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Patient-reported outcomes and survival analysis
of chronic obstructive pulmonary disease patients:
a two-stage joint modelling approach

Cristina Galan-Arcicollar'?, Josu Najera-Zuloaga® and Dae-Jin Lee'>

Abstract

Joint modelling has gained attention in longitudinal studies incorporating biomarkers
and survival data. In the context of chronic diseases, patient evolution is often tracked
through multiple assessments, with patient-reported outcomes playing a crucial role.
The Beta-Binomial distribution is suggested as a suitable model for these longitudinal
variables. However, its integration into joint modelling remains unexplored. This study
introduces an estimation procedure for analyzing longitudinal patient-reported outcomes
and survival data together. We compare different estimation approaches through simu-
lation experiments, including the proposed model. Furthermore, the methodologies are
applied to real data from a follow-up study on chronic obstructive pulmonary disease pa-
tients.

MSC: 62N02, 62N03.

Keywords: Joint modelling, Beta-Binomial regression, Patient-reported outcomes, Survival anal-
ysis.

1. Introduction

In recent years, there has been an increased focus on placing patients at the centre of
health care research and evaluating clinical care (Weldring and Smith, 2013). For in-
stance, patient-reported outcomes (PROs) are helpful tools that provide information on
the patient’s health status considering their health, quality of life, or functional status
associated with the health care or treatment they received (Weldring and Smith, 2013).
PROs have gradually become a significant source of information as they evaluate a wide
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range of outcomes, such as pain, fatigue or vitality. Its use is strongly recommended
in combination with clinical indicators to provide a more comprehensive patient assess-
ment, especially in chronic illnesses (Speight and Barendse, 2010). This information is
characterized by coming directly from the patient, without interpretation of the patient’s
response by a clinician or anyone else (US Department of Health and Human Services,
2006). The PRO measurements are usually collected by supplying validated question-
naires to patients. Thus, PROs are often built as a sum of responses to several items of
the questionnaire, so they can be considered as discrete and bounded random variables.
It has been shown in the literature that due to subject-specific characteristics, PROs are
usually overdispersed (i.e., the mean-variance relationship fails mainly due to presence
of an unexpected source of variation). In this context, the Beta-Binomial distribution
has been proposed in the literature as an adequate distribution to fit overdispersed dis-
crete and bounded outcomes, particularly in PRO analysis (Arostegui, Nifiez-Ant6n and
Quintana, 2007).

Most clinical studies that consider health-related quality of life (HRQoL) involve the
follow-up of patients where longitudinal data are collected to evaluate patient worsen-
ing or changes in the health-status over time. Typically, it is also considered survival
or time-to-event analysis during follow-up studies, when there is an event of interest
such as death or illness relapse/recovery. The primary purpose of this article is to pro-
pose a methodology that allows answering the question of whether an association exists
between the survival data and the serial measurements of HRQoL. In this framework,
several studies have analyzed the impact of HRQoL on mortality (or survival) under a
cross-sectional approach, as in Domingo-Salvany et al. (2002), or simply by fitting a
model for the vital status instead for the survival times, such as Esteban et al. (2022).
Other works have focused on the association of HRQoL with clinical measurements such
as the number of hospitalizations or body mass index (BMI) in order to assess the evolu-
tion over time without considering survival data, like in Esteban et al. (2020). However,
it is well known that when interest relies on the two outcomes (i.e., the longitudinal evo-
Iution and time-to-event), separate analyses are not the best modelling options because
they do not consider the dependencies between them.

The statistical literature uses the term “joint modelling” to refer to those methods that
simultaneously analyze longitudinal measurements and time-to-event outcomes. Nowa-
days, joint models of longitudinal and survival data have received much attention in the
literature, particularly in medical studies, where these data frequently arise together in
practice (Wu et al., 2012). The classical approach to joint modelling consists of a full
likelihood formulation that integrates the two fitted models for longitudinal and survival
to jointly estimate the parameter set. Regardless joint model’s popularity, a complete
analysis that includes longitudinal discrete and bounded outcome has not been thor-
oughly studied. Moreover, when these studies are carried out, the nature of data is not
usually considered, where due to computational complexities, linearity or some kind of
data transformation is assumed to simplify the computations, for example in Ibrahim,
Chu and Chen (2010); Wu et al. (2012); Li, Tosteson and Bakitas (2013). In addition,
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two-stage joint models consisting of estimating the longitudinal submodel and then plug
the shared information into the survival submodel has been proposed as a simple solu-
tion in Self and Pawitan (1992). Although they are mainly known for their biased results
when compared to fully likelihood methods (Wu et al., 2012), they are a well-known and
a flexible methodology in the joint modelling framework. Bayesian methods have also
been proposed to extend joint models to generalized linear mixed models, although it
is desirable to check if the final results are sensitive to the choices of prior distributions
(Armero, 2021).

In this work, although we do not overcome the possible bias of the two-stage method-
ology, we argue and show that it is preferable to consider a proper distribution for the
longitudinal outcome rather than assuming a linear mixed model (i.e., a Gaussian re-
sponse) when performing a joint model with a direct focus on PROs. Particularly, we
aim to assess the effect of the longitudinal PRO measurements and the time until patient’s
death occurs. However, for the case of PROs, the fact that the Beta-Binomial distribu-
tion does not belong to the exponential family of distributions makes its inclusion into
the joint modelling framework not straightforward. Our proposal provides an easy way
to account for the evolution of PRO questionnaires of patients and the estimation of the
survival probabilities by means of a joint modelling which includes the Beta-Binomial
distribution for the analysis of longitudinal discrete and bounded data with overdisper-
sion. A two-stage approach is considered in this work, where the first step consists of
fitting a longitudinal Beta-Binomial mixed-effects model that estimates the impact of
observed covariates and the subjects’ evolution through time by following the approach
described in Najera-Zuloaga, Lee and Arostegui (2019). Then, in a second step, the es-
timated linear predictors are included into a Cox proportional hazards regression model.
We developed an unified methodology that couple these two models and show through
simulation studies the better performance among other alternatives. Finally, in the suple-
mentary material, we provide the R code to implement our approach using the functions
BBmm in the R package PROreg (Najera-Zuloaga, Lee and Arostegui, 2022) for the
longitudinal modelling of the PROs and coxph function of the survival R package
(Therneau and Grambsch, 2000).

This research was motivated by an analysis of the health-status of patients with
chronic obstructive pulmonary disease (COPD). Researchers at the Respiratory Service
at Galdakao Hospital in Biscay (northern Spain) designed the COPD study, which was a
longitudinal clinical trial that recorded measurements of the health status and evolution
of patients being treated for COPD, see Esteban et al. (2020) for further details. One of
the main objectives of the study was to measure the relationship between HRQoL and
mortality of COPD patients. The hypothesis to assess this relationship is based on the
fact that COPD is not only an airway obstruction disease, it is a complex, heterogeneous
and multisystem disease (Vanfleteren et al., 2016) whose overall impact on individuals is
many-sided. Thus, its severity is not fully captured by clinical parameters, it often needs
to be supplemented by other indicators from a patient’s perspective, such as those associ-
ated with HRQoL. This work is intended to provide clinicians and researchers on PROs
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the statistical tools for modelling the HRQoL evolution of patients and its survival prob-
abilities in an unified framework and discuss on joint modelling approaches in this context.

The paper is organized as follows. In Section 2, we introduce the details of our
COPD study data set. Section 3 is dedicated to present the modelling of HRQoL evo-
Iution over time. In Section 4, we present two popular methodologies that incorporate
longitudinal measurements in survival analysis and we provide a new approach for PRO
data. The COPD data analysis with the presented methodologies is supplied in Section
5, with clinical interpretation of relevant results. In Section 6, we perform a simulation
study based on the COPD data that compares the detailed methodologies in Section 4,
including our proposal. Finally, in Section 7 it is given some conclusions and discussion.

2. Motivation study

Chronic obstructive pulmonary disease (COPD) is a major cause of chronic morbid-
ity and mortality worldwide (Pauwels and Rabe, 2004). COPD is a respiratory system
disease with irreversible damage which causes physiological discomfort and psychoso-
cial impact on individuals, thus it is also associated with high level of disability. Al-
though medical assessment of COPD mainly involves clinical biomarker measurements,
the overall impact of COPD on individuals is multifaceted and it is not completely re-
flected by them. Thus, the assessment of the PROs and HRQoL is considered part of
the standard care in the treatment of COPD (Wiklund, 2004). There is good evidence
that COPD exacerbations can have a large and sustained impact on patients’ symptoms
and health status (Jones and Higenbottam, 2007). For this reason, tools such as PROs
are needed to evaluate all different aspects of the disease, as they supplement clinical
biomarkers by other kind of indicators from a patients perspective.

Our COPD study is an observational study that was designed at the Respiratory Unit
at Galdakao Hospital in Biscay, Spain. A sample of 543 patients were consecutively
included during the first year and in the second half of the study. The study is conducted
in five years follow-up period for each patient with a maximum of four clinical exami-
nation and interviews per patient. Thus, the number of measurements per patient ranges
between one and four. Figure 1 summarize this feature taking into account patients divi-
sion according to the occurrence of event.

Notice that most patients had the maximum number of measurements but we also
find that there are only one measurement recorded for some of them, being an unbal-
anced longitudinal data set. Moreover, patients’ entry time, where baseline (first) mea-
surement was recorded, did not take place at the same time due to consecutively entry
of patients. In addition, measurement times were unequally space intervals because we
found that the second measurement is one year apart from the fist one, as well as the
third measurement from the second one, but the fourth measurement is three years apart
from the third one.

The health-status in the COPD study was measured with both, generic and disease-
specific questionnaires, named respectively Short Form-36 Health Survey (SF-36) and
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St. George’s Respiratory Questionnaire (SGRQ). Questionnaires often provide informa-
tion about different health aspects, thus they are usually divided in dimensions according
to the information referred. Particularly, SF-36 was constructed to represent eight health
dimensions, which are the physical functioning (PF), role physical (RP), bodily pain
(BP), general health (GH), vitality (VT), social functioning (SF), role emotional (RE),
and mental health (MH). The first four dimensions are mainly physical, whereas the last
four measure mental aspects of health. Each dimension scale score range from 0 to 100,
where a higher score indicates a better health status. This standardized scoring system
is detailed in Ware et al. (1993). On the other hand, SGRQ consist of three dimensions
namely, symptoms (SYMP), impact (IMP) and activity (ACT) where higher scores refer
to worse health status (Jones, Quirk and Baveystock, 1991). Each of the three dimen-
sions of the questionnaire is separately standardized in the range 0 to 100.

Censored patlents Deceased patlents

1 2 3 4

Number of measurements

°
5
a
Relative frequency
°
&
3

Relative frequency
@
3

)
o
o

- - -

0.00

1 2 3 4
Number of measurements

Figure 1. Relative frequencies of patient’s measurements. Left-side picture represents relative
frequency of patients with no event while right-side represents relative frequency of patients with

presence of the event during the study.

In this work, we considered a re-scaled form of the patients’ scores to interpret them
in a binomial form, which makes its interpretation easier. The SF-36 re-scaling is moti-
vated by the work of Arostegui, Nufiez-Anton and Quintana (2013) and SGRQ is based
on the idea that a 4-points change in the 0-100 scale is considered a clinically significant
change (Jones, 2005). Based on this re-scaling, patients’ average scores are shown in
Table 1 according to the maximum score of each dimension.

In our COPD study, survival data was also collected and the time-to-event variable
considered was the patient’s date of death. Survival times are frequently influenced by
right censoring in which the event time differs from the observed one. Particularly, in
the COPD study administrative censoring was applied, which occurs when the study
observational period ends without the presence of the event, i.e, when the patient has
four measurements. Furthermore, we discovered censorship as a result of withdrawals,
also known as loss to follow-up. During the study, 167 events were recorded, so 376
patients were censored. Because 324 patients completed the study’s follow-up with no
event, its censoring was administrative. Thus, 52 patients were censored as a result of
the withdrawal process, corresponding approximately to a 10% of random censoring.



160 PROs and survival analysis of chronic obstructive pulmonary disease patients...

Table 1. HRQoL scores of each test dimension are presented as mean (sd) for each year of the
study. Number of patients at each year is also shown.

HRQoL mean measurements

Test Dimension Baseline 1 year 2 years S years
(max score) n=543 n=484 n=425 n=320

SF-36  PF (20) 11.55(4.88) 11.63(4.99) 11.56(4.94) 11.29 (4.99)
RP (4) 2,62 (1.56) 244 (1.60) 2.51(1.60) 2.22(1.65)
BP (9) 6.59 (2.58) 6.28(2.71) 6.43(2.66) 6.37(2.57)
GH (20) 8.81(4.27) 8.54 (455  832(4.38) 8.22(4.07)
VT (20) 11.87 (4.99) 11.65(4.80) 11.93(4.68) 11.52(4.78)
SF (8) 6.53(1.96) 6.39(2.07) 6.57(1.93) 6.23(2.09)
RE (3) 241(1.08) 2.22(1.18) 230(1.14)  2.11(1.23)
MH (13) 947 (291) 9422.78) 9.44(2.80) 9.25(2.94)

SGRQ SYMP (24) 10.63(5.54) 10.11(5.60) 10.35(5.81) 10.52(5.83)
IMP (24) 752(521)  7.11(5.29) 7.06(5.08) 7.12(5.21)
ACT (24)  11.63(6.19) 10.95(6.19) 11.21(6.14) 11.34 (6.31)
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Figure 2. SF-36 longitudinal measurements according to the survival data recorded of four
COPD patients. The straight dashed line indicates the extrapolation of the patient’s score from
the last recorded measurement to the observed date of death.

Figure 2 and Figure 3 illustrate the longitudinal measurements of the eight SF-36 di-
mensions and the three SGRQ dimensions respectively of four patients of the database.



Cristina Galan-Arcicollar, Josu Najera-Zuloaga and Dae-Jin Lee 161

According to the survival data recorded, we indicated the dates of death with a cross
symbol and joined with the previous measurements with a dashed line because at pa-
tient’s date of death no HRQoL data was recorded. This is an example of the different
types of data recorded according to the two kinds of censorship and the event recorded.
For instance, patients 240 and 517 only recorded 3 measurements and then no more in-
formation was collected, so they are censored due to loss of follow-up, while patient 121
completed the four measurements and is administratively censored.

N¢ patient
18 18 18 - 121
-~ 240
% - o - [ 4 o 492
£ 12 ) S 2 . Q2 . - 517
> =

Type of data
© Censored
x Deceased
o o * Measurement
4 6 0 2 4 6 0 2 4
Year Year Year

Figure 3. SGRQ longitudinal measurements according to the survival data recorded of four
COPD patients. We used the straight dashed line to joint the date of death with the recorded
measurements.

