.
Variable ;.

n, =250,n, =500 n,=250,n,=1000 n, =250,n, = 2000
[IRB] RMSRE |RB| RMSRE [RB| RMSRE
Simple random sampling without replacement
Yeo 1.160 1.448 1.144 1.437 1.261 1.578
?CO,SN 1.164 1.449 1.140 1.435 1.264 1.577
?CO_TSN 1.161 1.451 1.145 1.437 1.261 1.577

Stratified sampling
Yoo 1.245 1.573 1.414 1.734 1.210 1.492
?CO,SN 1.250 1.579 1.389 1.703 1.206 1.492
?CO,TSN 1.256 1.597 1.389 1.719 1.110 1.489
Midzuno sampling
Yoo 1.221 1.540 1.229 1.513 1.312 1.631
?CO_SN 1.220 1.536 1.232 1.518 1.308 1.626
?CO,TSN 1.230 1.548 1.231 1.518 1.320 1.632
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Table 10. Monte Carlo bias and root mean square relative error of estimators changing the
kernel. Variable y,.

ny =250,n, =500 n, =250,n, =1000 n, =250,n, = 2000
RB| RMSRE |RB| RMSRE [RB| RMSRE
Simple random sampling without replacement
Yoo 4.641 5.762 4.839 6.070 5.012 6.378
?CO,SN 4.567 5.679 4.832 6.088 5.002 6.335
?CO_TSN 4.627 5.776 4.783 6.041 5.040 6.409
Stratified sampling
Yco 5.215 6.627 4.902 6.175 5.069 6.298
?COfsN 5.199 6.612 4.991 6.250 5.064 6.332
?CofTSN 5.271 6.631 4.988 6.230 5.099 6.377
Midzuno sampling
Yoo 4.657 5.873 5.122 6.274 4.966 6.211
?CO_SN 4.736 5.896 5.202 6.311 5.014 6.263
Yeorsy 4617 5870 5220 6375 4993 6256

Table 11. Confidence intervals’ real coverage and length changing the kernel. Variable y;.

n, =250,n, =500 n,=250,n,=1000 n,=250,n, =2000
Coverage Length Coverage Length Coverage Length

Simple random sampling without replacement

Yco 0.946 0.812 0.962 0.807 0.918 0.782

?CO_SN 0.956 0.814 0.966 0.811 0.920 0.790

?CO,TSN 0.950 0.812 0.968 0.810 0.918 0.789
Stratified sampling

Yco 0.946 0.843 0.912 0.828 0.948 0.785

?CO—SN 0.954 0.851 0.930 0.831 0.936 0.791

?CO,TSN 0.932 0.843 0.932 0.831 0.946 0.793
Midzuno sampling

Yco 0.930 0.821 0.958 0.807 0.912 0.777

Yeo_sy 0942 0825  0.960 0.813 0.910 0.782
Yeo_rsy 0932  0.821 0.958 0.810 0.914 0.785

5.5. Influence of the kernel function

In the previous simulations we used the tringular distribution as kernel function in the
construction of KW pseudo-weights, but different distributions can be used. In this case
we are going to make a comparison of the distribution implemented in the R package
Boosted Kernel Weighting (Kern et al., 2021) to see if the results are influenced by them.
Specifically, we are going to compare triangular, standard normal (SN) and truncated
standard normal (TSN) for qualitative and quantitative variables y; and y, considering
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Table 12. Confidence intervals’ real coverage and length changing the kernel. Variable y,.

n, =250,n, =500 n,=250,n,=1000 n,=250,n, =2000
Coverage Length Coverage Length Coverage Length
Simple random sampling without replacement
Yco 0.944 0.118 0.940 0.118 0.932 0.117
?CO—SN 0.958 0.120 0.934 0.121 0.930 0.119
?CO_TSN 0.956 0.119 0.936 0.121 0.932 0.119
Stratified sampling
Yco 0.924 0.125 0.954 0.121 0.922 0.114
?CofsN 0.926 0.126 0.944 0.122 0.926 0.117
?CO_TSN 0.938 0.126 0.944 0.122 0.916 0.117
Midzuno sampling
Yco 0.952 0.121 0.942 0.119 0.920 0.117
?CO—SN 0.950 0.123 0.942 0.122 0.918 0.117
?CO_TSN 0.948 0.122 0.936 0.120 0.916 0.117

the three types of sampling and for the different sample sizes. The results obtained in
the comparative study can be seen in the Tables 9, 10, 11 and 12.

Table 13. Monte Carlo bias and root mean square relative error of estimators with coverage
bias. Variable y.

ny=250,n, =500 n, =250,n, = 1000 n, = 250,n, = 2000
IRB| RMSRE |RB] RMSRE |RB| RMSRE

Yeer 5541 5615 5581 5649 5554 5.619
Yeori 3279 3427 3295 3421 3175  3.304
Veora 3233 3409 3198 3358 2999  3.166
Yopsa 1267 1574 1213 1.535 1220 1.543
Yoo 1258 1563 1209 1529 1204 1520
yylopt) 1.195 1486  1.125 1426 1132 1446

Table 14. Monte Carlo bias and root mean square relative error of estimators with coverage
bias. Variable y,.

ny=250,n, =500 n, =250,n, = 1000 n, = 250,n, = 2000
RB| RMSRE |RB| RMSRE |RB| RMSRE

Yeer  19.689 20085  19.689  20.085  19.689  20.085
Yepri 12210 12828 12210 12.828 12210  12.828
Vepre 12118 12794 12118 12794 12,118 12.794
Yepsa 5339 6623 5359 6623 5359  6.623
Seo 5375 6648 5375 6648 5375  6.648
Vhep) 5258 6453 5258 6453 5258 6453
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The values of |RB| and the RMSRE are similar for the kernel functions used, so we
can say that there is no influence of the kernel function in this study. Regarding coverage,
we see that in all cases it is quite good, moving around 0.91-0.96, obtaining the shortest
length of the interval in most cases in the y-, estimator.

5.6. Results under coverage bias

In order to check the behaviour of the Hartley estimator y, (opt), proposed in section 4.2,
we have repeated the previous simulation but now we include a mechanism to reproduce
coverage bias in our simulation. This context is compared with the same estimators
considered in the first simulation.

The probability sample is selected by SRSWOR from the full population but the
non-probability sample is now selected from a frame U, created from the population U
containing only individuals whose variable xs = 1 (related to target variables).

In Tables 13 and 14 values of |RB| and the RMSRE can be seen for each of the
considered estimators.

As expected, all the estimators considered now have greater bias than in the previous
simulation. We observe that the estimators y-ps4 and y-o continue to be better than the
other PSA-based estimators in terms of [RB| and RMSRE reduction. As expected, the
estimator based on dual frames, y (opt), is the one that produces estimates with less
|IRB|, and consequently is also able to reduce the RMSRE compared to its competitors.

6. Discussion

In the last decade, survey research has witnessed the surge of non-probability sampling
as a feasible alternative to probability sampling. In theory, the superiority of probability
sampling should be clear, as it has a theoretical basis in design-based inference allowing
for unbiased estimation of population parameters along with the calculation of exact
sampling error. However, they are very expensive and usually have small sizes. Non-
probability samples can offer some advantages in that sense, as they can be deployed
in many relatively inexpensive ways, but they lack an underlying mathematical theory
given their usual lack of design. This is troublesome with respect to achieving accuracy
and representativeness for estimates derived from such samples.

Given their potential, many efforts have been undertaken in recent years to combine
both probability and nonprobability samples to produce a single inference which may
be able to overcome the limitations of each method, resulting in a rich literature on
data integration in finite populations. Most of this literature is based on considering
a framework where the variables of interest have not been observed in the probability
sample. In this paper, we have considered the problem of observed study variables in
both the non-probability sample and the probability sample, in presence of auxiliary
information.

Since both samples contain the same variables, we propose a methodology to com-
bine two surveys based on probability and non-probability samples with the help of ma-
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chine learning algorithms, in order to obtain reliable estimations with small variance. We
have introduced a general class of estimators, based on the kernel weighting method, and
studied theoretically their bias properties. Using simulations we have also compared the
proposed estimators with other methods for integrating probability and non-probability
samples developed in the literature in different simulation setups, both in terms of |RB|
and RMSRE.

The simulation study indicates that |[RB| and RMSRE of estimators can be reduced
when combining the probability and the non-probability sample using the KW method
proposed here in the case where there is a relationship between the variable of interest
and the participation probability. We also observed that the choice of the ML method
used for propensity predictions is very important and can influence the estimates ob-
tained. However, the kernel function in the construction of KW pseudo-weights does
not influence the estimates obtained. From our simulation study we also deduce that in
case the sample of volunteers has a coverage bias, it is appropriate to use an estimator
based on dual frames that allows this bias to be treated as well.

These methods can be implemented using freely available statistical packages such
as R. The R code used for the simulation study and the computation of the results are
available on request. However, the computational cost of resampling should be men-
tioned. Many of the proposed methods rely on variance estimation techniques which in-
volve resampling. For each iteration, a new model has to be trained and the calculations
have to be repeated, considerably slowing down the process. Therefore, they should be
avoided when execution time is of the essence and many variables are involved.

Some other papers (Elliot (2009), Dever (2018)) also combine the pseudo-weighted
nonprobability and probability samples first and estimate the finite population mean
from the combined sample. When pseudo-weighted samples are combined, the assigned
weights only depend on the sample sizes, the design weights and the estimated propen-
sities, which do not depend on the variable under study. Thus, the same weights are used
to make estimates for all variables, but for some variables the procedure may not be able
to eliminate voluntariness biases. On the contrary, the method that we propose depends
on each variable under study, and takes into account the voluntariness bias that may be
important for those variables that are correlated with the probability of participating in
the survey of volunteers, which is the case that interests us.

In our proposal we have considered non parametric methods to estimate the un-
derlying propensity model that reflect the self-selection process, which provides added
flexibility over logistic regression-based methods. Some recent works also use non-
parametric methods to make inferences for non-probability samples. Chen et al. (2022)
use kernel smoothing while Yang, Kim and Hwang (2021) use nearest neighbor for mass
imputation for the probability sample using the non-probability data as the training set.
Our method differs from these works fundamentally in two aspects: in our case the
variable under study is observed in the two samples, and we use the inverse propensity
weighting methodology while they use mass imputation.
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Our advice to practitioners is that the use of probability samples remains essential
to obtain reliable estimates based on an accepted theory such as sampling theory (Beau-
mont, 2020), but complementing the probability sample with a non-probability sample
can serve a means to reduce the errors in the estimates.

There is a lot of room for future research to improve estimation by mean integra-
tion: other similarity measures and other weighting adjustment methods such as weight
smoothing for multipurpose surveys (Ferri-Garcia et al., 2022) can be considered. In this
work only the estimation of means and totals has been considered, but the method can
be applied, with certain adjustments, to the case of other non-linear parameters such as
distribution functions or quantiles. In addition, new alternative methods for estimation
from a nonprobability sample continue to emerge. Liu and Valliant (2023) introduces
one method of weighting that assign a unit in the nonprobability sample the weight from
its matched case in the probability sample. These new methods can be used as an alter-
native to kernel weighting to build estimators similar to our proposal. These issues will
be future research topics.
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A. Appendix 1

Regularity conditions for the HT estimator
The first and second order probabilities verify:
la) N2 oy (mimj — )" = O(n=%9)

2) N'YN  (vi/mi =Y /n)* <M < oofor § >0and r ' +k ! =1

Regularity conditions for the KW estimator:
The kernel function K (u), the bandwidth 4 and the sampling schemes verify:
2a) K(u), [K(u)du =1, sup, |K(u)| < oo, y lim,_ u||K(u)| =0

2b) h = h(n,), h — 0, but n,h — oo as n, — oo and the distributions of the estimated
propensity scores in the probability and non-probability samples are interchangeables.
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Abstract

Household composition reveals vital aspects of the socioeconomic situation and ma-
jor changes in developed countries for decision-making and mapping the distribution of
single-person households is highly relevant and useful. Driven by the Spanish House-
hold Budget Survey data, we propose a new statistical methodology for small area esti-
mation of proportions and total counts of single-person households. Estimation domains
are defined as crosses of province, sex and age group of the main breadwinner of the
household. Predictors are based on area-level zero-inflated Poisson mixed models.
Model parameters are estimated by maximum likelihood and mean squared errors by
parametric bootstrap. Several simulation experiments are carried out to empirically in-
vestigate the properties of these estimators and predictors. Finally, the paper concludes
with an application to real data from 2016.
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1. Introduction

National statistical offices plan surveys to provide a cost effective way of obtaining ac-
curate estimates at a certain level of aggregation. Nonetheless, disaggregated statistics
can facilitate more effective targeting of decision-making, but obviously require more
information to adequately represent population subgroups. If domain sample sizes are
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large enough, we can accurately estimate domain characteristics using direct estimators,
such as the Héjek estimator (Héjek, 1971). The term “small areas” is commonly used to
describe domains with too small sample sizes to obtain precise direct estimates. In these
cases, indirect estimation techniques, relying on statistical modelling, will have to be
used. Small area estimation (SAE) addresses this challenge by borrowing strength from
auxiliary variables, data from other domains and underlying dependency structures.

Given the topic of our research, in recent decades, most developed countries have
faced major demographic changes that directly affect household composition (Cohen,
2021), with new forms of cohabitation replacing the traditional concept of “two-parent
Sfamily with children” (Lesthaeghe, 2014). In a context of social transformation, living
alone has become a sign of individual autonomy and freedom (Fritsch, Riederer and See-
wann, 2023), even if it is sometimes still stereotyped (Greitemeyer, 2009). Meanwhile,
loneliness and its impact on physical and mental health are an increasingly widespread
problem (Snell, 2017), accentuating the symptoms of cognitive diseases (Lee and Lee,
2021; Park et al., 2016). Especially, among elderly single-person households, the need
for medical care is expected to be high, and even more so compared to other age groups.
Hence the natural need for research aimed at curbing these problems.

Among the main indicators of loneliness, we can mention the proportion and total
count of single-person households by domains defined by territorial and demographic
features. Indeed, the disaggregated mapping of these indicators provides valuable infor-
mation for governments to implement social and health policies aimed at improving the
well-being of people suffering from loneliness. Hence, more specific studies are needed.
In addition, the number and size of households in the coming years is closely related
to demographic projections (Ortiz-Ospina, 2019) and their distribution across provinces,
sex and age groups is therefore of particular interest (Cho et al., 2019). For that pur-
pose, this paper develops a new statistical methodology and illustrates its use with an
application to the Spanish Household Budget Survey (SHBS), where the aim is to esti-
mate proportions of single-person households by Spanish province, sex and age group.
However, it can be applied to other contexts where the same problem holds.

The following is an overview of the state of the art. SAE uses linear mixed mod-
els (LMMs) and generalized linear mixed models (GLMMs) that can be fitted to ei-
ther unit or area-level data. Area-level models have the advantage of easily incorpo-
rate auxiliary variables from statistical sources other than the sample. Namely, Torabi
and Rao (2014) and Cai and Rao (2022) use subarea-models to deal with hierarchi-
cally structured data. Zhang and Chambers (2004) develops log-linear structural models
suitable to estimate small area cross-classified counts based on survey data. Esteban
et al. (2012), Marhuenda, Molina and Morales (2013); Marhuenda, Morales and Pardo
(2014) and Morales, Pagliarella and Salvatore (2015) estimate poverty proportions based
on LMMs. For GLMMs, binomial and multinomial mixed models are applied to esti-
mate proportions by Molina, Saei and Lombardia (2007), Ghosh et al. (2009), Chandra
and Chambers (2011), Chen and Lahiri (2012), Chambers, Salvati and Tzavidis (2012),
Loépez-Vizcaino, Lombardia and Morales (2013, 2015), Militino, Ugarte and Goicoa
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(2015), Chambers, Salvati and Tzavidis (2016), Hobza and Morales (2016), Liu and
Lahiri (2017), as well as Hobza, Morales and Santamaria (2018). Poisson (PO) and
Negative Binomial (NB) mixed models are employed to estimate counts and proportions
by Dreassi, Petrucci and Rocco (2014), Tzavidis et al. (2015), Boubeta, Lombardia and
Morales (2016, 2017) and Morales, Krause and Burgard (2022), among others. As for
the computational limitations of PO-GLMMs, but with a unit-level approach, the con-
jugate form of the Gamma-PO model allows for computationally light estimation and
prediction procedures (Berg, 2022). However, none of the above cited papers deal with
data with excess zeros.

In scientific and technical studies it is common to find count data with many zeros
(Zuur et al., 2009; Michael and Thomas, 2016). This is the case for our target variable,
the count of single-person households by domains. A possible solution is to fit a Fay-
Herriot (FH) model after a transformation, and apply the methodology of Berg and Fuller
(2012) to obtain a non-zero variance estimate if the observed value is zero. Another ap-
proach is to consider models in which the probability of the null count is modified with
respect to that which would correspond to a given probability distribution. Because of
their flexibility, zero-inflated models play a relevant role. Without wishing to be exhaus-
tive, we cite some papers where these models are used in SAE. Pfeffermann, Terryn
and Moura (2008) consider situations where the value of the target variable is zero or
an observation from a continuous distribution. They analyse the assessment of literacy
proficiency with the possible outcome of zero, indicating illiteracy, or a positive score
measuring the literacy level. Chandra, Bathla and Sud (2010) and Chandra and Sud
(2012) introduce unit-level mixtures between zero and a LMM. They estimate domain
means of continuous variables when the census vector contains a substantial proportion
of zeros. Chandra and Chambers (2011) generalize their previous proposal by modelling
logarithms. Anggreyani, Indahwati and Kurnia (2015) estimate infant mortality using
plug-in predictors based on area-level mixed effects zero-inflated PO models. Krieg,
Boonstra and Smeets (2016) and Sadik, Anisa and Agmaliyah (2019) have carried out
simulation experiments for unit-level mixtures between zero and a nested error regres-
sion model under a Bayesian approach. Hartono, Kurnia and Indahwati (2017) deal with
area-level zero-inflated binomial models, with an application to unemployment data in
Indonesia. Datta and Mandal (2015) and Sugasawa, Kubokawa and Ogasawara (2017)
propose uncertain random effects, which are expressed as mixtures of a normal distribu-
tion and a one-point-at-zero distribution. Bugallo et al. (2023) model the number of fires
in small areas using a zero-inflated NB mixed model.

Currently, there are no published studies that address the estimation of proportions of
single-person households in small areas. However, it is essential for a more accurate im-
plementation of social policies, as well as for clarifying certain economic aspects related
to the housing sector and the private consumption of basic resources. Because of this
challenge, we introduce a zero-inflated PO mixed model, that is, a mixture model with
a logistic mixed model on a latent variable that indicates whether we count zero or ac-
cording to a PO mixed model. Based on that model, we construct predictors of domain-
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level counts and proportions. To estimate mean squared errors (MSE) of small area
predictors, we lay out a parametric bootstrap method following Gonzédlez-Manteiga et
al. (2007) and Gonzélez-Manteiga et al. (2008). For assessment and illustration, several
simulation experiments and a detailed application to real data are included. Regarding
the latter, special attention has been reserved for the excess of zeros and the concilia-
tion between the area-level model-based approach and the traditional survey sampling
design-based approach. Further comparisons are also made with a FH model and an
area-level zero-inflated NB mixed model.