3. Modelling the evolution of patients’ HRQoL

This article is focused on self-reported outcomes, which usually have discrete and
bounded distributions. A particular case of self-reported outcomes in medicine are the
patient-reported outcomes (PROs). It is known that this kind of measurements usually
lead to floor or ceiling effect, i.e, typically accumulate values in one or both edges of the
score scale due to subject-specific characteristics, leading to different shapes such as U,
J or inverse J-shaped (Najera-Zuloaga, Lee and Arostegui, 2018). The usual exponen-
tial family distributions are not able to fit them properly and particularly, the normality
assumption for the longitudinal variable in classic joint models will not be frequently
satisfied for this kind longitudinal data. The Beta-Binomial distribution has been pro-
posed in literature as the proper distribution to analyze discrete and bounded outcomes
with overdispersion (Arostegui et al., 2007). Generally, the Beta-Binomial distribution
is defined as a mixture of the Binomial and Beta distributions. It consists of a finite sum
of Bernoulli variables whose probability parameter is random and follows a Beta dis-
tribution. The Beta-Binomial distribution preserves the characteristics of the Binomial
distribution which suits the nature of discrete and bounded data, but it also displays the
flexibility of the Beta distribution. We denote that variable Y follows a Beta-Binomial
distribution as Y ~ BB(m, p, ¢) with parameters m, p and ¢, where parameter m makes
reference to the maximum number of trials, p is the probability parameter and ¢ the
correlation/dispersion parameter. The density function of the Beta-Binomial distribution
does not belong to the exponential family distributions but it has a closed-form equation,
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see Arostegui et al. (2007) for further details. The article Najera-Zuloaga et al. (2018)
proposes a marginal regression model with the Beta-Binomial distribution for measur-
ing the effect of explanatory variables on discrete and bounded response variables. This
Beta-Binomial regression is performed by connecting the probability parameter to a vec-
tor of regression parameters by means of a logit link function model.

PROs are usually measured in a longitudinal framework in which individuals are
followed up for a certain period. The extension of Beta-Binomial regression models
to the longitudinal framework is performed in terms of mixed-effects that associate all
measurements for the same subject. Beta-Binomial mixed-effect model (BBMM) in-
cludes random effects into the linear predictor to accommodate the dependency of re-
peated measurements. As in mixed model methodology, conditioned on the random
effects, the repeated measurements are independent and drawn from a Beta-Binomial
distribution. Let y; = (yi1,...,Yin;) be the repeated measurements for subject i, then
yijlui ~ BB(mj, pij,9),Vj€{1,....n;}, and u; its corresponding vector of random effects
u; ~ N(0,D) that describe the subject-specific characteristics. The probability parameter
of the Beta-Binomial distribution is also linked with logit link function to the fixed and
random parameters such as:

Dij .

log (U> = xijB +zijui = Nij, i=1,..,m, (1)
1= pij

where x;; and z;; are the fixed and random covariates respectively for the jth measure-

ment of subject i with 8 and ; the corresponding effect parameters. See Najera-Zuloaga

et al. (2019) for further details.

4. Relating longitudinal patient reported outcomes and survival
analysis

During follow-up studies in clinical trials, it is of particular interest to collect several
biomarker measurements as well as time-to-event outcomes, such as death, illness re-
lapse, recovery or development of some disease (Papageorgiou et al., 2019). Thus, lon-
gitudinal data and survival data frequently appear together in practice, and they are often
associated in some ways (Wu et al., 2012). The longitudinal measurement of biomark-
ers is useful for characterizing the occurrence of an outcome of interest because they
can predict treatment outcomes or be related to the event process and prognosis (Arisido
et al., 2019). It is then of particular interest to evaluate and investigate its relationship
(Ibrahim et al., 2010). In this section, we present two well-known methodologies for
estimating the relationship between these outcomes, as well as define our proposed ap-
proach.

4.1. A Time-Varying Cox-Model

The first proposed approach to analyze the relationship between longitudinal and sur-
vival outcomes consisted of extending the classical proportional hazards model (Ri-
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zopoulos, 2012). The main objective was to allow the inclusion of time-dependent co-
variates into this known survival model. This methodology is usually referred as Time-
Varying Cox-Model (TVCM). The risk function for patient i is defined quite similar to
the original Cox model and it can be written as follow:

hi([4i(2), wi) = ho(1)Ri(t) exp{ywi+ otyi(1)}, 2)

where h;(t) and ho(t) respectively denote the subject and baseline risk function at each
time 7, Y;(¢r) = {yi(s) : s <t} is the history of longitudinal covariate up to time ¢ and
w; refers to the vector of baseline covariates for patient i. Parameters ¥ and @ measure
the impact of baseline and longitudinal covariates respectively into the risk function.
Finally, it is included a risk indicator function R;(-) with R;(¢) = 1 if subject i is at risk
at time ¢, and R;(¢) = 0 otherwise.

TVCM is known for being a flexible semi-parametric methodology for fitting sur-
vival analysis because parameters estimation is based on proportional hazards. Thus,
partial likelihood is used to perform parameters estimation, where baseline risk function
is left unspecified. However, it is assumed in TVCM that time-dependent covariates
are predictable processes, measured without error, and have their complete path fully
specified (Rizopoulos, 2012). Notice that the whole longitudinal history is not available
because information is recorded only at some measurement times. In order to overcome
this issue, TVCM is based on the so-called ‘last value carried forward’ (LVCF) approach,
where the marker values are considered constant between measurement points. In Figure
4, we considered the PF and MH dimensions of SF-36 COPD data shown in Figure 2 and
we showed a graphic interpretation of the stepwise approach of the TVCM methodology.
We can observe that the longitudinal trends are not considered in this method.
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Figure 4. Graphic interpretation of the last value carried forward used in Time-Varying Cox
Model.
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Moreover, it is important to distinguish between the different kinds of time-varying
covariates because it is known that TVCM is not appropriate when time-dependent co-
variates are of endogenous nature (Rizopoulos, 2012). Endogenous covariates, such as
biomarkers, typically require the survival of the subject for their existence and thus, they
satisfy S;(¢|Y:(t)) = Pr(T;* > t|Y:(¢)) = 1, where S;(-) and 7" make reference to the sur-
vival function and the random time-to-event variable for subject i respectively. Then, for
instance, if the date of death for the subject is s, the covariate will not be recorded at
each time ¢ > s. This fact of endogenous covariates is not taken into account in TVCM.
In addition, despite TVCM flexibility, several studies have performed a variety of sim-
ulated scenarios to show that it can lead to really biased results due to all assumptions
mentioned above, see for instance Arisido et al. (2019).

The implementation of this methodology in R software makes used of displayed data
sets using the counting process format (start,stop, status), holding the information on
the longitudinal variable for a specific time interval. The start and stop times denote
the limits of the time intervals during which measurements were recorded and the status
indicate the ocurrence of the event at the end of the interval. The tmerge function aids
in the creation of such data sets and the model is fitted in the coxph function, both
functions from the survival package (Therneau and Grambsch, 2000).

4.2. Shared parameter joint modelling

In order to overcome TVCM limitations, an alternative modelling framework has been
introduced in the literature, known as the joint modelling for longitudinal and time-to-
event data (Faucett and Thomas, 1996). The motivating idea behind these joint models is
to couple the survival model with a suitable model for the repeated endogenous measure-
ments. The longitudinal model is usually fitted by using Linear Mixed Model (LMM)
to describe covariates impact together with time evolution, and survival model is usually
performed in terms of the Cox model, leading to a definition of risk function as follows:

hi(l‘|Ml’(l‘),Wi) :ho(t)exp{}/wi+am,'(t)}. (3)

It reminds quite similar to the subject’s risk function defined in TVCM shown in Equa-
tion (2), but the values included in the survival model are not the observed ones y;(z),
instead it is incorporated the term m;(¢) that denotes the true and unobserved value. This
true value is computed according to the longitudinal model assumed, thus:

m;(t) = E(y;(t)[u;) = xi(t) B + zi(t)us, “4)

where x;(¢) are the fixed parameters with f the corresponding fixed effect and z;() the
random parameters with u; the corresponding vector of random effects having a multi-
variate normal distribution with mean zero and covariance matrix D, i.e, u; ~ N(0,D).
One of the most popular estimation method that has been proposed for the described joint
model consisted of computing a full maximum likelihood of the observed outcomes.
Both models, longitudinal and survival, are set and then, they are linked using a shared



Cristina Galan-Arcicollar, Josu Najera-Zuloaga and Dae-Jin Lee 165

latent structure, due to this feature joint models belong to the class of shared-parameter
models. The key assumption of this methodology is full conditional independence, i.e, it
is assumed that conditional to random effects, time-to-event and longitudinal outcomes
are independent, as well as the different measurements for the same individual (Rizopou-
los, 2012). Considering the classical survival analysis notation, let 7; be the recorded
time-to-event and J; the event indicator, that takes value 1 if the observed time 7; equals
to the event time 7;* and O otherwise, the assumptions can be written as follow:

To(Ti, &, yilui) = fo(Ti, &ilui) fo (vilui),
Jo(yilui) = Hf@(yi(tij)|ui)a
j=I

where 6 denotes the set of all, survival and longitudinal parameters, i.e., 6 = (6, 0y, 6.)
and y; denotes the vector for the n; measurements for subject i taken at time points
{tij : j=1,...,n;}. Under these assumptions the log-likelihood contribution for the ith
subject can be formulated in this way:

log fo(T;, 6, y:) :log/fe(Ti,5i,yf!ui)fe,,(ui)dui

:log/fe,,ﬁ(Tiﬁi\Mi)[er,,()’i(fij)|Mi)]fe,,(ui)dui~

As it was mentioned, time-to-event outcome is usually fitted by Cox model and the den-
sity is included in the log-likelihood characterized by the hazard and survival functions:

fo, (T, &) = hi(TIVG(T3) 2 Si(TIMG(T;))

~ [ro(Tyexp (v + (1)) xexp (= [ ol explm-+ am(5))as ).

Notice that for joint modelling, it is necessary to set a baseline hazard function.
Weibull or exponential functions are frequently used as baseline hazard in survival anal-
ysis, but also it can be modeled flexibly using piecewise-constant or B-splines (Rosen-
berg, 1995) methods. Furthermore, it is necessary to set the longitudinal model to com-
pute m;(-) according to Equation (4) and also for the inclusion of the density function
into the full likelihood, which is the normal density function. The literature also con-
sidered the use of generalized linear mixed models (GLMM) for longitudinal data into
the joint modelling framework. This extension is straightforward (Rizopoulos, 2012) by
choosing the density function as a member of the exponential family. The difficulty of
this extension of joint models to incorporate GLMM is that computation becomes more
demanding because of the nonlinearity of the longitudinal models (Wu et al., 2012).
Moreover, this extension is not implemented in the available R software packages. Due
to that fact, it is common to assume linearity measurements, sometimes ignoring the
nature of data, being Joint Modelling with longitudinal normality assumption one of the
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widely used methodology in the literature. Moreover, it is worth mentioning that the
inclusion of several longitudinal responses into the model also leads to computational
complexities, being this another limitation.

The implementation of this methodology can be easily performed by using
jointModel function from JM R-package (Rizopoulos, 2010), it is needed first to fit
separately the linear mixed-effects model with 1me from n1me package (Pinheiro et al.,
2013) and Cox model with coxph from survival package (Therneau and Grambsch,
2000). In this article, we denote this methodology as JM.

4.3. A two-stage approach for discrete bounded outcomes

In this subsection, we present our proposal approach where we incorporate the Beta-
Binomial distribution into the joint modelling framework by performing a two-stage
methodology. Our main goal is to emphasize the need of an adequate model that assesses
the relationship between longitudinal and a time-to-event outcomes which provides an
easy interpretation for PROs. With that aim we propose a joint model methodology that
includes Beta-Binomial distribution for a suitable fit of this kind of longitudinal data,
which relies on a better estimation of the association parameter between the longitudinal
and the time-to-event outcome.

The first step consists of fitting a longitudinal Beta-Binomial mixed-effects model
to evaluate the impact of some observed covariates and also its evolution over time in-
cluding subject-specific effects that account for non observable characteristics that are
different for each individual. Then, in a second step, the estimated linear predictor is
computed according to the Beta-Binomial regression model and it is included in a Cox
proportional hazards survival model as observed covariates.

For a sample of N individuals, let y; = (yi1, ...yin,) be the n; measurements for subject
i such that y;;|u; ~ BB(m, p;j, ¢), taken at measurement times #; = (t;1,...ti,) Vi=1,...,N.
Then, following BBMM approach the probability parameter and the linear predictor
are linked by means of logit function as indicated in Equation (1), where p;; denotes
the probability parameter for patient i at time f;;, i.e., p;j = pi(tij). Fixed covariates
xij, can be time-dependent or baseline covariates and random effects u; ~ N(0,D(0))
are assumed to follow a multivariate Normal with zero mean and variance-covariance
nonsingular matrix D, which depends on a vector of variance parameters G.

In this first step where BBMM is fitted, parameters 8, u;, o and ¢ are estimated.
The analysis of these parameters provides an assessment of the impact of fixed effects,
heterogeneity among subjects and overdispersion of the longitudinal responses. Next,
for the second step, the parameter estimations are used to compute the fitted values for
the longitudinal outcome at each time ¢ following the Beta-Binomial methodology. Let
pir denote the probability parameter of subject i at each time ¢ and 1); its corresponding
estimated linear predictor, then:

m

T exp(— i) ©)

$i(t) = mp;; = m-logit ' () =
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Once the fitted values are computed, in the second step, they are inserted into the
classic Cox model as if they were observed values. Thus, we proceed by fitting the Cox
model as usual survival analysis defining the risk function as:

Ai(t) = Ao(t) exp(ywi + 03i(1))- (6)

In this study, we focused on the main idea of estimating joint models using two-
stage approaches, which avoid integral computation difficulties and also allow a greater
flexibility when setting the longitudinal model. Additionally, this methodology avoids
the transformation of the HRQoL questionnaire scores by means of square root, loga-
rithmic or Box-Cox. These data transformation of the questionnaries’ scores is usually
performed to set linearity assumption, although this approach makes interpreting coef-
ficients more difficult. The inclusion of BBMM allows the analysis of the association
parameter with hazard ratio interpretation in terms of 1-point scoring, which is quite in-
tuitive and natural instead of incorporating the standardized data or data transformations.
Moreover, the performance of a BBMM longitudinal regression provides an easy way
to interpret covariates’ influence for 1-unit increment in terms of the odds-ratio, akin to
hazard ratio analysis.

Our proposal can be easily implemented with the available R software. The first step
is performed by using BBmm function from PROreg package (Najera-Zuloaga et al.,
2022) and second step is fitted with coxph function from survival package (Th-
erneau and Grambsch, 2000). See the R code provided in the supplementary material.

5. Application to COPD study

In the COPD study, one of the main objectives was to describe HRQoL and its evolu-
tion. This objective was studied in Esteban et al. (2020), where they analyzed the impact
of sociodemographic variables and clinical indicators on the HRQoL, although only the
SF-36 questionnaire was considered. Another key objective was to collect survival data
based on time-to-event and the corresponding event indicators to assess HRQoL’s rela-
tion to patient’s risk of death. This objective was considered for SGRQ scores in Esteban
et al. (2022). However, in this work they did not perform a survival analysis, because a
logistic regression was fitted for vital status and only one-year periods were considered
without including the time-to-event nature of the study. The original study aimed to in-
vestigate both, how HRQoL evolved and its relationship with the survival data collected.
Nevertheless, these two outcomes have not been thoroughly studied jointly, where the
inclusion of BBMM into the joint modelling framework may improve the results of
the association parameter and provide an easier clinical interpretation. It is our goal to
provide a complete analysis of both outcomes of interest for a more comprehensive eval-
uation. Apart from a joint analysis of both outcomes being preferable to a separate one,
we also want to emphasize the importance of PRO data being adequately fitted.

The first step of our proposal can deal with one of the main objectives of the COPD
study, which consists of measuring the evolution of patients” HRQoL scores over time
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to determine trends. We performed a Beta-Binomial mixed-effect model by considering
time as observable covariate to evaluate population and subject-specific evolution by
including random intercept and slope as follow:

log(lfl;‘> = (Bo +uio) + (B +uir) tij = Nij, (7)
ij

such that the vector of random effects satisfies u; = (ujo, u;1) ~N(0,D(0)) Vi=1,...,543,
with D a diagonal matrix with entries ¢ = (0,,,0,,). The components of vector u;
represent respectively baseline and subject-specific effects in the evolution of patient i.
Results are shown in Table 2 for the fixed slope and the standard deviation of random
effects. It should be mentioned that the algorithm failed to estimate the variance of the
random slopes, o,,, for the dimensions BP, SF, MH and IMP. In fact, for the aforemen-
tioned dimensions, due to the limited number of measurements per subject, the model is
not able to capture differences in the longitudinal trends of individuals. Therefore, we
adjusted the model by removing the random slopes effects from the linear predictor and
evaluated it again in these dimensions.

Table 2. Univariate BBMM results. Fixed slope parameter estimates are shown, each with
standard error, p-value and odds-ratio (OR) according to one-unit increment in time covariate.
Standard deviations of random effects (intercept and slope) are also included with the corre-
sponding standard errors. The symbol * represents tendency to zero deviance.

Fixed coefficients Random sd

B1 (se) p-value  OR Oy, (s€) oy, (se)

SF36 PF 20.06(0.01) <0.001 094 1.03(0.03) 0.12(0.01)
RP 20.13(0.03) <0.001 0.88 1.67(0.06) 0.31(0.02)
BP 20.03(0.02) 0.1347 097 1.16 (0.04) *
GH -0.04 (0.01) <0.001 0.96 0.80(0.03) 0.06 (0.00)
VT 20.04 (0.01) <0.001 096 0.92(0.03) 0.10(0.01)
SF 20.07(0.02) <0.001 0.93 1.53(0.06) *
RE 20.10(0.04)  0.007 090 2.19(0.10) 0.53(0.03)
MH  -0.03(0.01) 0.004 097 0.99(0.03) *

SGRQ SYMP 0.01(0.01) 0499 1.01 0.76(0.03) 0.10(0.01)
IMP 0.00 (0.01)  0.670 1.00 1.06 (0.03) *
ACT  0.03(0.01) 0001 1.03 1.18(0.04) 0.13(0.01)

The results of both questionnaires, generic (SF-36) and disease-specific (SGRQ),
show that the health status of the patients is worsening over time. For instance, one
year of evolution in the RP dimension is associated with an odds-ratio of 0.88 (i.e.
exp(—0.13) ~ 0.88). As a result, for each year of evolution, the patient is approxi-
mately 12% less likely to score one more point in the RP dimension, which means that
RP patients’ scores will decrease resulting in poorer health status.
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Table 3. Univariate Cox model results for hazard ratio including 95% confidence intervals. JM
included standardized 0-100 data divided in order to compare results with TSBB and TVCM
included binomial form data. Significant results according to p-value are in bold.

SF-36 scores association with patients” mortality
TSBB TVCM IM

HR  95%CI HR  95%CI HR  95%CI
PF(20) 091 0.88,094  0.88 0.84,0.90 0.87 0.83,0.90
RP(4) 096 085,1.09  0.82 0.74,0.90 0.74  0.63,0.88
BP9 097 0.88,1.07 0.90 0.85,0.96 091 0.81,1.02
GH (20) 098 0.93,1.02 094 0.90,0.98 0.94  0.90, 0.99
VT (20) 0.94 0.90,0.98  0.92 0.89,0.95 0.91 0.87,0.95
SF(8) 094 0.84,1.03 0.86  0.80, 0.93 0.82 0.72,0.93
RE(3) 093 0.80,1.08 0.79  0.70, 0.90 0.69 0.54,0.87
MH (13) 096 0.90, 1.03 0.89 0.85,0.94 0.92 0.85,0.99

Once longitudinal parameters are estimated, fitted values are computed and included
in a classic Cox model to evaluate the relationship between HRQoL scores evolution
and patient’s risk of death. Therefore, the second step of our proposal deals with the
second objective of the COPD study, which consisted of evaluating the association be-
tween HRQoL results and patient’s risk of death. We considered both questionnaires
in the survival analysis. First, for SGRQ, we considered a multivariate approach that
incorporates the questionnaire’s three dimensions in the survival model. However, due
to the existing correlation between the dimensions, parameter interpretation can be mis-
leading as it is shown in Table 4 and will be explained in the next paragraphs. It is worth
mentioning that the Cox model can easily handle multiple longitudinal covariates, but
JM package can only incorporate one longitudinal covariate per model and, thus, only
univariate models can be performed. Second, in order to avoid misleading interpreta-
tion due to covariate correlation and as an illustrative way to show the diversity in the
covariate inclusion that the proposed model offers, for generic SF-36 questionnaire we
considered an univariate survival approach and thus, we incorporated each dimension
separately into the survival models. Furthermore, we included the transformed bino-
mial form data in TVCM for its easy interpretation, but we considered the standardized
0-100 data in the JM methodology because it is more intuitive to assume a normality-
based longitudinal model. However, to facilitate a comparison of the estimations of the
different methods, we divided the standardized 0—100 scores such that each dimension’s
maximum score coincides with that in its binomial form.

Results are displayed in Table 3 for the SF-36 survey and Table 4 for the SGRQ. The
results are shown according to the association coefficient & of Equation (6), significant
results are in bold and they are graphically shown in a forest plot in Figure 5 and 6
for SF-36 and SGRQ respectively. The association coefficients are interpreted in terms
of Hazard ratio (HR= exp(a)). Thus, at any particular time point #, HR denotes the



170 PROs and survival analysis of chronic obstructive pulmonary disease patients...

relative increase in the risk at time 7 that results from one unit increase in the longitudinal
variable at the same time point. This interpretation is akin to the odds-ratio interpretation
of coefficients in Beta-Binomial regression.

Table 4. Multivariate Cox model results for hazard ratio including 95% confidence intervals. JM
included standardized 0-100 data divided in order to compare results with TSBB and TVCM that
included binomial form data. Significant results according to p-value are in bold. (*) Univariate
models were considered in JM.

SGRQ scores association with patients’ mortality
TSBB TVCM IM (%)

HR 95% CI HR 95% CI HR 95% CI
SYMP (24) 094 0.89,0.99 0.98 0.94,1.01 1.03  0.99, 1.07
IMP (24) 0.99 0.93, 1.06 0.98 0.93,1.04 1.07 1.03,1.10
ACT (24) 111 1.06,1.17 1.11  1.06,1.17 1.09 1.06,1.13

The results show that the PF (measures mobility disability) and VT (measures energy
and fatigue) dimensions were statistically significant in predicting patients’ risk of death
according to our TSBB methodology. Because PF and VT are two dimensions of the
generic SF-36 test, higher scores are associated with lower risk of death, with PF having
the greatest impact. In particular, our TSBB proposal relates one more point in the PF
dimension with a 9% lower risk. These two significant dimensions of the SF-36 deal
with daily patients’ activity and how do they feel about it, so the patients’ perception
about their physical activity is related with a significant impact on mortality.

SF-36 forest plot
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Figure 5. Forest plot of association coefficient for each SF-36 dimension according to each
methodology.

TVCM results are quite different because all dimensions had signficative effect on
patients’ risk. It is important to remark that, as it was mentioned in Section 4.1, this
methodology extends the previous longitudinal outcome until the event occurrence and
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therefore less variability is assumed. This leads into lower standard deviation and smaller
confidence intervals, which can be the source because of all the results remain signifi-
cant.

JM methodology is dealing with standardized data that we transformed in order to
compare the one-point change in the dimensions’ score and thus, results are mainly
different in all dimensions that those obtained from TVCM and TSBB. The results of
JM for PF and VT dimensions showed high decrease in patient’s risk for one more point
scored in these dimensions compared to TSBB and TVCM. This fact will be due to
overestimation of this methodology shown in the simulation study in Section 6.
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Figure 6. Forest plot of association coefficient for each SGRQ dimension according to each
methodology.

The SGRQ scores are related with lower health status of the subjects. Particularly,
the ACT dimension (the effect of disturbances to mobility and physical activity) was sig-
nificant in the three methodologies having the greatest impact on patients mortality. Our
TSBB methodology and TVCM coincides in associating one more point in the score of
this dimension with 11% higher risk, being a 9% risk increment in JM method. We found
that the TSBB multivariate model associates an additional point in the SYMP dimension
(quantifying distress due to respiratory symptoms) with 6% lower risk. This misleading
effect occurs because of covariate correlation. In fact, both approaches that incorporate
the three dimensions in the same model, TSBB and TVCM, attribute a decreasing risk
effect to the increment of SYMP dimension, although in TCVM the effect is not statis-
tically significant. On the other hand, when JM univariate analysis was performed, IMP
dimension showed significant effect on risk where one added point is associated with 7%
higher risk of death. Finally, we can conclude that in both questionnaires, the patients’
perception of their physical activity and how they feel about it could be a great indicator
to take into account in COPD patients’ mortality.
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6. Simulation Study

In this section, we present a simulation study to assess the performance of the proposed
method and compare it with two methodologies widely used in the literature to deal with
the analysis of the parameter association between the longitudinal and time-to-event out-
comes: TVCM and JM with longitudinal normality assumption. Generally, in literature,
TVCM is performed when the main interest is to assess the relationship between the two
outcomes because of its popularity and flexibility, leaving the longitudinal model un-
specified. The performance of the joint model based in normality assumption is the most
commonly used in literature even for discrete and bounded longitudinal data, where stan-
dardization or data transformation is performed, avoiding data nature. The simulations
have two main aims: (a) validate our proposal approach under several parameter condi-
tions and (b) compare the performance of these three approaches in controlled scenarios
offering a variability of situations according to longitudinal shape and the relationship
among outcomes.
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Figure 7. Baseline survival function for the Weibull baseline hazard with scale and shape pa-
rameters wy = 0.1, wp = 1.6

The overall scenario settings are mainly based on COPD study, which was detailed in
Section 4. We are considering the same maximum number of measurements per patient,
which is four. The longitudinal outcome was computed at the entry and measurement
times, dispersed as in the COPD study. Thus, the measurements times are generated
as follow: The first measurement corresponds to the subject’s entry time which is per-
formed according to a uniform distribution in the interval (0, 1.5). The second measure-
ment is one year apart from the first, as well as the third measurement from the second.
However, the fourth measurement is three years apart from the third measurement. The
described times are not equally spaced, as in the COPD study, where the data are col-
lected at irregularly spaced times. The overall follow-up period is of five years since the
simulated subject’s entry.

Time-to-event or survival times, denoted as 7;*, are generated by evaluating the in-
verse of a cumulative hazard from Equation (3), see Crowther and Lambert (2013). To
that aim, we assumed the Cox proportional hazard model with Weibull baseline risk
function ho(t) = wiwo"2~ 1 where w; and w, denote the scale and shape parameter re-
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spectively. See Figure 7 for the parameters w; = 0.1 and w, = 1.6. By choosing this
baseline hazard function we aim to simulate a baseline survival function that don’t reach
0 at the end of the follow-up period, as not all patients die at the end of the COPD study.

We also considered an administrative censoring time A; according to the COPD
study, such that if they reach the fourth measurement, the five-year follow-up period
ends without event observation, thus it satisfies A; = ;4. Besides, in order to perform
possible dropouts, a loss of follow-up censoring time C; is performed with a uniform
distribution between patient time entry and patient last measurement time with around
10% of censored individuals, which is the censoring rate we found in the COPD study.
Finally, the observed time for each subject is computed as 7; = min{7;*,A;,C;}. Fur-
thermore, an event indicator o; is recorded, i.e, if 7; = T;*, then §; = 1 and 0 otherwise.
Generated marker values y;(t;;) with #;; > T; were disregarded.

The experiment consisted of 200 random simulations with 250 subjects. We consid-
ered a maximum of four measurements per subject, resulting in 1000 observations per
simulation of a longitudinal variable distributed as a Beta-Binomial with a fixed maxi-
mum score m, a probability parameter p, and a dispersion parameter ¢. For the sake of
clarity, probability parameter p is computed according to the model assumed in Equation
(7), considering subjects’ overall and specific evolution over time.

Fitted values in Equation (3) of the survival model are computed according to the
Beta-Binomial distribution model following Equation (5), which using linear predictor
from Equation (7) leads to:

mi(t)

m

= = — . 8
1+ exp{—((Bo+ o) + (B + 1))} ()
In order to achieve both objectives of the simulation study, all longitudinal param-
eters were set except for the dispersion parameter ¢ and the association parameter o
of the survival model. By giving different values to the dispersion parameter ¢, longi-
tudinal data can adopt a wide variety of shapes and varying parameter o allows us to
evaluate a small, moderate and strong association between the two outcomes of interest.
Two main scenarios were considered in order to simulate longitudinal responses
based on two dimensions of the HRQoL questionnaires considered in the COPD study,
one dimension of the SF-36 and another one of the SGRQ. This scenario division will
allow us to evaluate positive and negative association among outcomes, like it happens
in the SF-36 and the SGRQ respectively. In one scenario we considered 24 as response
maximum score and positive association parameter while in the other 8 was set up as
maximum score and negative association parameter. See Table 5 for a summary of both
main scenarios.