The main document is organized as follows. Section 2 describes the data and SAE
problem. Section 3 introduces the area-level zero-inflated PO mixed model. Section 4
provides model-based predictors of domain counts and proportions. Section 5 presents
bootstrap-based confidence intervals (CI) of model parameters and MSE estimators of
the predictors. Section 6 addresses the case study. Section 7 summarizes some con-
clusions. The paper includes supplementary material organized in four appendices.
Appendix A describes the Laplace approximation to the model log-likelihood and the
algorithm to calculate the maximum likelihood (ML) estimators of model parameters
and obtain modal predictors of random effects. Appendix B empirically investigates the
behaviour of the fitting algorithm, predictors and MSE estimators. Appendix C gives
some additional simulation results. Appendix D maps relative root mean squared error
(RRMSE) estimates for the application to real data.

2. Data and problem of interest

This paper presents and applies a new SAE methodology, based on an area-level zero-
inflated PO mixed model, to estimate proportions of single-person households in small
areas. The script has been approached from an applied point of view, in order to provide
a reference text for future research on zero-inflated data in SAE. As far as the dataset
is concerned, we use the 2016 SHBS (SHBS2016). The anonymized data file can be
downloaded from the Spanish Statistical Office (INE) website. Regarding sample sizes,
the SHBS2016 is designed to calculate precise direct estimators at NUTS 2 level, but it
does not publish results at a lower level of aggregation. Below that level, sample sizes
are quite small and direct estimators lose precision. In our research, we consider D =416
domains defined at NUTS 3 level by Spanish province (I = 52) crossed by sex (J = 2)
and age group (K = 4). Given the sample sizes of SHBS2016, we are faced with an
SAE problem. In fact, the quartiles of the small area sample sizes are gg = 1, gp25 = 17,
qos = 34, qo.7s = 72 and g1 = 367, respectively. Therefore, it is desirable to use more
sophisticated prediction methods rather than direct estimators. In terms of methodology,
Section 2.1 describes our research framework; Section 2.2 introduces the explanatory
variables of the case study and Section 2.3 focuses on the zero inflation problem.
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2.1. Count and size variables

Further notation is introduced below. Formally, the finite population of Spanish house-
holds, U, can be partitioned in subpopulations Ujjx, i € I={1,...,I}, je I={1,...,J},
ke K={1,...,K}, defined by province, sex (sex/: men, sex2: women) and age group
(agel: less than 45 years; age2: between 46 and 55 years; age3: between 56 and 64
years; age4: 65 years or older) of the main breadwinner. This is to say, each Uj is
disjoint and U = Ule Ule UkK:1 Uiji. Let N and N;ji be the sizes of populations U and
Ui jk, respectively.

At unit-level, the variable of interest is dichotomic, i.e. y;j = 1 if the household
u;jk1 € Ujjk 1s single-person and y;ji; = 0, otherwise. Let s = Ule Ule U,’le sijk be a
SHBS sample extracted from U, so that s;jx C U, i €1, j € J, k € K. Let n and n; . be
the sample sizes of s and s; i, respectively. For ease of exposition, we write [ = 1,...,n;jx
for the households in s;jx and [ = n;j, + 1,...,N;j; for the households in Uijk\sijk.

The domain parameters of interest are the total count and proportion of single-person
households in U j, i.e.

Nijk Y
= i jk . .
Yie =Y viju, Yig=-, i€l jelkek 2.1
=1 Nijk
Let w;ji; be the household sampling weight of u;j; € U;jx. The sample count and the
Héjek estimator of Y;x and N;j; are

ijk nijk ijk
o dir K7dir : .
Yije = Y Vi, Y5 =Y wiyip, NG =Y wiju, i€l jelkek.
=1 =1 =1

The sample proportion and the Héjek estimator of ¥ are

- i Ydir
Vi = 2 ijz%‘ icl,jel kek. (2.2)
N jk N; i
Once the count and size variables have been presented, it is important to be aware of
the following scheme. Section 3 details the area-level zero-inflated PO mixed model and
Section 4 proposes model-based predictors of the domain parameters defined in (2.1).
Nevertheless, this requires an external file with auxiliary variables aggregated at domain
level. In any case, it must contain the dependent variable of the area-level model, y;j,
the size variable (offset), m; i, and a vector of domain-level auxiliary variables, x; jx (see
Section 2.2). As far as y;x and m; j are concerned, two options can be considered:
Option 1. Take y;jx = Lf’g,’(rj and m;jx = | Niji], where | -] is the closest integer operator.
Let fl,;jx be a model-based predictor of the expected value of y;jx. The predictors of Y; ik
and Y;j; are

z Hyijk S N . .
Yij = W_, Yiik = Dyije, i€l jel,kek.




130 Small area estimation of the proportion of single-person households...

By taking the direct estimators of domain totals as the dependent variable of the
area-level model, Option 1 reconciles the area-level model-based approach and the sam-
ple design approach to inference in finite populations. This is an important argument in
favour of Option 1. On the other hand, the fitting algorithm or the calculation of predic-
tors may become unstable when the values of the dependent variable are large, which
require more refined programming.

Option 2. Take y;jx = yijx. and m;jx = n;jx. Let [l ; be a model-based predictor of the
expected value of y; ;. The predictors of Y; ik and Y; ;. are

Yijk: — Yijk :Nfljl){ryijk, iel,jel,kek.
Boubeta, Lombardia and Morales (2016) applies Option 2 for area-level PO mixed mod-
els, as it is computationally more robust, but it does not include the sampling weights
into the model. As omission of sampling weights is an important problem with Option
2, because it can lead to biased predictors, our choice of Option 1 is properly justified,
even if it makes programming more difficult.

2.2. Domain-level auxiliary information

Population sizes and domain-level auxiliary variables have been estimated from the 2016
Spanish Labour Force Survey (SLFS). The SLFS is published quarterly, includes nearly
65,000 dwellings, equivalent to approximately 160,000 people, and collects data on the
labour force and its various categories, as well as on the population outside the labour
market. The anonymized data file can be downloaded from the INE website. The sample
size of each quarterly SLFS is larger than three times the size of an annual SHBS. From
the first to the last quarter of 2016, there are about 4 - 160,000 respondents. As there
are D = 416 estimation domains, it is expected an average of 1538 respondents per
domain. In order to improve our results, we jointly use data from the four quarters of
2016 and apply (2.2). In this way the effects of the variances of the covariate means on
the properties of the prediction procedure are considered negligible.

The set of domain-level auxiliary variables is calculated by estimating the propor-
tion of people in the following factor categories: Citizenship: Spanish (citl) and foreign
(cit2); Education: primary or less (edul), basic secondary education (edu2), advanced
secondary education (edu3) and higher education, such as university (edud); Labour
situation: employed (lab1), unemployed (lab2) and inactive (lab3); Civil status: unmar-
ried (civl), married (civ2), widower (civ3) and separated or divorced (civ4); Dwelling
mobility: more than a year in the same dwelling (dwel) and the opposite (dwe2). The
above-mentioned auxiliary variables are proportions, bounded in the interval [0, 1], i.e.
they are continuous variables, not binary indicators. Since the sum of proportions in the
categories of each factor is one, and based on their socio-economic meaning, we omit
one category from each factor. Namely, we have deleted cit2, edu2, lab3, civl, dwe2.
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2.3. Zero inflation

So far we have discussed the necessity of auxiliary information, but we have not ad-
dressed the problem of excess zeros, nor even demonstrated its occurrence. Neverthe-
less, it is important to assess the presence of false zeros to model counts of single-person
households by province, sex and age group. The reason lies in the low number of re-
spondents at some crosses and thus the difficulty of detecting single-person households.
Throughout the paper, it will be shown why the incorporation of zero-inflated structures
is more appropriate for the case study. As we assume that y;;; counts the number of
single-person households in U;jx, i € I, j € J, k € K, it can be described by an area-level
PO mixed model with offset parameter m; ; and some explanatory variables. However,
the target variable is aggregated by province, sex and age group, so that the number of
households in s; % may be too small. Moreover, there are 28 domains with zero single-
person households in SHBS2016. As the number of zeros seems to be too large, it has
been decided to fit an area-level zero-inflated PO mixed model to (y;jx,m;ji). i €I, j €,
ke K

Table 2.1. Distribution of domains where single-person households are not observed in
SHBS2016, by sex and age group of the main breadwinner.
sex
age group | sex! sex2 | Total

agel 3 8 11

age2 2 8 10

age3 2 2 4

aged 3 0 3

Total 10 18 28

Table 2.1 presents the distribution of zeros by sex and age group in SHBS2016. It is
shown that the 28 zeros are mainly concentrated in certain sex-age group categories. In
fact, it can be suggested that single-person households inhabited by young and middle-
age women are likely to be more difficult to capture in the count, i.e. their expected
proportion is lower. The opposite is true at older ages. In any case, the number of
zeros appears to be too large for what would be expected under a PO distribution. This
motivates that a zero-inflated PO mixed model will have a better performance. Section
6 and Appendix B analytically justify the importance of incorporate the zero-inflated
structure, both in terms of significance and goodness-of-fit. The area-level PO mixed
model and the area-level zero-inflated PO mixed model will be compared and the latter
will be chosen because it will give better results.

In order to test the dependence between the count of zeros/non zeros and provinces,
sex and age groups, we have applied the Pearson’s Chi-Squared test in 2 X I, 2 X J and
2 x K contingency tables, calculating p-values by Monte Carlo (MC). As a result, p-
values close to 0.06 are reached for province and age group as inputs, increasing to 0.18
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for sex. Based on Table 2.1 and the results of the above tests, we have decided to consider
only age-group randomness to model zero-inflated probabilities. Furthermore, applying
the same tests to assess the dependence between the count of single-person households
(less/greater than 1, 2 or 3) and provinces, sex and age groups, only the randomness of
the age group is significant. Guided by the promise of finding a good, simple model,
Section 3 presents our methodological proposal.

3. Area-level zero-inflated Poisson mixed model

This section describes the area-level zero-inflated PO mixed model proposed as a basis to
derive small area predictors of the proportion of single-person households by domains.
All mathematical steps are detailed, justifying the soundness of what is presented. The
formulation of the model is given in an orderly fashion, followed by the description
of the fitting algorithm in Appendix A, the ML-Laplace approximation. Although the
model is proposed in a general form, it is adapted for application to real data where
appropriate. In fact, the model description is based on the stratification used in the real
data example in Section 6, because it is in these domains that the need to incorporate a
zero-inflated structure to model the response variable has been assessed. Even so, it is
easily adaptable to other situations involving the general zero inflation problem.