Table 5. Setting parameters to perform two main simulation scenarios.
ﬁO Bl Guo Gul m o
Scenariol -0.19 003 12 0.05 24 >0
Scenario2 040 -0.15 15 03 8 <O
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Once the two main scenarios were set, we provided scenario division by varying
dispersion parameter using ¢ € {0.05,0.5,1}, so that, longitudinal distribution takes
different shapes. See Figure 8 and 9 for a graphic image of the different generated
shapes for Scenario 1 and Scenario 2 respectively. Notice that we have generated bell,
flat, U, J and inverse J shapes.
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Figure 8. Frequency of the simulated longitudinal scores based on Scenario 1 with ¢ =
0.05,0.50, 1 from left to right.
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Figure 9. Frequency of the simulated longitudinal scores based on Scenario 2 with ¢ =
0.05,0.50, 1 from left to right.

Furthermore, we want to compare the performance of the methods by varying the
relationship between the two outcomes of interest and thus the association parameter was
set in order to perform scenarios corresponding to small, moderate and strong association
between m;(¢) and h;(t). As association parameter interpretation is done considering the
hazard ratio in terms of scoring one additional point, it is important to take into account
the maximum score number, because increasing an additional point does not have the
same effect when the maximum score is 8 or 24. Thus, according to maximum number
of trials, we set the association parameter as & € (0.01,0.05,0.10) for Scenario 1 and
o € (—0.05,-0.10,—0.15) for Scenario 2. These modifications of ¢ and « lead to 9
sub-scenarios for each of the two main set above. Methods are represented as TSBB
(Two-Stage Beta-Binomial) for our proposed methodology, TVCM for Time-Varying
Cox Model and JM for Joint Model normality-based.

Although the estimates of all parameters (longitudinal and survival) have been ob-
tained by both joint model methodologies, only results for o will be shown in detail.
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First, because the association parameter between outcomes is the one estimated by the
three methodologies, as TVCM does not provide a longitudinal analysis. Besides, longi-
tudinal coefficients cannot be entirely compared for JM and TSBB because the longitu-
dinal model differs. Lastly, because the simulation objective is to compare the methods’
performance when estimating the relationship between the two outcomes of interest.
Moreover, related to baseline hazard function, as TSBB and TVCM do not need to spec-
ify it, we set piecewise method in JM baseline hazard selection in order to allow a flexible
semi-parametric methodology.

The results of the simulation study are summarised in Table 6 for Scenario 1 and
Table 7 for Scenario 2. Results in both tables are based on the following statistics: the
%Bias (bias/ ), the empirical standard deviation (ESD), the average standard deviation
(ASD) and the 95% coverage probability (CP). It is worth mentioning that convergence
problems related to the normality assumption in the longitudinal model were found when
applying the JM methodology. Mainly it occurred in Scenario 1 for & = 0.1, where there
is a higher risk of death and, therefore, fewer longitudinal data. The convergence per-
centage was only 34% for ¢ = 0.5 sub-scenario, which makes this methodology hardly
applicable in case studies. Only in Scenario 2 for @ = —0.05 and ¢ = 0.05 this methodol-
ogy converged 100% times. To compare the three different approaches, we contemplated
those 200 realizations where all methods converged.

Table 6. Results of the association parameter @ obtained from the proposed method (TSBB),
the TVCM and joint model (JM) fitted to data considering Scenario 1 in Table 5 with @ €
(0.01,0.05,0.10) and ¢ € (0.05,0.5,1). Percentage bias (%Bias), empirical standard devia-
tion (ESD), average standard deviation (ASD) and 95% coverage probability (CP) are shown.

Scenario 1
o =0.01 a=0.05 a=0.10
[0} %Bias ESD ASD CP %Bias ESD ASD CP %Bias ESD ASD CP

0.05 TSBB 0.11 0.012 0.012 98.0  0.37 0.014 0.012 72.0 036 0.018 0.014 33.0
TVCM 0.18 0.010 0.011 96.0  0.12 0.012 0.011 89.0 0.05 0.011 0.012 94.0
M 043 0.012 0.013 955 0.48 0.016 0.014 63.5 045 0.018 0.018 33.5

0.5 TSBB -0.01 0.013 0.013 96.0 0.23 0.018 0.013 76.0 0.09 0.025 0.014 73.5
TVCM-0.37 0.008 0.008 925 -0.36 0.009 0.008 385 -0.47 0.008 0.008 0.0
IM 046 0.015 0.016 950 051 0.022 0.019 750 0.24 0.034 0.024 84.0

1 TSBB -0.16 0.015 0.012 86.5 0.04 0.016 0.012 85.0 -0.10 0.025 0.012 60.0
TVCM-0.47 0.008 0.007 88.5 -0.50 0.008 0.007 7.5 -0.59 0.007 0.007 0.0
M 0.50 0.018 0.017 92.5 048 0.024 0.021 875 0.21 0.046 0.029 77.5

First, both tables show that TVCM has the lowest ESD in all scenarios due to
the LVCF approach that assumes longitudinal outcomes constant among measurement
times. According to Table 6, we can see that this methodology produces highly biased
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results, specially when the dispersion and association parameters are increased, as ev-
idenced by the poor CP results, which reached zero in some sub-scenarios. Table 7
demonstrates that TVCM produced less biased results when there is small association
between m;(t) and h;(¢). Otherwise, its results are generally not the least biased in the
moderate and strong association scenarios, which, in addition to its low ESD, is reflected
in its lower CP when compared to other methods.

For the TSBB approach, the ESD remains quite similar in all the scenarios of Table
6, being slightly larger when dispersion or association parameters increase, which also
happens in Table 7. This conclusion results quite logical as increasing variability in the
outcomes also increases the uncertainty of the estimations. Its ESD results are higher
than the ones in TVCM in all sub-scenarios because fitting longitudinal outcomes when
the event takes place includes more variability rather than considering the last value
recorded constant. Concerning bias, TSBB presents the lowest %Bias in Table 6 for
most of the scenarios, and it does so in Table 7 except for the small-association case,
where only around 33 results were statistically significant. However, in Table 6, we
find low CP compared with other methodologies, mainly in sub-scenario @ = 0.1 that
might be due to high patient risk, that few longitudinal data is taken into account and
coefficient estimation is poorer. Then, there is greater variability in estimates of the
longitudinal sub-model. However, in the second step we include the fitted value in the
Cox model without incorporating the estimated variability of the longitudinal part. Then
the difference between the ESD and the ASD produces the low CP values in those sub-
scenarios.

Table 7. Results of the association parameter @ obtained from the proposed method (TSBB),
the TVCM and joint model (JM) fitted to data considering Scenario 2 in Table 5 with @ €
(—0.05,—0.10,—0.15) and ¢ € (0.05,0.5,1). Percentage bias (%Bias), empirical standard de-
viation (ESD), average standard deviation (ASD) and 95% coverage probability (CP) are shown.

Scenario 2
a=-0.05 a=-0.10 a=-0.15
[0} %Bias ESD ASD CP %Bias ESD ASD CP %Bias ESD ASD CP

0.05 TSBB -0.32 0.033 0.031 90.5 0.09 0.032 0.033 95.0 0.23 0.037 0.038 89.0
TVCM 0.17 0.031 0.028 90.0 0.26 0.032 0.031 87.5 0.30 0.035 0.034 75.0
M 0.74 0.037 0.035 81.5 0.78 0.039 0.039 51.5 0.83 0.049 0.046 23.0

0.5 TSBB -0.41 0.027 0.030 91.5 -0.02 0.031 0.033 97.5 0.07 0.035 0.037 96.0
TVCM-0.12 0.023 0.024 95.0 -0.09 0.026 0.026 95.0 -0.08 0.029 0.029 92.5
IM 0.79 0.038 0.040 85.0 0.80 0.045 0.045 595 0.85 0.056 0.055 32.0

1 TSBB -0.43 0.029 0.029 88.0 -0.12 0.032 0.032 94.0 0.00 0.035 0.035 95.0
TVCM-0.23 0.022 0.022 91.0 -0.23 0.023 0.024 86.0 -0.19 0.026 0.027 81.0
M 0.87 0.044 0.043 84.5 0.83 0.053 0.050 62.5 0.92 0.069 0.061 33.5
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Lastly, the JM approach ends with the highest %Bias in almost all the scenarios,
specially in Table 7 where the maximum score number of the longitudinal outcome was
set equal to 8. Normality assumption tends to fail as the maximum score number is
lower in binomial data. Therefore, the simulation study shows the importance of con-
sidering an adequate distribution for the longitudinal outcome. Moreover, we can see
that JM results are overestimated in all sub-scenarios which, in fact, the same effect can
be observed in Section 5 where real data estimations with JM methodology were more
extreme compared to those obtained with TSBB or TVCM methodologies.

Based on the simulation study results, we can conclude that although our proposal is
based on a two-stage methodology, which is known as a biased approach, it performed
better estimations in most scenarios. The first reason is that TVCM results are more
biased in most cases and tend to underestimate the association parameter. Lastly, a Joint
Model with a normality-based assumption for longitudinal data leads to really skewed
results and high ESD. Moreover, it has significant convergence problems due to the nor-
mality assumption of the discrete and bounded longitudinal data. Hence, we emphasize
the importance of considering a complete analysis of both outcomes and remark on the
consequences of considering an inaccurate distribution of longitudinal data.

7. Conclusion and further research

In biological or clinical trials, which usually involve the follow-up of subjects, longi-
tudinal and time-to-event variables are often recorded. Traditionally, although interest
relied primarily on clinical indicators, PRO measurements have gained relevance in re-
cent years and are now highly recommended in patients’ assessments (Deshpande et al.,
2011). This tool allows researchers to collect patient-perceived information about sev-
eral topics, usually regarding health-related quality of life (HRQoL). Several studies are
arising to examine HRQoL as a surrogate indicator of prognosis concerning mortality,
showing the usefulness of HRQoL in the prediction of prognosis (Esteban et al., 2022).
However, we found that some analysis were performed under a cross-sectional frame-
work that did not take into account the repeated examinations and others that are only
focused on measure patient’s HRQoL evolution without considering survival data.

In the literature, we realized that there are two common methodologies for analyz-
ing the relationship between longitudinal and time-to-event outcomes: Time-Varying
Cox Model (TVCM) and the classic Joint Model based on shared-random effects (JM).
TVCM incorporates the repeated measurements as covariates considering its value con-
stant between the measurement time intervals, whereas JM jointly fits both outcomes
where it is considered a longitudinal normality-based model. However, these two popu-
lar approaches are not able to incorporate PRO characteristics. Firstly because TVCM is
not considered adequate for endogenous measurements that require the survivality of the
patient to be recorded. Lastly, because the classic Joint Model leads to computational
complexities if normal distribution is not assumed for the longitudinal data. To fill this
gap in the state of the art, the main objective of this work is to perform a complete anal-
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ysis of longitudinal HRQoL measurements and survival data that incorporates the PRO
discrete, bounded and overdispersed essence.

In this study, we proposed a joint model based on two-stage methodology that allows
the inclusion of the Beta-Binomial distribution for longitudinal data and also avoids
computational complexities. We focused on the idea of a suitable fitting for repeated
measurements that enhance the estimation of the relationship between longitudinal and
survival data. Moreover, we emphasized how critical it is to select a wrong longitudinal
model when considering a joint model performance. Our proposal includes a Beta-
Binomial mixed-effect model to accommodate the correlation structure of longitudinal
overdispersed discrete and bounded outcomes. In addition, the semi-parametric Cox
model is set for survival data where longitudinal fitted values are included as covariates.
Although the two stage approach is not a novel methodology for the joint modelling
framework, the estimation procedure that we propose is the first one in the literature that
entirely incorporates the nature of the PRO data.

This approach also provides a longitudinal fit of the PRO data that TVCM does
not consider and also set an adequate model for repeated PRO measurements that causes
computational complexities in the JM methodology. Moreover, several longitudinal PRO
measurements can be easily incorporated in the survival model which is not possible in
the JM approach. To compare the performance of our proposed methodology with those
that are widely used in the literature for assessing the relationship between longitudinal
PRO measurements and survival data, we carried out a simulation study. The simulation
study showed that in most of the scenarios, the proposed method obtained better per-
formance with a smaller bias and a greater coverage probability of the parameter than
the other methods. Besides, results showed that JM presented significant convergence
problems due to normality assumption, which makes it hardly applicable for real data.
This method also lead to really biased estimations. The TVCM was mainly affected by
PRO overdispersion because when variability is increased in the longitudinal outcomes
its bias worsens due to the last value carried forward assumption.

We also applied the methodologies to the detailed COPD study to analyze real data
and show that our methodology presents an easy interpretation of the results in terms
of odds-ratio and hazard ratio. Relevant conclusions were exposed for both generic and
disease-specific questionnaires. It was shown that the patient’s perception of its activity
levels and its feelings about it has a significant impact on the patient’s risk of death.

Our proposed methodology has potential limitations. The two-stage methodology is
mainly known for being a biased approach and it is shown in the simulation study results
seemed to be biased. Moreover, a few number of repeated measurements per subject can
lead into a to poor estimates of the longitudinal model that will be reflected in the esti-
mation of the association parameter. Furthermore, the second step of the process does
not account for the variability of longitudinal estimations, which can underestimate the
variance of the estimations as it was shown in simulation study by ESD and ASD differ-
ences. Consequently, it sometimes results in low CP results despite of having a low bias.
For further work, we aim to investigate a Bayesian approach that allow us to incorpo-
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rate Beta-Binomial distribution for repeated measurements and jointly fits longitudinal
and survival models. We also aim to include the longitudinal estimation variability in
order to avoid low CP results and correct the potential bias that standard two-stage meth-
ods present. In the literature, several proposals exist for mechanisms to reduce the bias
inherent in the two-stage joint modeling methodology while preserving its main advan-
tages: the ability to address complex structures flexibly and the reduced computational
demand. See, for instance, the works of Leiva-Yamaguchi and Alvares (2021) and Al-
vares and Leiva-Yamaguchi (2023).

As concluding remarks, we recommend the used of our proposed two-stage method-
ology that incorporates a Beta-Binomial mixed-effects model into the joint modelling
framework. This methodology provides a complete analysis of longitudinal PRO and
survival data with an adequate fit over popular methodologies.

Acknowledgements

This research is supported by AEI and EJ-GV under Grants PID2020-115882RB-100 /
AEI / 10.13039/5011 00011033 with acronym “S3M1P4R”, Departamento de Educa-
cion, Politica Lingiiistica y Cultura del Gobierno Vasco [IT1456-22] and also by the
Basque Government through the BERC 2022-2025 program and by the Ministry of Sci-
ence and Innovation: BCAM Severo Ochoa accreditation CEX2021-001142-S / MICIN
/ AEI/10.13039/501100011033. We also gratefully acknowledge Dr. Cristobal Esteban
for providing the COPD data and Inmaculada Arostegui for the scientific discussion.

References

Alvares, D. and Leiva-Yamaguchi, V. (2023). A two-stage approach for Bayesian
joint models: reducing complexity while maintaining accuracy. Statistics and
Computing, 33(5):1-11. ISSN: 15731375. DOI: 10.1007/s11222-023-10281-9. URL:
https://doi.org/10.1007/s11222-023-10281-9.

Arisido, M. W., Antolini, L., Bernasconi, D. P., Valsecchi, M. G. and Rebora, P. (2019).
Joint model robustness compared with the time-varying covariate Cox model to evalu-
ate the association between a longitudinal marker and a time-to-event endpoint. BMC
Medical Research Methodology, 19(1):1-13. ISSN: 14712288. DOI: 10.1186/s12874-
019-0873-y.

Armero, C. (2021). Bayesian Joint Models for Longitudinal and Survival Data. Wi-
ley StatsRef: Statistics Reference Online, pages 1-6. DOI: https://doi.org/10.1002/
9781118445112.stat08129.

Arostegui, 1., Nufiez-Antén, V. and Quintana, J. M. (2007). Analysis of the short
form-36 (SF-36): The beta-binomial distribution approach. Statistics in Medicine,
26(June):1318-1342. DOI: 10.1002/sim.

Arostegui, 1., Nifiez-Antén, V. and Quintana, J. M. (2013). On the recoding of con-
tinuous and bounded indexes to a binomial form: An application to quality-of-


https://doi.org/10.1002/9781118445112.stat08129
https://doi.org/10.1002/9781118445112.stat08129
https://doi.org/10.1007/s11222-023-10281-9

180 PROs and survival analysis of chronic obstructive pulmonary disease patients...

life scores. Journal of Applied Statistics, 40(3):563-582. ISSN: 02664763. DOLI:
10.1080/02664763.2012.749845.

Crowther, M. J. and Lambert, P. C. (2013). Simulating biologically plausible com-
plex survival data. Statistics in Medicine, 32(23):4118-4134. ISSN: 0277-6715. DOI:
10.1002/sim.0000.

Deshpande, P. R., Sudeepthi, B. L., Rajan, S. and Nazir, C. P. A. (2011). Patient-reported
outcomes: A new era in clinical research. Perspectives in Clinical Research, 2(4):137.
ISSN: 2229-3485. DOI: 10.4103/2229-3485.86879.

Domingo-Salvany, A., Lamarca, R., Ferrer, M., Garcia-Aymerich, J., Alonso, J., Félez,
M., Khalaf, A., Marrades, R. M., Monsoé, E., Serra-Batlles, J. and Antd, J. M. (2002).
Health-related quality of life and mortality in male patients with chronic obstructive
pulmonary disease. American Journal of Respiratory and Critical Care Medicine,
166(5):680-685. ISSN: 1073449X. DOI: 10.1164/rccm.2112043.

Esteban, C., Arostegui, 1., Aramburu, A., Moraza, J., Aburto, M., Aizpiri, S., Chasco,
L. and Quintana, J. M. (2022). Changes in health-related quality of life as a marker
in the prognosis in COPD patients. ERJ Open Research, 8(1):00181-2021. DOI:
10.1183/23120541.00181-2021. URL: http://dx.doi.org/10.1183/23120541.00181-
2021.

Esteban, C., Arostegui, 1., Aramburu, A., Moraza, J., Najera-Zuloaga, J., Aburto, M.,
Aizpiri, S., Chasco, L. and Quintana, J. M. (2020). Predictive factors over time of
health-related quality of life in COPD patients. Respiratory Research, 21(1):1-11.
ISSN: 1465993X. DOI: 10.1186/s12931-020-01395-z.

Faucett, C. L. and Thomas, D. C. (1996). Simultaneously modelling censored sur-
vival data and repeatedly measured covariates: A Gibbs sampling approach. Statis-
tics in Medicine, 15(15):1663-1685. ISSN: 02776715. DOI: 10.1002 / (SICI ) 1097-
0258(19960815)15:15;1663:: AID-SIM294,3.0.CO;2-1.

Ibrahim, J. G., Chu, H. and Chen, L. M. (2010). Basic concepts and methods for joint
models of longitudinal and survival data. Journal of Clinical Oncology, 28(16):2796—
2801. ISSN: 0732183X. DOI: 10.1200/JC0O.2009.25.0654.

Jones, P. and Higenbottam, T. (2007). Quantifying of severity of exacerbations in chronic
obstructive pulmonary disease adaptations to the definition to allow quantification.
Proceedings of the American Thoracic Society, 4(8):597-601. ISSN: 15463222. DOI:
10.1513/pats.200707-115TH.

Jones, P. W. (2005). St. George’s respiratory questionnaire: MCID. COPD: Jour-
nal of Chronic Obstructive Pulmonary Disease, 2(1):75-79. ISSN: 15412555. DOLI:
10.1081/COPD-200050513.

Jones, P. W., Quirk, F. H. and Baveystock, C. M. (1991). The St George’s Res-
piratory Questionnaire. Respiratory Medicine, 85:25-31. ISSN: 09546111. DOI:
10.1016/S0954-6111(06)80166-6.

Leiva-Yamaguchi, V. and Alvares, D. (2021). A two-stage approach for bayesian joint
models of longitudinal and survival data: Correcting bias with informative prior. En-
tropy, 23(1):1-10. ISSN: 10994300. DOI: 10.3390/e23010050.


http://dx.doi.org/10.1183/23120541.00181

Cristina Galan-Arcicollar, Josu Najera-Zuloaga and Dae-Jin Lee 181

Li, Z., Tosteson, T. D. and Bakitas, M. A. (2013). Joint modeling quality of life and sur-
vival using a terminal decline model in palliative care studies. Statistics in Medicine,
32(8):1394-1406. ISSN: 02776715. DOI: 10.1002/sim.5635.

Najera-Zuloaga, J., Lee, D.-J. and Arostegui, 1. (2018). Comparison of beta-binomial
regression model approaches to analyze health-related quality of life data. Sta-
tistical Methods in Medical Research, 27(10):2989-3009. ISSN: 14770334. DOI:
10.1177/0962280217690413.

Najera-Zuloaga, J., Lee, D.-J. and Arostegui, I. (2019). A beta-binomial mixed-effects
model approach for analysing longitudinal discrete and bounded outcomes. Biomet-
rical Journal, 61(3):600-615. ISSN: 15214036. DOI: 10. 1002 / bimj . 201700251.

Najera-Zuloaga, J., Lee, D.-J. and Arostegui, 1. (2022). PROreg: Patient Reported
Out- comes Regression Analysis. R package version 1.2. URL: https://CRAN.R-
project.org/package=PROreg.

Papageorgiou, G., Mauff, K., Tomer, A. and Rizopoulos, D. (2019). An overview of joint
modeling of time-to-event and longitudinal outcomes. Annual Review of Statistics and
Its Application, 6(August 2018):223-240. ISSN: 2326831X. DOI: 10.1146/annurev-
statistics-030718-105048.

Pauwels, R. A. and Rabe, K. F. (2004). Burden and clinical features of chronic obstruc-
tive pulmonary disease (COPD). Lancet, 364(9434):613-620. ISSN: 01406736. DOI:
10.1016/S0140-6736(04)16855-4.

Pinheiro, J., Bates, D., DebRoy, S., Sarkar, D. and R Core Team (2013). nime: Linear
and Nonlinear Mixed Effects Models. R package version 3.1-108.

Rizopoulos, D. (2010). JM: An R package for the joint modelling of longitudinal and
time-to-event data. Journal of Statistical Software, 35(9):1-33. ISSN: 15487660.
DOI: 10.18637/jss.v035.109.

Rizopoulos, D. (2012). Joint Models for Longitudinal and Time-to-Event Data With
Applications in R. CRC Press, p. 274. ISBN: 1439872864.

Rosenberg, P. S. (1995). Hazard Function Estimation Using B-Splines. Biometrics,
51(3):874. ISSN: 0006341X. DOI: 10.2307/2532989.

Self, S. and Pawitan, Y. (1992). Modeling a Marker of Disease Progression and Onset of
Disease. AIDS Epidemiology, (1991):231-255. DOI: 10.1007/978-1-4757-1229-2_11.

Speight, J. and Barendse, S. M. (2010). FDA guidance on patient reported outcomes.
BMJ (Online), 341(7772):518. ISSN: 17561833. DOI: 10.1136/bmj.c2921.

Therneau, T. M. and Grambsch, P. M. (2000). Modeling Survival Data: Extending the
Cox Model. Springer, New York. ISBN: 0-387-98784-3.

US Department of Health and Human Services (2006). Guidance for industry: Patient-
reported outcome measures: Use in medical product development to support label-
ing claims: Draft guidance. Health and Quality of Life Outcomes, 4:1-20. ISSN:
14777525. DOI: 10.1186/1477-7525-4-79.

Vanfleteren, L. E. G. W., Spruit, M. A., Wouters, E. F. M. and Franssen, F. M. E.
(2016). Management of chronic obstructive pulmonary disease beyond the lungs.


https://CRAN.R

182 PROs and survival analysis of chronic obstructive pulmonary disease patients...

The Lancet Respiratory Medicine, 4(11):911-924. ISSN: 22132619. DOI: 10.1016/
S$2213-2600(16)00097-7. URL: http://dx.doi.org/10.1016/ S2213-2600(16)00097-7.
Ware, J. E., Snow, K. K., Kosinski, M. and Gandek, B. (1993). SF36 Health Survey,

Manual and Interpretation Guides.

Weldring, T. and Smith, S. M. S. (2013). Article Commentary: Patient-Reported Out-
comes (PROs) and Patient-Reported Outcome Measures (PROMs). Health Services
Insights, 6:61-68. ISSN: 11786329. DOI: 10.4137/HSI1.S11093.

Wiklund, I. (2004). Assessment of patient-reported outcomes in clinical trials: The
example of health-related quality of life. Fundamental and Clinical Pharmacology,
18(3):351-363. ISSN: 07673981. DOI: 10.1111/5.1472-8206.2004.00234 .x.

Wu, L., Liu, W,, Yi, G. Y. and Huang, Y. (2012). Analysis of longitudinal and sur-
vival data: Joint modeling, inference methods, and issues. Journal of Probability and
Statistics, 2012. ISSN: 1687952X. DOI: 10.1155/2012/640153.


http://dx.doi.org/10.1016

SORT 48 (2) July-December 2024, 183-208 DOI: 10.57645/20.8080.02.18

Non-parametric estimation of the
covariate-dependent bivariate distribution for
censored gap times
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Abstract

In many biomedical studies, recurrent or consecutive events may occur during the follow-
up of the individuals. This situation can be found, for example, in transplant studies,
where there are two consecutive events which give rise to two times of interest subject
to a common random right-censoring time, the first one being the elapsed time from
acceptance into the transplantation program to transplant, and the second one the time
from transplant to death. In this work, we incorporate the information of a continuous
covariate into the bivariate distribution of the two gap times of interest and propose a
non-parametric method to cope with it. We prove the asymptotic properties of the pro-
posed method and carry out a simulation study to see the performance of this approach.
Additionally, we illustrate its use with Stanford heart transplant data and colon cancer
data.
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Keywords: Bivariate distribution, Copula function, Covariate, Serial dependence, Random cen-
soring, Kernel estimation.

1. Introduction

In many biomedical studies, recurrent or consecutive events may occur during the follow-
up study of the individuals. In this setting, it is of interest to study the time between
consecutive events subject to a common censoring variable. In the literature, these con-
secutive times are known as gap times. Examples of this situation can be found in the
recurrence of breast cancer, bleeding episodes in patients with liver cirrhosis, AIDS stud-
ies or transplantation in heart studies. Several authors have already dealt with estimating
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the distribution function of such gap times (see, e.g., Lin, Sun and Ying (1999), Meira-
Machado and Roca-Pardifias (2011), Serrat and Gémez (2007) or Huang and Louis
(1998), among others). Bivariate consecutive data under interval sampling have been
considered in Zhu and Wang (2012), where the authors indicated the importance of ap-
plying these models to cancer study. Moreover, a bivariate estimation under censoring
and with semi-competing risk data, has been studied in Fine, Jiang and Chappell (2001)
and Wang (2003). Nevertheless, none of these authors consider the influence of the co-
variates. In the case of complete data, the estimation of the conditional bivariate distri-
bution has been studied in terms of conditional copula function by Gijbels, Veraverbeke
and Omelka (2011). In our paper, we introduce a continuous covariate into the censored
gap times setup and propose a new method to estimate the conditional bivariate distri-
bution function. This new methodology is an adaptation and a mixture of the methods
proposed by Beran (1981) and van Keilegom (2004), which are further used to estimate
as well the bivariate conditional density and the marginal distributions. It provides also
a strong basis to study the conditional copulas and measures of conditional dependence.

The paper is organized as follows. In Section 2, we introduce the model. In Sec-
tion 3, we propose our estimator of the conditional joint distribution function of two gap
times. In Section 4, we derive kernel type estimators for the conditional distribution
function of the two marginal times. In Section 5, we propose a likelihood based band-
width selector. We check the behaviour of the proposed methods through a simulation
study in Section 6. Finally, we illustrate their use with two real data examples in Section 7.

2. Model description

Let 71 and T, be two consecutive times subject to a common random right-censoring
variable, C. Denote by 7} and 7> the observed times, that is, 7] = min(7},C), Tr =
min(73,C,), where C, = (C — Ti)1{7,<cy- Moreover, set 8; = 1y <cy and & = lyp<cy)
as the observed censoring indicators. The following three situations may occur:

a) T+ T, <C =T, and T» are observed, thatis, T} =T}, T, =15, 8 =l and &, = 1.
b)) 1 <C<T1+h=T=T,60=1,1=C—T;and 6, = 0.
c) C<T :>T] :C,51 :O,Tzzoand&:().

See Figure 1, where T = T; 4 T3, to get a visual insight of these three possible situ-
ations.

The joint cumulative distribution function (cdf) of the pair of consecutive times
(T1,T») has been previously studied by several authors: Wang and Wells (1998) under
the assumption of independence between the censoring time and the gap times; Visser
(1996) considered that censoring may depend upon previous gap times, although requir-
ing discrete censoring time and gap times; de Ufia-Alvarez and Meira-Machado (2008),
Strzalkowska-Kominiak and Stute (2010) and de Ufia-Alvarez and Amorim (2011) stud-
ied consecutive survival times with a common censoring variable. In this work, we
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consider this last setting with the novelty of including extra information given by a one-
dimensional continuous covariate, let say X, to gain in estimation efficiency and study
its influence on survival times.