Let us consider a count variable y;;; taking values on NU {0},iel, jel, ke
K. Let D = IJK be the total number of y-values. As a particular case, a country di-
vided into provinces, sex and age groups can be modelled as follows. Let z;jx, X1k =
(X1ijkls - X1 ijkg,) and X2 ik = (X2,ijk1, - - -, X2,ijkg,) DE latent (non observable) variables
and 1 x g and 1 x g, row vectors containing area-level explanatory variables, respec-

tively.  Define the vectors and matrices y;; = 10191 Viji)s zij = 1C1?1 (zijk), X1 =

1§1?§1K(x1’ijk) Xaij = 1C01K(x2 i) ¥ = 12(21(12(21(},”))’ ¢= 12?&1(1;3%1(2”))’ X1 =

col ( col (X;;)) and X, = col ( col (X,;;)). In order to understand how the data
1<i<I'1<j<J 1<i<I '1<j<J

are stacked according to the col(.) operator, we rely on the application to the SHBS2016
data as a useful example. In this dataset, the D = 416 domains are sorted by age group
and, within each age group, the Spanish provinces are concatenated, first for males and
then for females.

Let uy x, ua ;jx be independent N (0, 1) random effects, u; = 1col (u14) ~ Nk (0,1),

U= 12?},(12%(15,91 (u2ijk))) ~ Nk (0,1), u = (u},ub)". The bivariate vector (y;jx,Zijk)

follow an area-level zero-inflated PO (aZIP13) mixed model if

. Ivl'tjk
ind [T
Zijk ~ BE(pijk), Pyijn=0/ziu=1)=1, P(yijp =t/zijx =0) = 7t =, 1€ {0}UN,

where 0 < Pijk < 1, Hijk = mijkxijk, miji € N is known, )Lijk > 0 and Dijk and Aijk de-
pend on the explanatory variables x; ;jx and X, ;j, on the regression parameters B =
(Bi1s---,Big)" and B2 = (Ba1,. .., Pag,)", and on the standard deviation parameters ¢; >
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0 and ¢, > 0 by means of the link functions

q1
=x1iB1+ Qe =Y x1ijkeBie+ Orun
1= pijk =

logit(p;jx) = log
q2

10g(Aiji) = X2,ijkB2 + Oz i = Y xX2ijkeBoe+ Qruzije, i€l jel keK.
=1

Inverting the above functions, it follows that

exp{xiijxB1+ Qrui i}
1+exp{xy B+ Orui s}’

Aijk = exp{xoijuBa+ ruo i}, i€l jelkeckK
3.1)

Pijk =

In short, the proposed model is a mixture of two mixed submodels. First, the BE
submodel drives the mixture and incorporates the information derived from the excess
of zeros. Subsequently, the PO submodel deals with the modelling of count variables. To
complete its definition, it is assumed that (y; ks Zi jk)T, iel, jel, kek, are independent
conditioned to u.

Let@ = (B, B}, 91,92)" be the vector of model parameters and define &; jx = I 1oy (vijx)-
iel, jel, keK. Thisis to say, é,-jk =1ify;j =0and ‘g’ijk =1, otherwise. It holds that

e .u'l]k“y'/]‘
P(yijilur ik, u2iji;0) = &Eiji [Pijk +(1 _Pijk)euijk:| +(1=&ijx) {(1 —Pijk)yk,]
ijk-
-1
= (1 +exp{xiijxB1+ pruii})
: {@'jk [CXP{xl,ijkﬁl + Oru1 4} +exp { — myjrexp{x,ijxBa + a1z iji } }]
+ (1 —&iji) exp {)’ijk(xZ,i B2+ G2us jjx) — mijrexp{xo ijiBa + Gauz iji}
—|—yijklogmijk—logyijk!}}, iel,jel,kek.
By the independence assumptions, we have that
I J K
P(y|u;0) HH TT1PGijklur ke, uz,i4:0).
i=1 j=1k=1
Therefore, the likelihood function of the aZIP13 mixed model is
/]R oy PO 0) ) du (3.2)

1 J
- (H P yzjk|ul,k,Mz,ijk;9)f1v(o,1)(Mz,ijk)duz,ijk>f1v(o,1)(u1,k)dul,k,
i=1j=1



134 Small area estimation of the proportion of single-person households...

and the respective log-likelihood function is

K
. — 1
(6:y) k; og/w (

1

I J
Hp(yijk|ul,k7u27ijk;e)fN(O,l)(u27ijk)duZij)fN(O.,l)(uLk)dul,k-
=1 =1
Given y, the ML estimator of 0 is = argmaxg g £(0;y), where ® = R? % x R2 and
R, = (0,00). The expression of £(@;y) contains integrals in R!*". To maximize it,
two functions can be applied sequentially. The first one would compute the integral
on R'*"/ and the second one would perform the maximization on 0. As this approach
is not efficient, Appendix A describes the ML-Laplace approximation as an alternative
maximization method.

4. Prediction of totals and proportions

Under the assumption that y;x, i € I, j € J,k € K, follows the proposed aZIP13 mixed
model, this section is devoted to the development of new small area predictors. Typical
of the literature, the inference is focused on the expected values

Wyijk = Elyijeluin] = mij(1— pij)hij, i €1, j€ I, k€K, 4.1)

where p;jx = pijk(u1 ) and Ajjx = A;ji(u2,ijx) are defined in (3.1). In an orderly fashion,
first the plug-in predictor is introduced. Subsequently, the best predictor and its empirical
version are derived (see Molina, Saei and Lombardia (2007) for futher details). At the
expense of the theoretical properties, simpler alternatives are finally proposed looking for
a better computational performance. Under a scenario based on SHBS2016, they will
be compared in simulation experiments in Appendix B so as to justify the application to
real data in Section 6.

Firstly, by plugging ML estimators and modal predictors, the population-based quan-
tities given by (4.1) can be predicted using the plug-in (IN) predictor, defined as

~ i A4~ -] 5 A
7 = mij(1+exp{xiiwB| + dri1x})  expfxziuBs+ o2t iji}.

Among the different predictors that can be mentioned, this is the simplest approach to
understand and the easiest to calculate. Indeed, its ease of interpretation and calcula-
tion, as well as its computational performance and execution times, are unsurpassed.
Nevertheless, there are other potentially competitive alternatives. Let us define y; =

12%1(1;3};()@;{)), Uy = 1%%1(1;%1(”2’”]‘))’ v = (ul_,k,u;k)T. The best predictor (BP)

of (4.1) is ﬂfi’;k(e) = m;kE[(1 — piji)Aijk|yk]. The conditional expectation E;jx = E[(1 —
Piji) ijilye] is

—1
Jriew (L+exp{xy g1+ O1uri})  exp{xa; B+ Gauz iji P Yic|vie) £ (vic) dvi

Eiy=
g S POelve) £ (vi)) dvy
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Denote the numerator and denominator of E;jx by A;jx = A;jx(yx,0) and By = By (yx,0),
respectively. Define &, = Lioy(yrk), r € I, € J, k € K. Tt holds that

CXp{JCz ZJkBQ + ¢2”2 l]k}
Aj; / 0 u u duy i duy i,
5= Jorens T+ oxplxr B + vt ] rI_I“I_I ek S 0,1) (1 1) fv0,1) (2,rek) duy e duaa ik

By —/RHUHertkaOI (u1.1) fv(o,1) (U2,ruk) dun g dug

r=1t=

Ok = (1+exp{x B+ ¢ruri}) " {fnk {exp{xl,nkﬂl + Qruy i}
+exp { — My exp{x2 kP2 + G2tz ik} }] + (1 —&x) exp {ynk (22, 11B2 + P2u2 1)

N R Yrtk
— My @xp{X kB + Q2142 1t} + Y logmy — Y log a} } :
a=1

The empirical best predictor (EBP) is ﬁfl[ﬁ ﬁ;’gk(é) and can be calculated by a MC
method using antithetic variables to reduce variability Hobza and Morales (2016). The

outline is as follows:

1. Calculate @ = (ﬁTl,BTz, o1, )"

2. Fors=1,...,S, generate ugsl){, ués_ztk iid. N(0,1), ngs) = g,){ ugsrtlf) = —ugsitk.
3. Calculate [L;Z‘Z =m; jkAi i/ By, where
N 1 28 eXP{xz ZJkﬁ2+$2u2S k} L A 1 25 I J ~
ik = g l] TTI] @ Bx = ZHH(Dﬂm (4.2)
s=1 1 +exp{x ,}kﬁl —|—¢1u1 k} r=11=1 =1r=11=1
N 1 5 2 ()
Oy = ) Sk | expix1 By + Oruy i}
1 +exp{xi B, + ¢1”1,k}

+ exp { — My exp{xz,nkﬁz + ézu(zfi,k} }} +(1—E&.x)exp {yr,k(xzﬁkﬁz + ‘ﬁl”glm)

Yrtk

— My exp{X,uBs + ¢2u2 ,tk} + Yroclogmp — Y 10ga} } s &k = Loy (Vi) -

a=1

It has been noted that (4.2) contains products with /J terms. Given the nature of

our problem, these products are close to zero under Option 1, leading to numerical pre-
cision problems in Section 6 and Appendix B. Facing this challenge, we have intro-

duced a simplified version of the BP by conditioning to y; x instead of y;. This simpli-

fied predictor (SP) is a;{;k(e) = m;ixE[(1 — piji)Aijk|yij]. The conditional expectation
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E[l = E[(1— pije) Aijilyije] is

—1
P Jro (L +exp{xy i1+ Qrurs})  exp{xaijiuB2 + @2uz,ij P (yijuluie) f (wiji) duiji

g Jr2 P(yijiluiji) f (wijic) du ji

Denote the numerator and denominator of E; i by A = Afj.’k (yijk,0) and B} Jp = B‘Z’k (Vijks
0), respectively. It holds that

sp _/ exp{x2,ijxkB2 + Grur ji }
R (

ik — @; j 7l d , d rtks
ik RS S S ik Ino,0) (@) fvo,) (U2,m) du g dus

and

Bfsz/Rz @ik fn0,1) (1.6) fv(o,1) (U2,mk) du g dug .

The empirical simplified predictor (ESP) is 4}, = ﬁ;f;k(é) and can be approximated by
numerical approximation of integrals. However, the following antithetical MC algorithm
is applied:

1. Calculate @ = (32, B;, d1, 6"
2. Fors—1.....S. generate u?ﬁ) _ (uﬁf,{ ,ué‘,,k)Tl i.d. N2(0,1,), u <s+s> — W,

3. Calculate 58 = m;jA; Jk/B where

vijk ijk>

A 5 ()
1 & exp{xiuBy+ 0y} S
sp_ A @ and Bffkfzszwijk-
s=1

ik — A A $
ij 28 = (1 +exp{x1,ijk31 +¢1“<ﬁ/)<}>

s

g

Because of the numerical precision of R, calculating exponential functions to predict
My; jx may result in negative values that are too small. Consequently, @;;; would be close
to zero. These overflow problems were detected by Boubeta, Lombardia and Morales
(2016) and motivated these authors to choose Option 2, more computationally stable. In
our case, as defined, the ESP allows us to solve them. Therefore, we assume Option 1,
which is more convenient, as it reconciles to some extent the design-based and model-
based approaches. Consequently, in simulations experiments in Appendix B and the case
study in Section 6, the ESP will be used and the EBP will be omitted.

5. Bootstrap inference

This section presents bootstrap-based Cls for the model parameters and estimators of
the MSEs of the predictors. For the latter, we adapt the procedures used by Gonzélez-
Manteiga et al. (2007, 2008).

Y
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5.1. Confidence intervals for model parameters

Let 6; be a component of the vector of model parameters 0. Let o € (0, 1). The follow-
ing procedure calculates a (1 — &) % percentile bootstrap CI for 6;.

1. Fit the model to the sample and calculate the ML estimate 6 = (BTI, BTZ, o1, ).
2. Repeat B times (b =1,...,B):
(a) Foriel, jel, k€K, generate uTF,f) ~N(0,1), uz(l])k ~ N(0, 1) and calculate

i) = exp iy + Gy (1 +exp {xripBy + b)) T 5.

i PUPA
A;;'Ec ) = exp {x2;xB,+ ¢2”;-,(ij)k :

(b) Generate z*(,f ) ~ BE(p;(k)) If z; ](k) =1,doy, ](k) 0. If z; J(k) = 0, generate
yl_](k) ~ PO(mUk)szk )

(c) On the basis of the bootstrap sample (y:(: ),m,- ioXij), i€l jel, kek,

calculate the ML estimate éz (b).

3. Sort the values é; ®) ,b=1,... B, from smallest to largest. They are éé*(l) <...<
6/(p)- A (1 — a)% percentile bootstrap CI for 6, is (QI(L(a/z) B)) 6*(L<1 /2)B J))

5.2. Mean squared error estimation

The model-based MSE of the EBP, ESP or IN predictor, fi,;x, i €1, j € J, k € K, can be
estimated using a resampling method. The following procedure calculates a parametric
bootstrap estimator of MSE ({l,;jx), i €, j€ J, k e K.

1. Fit the model to the sample and calculate the ML estimate = (BTl, 3;, o1, 0)".
2. Repeat B times (b=1,...,B):

(a) Run Steps (a) and (b) of the algorithm detailed in Section 5.1.

(b) Foriel, jeJ, k€K, calculate u;i(Ji) =mjji(l — pfj(,f ))A;;S{b).

(c) On the basis of the bootstrap sample (yjj(,f ),m,- ioXik), i€l jel, kek,

. A*(0 . A~k
calculate the ML estimate 6*( ) and the predictor uyl.(j];().

* 2 . .
3. Output: mse*(fly;jr) = B):b 1( yuk uyiﬁ)) siel,jel,kek

4. An estimator of the model-based MSE of the Héjek estimator is
5 2
mse* ,jk yuk — yt/k , ieljel,kek.
B =
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6. Application to real data

As a starting point, some considerations are presented to place the application in context
and to encourage us in the work we are about to undertake. Regarding 2016, the Span-
ish Household Projection 20162031 addresses demographic trends and social patterns
currently observed in Spain in terms of the number of households. Its authorship is at-
tributed to the INE. It shows that households will increase by 4.9%, despite the decrease
in the number of inhabitants, because of a reduction in the expected number of residents
per dwelling, from 2.50 in 2016 to 2.35 in 2031. Related to this, between 2016 and
2031 the smallest households (one or two people in a shared dwelling) would continue
to grow, while the largest ones would decrease, with a relative increase of 19.6% of
single-person households. As a result, there will be more than 5.5 million single-person
households (28.6%), with 12% of the Spanish population living alone.

For methodological purposes, this section applies the aZIP13 mixed model to the
SHBS2016 data so as to estimate proportions of single-person households in small areas.
Regarding the SHBS, it is published annually by the INE to study the nature and desti-
nation of consumer spending and the living conditions of households. The SHBS2016
includes around 22,000 dwellings, selected by means of a two-stage stratified random
sampling carried out independently in each Autonomous Community (NUTS 2 level).
Broadly speaking, the first stage units are territories with around 2,000 dwellings, called
census sections. The second stage units are dwellings, interviewing all individuals over
16 years of age who reside in them. In each NUTS 2 region, the first stage units are
stratified following a geographical criterion, which assigns the stratum according to
the size of the municipality to which the section belongs. Sections are selected within
each stratum with probability proportional to their population size. Dwellings are se-
lected, within each section, with equal probability by means of systematic sampling
with random start. The target variable y; j; is the direct estimate of the number of single-
person households in a domain where i, j and k represent the province of residence,
sex and age group of the main breadwinner, respectively. Furthermore, direct estimates
of population sizes and area-level auxiliary variables have been obtained from the four
2016SLFS microdata. What is more, they have been considered as true population val-
ues because of the precision derived from the acceptable sample sizes of the 2016SLEFS
surveys.

Table 6.1 shows the ML estimates of the regression parameters (RP) B, ¢; (BE
submodel), B> and ¢, (PO submodel), the p-values to test Hy: By =0, 1 = 1,2, £ =
1,....,q:, and Hp : ¢, =0, t = 1,2, and the normal-asymptotic and bootstrap Cls at a
95% confidence level. For convenience, their lower (LB) and upper (UB) bounds are
provided. Normal-asymptotic Cls are discussed in Appendix A and bootstrap Cls in
Section 5.

The final model incorporates only those variables that are significant at 5%. The
flexibility achieved by making the random effects of the count model domain-dependent
allows us to reduce the importance of the set of domain-level variables and incorporate
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only those that actually add relevant knowledge. In order, edu4, cil, edul, tm1, ec4, labl,
lab2 are removed. The BE submodel contains one auxiliary variable, x; 1 = intercept,
and the PO submodel four: x; | = intercept, x> = edu3, xp 3 = civ2 and x4 = civ3.

The only parameter of the BE submodel, B, is significantly non-zero and its CIs
have an acceptable short length, which guarantees some precision in its estimation. Ac-
tually, the latter provides strong evidence in favour of the zero-inflated structure. Ac-
cording to Table 6.1, none of the area-level auxiliary variables is relevant to explain the
zero-inflated probabilities, supporting our contribution. Null counts are caused by the
difficulty of detecting single-person households in domains with small sample sizes. The
basic zero-inflated probability is pg (Bl 1) = 0.063, which implies that the basic probabil-
ity of obtaining an observation from the PO submodel is 0.937. However, it has already
been proven that it is also important to take into account the age-group randomness.
Here, it is confirmed that the asymptotic and bootstrap 95% ClIs for ¢; do not contain the
zZero.

Table 6.1. Regression parameters of the final aZIP13 mixed model.

BE submodel PO submodel
RP B (o] B B2 B2 Baa (0
Estimate | -2.696  0.398 | -1.857 2.138 -0.649 3.881 0.517
p-value 0.000  0.000 | 0.000 0.000 0.000 0.000 0.000
Asymp. LB95% | -3.270 0.091 | -2.319 1.007 -1.057 3.207 0.482
UB95% | -2.121 1.752 | -1.395 3.269 -0.242 4.554 0.555
Boot. LB95% | -3.317 0.0002 | -2.312 1.051 -1.016 3.215 0.480
UB95% | -2.162  0.859 | -1.432 3270 -0.222 4.577 0.554

For the PO submodel, it could be suggested that a medium-high level of educa-
tion (B22), as well as being widower (f,4), contribute to increase the count of single-
person households by domains, because their signs are significantly positive. On the
other hand, an increase in the proportion of people who are married (B,3) implies a
decrease in the number of single-person households, assuming that the other auxiliary
variables are fixed. Given the group effect, it can be inferred that Spanish citizenship,
employment status and dwelling mobility are not relevant to model the count of single-
person households. The proportion of inhabitants with primary or university education
and the proportion of separated or divorced people are also irrelevant. Last but not least,
the asymptotic and bootstrap 95% Cls for ¢ do not contain the zero, confirming the
necessity of modelling the counts with a random-effect model.

Back to the modelling of the zero-inflated structure, recall that Table 2.1 suggested
that the number of zeros appears to be too large for what would be expected under a PO
distribution. This statement is confirmed by comparing the number of zeros found in B =
1000 bootstrap resamples under the PO mixed model and the proposed aZIP13 mixed
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model. Indeed, for the PO mixed model there are no null counts in any resample, with 38
single-person households in the lowest case. The number of zeros in the data exceeds the
number of zeros that could plausibly be generated by the fitted PO distribution. For the
aZIP13 mixed model, each resample contains an average of 28 zeros, closely mimicking
the structure of Table 2.1 and, thus, the behaviour of the target variable.