To illustrate our setting, we will consider the following examples. The first one is
based on the Stanford heart transplant and a colon cancer data set, described in Meira-
Machado and Roca-Pardifias (2011) and Kalbfleisch and Prentice (1980), among others.
In this dataset, there are two times of interest, 77 = time from acceptance into the trans-
plantation program to transplant (in months), and 7, = time from transplant to death
(in months), and some covariates available such as age, year of acceptance and surgery
(prior bypass surgery). Additionally, there are other two variables (delta and status) that
specify if the individual has received a transplant (or not), delta = 1 (delta = 0), and if
he/she has died (or not), status = 1 (status = 0). Those individuals with both times ob-
served correspond with those that have delta = 1 and status = 1. In the case that the first
time is observed but not the second time, the individuals have delta = 1 and status = 0.
For the rest, with delta = 0, none of the two times are observed. The second example is
based on a colon cancer dataset, previously studied in Lawless and Yilmaz (2011). For
this dataset, the two times of interest are 77 = time from study registration to recurrence
(in years), and T, = time from recurrence to death (in years), and the covariates available
are treatment and age. Analogously to the first example, there are censoring indicators
that state if none, one or both times are censored. In both examples, we aim to assess
the effect of age on the vector (77,73). In the second example, we are also interested in
studying the treatment effect. In both cases, the censoring variable C is the time until
end of the study which, for a given age, can be assumed independent of the lifetimes of
interest.

a)

b)

<)

Figure 1. The three possible situations for Ty, T, T and C.
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Based on 7 i.i.d. replicates, {(7i;, 7, 61i,8),i = 1,...,n}, of the random vector
(T1,T5,81,8,), our goal in this paper is to estimate the bivariate cdf of (71, T») given that
X = x, that is,

F(y1,y20x) =P(T1 <y1, T2 < y2|X = x), D
under the following assumption:
Al: (T1,T>) is independent of C given X.
Note that under assumption Al, it follows the following condition:
A2: T, is independent of C; = (C —Ti)1 7, <c) given 71 and X.

From here on, we denote by Fr(r) the cdf of T, G(t) the cdf of C, and by G(¢|x) the
conditional cdf of C given X, that is, G(t|x) = P(C <t|X = x). We assume throughout
the paper that the densities f(y;,y2]x), fx(x) and g(z|x), related to F(y,y2|x), Fx(x) =
P(X <x) and G(t|x), exist and are continuous, and that Fj (y; |x) = F(y1,c0|x) and Fx(x)
are differentiable up to order two. Note that F is identifiable only in the region {(t;,%,) :
11+t < 7.(x)}, where 7.(x) is the right hand side of the support of C given X = x, that
is, 7.(x) = inf{z : G(t|x) = 1}.

3. Conditional joint estimators

The aim of this section is to propose a nonparametric estimator of (1).
Let’s f21(y2|t1,x) and f; (71 |x) denote the densities related to the distributions F»; (y2|t;,x)
and Fi (11]x), respectively, where Fa; (ya|t;,x) = P(Th < y2|T1 =11,X = x). Hence

V1 Y2 V1 Y2
F(y17y2|x) = /0 /O f(tl,lz‘x)dlldlz = /0 /O f21 (Zz|l‘1,)€)f1 (tl ‘x)dtzdtl
V1
— /0 Fat (valt1,%) f1 (11 |x)dlty.

Hence, our estimator is based on the following, more general, identity

V1
F(y1,y20x) = /0 For (a1, ) Fi (dny |x),

where
Fi(yi|x) =P(Th <y1|X =x). 2)
Moreover, under assumption Al, we have that
P(T, <y|T =t1,0=1,X=x)=P(T < y,|T1 =1,,C > 1;,X =x)
=P(Tr <y»|Th =t1,X =x)
and therefore
Fi(n|t,x) =P(T, <w|Th =1,0, = 1,X =x). 3)

In the following subsections, we propose nonparametric estimators of (2), (3) and
(1), respectively.
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3.1. Estimation of F(t,|x)

We propose to estimate Fj(1]x) by the Beran (1981) estimator of the conditional cdf of
T given X = x, denoted by F,(t1]x). More precisely, Fi, is a standard version of the
Beran estimator, defined as

n B,‘n(x)l{T -<y}61i
Fol)=1-]]|1- = (4)
! IIJ 27:1 1{T1jZT1i}B-i"(x)
where N
K(x; L
Bin(x) = 71_;(.7
;!:1 K(xh, £)

and h; is a bandwidth parameter. As usual, K is a bounded kernel function with the
following properties:

/uK(u)du =0, and /uzK(u)du < oo,

3.2. Estimation of F»(t:|t1,x)

We propose to estimate F»;(2]t,x) by the Beran estimator of the conditional cdf of T,
given (T1,0;1,X) = (11,1,x), denoted by Fa1,(f2]t1,x).
Let define
H*(t|t1,x) = P(TQ < t|T1 = l1,51 = l,X :x).

and
H(tlt1,x) =P(T, <t,8, = 1T} = 11,8, = 1,X =x).

Given that the assumption Al is valid, the condition A2 holds and therefore, we obtain
that
1 —H*(t*]tl,x) = (1 —F21(f\t1,x))IP’(C2 > l’T] =1,01=1,X ZX)

and .
I:I*(t\tl,x) :/ P(Cg > S’T] = l1,51 =1,X :X)le(dS’l1,x>.
0

Hence, the hazard rate of F;; equals

Fy1(dtlty, x) H*(dt]t1,x)
dAo (t|ty,x) = - '
21(t]t1,x) =Py |n,x)  1—H (r|r,x)

Finally, we obtain

1 B, x,01) 17 <,y O
F21n([2|t1’x) = 1 _H 1 _ . ( 1) {Tzlh‘gl‘z} ) 7
i=1 Zj:l 1{T2j2T2i}Bjn(x’t1)
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the Beran estimator based on the restricted sample (that is, only the data with 6; = 1),

where
)K (" hf")

k(i

511 (
27:1 51]

and i) and A, are bandwidth parameters.

Ein(xatl) =

3.3. Estimation of F(y;,y»|x)

Following the same ideas as in van Keilegom (2004), we propose to estimate F by plug-
ging in appropriate estimators of F] and F31, that is,

V1
F, (y1,y2)x) = /0 Fotn(yalt1,2) Fin(dty ), )

where Fy,(t;|x) and F>1,(%2|t1,x) have been previously introduced in Subsections 3.1 and
3.2.

In order to estimate f(y;,y»|x), the density function associated to the bivariate cdf
F(y1,y2|x), we consider an alternative way to write F,(y;,y2|x) as follows

n
Fu(y1,y20x) = ZWu ) z,<y 1 Fo1n (32| Thiy %), (6)

where
Wii(x) = Fin(T1ilx) — Fia(Ty; |x)

and we set the following weights

Wi (x) = Fou(Thi, Tok|x) — Fu(Ty; , Tae|x) — Fu(Thi, Tog |x) + B (Ty7, T ).

1

Taking into account that
Wi (x) = Wi (x) Wagi(x),
where
Woki(x) = Fon(Tok|Thiy x) — Fou(To | This X),
we propose to estimate f(y1,y;|x), the density function associated to the bivariate cdf
F(y1,y2/x), by

1 & & yi — T y2— T
f, = WB(x)K K 7
1,320x) = Talts ; ; ik (X) < I ) < I > ; @)

where A3 is an additional bandwidth parameter.
Before we state our first theorem, we set

H(tlx) = P(T, <1X =x),
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and define 7 (x) and 7»(#;,x) as follows
0<7(x)<inf{r:H(t|x) =1} <eo, m(t;,x) <inf{r:H"(t|t;,x) =1}.

Set
A) ={(t,) 11 <71 (x),02 < Inf (8, )}
<h

Theorem 3.1. Let (y1,y2) € A(x) and x € {u: fx(u) > 0}, where fx denotes the density
of X. Under assumption Al, if nh? — 0, nh? — o and nhg — ¢ >0, we have

V/nhi (Fy(v1,y2]%) = F(y1,y2[x)) = N(0, 67 (v1,y2[%)),

where

2 _ pz(y17y27x)fK2(t)d[
or (v, y2lx) = = )

and p}(y1,y2,x) is given in (A.12).
Proof. See Appendix A.

Remark 3.2. The variance Glz(yl, y2|x) has a complicated structure since it reflects
variability of three leading terms in the expansion of the process from Theorem 3.1 and
hence in practical applications it needs to be approximated using bootstrap or jackknife.

However, when no censoring is present, it reduces to the well known expression with

P12(Y17y2,x) =F(y1,y20x)(1 = F(y1,y2]x)).

Remark 3.3. The estimator ¥, (y1,y2|x) given in (6) can be extended to the case where
T is, additionally to being censored from the right, left truncated by a random variable
Z, independent of Ty and T;. In such a case, we only need to replace Fi,, by the estimator

introduced by Iglesias-Pérez and Gonzdlez-Manteiga (1999).

4. Conditional marginal estimators

Our goal in this section is to estimate Fj(t|x) and F>(¢|x), where F; denotes the condi-
tional distribution function of 7; given X = x, for i = 1,2. Remark that Fj(|x) can be
consistently estimated by a standard conditional Beran estimator as given in (4). See
Beran (1981) or Gonzdlez-Manteiga and Cadarso-Sudrez (1994), for details. Regarding
F(t|x), due to induced dependent censoring, we cannot use the standard Beran esti-
mator. So we propose a new estimator derived from the proposed bivariate estimator
F,(t1,12/x). We should recall, however, that we have the asymptotic properties of this
estimator only for (#1,#,) € A(x). Hence, similarly to van Keilegom (2004), we define

Fy' (t]x) = F (71 (x),1]x)
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that, under the assumption inf{¢ : Fi (t|x) = 1} <inf{z : G(t|x) = 1}, can be made arbi-
trarily close to F»(¢|x). Consequently, we define the following consistent estimator

EjM(t]x) = Fu(T1(x),1]x).

Since, as mentioned before, the estimation of Fj(z|x) has been widely studied in the
literature, we focus in our simulation study on the new estimator that we have proposed
for F>(t|x). In order to measure the performance of this conditional estimator, we con-
sider the Kolmogorov-Smirnov (KS) distance, that is,

KS(x) = sup 5} (1) = 5 1} ®)

5. Likelihood based bandwidth selection

In this section, we derive the likelihood function for two consecutive censored times,
T\ and T;. To give some insights, we will consider first the case of two independent
censored times C| and C;, so that 7} is censored by C; and 75 is censored by C,. For this
case, the likelihood function is given by
n
0(y) =Y | 81:62i1og(£(Thi, Toi|X;) ) + 61:(1 — 82i) log(g1(Thi, Tl X;))
i=1

+ 8 (1 — 61;) log(g2 (T, Toil X)) + (1 — 81;) (1 — 82:) log(F(Thi, Toi|Xi)) |,

where the density and cdf of (77,7;) given X are assumed to be known up to some
parameter ¥, and

gl(Tlijzi\Xi)Z/T £(Th;,t]X;)dt,
< A2f
o (Tii, ToilX;) = /T £(t, ToilX;)dt,
1
F(Tli,T2i|Xi) = ]P)(Tl > Tli,TZ > T2i|X :Xi).

Taking into account that in our setup there is one common censoring time C so that
(1—81;)62 =0andif 1 — &;; = 1, then 1 — &; = 1 and T5; = 0, we have that F(T};,0|X;) =
1 — Fi(Ty;|X;) and the likelihood function is reduced to

U(y) = i 81:62:1og(£(Thi, Toil X;)) + 61i(1 — 82:) log(g1 (Thi, Toi| X))
i=1

+(1—81;)log(1 — Fi(ThilX:)) | » )

which is a generalization of the discrete case covered in Visser (1996).
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Denoting K(y) = [ K(z)dz and replacing the unknown quantities in (9) by esti-
mators involving three bandwidth parameters, h;, h; and h3, we derive an estimated
log-likelihood function in terms of ¥ = (hy,hy, h3) to work with. Specifically, we denote
by ¢, (h1,h2,h3) the estimated log-likelihood function where f is estimated by f,, given in
(7) and g is estimated by

yl—Tl' )’Z_T2k
gy, y2x) = ZZ < I 1>K< n >

2 i=1k=

In order to select the bandwidth parameters in practice, we propose to maximize the
estimated log-likelihood function ¢,,(hy,h;,h3). The bandwidth selection is a problem-
atic issue already in the standard Beran estimator (with one variable of interest and one
dimensional covariate). An alternative to the proposed method would be to minimize the
integrated square error (w.r.t (1,f,x)). However, our method is computationally much
faster, it does not require numerical integration and it provides an estimate of the corre-
sponding bivariate conditional density as a byproduct. Moreover, it can be easily adapted
to multidimensional covariates by applying the so called single-index model (see, e.g.,
Strzalkowska-Kominiak and Cao (2013) for a single-index model under one-dimensional
censoring variable).

6. Simulation study

A simulation study is carried out here to check the performance of the new estimator,
previously proposed in (5). The scenarios that we consider are based on Huang, Luo
and Follmann (2011). More specifically, we start by generating two exponential random
variables, (Tlo, TZO), with unit means, linked by a Gaussian copula. This can be done by
following the steps:

* Generating n i.i.d. random variables, A; ~ N(0,,/p) and By; ~ N(0,/T—p), for
k=1,2andi=1,...,n

* Setting 7, = —In(1 — ®(A; + By;)), where @ is the cumulative distribution func-
tion of a standard normal variable.

Since (A + Bi,A + B,) follows a standardized bivariate normal variable with correlation
p, it is easy to prove that

FO(11,6) =P(T? <1, 1) <12) = Dp(d (1 —e ™), & (1 —e 7)),

where @, denotes the cdf of (A + B;,A + B,). Taking into account Sklar’s theorem (see
Sklar (1959)), it is easy to see that

Fo(tlvtz) - C(Ff)(tl)?FZO(tz))?

where C refers to the bivariate Gaussian copula with parameter p and FkO denotes the cdf
of T, fork = 1,2.
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To incorporate the effect of the covariate X in the gap times (77,73 ), we define T; =
(1?/a(X)) I/K, for k = 1,2, where a(X) = exp(BX). It is easy to check that, condition-
ally on X = x, Tp, for k = 1,2, is a Weibull distributed random variable with conditional
cdf Fi(t|x) = 1 —e /A" fort > 0, where the scale parameter equals A = (1/a(x))"/*
and the shape parameter equals k. Observe that the conditional hazard rate of this model
is given by h(t|x) = a(x)kt*~! with a(x) = exp(Bx). Hence J3 refers to the parameter of
the Cox model with basic hazard defined as ho(t) = kt*~ 1.