Hereafter, we assume the aZIP13 mixed model that Table 6.1 presents. To have more
confidence in this model as a true generating model, Section 6.1 addresses its validation
and Appendix B performs some simulation experiments under the SHBS2016 scenario.
Importantly, they support the use of the IN predictor.

6.1. Model validation

Residual analysis is used to validate a model as well as to detect potential underlying
dependency relationships. As the aZIP13 mixed model is an area-level model, model
diagnosis is also performed at that level of aggregation. Besides, we are interested in
the conciliation of the model-based approach and the design-based approach to SAE.
Further notation is introduced below. Let us define the raw residuals (RR) as e; jx = y;jx —
iy, i €1,j € Jk € K. Under Option 1, y;j = |¥4] and e; = |V | — pjr,,. The
standardized residuals (SR) are defined by dividing the RRs by its standard deviation.

In what follows, validation results are shown for a better interpretation of the appli-
cation to real data. To start with, Figure 6.1 plots the SRs of the aZIP13 mixed model
versus domain indexes (left) and predicted values of the proportion of single-person
households in original (center) and log scale (right). In dotted red, the line y = 0 is
added.
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Figure 6.1. SRs versus domain indexes (left) and predicted values of the proportion of single-
person households in original (center) and log scale (right).

As general conclusions drawn from Figure 6.1, it can be seen that SRs have a pattern
of symmetry around zero and are mainly found in [—3,3]. The central plot has a low
percentage of domains with large predicted probabilities, which exceed the threshold
of 0.7, and correspond to domains with predominantly single-person households, i.e.
inhabited by elderly women. Regarding the right plot, plotting SRs against log predicted
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probabilities allows us to detect a conical pattern in the scatterplot. That is, as the log
predicted probabilities increases, so does the variability of SRs. This phenomenon is in
agreement with the theoretical dispersion of the aZIP13 mixed model.

As expected, SRs are highly variable between provinces, with different sample sizes
and socioeconomic conditions. Namely, there are 11 areas with absolute SRs greater
than 3, which represents 2.650% of the domains. Directly related to housing prices, the
most affected are Madrid and Barcelona. Related to age group and sex, changes are
minor. However, age4 contains the largest amount of outliers.

6.1.1. Zero inflation validation

Area-level models do not aim to chase the scatterplot, but to smooth it and provided more
accurate results. It is therefore crucial to understand the importance of zero-inflated
probabilities, as they solve the problems of overfitting of the PO mixed model to the
Héjek estimates. Indeed, Figure 6.2 shows this improvement in domains with null counts
of single-person households (left) and with less than 5 counts (center). All observations
are sorted according to the domain index. The line charts plot the Hdjek estimates, the
IN predictions and those relative to the IN predictor of the PO mixed model with the
same set of area-level auxiliary variables as the aZIP13 mixed model, denoted as INO.
The advantage of the IN predictor over the INO predictor also applies when comparing
with the IN predictor that uses a constant zero-inflated probability p;x = p, denoted as
IN1 in Appendix B, although it is not included for ease of exposition.
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Figure 6.2. Predicted proportions of single-person households in domains with null counts (left)
and less than 5 counts (center) and boxplots for the respective SRs (right).

On balance, the IN predictor of the aZIP13 mixed model is the one that smoothes
the results the most. In addition, a challenge encountered in modelling direct estimators
is that, in areas with tiny sample sizes, some households in the sample represent too
many households in the population. The main concern is to find area-level outliers.
Figure 6.2 (right) shows boxplots of the SRs from the aZIP13 mixed model and the PO
mixed model in domains with less than 5 counts, grouped according to the observed
single-person household counts. When single-person households are not observed, the
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PO mixed model is clearly worse and, for low counts, its performance does not improve
either: the variability of the boxes is higher. It is concluded that the aZIP13 mixed
model performs satisfactorily, both in terms of the significance level of the RPs, the
validation via SRs and the fit of zero outcomes. This is a great support for the proposed
methodology.

6.2. Predictions and error measures

This section provides Héjek estimates and IN predictions of the proportion of single-
person households by province, sex and age group. Figure 6.3 shows line charts of
these values sorted by domain index (left) and sample size (center), as well as a com-
parison of both (right). Among the most noteworthy findings, model-based predictors
correct the excessively large Hajek estimates, especially for elderly women in Madrid
and Barcelona. Even more, it is inferred that the IN predictor smoothes the results of
the Hdjek estimator, although it still presents problems when dealing with extreme pro-
portions. On the other hand, if single-person households are not observed, the Hajek
estimator has no margin of error, although the model never comes to such a low propor-
tion. The same is true for values close to one. This can be seen in Figure 6.3 (left). As
it is unlikely, our research is a methodological improvement. In addition, it can be ob-
served that household composition does not affect all domains equally: as the age group
increases, the proportion of single-person households also increases.
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Figure 6.3. IN proportions of single-person households sorted by domain (left) and sample size
(center), and Hdjek estimates versus IN proportions (right).

According to Figure 6.3 (center), the IN predictor gets closer to the Hajek estimator
as the sample size increases, which is one of the most convincing aspects of the data anal-
ysis. Eventually, Figure 6.3 (right) plots the Hajek estimates versus the IN proportions.
It can be seen that the dots are evenly distributed around y = x. To support this statement,
a local polynomial regression of degree 3, with an appropriate bandwidth, is plotted to
smoothly represent the relationship between ordinates and abscissas. Consequently, we
can underline a crucial advantage of our approach: the theoretical properties of the Hajek
estimator, such as asymptotic design-based unbiasedness, are, to some extent, inherited
by the IN predictor based on the aZIP13 mixed model.
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Table 6.2 (a) reports IN proportions of single-person households by sex and age
group. Predominantly, it is the population of age2 that is least likely to live in single-
person households, followed by agel. The current trend projects an increase in the
proportion of single-person households, with the number of households inhabited by
elderly women skyrocketing. This phenomenon is associated with the ageing process,
which progressively involves the emancipation of children and widowhood.

Table 6.2. Tabular results for the IN predictor and RRMSEs (%) of the proportion of single-
person households by sex and age group of the main breadwinner.

SEX SeX
age group | sex/ sex2 Total age group |  sex/ sex2 Total
agel 0.1988 0.2389 | 0.2187 agel 20.8360 19.8250 | 20.3350
age2 0.1596  0.1838 | 0.1736 age2 20.3787  22.0940 | 21.2451
age3 0.1468 0.3694 | 0.2612 age3 20.9409 12.6800 | 16.6921
aged 0.1707  0.6479 | 0.4394 aged 20.1576  18.1149 | 19.0072
Total 0.1830  0.3371 | 0.2621 Total 20.6300 19.3125| 19.9537
(a) IN proportions aggregated by province. (b) IN RRMSE:s (%) aggregated by province.

As for the error measures, we calculate the parametric bootstrap estimator of the
MSE of u;?jk, icl,jelJ,k ek, following Section 5. B = 2000 resamples are used.
To avoid scale dependencies, and as usual, the script should be focused on RRMSE:s.
However, the non-relative version, the root-MSE (RMSE), is preferable because it al-
lows a better understanding of what happens with null counts. Accordingly, Figure 6.4
plots model-based estimates of RMSEs for the IN predictor versus design-based stan-
dard deviations (RVAR) for the H4jek estimator (left) and versus model-based estimates
of RMSEs for the Héjek estimator (right). See Morales et al. (2021) (Section 2.5) for
further details about the RVARs of the Hajék estimator.
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Figure 6.4. Model-based estimates of RMSEs for the IN predictor versus design-based RVARs
(left) and model-based estimates of RMSEs (right) for the Hdjek estimator.
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Broadly speaking, both plots in Figure 6.4 show that the IN predictor has lower
RMSE in all domains and, in most of them, it is also lower than the design-based RVAR
of the H4jek estimator. The reduction of the model-based RMSE is therefore prominent
when we use the IN predictor instead of the Hijek estimator. Nevertheless, the Hajek
estimator has an estimated variance of zero for an observed zero and the RMSE of the IN
predictor is always greater than zero. As there are 28 zeros in SHBS2016, this implies
28 aligned points in the lower left corner of Figure 6.4 (left). Clearly, we have already
reported that these are false zeros.

In terms of magnitude, the RMSE is higher for elderly women, and it is attributable
to the high predicted and/or estimated proportions for these domains. Therefore, it is also
useful to provide summary measures of the RRMSE, expressing the error in percentage
terms. Table 6.2 (b) contains the bootstrap estimates of the RRMSE (in %) for the IN
predictor by sex and age group. As a general conclusion, all values are around 20%, with
a slightly lower average for women and especially for age3. Hence, the IN predictions
of the proposed aZIP13 mixed model have low RRMSEs, as expected in SAE. Appendix
D of Supplementary Material maps these relative errors by province, sex and age group.

6.3. Mapping proportions of single-person households

The case study concludes by analysing the socioeconomic findings drawn from the area-
level predictions. In this sense, the proposed methodology offers the opportunity to
analytically read the appreciable differences by Spanish province, sex and age group.
Figures 6.5-6.8 map the provincial distribution of single-person households for men
(left) and women (right) according to the age group of the main breadwinner.
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Figure 6.5. Percentages of single-person households for young men (left) and women (right).
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Figure 6.6. Percentages of single-person households for middle-age men (left) and women
(right).
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Figure 6.7. Percentages of single-person households for adult men (left) and women (right).

On the one hand, they show that the highest proportions of single-person house-
holds are found in the centre and north-west of Spain, with lower rates in the south
and Canary Islands. As expected, the distribution between neighboring provinces, or
between those whose demographic and socioeconomic conditions are similar, is gen-
erally homogeneous. This fact justifies how model-based predictors lead to smoother
results (and closer to reality) than direct estimators. In addition, an interesting spatial
pattern emerges, as it can be observed an inverse relationship between house prices and
the proportion of single-person households. Thus, lower proportions are estimated for
the Catalan Coast, Madrid, Balearic Islands and Malaga. In other words, the Spanish
provinces with the highest average prices.

On the other hand, over the course of a person’s life, their lifestyle can be expected
to change, with the age group directly affecting the composition of households. Most
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notably, old age is linked to another factor that alters household composition: mortality.
So sex and age4 are crucial here. Moreover, the increase in quality of life implies not
only an increase in life expectancy but also in the autonomy of the elderly, which results
in an increase in the number of single-person households inhabited by retired people.
Most men live with their partners until their death. In contrast, women have a longer life
expectancy (implying a greater accumulation at the top of the demographic pyramid)
and the average age of their partners is higher, so they will live alone to a greater extent.
Accordingly, Figures 6.5-6.8 map a significant difference between men and women,
with clearly higher proportions of dwellings inhabited only by women.

Elderly men: Age group 4 O under 15 Elderly women: Age group 4 @ 35-50
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Figure 6.8. Percentages of single-person households for elderly men (left) and women (right).

7. Conclusions

Households are a key unit in a country’s socioeconomic decision-making. Therefore,
statistical studies of household composition in small and disaggregated areas are of great
interest. Against this background, this paper addresses the prediction of total counts and
proportions of single-person households by province, sex and age group of the main
breadwinner. Given the difficulty of detecting single-person households from survey
data, it is also important to model the disaggregated probabilities of false zeros. To do
so, it has been taken into account that area-level zero-inflated PO mixed models are quite
flexible to predict and explain count variables. In addition, they successfully model zero-
inflated outcomes and have been applied in many fields of research. Consequently, the
paper deals with an important, common but rather underestimated issue in SAE, which
is the problem of zero inflation data.

To fit the model, we have calculated ML estimators of the model parameters and
modal predictors of random effects by applying the ML-Laplace approximation. Then,
we have considered the EBP, ESP and IN predictors. In theory, the EBP is very attrac-
tive because of its properties of approximately null bias and small RMSE. However, its
formula contains double products of exponentials and integrals in R'*%/. The evaluation
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of exponential functions usually cause overflow problems when the observed counts are
large, which is quite common under Option 1. This produces computational instabil-
ity problems, especially when applying bootstrap resampling procedures, which made it
necessary to omit the EBP from our simulation experiments. Finally, we have investi-
gated the behaviour of the remaining predictors by generating the target variable from
the same model as the one selected in the application to real data. Ultimately, we found
that the ESP seems very attractive as it has a very low bias, but the IN predictor seems
more interesting, as it has a small RMSE and lower computational cost. That is why we
have decided to use the IN predictor in the case study. Regarding MSE estimation, we
propose a parametric bootstrap procedure and recommend to use B = 600 iterations as a
good tradeoff between accuracy and computational time.

Simulations also empirically investigated what happens if excess zeros are ignored
in the prediction. Namely, if the excess of zeros is large, predictions based on the PO
mixed model are rather inefficient. According to our results, the same applies if constant
zero-inflated probabilities are considered, so that age-group randomness is required.

Section 6 presents an application to the 2016SHBS and illustrates how to use the
proposed methodology. It has been concluded that living alone is a common residential
choice across all age groups, influenced by marital separations, emancipation of children,
cohabiting relationships and lifestyle in general. Declining fertility and increasing life
expectancy are leading to an ageing population. Therefore an overwhelming increase
in the proportion of single-person households is expected. What is more, differences
in household composition for men and women are more pronounced among the elderly.
In addition, RRMSE estimates are below 30% in most domains, which is a fairly good
accuracy for a SAE problem.

Acknowledgements

Funding Body: This work has been supported by the Spanish Ministry of Universities,
through the project PGC2018-096840-B-100 and by the Valencian Government, through
the project PROMETEO-2021-063. It has also benefited from a study grant from the
Manuel Ventura Figueroa Foundation.



148 Small area estimation of the proportion of single-person households...

References

Anggreyani, A., Indahwati, I. and Kurnia, A. (2015). Small area estimation for estimat-
ing the number of infant mortality using a mixed effects zero inflated Poisson model.
Indonesian Journal of Statistics, 20, 2, 108-115.

Berg, E.J. (2022). Empirical best prediction of small area means based on a unit-level
Gamma-Poisson model. Journal of Survey Statistics and Methodology, 11, 4, 873-
894.

Berg, E.J. and Fuller, W.A. (2012). Estimators of error covariance matrices for small
area prediction. Computational Statistics and Data Analysis, 56, 10, 2949-2962.

Boubeta, M., Lombardia, M.J. and Morales, D. (2016). Empirical best prediction under
area-level Poisson mixed models. TEST, 25, 548-569.

Boubeta, M., Lombardia, M.J. and Morales, D. (2017). Poisson mixed models for study-
ing the poverty in small areas. Computational Statistics and Data Analysis, 107, 32-
47.

Bugallo, M., Esteban, M.D., Marey-Pérez, M.F. and Morales, D. (2023). Wildfire pre-
diction using zero-inflated negative binomial mixed models: Application to Spain.
Journal of Environmental Management, 328, 116788.

Cai, S. and Rao, J.N.K. (2022). Selection of auxiliary variables for three-fold linking
models in small area estimation: A simple and effective method. Stats, 5, 1, 128-138.

Chambers, R., Salvati, N. and Tzavidis, N. (2012). M-quantile regression for binary data
with application to small area estimation. Centre for Statistical and Survey Method-
ology, University of Wollongong.

Chambers, R., Salvati, N. and Tzavidis, N. (2016). Semiparametric small area estimation
for binary outcomes with application to unemployment estimation for local authorities
in the UK. Journal of the Royal Statistical Society, Series A, 179, 2, 453-479.

Chandra, H., Bathla, H.V.L. and Sud, U.C. (2010). Small area estimation under a mixture
model. Statistics in Transition, 11, 3, 503-516.

Chandra, H. and Chambers, R. (2011). Small area estimation for skewed data in presence
of zeros, Calcutta Statistical Association Bulletin, 63, 249-252.

Chandra, H. and Sud, U.C. (2012). Small area estimation for zero inflated data. Commu-
nications in Statistics-Simulation and Computation, 41, 632-643.

Chen, S. and Labhiri, P. (2012). Inferences on small area proportions. Journal of the
Indian Society of Agricultural Statistics, 66, 121-124.

Cho, Y.K., Shim, K.W., Suk, HW., Lee, H.S., Lee, S.W., Byun, A.R. and Lee, H.N.
(2019). Differences between one-person and multi-person households on socioe-
conomic status, health behaviour, and metabolic syndrome across gender and age
groups. Korean Journal of Family Practice, 9, 373-82.

Cohen, P.N. (2021). The rise of one-Person households. Socius, 7.

Datta, G.S. and Mandal, A. (2015). Small area estimation with uncertain random effects.
Journal of the American Statistical Association, 110, 512, 1735-1744.



Maria Bugallo Porto, Domingo Morales Gonzalez and Maria Dolores Esteban Lefler 149

Dreassi, E., Petrucci, A. and Rocco, E. (2014). Small area estimation for semicontin-
uous skewed spatial data: An application to the grape wine production in Tuscany.
Biometrical Journal, 56, 1, 141-156.

Esteban, M.D., Morales, D., Pérez, A. and Santamaria, L. (2012). Small area estimation
of poverty proportions under area-level time models. Computational Statistics and
Data Analysis, 56, 2840-2855.

Fritsch, N.S., Riederer, B. and Seewann, L. (2023). Living alone in the city: Differentials
in subjective well-being among single households 1995-2018. Applied Research in
Quality of Life, 18, 2065-2087.

Ghosh, M., Kim, D., Sinha, K., Maiti, T., Katzoff, M. and Parsons, V.L. (2009). Hi-
erarchical and empirical Bayes small domain estimation and proportion of persons
without health insurance for minority subpopulations. Survey Methodology, 35, 53-
66.

Gonzélez-Manteiga, W., Lombardia, M.J., Molina, 1., Morales, D. and Santamaria, L.
(2007). Estimation of the mean squared error of predictors of small area linear param-
eters under a logistic mixed model. Computational Statistics and Data Analysis, 51,
2720-2733.

Gonzalez-Manteiga, W., Lombardia, M.J., Molina, 1., Morales, D. and Santamaria, L.
(2008). Analytic and bootstrap approximations of prediction errors under a multivari-
ate Fay-Herriot model. Computational Statistics and Data Analysis, 52, 5242-5252.

Greitemeyer, T. (2009). Stereotypes of singles: Are singles what we think? European
Journal of Social Psychology, 39, 3, 368-383.

Hajek, J. (1971). Comment on “An essay on the logical foundations of survey sampling”.

Hartono, B., Kurnia, A. and Indahwati, I. (2017). Zero inflated binomial models in small
area estimation with application to unemployment data in Indonesia. International
Journal of Computer Science and Network, 6, 6, 746-752.

Hobza, T. and Morales, D. (2016). Empirical best prediction under unit-level logit mixed
models. Journal of Official Statistics, 32, 3, 661-69.

Hobza, T., Morales, D. and Santamaria, L. (2018). Small area estimation of poverty
proportions under unit-level temporal binomial-logit mixed models. TEST, 27, 2, 270-
294,

Krieg, S., Boonstra, H.J. and Smeets, M. (2016). Small area estimation with zero-inflated
data: A simulation study. Journal of Official Statistics, 32, 4, 963-986.

Lee, S.J. and Lee, S.H. (2021). Comparative analysis of health behaviours, health status,
and medical needs among one-person and multi-person household groups: Focused
on the ageing population of 60 or more. Korean Journal of Family Medicine, 42, 2,
73-83.

Lesthaeghe, R. (2014). The second demographic transition: A concise overview of its
development. Proc. of the National Academy of Sciences. 111, 51, 18112-18115.