In order to get a copula representation of the conditional cdf of (77,73) given X = x,
we use the fact that

F(n,00x) =P (T < a(X)tf, T < a(X)if X =x) = F(a(x)tf, a(x)1))
= @2((1)71(1 —e*a(x)[fc)’q)*l(l _ efa(x)tf))
= @y (D (Fi (11]x)), D (B (1a]x))),

where Fj(z|x) denotes the cdf of T given X = x, for k = 1,2.

Therefore, this procedure leads us to two Weibull variables, 77 and 75, linked through
the bivariate Gaussian copula. In order to get more flexibility, other copula functions
could be used to link 7} and 75. In that case, the conditional cdf of (71,73) given X =
x would be as follows F(t1,1:]x) = C(Fi(t1|x), F2(f2]x)), where C denotes a bivariate
copula function.

In Subsection 6.1 we consider the Gaussian copula with fixed parameter p = 0.5
and variable parameter p = p(x) = x/10. Furthermore, we study in Subsection 6.2 the
Clayton copula with parameters 8 = 0.5 and 8 = 5. Additionally, we consider a cure rate
model in Subsection 6.3, where C denotes a bivariate Gaussian copula with parameter
p =0.5and T> given X = x comes from an improper distribution FY(t2|x) = pF(t2|x)
with p = 0.8. In order to generate values from these copulas see, for example, Cherubini,
Luciano and Vecchiato (2004) and Wu, Valdez and Sherris (2007).

Regarding the marginals, we consider § = 0.3 and three different values for k¥ =
1.5,2,3. We investigate the behaviour of the estimator under two different scenarios for
the distribution of the covariate, namely X ~ U(0,10) and X ~ N(5,1). Furthermore,
C ~ U(0,7,), where we choose two values for 7., such that the proportion of subjects
with zero events is approximately 10% and 15%, that is, there are 0.1n and 0.15# subjects
with &;; = 0 and &,; = 0. Moreover, for those 7. we have, respectively, 10% and 15%
events for which 0;; = 1 but &; = 0. Additionally, for the cure rate model, we choose
T, = 5 so that for p = 0.8, we have 9% 6&;; = 0,; = 0 and 25% events with é;; = 1 but
&,; = 0. In the following subsections, we present the simulation results for three different
models.

To simplify the likelihood based selection of the three dimensional bandwidth vector,
we consider that h; = ch, for j = 1,2,3 and maximize the likelihood function over one
parameter 4. The most natural choice for the constants ¢; is ¢ = 6(X), c; = 6(T) and
c3 = 6(T>), where 6 denotes the sample standard deviation.

This simulation study is carried out in the open-source software R and shows the
performance of our proposed estimator in terms of bias, variance and mean squared
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error (MSE) that are calculated by resampling using 200 trials. Additionally, we check
the estimator of the conditional marginal, F,(¢|x), with the Kolmogorov-Smirnov (KS)
distance defined in (8) with 7] = 0.

6.1. Gaussian copula model

In this subsection, we use the Gaussian copula with a constant parameter p = 0.5. We
access the quality of the estimation for different values of the parameter k € {1.5,2,3}
and X ~ U(0,10) (Tables 1-3). Furthermore, we check the behaviour of our estima-
tion procedure when X ~ N(5,1) for k = 2 (Tables 4-5). For a given x, the estimators
are computed in the middle point of the support for (¢1,7,) = (E(T1),E(T>)) and in the
right side of the support (¢;,7,) = (1,1) using 200 trials. In the case of X ~ U(0,10)
we choose x =5 and when X ~ N(5, 1) we investigate additionally the behaviour in low
density regions for x = 3. In continuation, we use a dependent Gaussian copula model
with parameter p = p(X) = X/10 and X ~ U(0,10) so that not only the marginals
depend on the covariate, but also the correlation between 77 and 7> changes with x.
The estimators are computed in (¢1,%,,x) = (E(T),E(T2),5) so that p(x) = 0.5 and in
(t1,02,x) = (E(T1),E(T3),8) so that p(x) = 0.8 (see Table 6).

Table 1. Bias, variance and MSE in (f1,t3,x) when p = 0.5, k = 1.5, X ~ U(0,10) and n =
100,200.

(t1,12,%) (0.39,0.39,5) (1,1,5) X=5
F(0.39,0.39]5) = 0.51 F(1,1]5)~0.98
n T, Bias Variance @ MSE Bias Variance @ MSE KS

100 3.9 | 0.0077 0.006  0.0061 | -0.0186 8e-04  0.0012 | 0.1375
2.5 | 0.0082 0.0062 0.0063 | -0.0219 0.0011  0.0016 | 0.1459
200 3.9 | -0.0066 0.0043 0.0043 | -0.0173  0.0006  0.0009 | 0.1088
2.5 | -0.0061  0.0042 0.0042 | -0.0157 0.0006  0.0009 | 0.1131

Table 2. Bias, variance and MSE in (t;,t2,x) when p = 0.5, k =2, X ~ U(0,10) and n =
100,200.

(t1,12,%) (0.46,0.46,5) (1,1,5) x=5
F(0.46,0.46|5) =~ 0.45 F(1,1]5)~0.98
n T, Bias Variance @ MSE Bias Variance @ MSE KS

100 4.6 | -0.0010 0.0064 0.0064 | -0.0198  0.0009  0.0013 | 0.1456
3.1 | -0.0138 0.0060 0.0062 | -0.0229  0.0010  0.0015 | 0.1468
200 4.6 | -0.0031 0.0037 0.0038 | -0.0144  0.0004  0.0006 | 0.1076
3.1 | -0.0027 0.0037 0.0037 | -0.0145  0.0006  0.0008 | 0.1123
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Table 3. Bias, variance and MSE in (t;,t,x) when p = 0.5, k =3, X ~ U(0,10) and n =
100, 200.

(t1,t2,%) (0.56,0.56,5) (1,1,5) x=5
F(0.56,0.56|5) ~ 0.38 F(1,1]5)~0.98
n T Bias Variance @~ MSE Bias Variance @ MSE KS

100 5.1 | -0.0009 0.0046 0.0046 | -0.0212  0.001 0.0014 | 0.1394
3.9 | -0.0031 0.0057 0.0057 | -0.022 0.0011 0.0016 | 0.1529
200 5.1 | 0.0014 0.0033 0.0033 | -0.0133  0.0005  0.0006 | 0.1126
3.9 | -0.0084 0.0032 0.0033 | -0.0146  0.0006  0.0008 | 0.1126

Table 4. Bias, variance and MSE in (t1,t3,x) with x =5 when p = 0.5, k =2, X ~N(5,1) and
1= 100,200.

(t1,t2,%) (0.46,0.46,5) (1,1,5) x=5
F(0.46,0.46|5) =~ 0.45 F(1,1]5)~0.98
n T, Bias Variance @ MSE Bias Variance @ MSE KS

100 4.6 | -0.0150 0.0037  0.0039 | -0.0008  0.0004  0.0004 | 0.1152
3.1 | -0.0112  0.0039 0.0040 | -0.0013  0.0005  0.0005 | 0.1171
200 4.6 | -0.0120 0.0024  0.0026 | -0.0029  0.0003  0.0003 | 0.0875
3.1 | -0.0120  0.0020  0.0021 | -0.0027  0.0003  0.0003 | 0.0929

Table 5. Bias, variance and MSE in (t1,t2,x) with x =3 when p = 0.5, k =2, X ~N(5,1) and
n =100, 200.

(11,12,%) (0.46,0.46,3) (1,1,3) x=3
F(0.46,0.46[3) ~ 0.24 F(1,1)3) ~0.86
n T, Bias Variance @ MSE Bias Variance @ MSE KS
100 4.6 | 0.0417 0.0121  0.0138 | 0.0528 0.0076  0.0104 | 0.2319

3.1 ] 0.0225 0.0120 0.0125 | 0.0414 0.0076  0.0093 | 0.2395
200 4.6 | 0.0293  0.0068 0.0076 | 0.0401 0.0055 0.0071 | 0.1821
3.1 | 0.0450 0.0079  0.0099 | 0.0454 0.0057 0.0077 | 0.2009

As can be seen in Tables 1-4, our proposed estimator gives very good results. There
is no significant difference in the performance of the estimator for different values of x
nor it changes with change of the distribution of the covariate when x = 5 is considered.
Introducing a dependent copula model (Table 6) also does not affect negatively the re-
sults. As expected the results improve when increasing the sample size and surprisingly
they are not very affected by increasing the censoring rate. Additionally, even though the
asymptotic properties were proved for compact sets, our new method gives good results
even for (¢1,#,) being near to the right-hand side of the support. The only exception are
the low density regions with normal covariate (Table 5), were the quality of estimation
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declines. This is, however, not surprising since this type of behaviour we observe also
with standard Beran estimator.

Table 6. Bias, variance and MSE in (t1,t2,x) when p = x/10, x =2, X ~ U(0,10) and n =
100, 200.

(t1,12,x) (0.46,0.46,5) x=5 (0.46,0.46,8) x=8
F(0.46,0.46|5) ~ 0.45 F(0.46,0.46|8) ~ 0.86
n Te Bias Variance @ MSE KS Bias Variance @ MSE KS

100 4.6 | -0.0072  0.0056  0.0056 | 0.1371 | -0.0480  0.0038  0.0061 | 0.1511
3.1 | -0.0040  0.0066  0.0066 | 0.1468 | -0.0437  0.0035 0.0054 | 0.1525

200 4.6 | -0.0051 0.0034 0.0034 | 0.1098 | -0.0270  0.0022  0.0029 | 0.1093
3.1 |-0.0102 0.0036 0.0037 | 0.1115 | -0.0339  0.0025  0.0037 | 0.1119

6.2. Clayton copula model

In this subsection, we use the Clayton copula with a constant parameter 8 = 0.5 and
0 =5. As in Subsection 6.1, the estimators are computed in the middle point, (¢;,7,,x) =
(E(Th),E(T»),5), where E(T) = E(T;) = 0.46 and F(0.46,0.46|5) ~ 0.41, and in the
right side of the support (1,1,5), where F(1,1|5) ~ 0.98 (see Tables 7 and 8). From
these tables, we observe that the behaviour of our estimator is similar to the case of the
Gaussian copula model.

Table 7. Bias, variance and MSE in (t1,t2,x) when 8 = 0.5, k =2, X ~ U(0,10) and n =
100,200.

(t1,12,%) (0.46,0.46,5) (1,1,5) x=5
F(0.46,0.46|5) ~ 0.41 F(1,1]5)~0.98
n T, Bias Variance @ MSE Bias Variance @ MSE KS

100 4.6 | 0.0038 0.0055 0.0055 | -0.0218  0.0009  0.0014 | 0.1355
3.1 | 0.0174 0.0055 0.0058 | -0.0250  0.0011  0.0017 | 0.1420
200 4.6 | 0.0054 0.0032 0.0033 | -0.0176  0.0004  0.0007 | 0.1085
3.1 | 0.0072  0.0030 0.0031 | -0.0200  0.0006  0.0010 | 0.1099

Table 8. Bias, variance and MSE in (t,t,x) when 6 =5, k =2, X ~ U(0,10) and n = 100, 200.

(t1,12,%) (0.46,0.46,5) (1,1,5) x=5
F(0.46,0.46|5) ~ 0.41 F(1,1]5)~0.98
n T, Bias Variance @ MSE Bias Variance @ MSE KS

100 4.6 | -0.0259 0.0079 0.0086 | -0.0131  0.0010  0.0012 | 0.1568
3.1 | -0.0237 0.0068 0.0074 | -0.0144  0.0009  0.0011 | 0.1541
200 4.6 | -0.0140 0.0043  0.0045 | -0.0089  0.0005  0.0006 | 0.1252
3.1 | -0.0080 0.0055 0.0056 | -0.0097  0.0006  0.0007 | 0.1298
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6.3. Cure rate model

In this subsection, we use the Gaussian copula with a constant parameter p = 0.5. The
distribution function of 7> given X = x is improper, that is F}(t2|x) = pF(t2|x) with p =
0.8. The estimators are computed in the middle point, (¢1,7,,x) = (0.46,0.46,5), where
F(0.46,0.46|5) ~ 0.38 and in the right side of the support (1,1,5), where F(1,1|5) ~
0.79 (see Table 9).

Table 9. Bias, variance and MSE in (t,ty,x) when p =0.8, 6 = 0.5 and n = 100

(t1,t2,%) (0.46,0.46,5) (1,1,5) x=5
F(0.46,0.46|5) ~ 0.38 F(1,1|5)~0.79
n T, Bias Variance @ MSE Bias Variance @ MSE KS
100 5 | -0.0190 0.0029 0.0033 | -0.0312 0.0026  0.0036 | 0.1123

As can be seen in Table 9, when one of the marginal distributions is improper, our
new estimator gives very good results already for n = 100. However, from a theoretical
point of view, those models are out of scope of the present paper.

7. Examples

7.1. Stanford heart transplant data

In this section, we analyze the example of Stanford heart transplant data, previously
introduced in Section 1. There are 103 individuals in this dataset, 45 out of them received
transplant (delta = 1) and died (status = 1), 24 received transplant (delta = 1) and were
still alive at the end of the study (status = 0), for 4 patients the study ended before the
transplantation (delta = 0 and status = 0) and the remaining 30 died before receiving the
transplant (delta = 0 and status = 1). In this real example, the death before receiving
the transplant can be considered as a semi-competing risk because it is a termination
event that can potentially censor the non terminating event of receiving the transplant
(see Zhao and Zhou (2010), among others). In fact, this is the case for those 30 patients
that have delta = 0 and status = 1. Considering that 73 denotes the time from acceptance
into the transplantation program to death (in months), it is easy to adapt our model to
this situation by replacing C by C; = min(C, 73). Under this setting, we set 6; = delta
and O, = status X delta. For the sake of illustration of our methodology, we consider the
covariate X = age.

As in the previous section, we consider that h; = c;h, for j = 1,2,3 and maximize
the likelihood function over one parameter 4. As before the constants c¢; are defined as
follows ¢; = 6(X), c; = 6(Ty) and c3 = 6 (T>), where 6 denotes the sample standard de-
viation. Using this approach, we obtain the following bandwidth 4 = (6.29,1.57,10.66).