Liu, B. and Labhiri, P. (2017). Adaptive hierarchical Bayes estimation of small area pro-
portions. Calcutta Statistical Association Bulletin, 69, 2, 150-164.



150 Small area estimation of the proportion of single-person households...

Lépez-Vizcaino, E., Lombardia, M.J. and Morales, D. (2013). Multinomial-based small
area estimation of labour force indicators. Statistical Modelling, 13, 2, 153-178.

Lépez-Vizcaino, E., Lombardia, M.J. and Morales, D. (2015). Small area estimation
of labour force indicators under a multinomial model with correlated time and area
effects. Journal of the Royal Statistical Association, Series A, 178, 3, 535-565.

Marhuenda, Y., Molina, I. and Morales, D. (2013). Small area estimation with spatio-
temporal Fay-Herriot models. Computational Statistics and Data Analysis, 58, 308-
325.

Marhuenda, Y., Morales, D. and Pardo, M.C. (2014). Information criteria for Fay-Herriot
model selection. Computational Statistics and Data Analysis, 70, 268-280.

Michael, F. and Thomas, D. (2016). Discrete data analysis with R: Visualization and
modeling techniques for categorical and count data. Chapman and Hall.

Militino, A.F., Ugarte, M.D. and Goicoa, T. (2015). Deriving small area estimates from
information technology business surveys. Journal of the Royal Statistical Society, Se-
ries A, 178, 4, 1051-1067.

Molina, I., Saei, A. and Lombardia, M.J. (2007). Small area estimates of labour force
participation under multinomial logit mixed model. The Journal of the Royal Statisti-
cal Society, Series A, 170, 975-1000.

Morales, D., Pagliarella, M.C. and Salvatore, R. (2015). Small area estimation of poverty
indicators under partitioned area-level time models. SORT, 39, 1, 19-34.

Morales, D., Esteban, M.D., Pérez, A. and Hobza, T. (2021). A course on small area
estimation and mixed models. Springer.

Morales, D., Krause, J. and Burgard, J.P. (2022). On the use of aggregate survey data for
estimating regional major depressive disorder prevalence. Psychometrika, 87, 4.

Ortiz-Ospina, E. (2019). The rise of living alone: How one-person households are be-
coming increasingly common around the world. Our World in Data.

Park, B.Y., Kwon, H.J., Ha, M.N. and Burm, E.A. (2016). A comparative study on
mental health between elderly living alone and elderly couples: Focus on gender and
demographic characteristics. Journal of Korean Public Health Nursing, 20, 195-20.

Pfeffermann, D., Terryn, B. and Moura, F.A.S. (2008). Small area estimation under a
two-part random effects model with application to estimation of literacy in developing
countries. Survey Methodology, 34, 2, 235-249.

Sadik, K., Anisa, R. and Agmaliyah, E. (2019). Small area estimation on zero-inflated
data using frequentist and Bayesian approach. Journal of Modern Applied Statistical
Methods, 18, 1, eP2677.

Snell, K.D.M. (2017). The rise of living alone and loneliness in history. Social History,
42,1, 2-28.

Sugasawa, S., Kubokawa, T. and Ogasawara, K. (2017). Empirical uncertain bayes meth-
ods in area-level models. Scandinavian Journal of Statistics, 44, 3, 684-706.

Torabi, M. and Rao, J.N.K. (2014). On small area estimation under a sub-area level
model. Journal of Multivariate Analysis, 127, 36-55.



Maria Bugallo Porto, Domingo Morales Gonzéalez and Maria Dolores Esteban Lefler 151

Tzavidis, N., Ranalli, M. G., Salvati, N., Dreassi, E. and Chambers, R. (2015). Robust
small area prediction for counts. Statistical Methods in Medical Research, 24, 3, 373-
395.

Zhang, L..C. and Chambers, R.L. (2004). Small area estimates for cross-classifications.
Journal of the Royal Statistical Society, Series B, 66, 2, 479-496.

Zuur, A.F,, Ieno, E.N., Walker, N., Saveliev, A.A. and Smith, G.M. (2009). Mixed effects
models and extensions in ecology with R. Chapter 11. Springer.






| nformation for authors






Author Guidelines

SORT accepts for publication only original articles that have not been submitted simultaneously to
any other journal in the areas of statistics, operations research, official statistics or biometrics. Fur-
thermore, once a paper is accepted it must not be published elsewhere in the same or similar form.

SORT is an Open Access journal which does not charge publication fees.

Articles should be preferably of an applied nature and may include computational or educational
elements. Publication will be exclusively in English. All articles will be forwarded for systematic
peer review by independent specialists and/or members of the Editorial Board.

Submission of papers must be in electronic form only at our RACO (Revistes Catalanes en Accés
Obert) submission site. Initial submission of the paper should be a single document in PDF format,
including all figures and tables embedded in the main text body. Supplementary material may
be submitted by the authors at the time of submission of a paper by uploading it with the main
paper at our RACO submission site. New authors : please register. Upon successful registration
you will be sent an e-mail with instructions to verify your registration.

The article should be prepared in double-spaced format, using a 12-point typeface. SORT
strongly recommends the use of its LaTeX template.

The title page must contain the following items: title, name of the author(s), professional affiliation
and complete address, and an abstract (75-100 words) followed by the keywords and MSC2010
Classification of the American Mathematical Society.

Before submitting an article, the author(s) would be well advised to ensure that the text uses
correct English . Otherwise the article may be returned for language improvement before entering
the review process. The article must also use inclusive language, that is, language that avoids
the use of certain expressions or words that might be considered to exclude particular groups of
people, especially gender-specific words, such as “man”, “mankind”, and masculine pronouns, the
use of which might be considered to exclude women. The article should also inform about whether
the original data of the research takes gender into account, in order to allow the identification of
possible differences.

Bibliographic references  within the text must follow one of these formats, depending on the way
they are cited: author surname followed by the year of publication in parentheses [e.g., Maha-
lanobis (1936) or Rao (1982b)] )]; or author surname and year in parentheses, without comma
[e.g. (Mahalanobis 1936) or (Rao 1982b) or (Mahalanobis 1936, Rao 1982b)]. The complete ref-
erence citations should be listed alphabetically at the end of the article, with multiple publications
by a single author listed chronologically. Examples of reference formats are as follows:

O Article: Casella, G. and Robert, C. (1998). Post-processing accept-reject samples: recycling
and rescaling. Journal of Computational and Graphical Statistics, 7, 139-157.

O Book: Gelman, A., Carlin, J. B., Stern, H. S. and Rubin, D. B. (2003). Bayesian Data Analysis,
2nd Ed. Chapman & Hall / CRC, New York.

O Chapterin book: Engelmann, B. (2006). Measures of a rating’s discriminative power-applications
and limitations. In: Engelmann, B. and Rauhmeier, R. (eds), The Basel Risk Parameters: Es-
timation, Validation, and Stress Testing. Springer, New York.

O Online article (put issue or page numbers and last accessed date): Marek, M. and Lesaf-
fre, E. (2011). Hierarchical generalized linear models: The R package HGLMMM. Journal of
Statistical Software, 39 (13). http://www.jstatsoft.org/v39/i13. Last accessed 28 March 2011.

Explanatory footnotes should be used only when absolutely necessary. They should be num-
bered sequentially and placed at the bottom of the corresponding page. Tables and figures
should also be numbered sequentially.


http://www.jstatsoft.org/v39/i13

Papers should not normally exceed about 25 pages of the PDF format (40 pages of the for-
mat provided by the SORT LaTeX template) including all figures, tables and references. Authors
should consider transferring content such as long tables and supporting methodological details to
the online supplementary material on the journal’s web site, particularly if the paper is long.

Once the article has positively passed the first review round, the executive editor assigned with
the evaluation of the paper will send comments and suggestions to the authors to improve the
paper. At this stage, the executive editor will ask the authors to submit a revised version of the
paper using the SORT LaTeX template.

Once the article has been accepted, the journal editorial office will contact the authors with
further instructions about this final version, asking for the source files.

Submission Preparation Checklist

As part of the submission process, authors are required to check off their submission’s compliance
with all of the following items, and submissions may be returned to authors that do not adhere to
these guidelines.

. The submitted manuscript follows the guidelines to authors published by SORT

. Published articles are under a Creative Commons License BY-NC-ND

. Font size is 12 point

. Text is double-spaced

. Title page includes title, name(s) of author(s), professional affiliation(s), complete address
of corresponding author

. Abstract is 75-100 words and contains no notation, no references and no abbreviations

Keywords and MSC2010 classification have been provided

. Bibliographic references are according to SORT's prescribed format

. English spelling and grammar have been checked

. Manuscript is submitted in PDF format

a b~ wnN P

(SR NN

Copyright notice and author opinions

o0¢0

The articles are licensed under a Creative Commons Atribution-NonCommercial-NoDerivs 3.0
Spain License.

You must attribute the work in the manner specified by the author or licensor (but not in any
way that suggests that they endorse you or your use of the work), you may not use the work for
commercial purposes and you may not alter, transform, or build upon the work.

Published articles represent the author’s opinions; the journal SORT-Statistics and Operations
Research Transactions does not necessarily agree with the opinions expressed in the published
articles.

SORT Statistics and Operations Research Transactions
Institut d’Estadistica de Catalunya (Idescat)

Via Laietana, 58 - 08003 Barcelona. SPAIN

Tel. +34-93.557.30.76

sort@idescat.cat


mailto:sort@idescat.cat
https://34-93.557.30.76

How to cite articles published in SORT

Commenges, D. (2003). Likelihood for interval-censored observations from multi-state
models. SORT, 27 (1), 1-12.



	SORT. Statistics and Operations Research Transactions. Volume 48, Number 1, January-June 2024
	Sumari 48 (1)
	A diffusion-based spatio-temporal extension of Gaussian Mater´n felds
	Estimation of logistic regression parameters for complex survey data: simulation study based on real survey data
	Kernel Weighting for blending probability and non-probability survey samples
	Small area estimation of the proportion of single-person households: Application to the Spanish Household Budget Survey