A graphical representation of F,, is given in Figure 2, with x = 45 (the sample mean)
and x = 55, respectively. In Tables 10 and 11, we collect the estimated F(¢;,1,|x) for a
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fixed x and (11,5,) € (1,2,3,4) x (12,24,36,48,60) together with the 95% confidence
intervals based on the asymptotic normality proved in Theorem 1, where the bootstrap
technique has been used to estimate the standard deviation. In order to show the influ-
ence of the covariate X, we also present in Figure 2 the estimator FX introduced by van
Keilegom (2004) which does not take into account the covariate, X. Additionally, for
different values of x, Figure 3 shows the estimator of F>(¢|x) derived from F,, and the
standard Beran estimator based on the reduced sample (that is, the individuals for which

o =1).
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Figure 2. Estimator of F(t1,12|x) for x = 45 (left-hand panel) and x = 55 (middle panel) together
with FX (t; 1,) (right-hand panel).
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Figure 3. F;(t|x) (solid line) and standard Beran estimator on reduced sample (dahed line)
where x = 45 (left-hand panel) and x = 55 (right-hand panel)

Table 10. Estimated F(1),t;|x) for x = 45.

t 2 12 24 36 48 60
1
1 0.2331 0.2548 03314 0.3405 0.3405
(0.1160,0.3505) (0.1304,0.3794) (0.1994,0.4637) (0.2112,0.4702) (0.2112,0.4702)
2 0.3847 04211 0.5474 0.5628 0.5628
(0.2516,0.5466) (0.2847,0.5891) (0.4302,0.7055) (0.4592,0.7086) (0.4592,0.7086)
3 0.4513 0.4944 0.6426 0.6610 0.6610
(0.2999,0.6029) (0.3394,0.6497) (0.5175,0.7679) (0.5573,0.7648) (0.5573,0.7648)
4 0.4516 0.4948 0.6431 0.6614 0.6614

(0.2998,0.6035) (0.3393,0.6504) (0.518,0.7683) (0.5577,0.7653) (0.5577,0.7653)
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Table 11. Estimated F (11,1, |x) for x = 55.

t Z 12 24 36 48 60
1
1 0.2837 03176 03776 04111 04111
(0.1553,04127) (0.1796,0.4563) (0.2284,0.5275) (0.2683,0.5548) (0.2683,0.5548)
2 0.4705 0.5277 0.6247 0.6805 0.6805
(0.3167,0.6414) (0.3686,0.7057) (0.4702,0.801) (0.5541,0.8311) (0.5541,0.8311)
3 0.5537 0.6215 0.7335 0.7994 0.7994
(0.3894,0.7192) (0.4534,0.7909) (0.5776,0.8908) (0.6871,0.9133) (0.6871,0.9133)
4 0.5537 0.6215 0.7335 0.7994 0.7994
(0.3894,0.7193)  (0.4533,0.791) (0.5776,0.8908) (0.6871,0.9133) (0.6871,0.9133)

We can see, in Figure 2, that the bivariate distribution changes with the covariate,
X. Figure 3 shows even more clearly that the age has a big influence on the distribution
function. Specifically, the probability to fail increases as the age increases. This is a
quite natural effect. Moreover, both from the figures and tables, we observe that the
probabilities do not change for #, € [48,60], which is equivalent to the 4th and 5th year
after transplantation. Interestingly, based on Figure 3, the probability of death is growing
rapidly in the first months after heart transplantation and stabilizes by the time of 4
years after the surgery. Finally, in Figure 3, we can see that when applying the standard
Beran estimator on this reduced sample, we get similar results to our marginal estimator
F;»(t|x) when x = 45 but this Beran estimator seems to overestimate the distribution
when x = 55.

7.2. Colon cancer data

In this subsection, we analyze the colon cancer data, previously introduced in Section 1.
We investigate the effectiveness of treatment with levamisole plus 5-FU versus placebo
as well as influence of the age on the survival times. The data set is a part of the data set
“colon” in the R survival library. Similarly as Lawless and Yilmaz (2011) we consider
those patients treated with Levamisole plus 5-FU and placebo control. The full data
set includes a third treatment group (Levamisole). There were 315 patients assigned
to the placebo control group and 304 to the treatment group. By the end of the study,
177 patients (56%) in the placebo group had cancer recurrence, among whom 155 died,
whereas in the treatment group 119 (39%) patients had cancer recurrence, among whom
108 died. The maximal observed times until recurrence and from recurrence until death
are around 9 and 6 years, respectively. We consider age as a covariate. In Figures 4-6
we plot the bivariate and univariate estimators for both groups and 50, 60, and 70 years
old patients, being the respective quartiles in the data set. Figure 7 shows the estimator,
F5r(t]x), for the treatment group together with bootstrap-based and normal 95% point
wise confidence intervals, respectively.
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Figure 4. Estimator of ¥(t|,12|x) in treatment group for x = 50 (left-hand panel), x = 60 (middle
panel) and x =70 (right-hand panel).
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Figure 5. Estimator of ¥(t1,t|x) in placebo group for x = 50 (left-hand panel), x = 60 (middle
panel) and x =70 (right-hand panel).
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Figure 6. F;(t|x) for x = 50,60,70 for treatment group (left-hand panel) and placebo group
(right-hand panel).
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Figure 7. F;; (t|x) for x =50, 60,70 for treatment group with bootstrap 95% Cls (left-hand panel)
and normal 95% Cls (right-hand panel).
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As expected, treatment seems to have big influence on patients survival, increasing
the survival time from recurrence. However, based on the confidence intervals for the
treatment group, the influence of the age seems to be non significative although a formal
test should be developed to confirm this statement.

8. Discussion and future work

In this paper we have introduced a new method to estimate the bivariate conditional dis-
tribution of two consecutive censored gap times and the corresponding marginal distri-
butions. This new methodology is an adaptation and a mixture of the methods proposed
by Beran (1981) and van Keilegom (2004). It is worth mentioning that a simpler method
could be the extension of the Kaplan-Meier based estimator studied by de Ufia-Alvarez
and Meira-Machado (2008). Although our method is computationally more intensive
compared to the Kaplan-Meier based estimator because it requires bootstrapping to es-
timate the variance, it has an important advantage. While the Kaplan-Meier based esti-
mator requires the assumption of independence between (77, T;) and C, our method only
requires the independence given X (allowing some dependence between C and the ex-
planatory variable X). Based on this weaker assumption, we have proved its asymptotic
theoretical properties and studied its finite sample behaviour through a simulation study.
Additionally, our approach can be extended to a d-dimensional explanatory variable X
by using a single-index model (see Strzalkowska-Kominiak and Cao (2013)) avoiding
the curse of dimensionality. However, this issue goes beyond the scope of this paper and
will be the basis of our future research.
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Appendix A: Asymptotic properties
Proof of Theorem 1. We have
Fu(y1,320x) =F(y1,y20x) = An(y1,32[%) + Bu(y1,320x) + Ca(y1,320x),  (A.D)
where
An1.3280) = [ (Fan(olt ) = B2l ) P 2
Bu(v1.32k) = [ Pzl ox)(Fu(di ) — Fi(dn )
Cu(y1,320x) = /Oyl (F210(y2]t1,%) — Fa1 (y2]t1,%)) (Fin(dt1 |x) — Fi (dt1|x)).

We now deal with the first term, A, (y1,y2|x), in the right hand side of (A.1). Since,
Fa1,(y2|t1,x) is a Beran estimator on the restricted sample, we can use the results from
Gonzalez-Manteiga and Cadarso-Sudrez (1994). For (y1,y2) € A(x) and x € {u: fx(u) >
0}, we obtain

n

Fain(y2lti,x) — Fai(v2lt,x) = Y Bin(x,10) &1 (Tai, 821,211, %) 4 Ru(y2]t1, %),
i=1
where
51(T2i752i7y21t17x) :|:/7~‘21-Ay2 d[:I*(S|t1,X) I{TZiS}’LEZiZI}
1 — B (y2t1,x) 0 (1-H*(s"|n,x))>  1-H*(T,; |t1,x)]

To deal with R, (y,|f1,x), we need the properties of the estimators

n
H,(t|t1,x) = Z l{fziSI}Bm(tl’x)’
i=1

n
Ay (t|t,x) = Y 82l (7, < Bin(t1,%),
i=1



E. Strzalkowska-Kominiak, E.M. Molanes-Ldpez and E. Leton 203

where i
1 —X; t—Ty;
Bin(ty,x) = sk (4770) K (M52
in(tl’x) o 1 no5K x—X; K fl—flj '
i Lj—=1 01 By hy
Remark, that
Bin(11,x) = B}, (1n,x) + B}, (1), (A2)
where
1 —X; 13 7T,‘
<1 nhihy 01K (xh| )K< Y )
Bintr,x) = hl(t1,x)

- Bin(t1,x) |+ I ¢ x—Xj n—T;
Bl (t1,x) = =L R (11, x) — 81K L) K !
in(11:) h'(11,x) [ (11,%) nhyhy J:Z‘l Y hy hy

and &' (t1,x) = h(t1]x) fx (x) with (¢, |x) denoting the density of H (t;|x) =P(T} <1,8 =
1|X = x). Hence

n n
H: (t’tl 7x) = Z 1{T2,‘§l‘}Bl1n (tl ’x) + Z I{TZiSZ}BiZI’l (tl 7x)'
i=1 i=1

Moreover, since l’i)h‘(% — oo, using Theorem 1 and 2 together with Remark 8 from Ein-

mahl and Mason (2005) and the Taylor expansion, we obtain

1B H* _ol /2" L oi2) w002
sup 1Y Vg Bl (11,%) — H (2|, x)| = +O0(hy) +O(h3)

teR 1 <1 (x) xel =1 nhihy

almost surely (a.s.) and

u - log(n 172
sup \Zlm,«}B%n(n,x)r:0<(nhfh2)) FOUR) +0(3). as.

teRH <7y (x)xEl =1

where I = {u : fx(u) > 0}. Similarly, we deal with A} (t|¢;,x). Finally, following the
steps of the proof of Theorem 2.3 in Gonzalez-Manteiga and Cadarso-Suérez (1994),
and since H,' (t|t;,x) — H*(t|t;,x) in probability, we can show that

log(n 3/4
g 2l = O < f(h)> + Op(h}) + Op(13).
(t1,y2)€EA(x) xel nhihy

Since nh} — 0, nh3 — o and nh3 — ¢ > 0, uniformly in (y,y2) € A(x) and x € {u :
fx(u) > 0}, we obtain

/Oyl Ru(y2|t1,x)Fi (dity |x) = op((nhy)~/?).



204 Conditional censored gap times

Hence, on the set (y1,y2) € A(x) and x € {u: fx(u) > 0}, we have
Sl AL = ~1/2
An(y1,y2]x) = Z/o Bin(t1,x)81(T2i, 821, y2,11,%) Fi (dty |[x) +op((nh1) /%), (A.3)
i=1

where & (Thi, 8i,y2,11,x) are i.i.d. and E(&(Tai, 8i,y2,11,%)|Thi = 11,61 = 1,X; = x) =
0.

We now deal with the second term, B, (y1,y2|x), in the right hand side of (A.1). In order
to deal with B, (y1,y2|x), we need to define

H(l]’x) :]P)<T1 §l1,61 = I\X:x)

and its estimator

(agE

Hn(tl |X) = Bm(x)l{fligtl}ﬁu,

1

Additionally, set

Bin(x)17,<1 (1 — 61)
=11 (7,57, Bjn(x)

Go(1]x) :1—f1 [1—

i=1

Then, if there are no ties and since }.i'_; B, (x) = 1, we have that

- - Bin(x)01;
AF,(Thilx) = Fi,(Th; Fi,(T et
1n(Thilx) 1n(Thi|x) — Fin( 11| x) = l—Gn(Tlﬂx)
Moreover, for every function @ (;,x) and under Al, we have
(P(tl’x) 2
t,x)Fi(dt :/7Hdt . A4
J ot n g = [ 2 E Ak (A4
Finally,
(dl‘l |x (dl‘l |x)
B,(y1,y2|x) = / Fo1(y2|t1,x )7 / By (yat1, X) ————-
1=Gyu(ty |x) 1-G(ty |x)
Hence

B.(y1,y2|x) = BL(v1,y20%) + B2(y1,y21%) + B2 (y1,y2 %) + B (y1,y2 %),

where

_ [ EaOaln,x) A A
Bynovahe) = [ G S ()~ A(di)

B k) = [ TG )~ Gl )l
M B (2t x)
(1= )2
" Far 2l (Gl 1)~ Gl 1)
(1= Gty b02(1= Gy 1)

B2k = [ G ) = GUo7 [9) (s )~ Fi (i)

By (y1,y2]x) = /0 H,(dn|x).
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As to B (y1,y2]x), taking into account that Y7, B;,(x) = 1, we can write it as follows

n
Fo1(y2|Thi, x My (y2lt,x) ~
B, (y1,y]x) = Z ("i&ﬂmql} - /0 1—(G(’t]x;H (dnx) ).
1

Hence

n
By(y1,y21%) = ¥ Bin(x)&(Thi, 814, y1, 2, %), (A.5)
i—1

where

. By (y2| Tii,x) /y' Bi(yalt1,x) 4
oo Siyryan) = el o U Bl g
&2 (Thi, 61i,31,2,X) =G ) il = | =Gl ) (dty]x)

are i.i.d. and E(éz(Tli, 51,~,y1,y2,x) ’Xl' = x) =0.
Furthermore, we use again the results from Gonzédlez-Manteiga and Cadarso-Suérez
(1994) for the Beran estimator G,(¢|x). Consequently, for #; < 7| (x), we obtain

Gu(t7 |x) = G(t7 1x) = Y Bin(x)&3(Thi, 814, 11,%) + R (11, %),
i=1
where
5 3 TNt d]—:I(s‘x) 1{T~<z 61;=0}
Tiaai,t, =(1—-G(t _/ 11_17~1; ’
8T Butn) = (1= Gy 1) | - [ s (it

ﬁ(s]x) =P(T) <s5,6, =0|X =x)

sup  |Run(t1,%)] = O << g(”)> ) +Op(H?)
xel nhl

<7 (%),

and

Hence, on the set (y1,y2) € A(x) and for x € I, we have

Loy 2|t1,X -
Bl =Y [ yt'lm))z Bun(0)& (T, 81,11, 2) (dn 1)
i=1 1

og(n 3/4
+op<<lfh(l)> >+op(h%).

Consequently, since nh? — 0 and nh? — o0, we obtain

Vi B2 (31, yalx) = v/l 2 / Fz‘”t'“,j))) Bin()& (Tii, 811,00, 2)H (dy 1)

+0u»(1), (A.6)
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where &;(Ti;, 81;,11,x) are i.i.d. and E (& (Ti;, 81,11,%)|X; = x) = 0.
Hence, it is easy to show that

Vnhy (B (vi,y2]x) + B, (v1,y2[x)) = op(1). (A7)
Regarding the third term, C,,(y1,y2|x), in the right hand side of (A.1), we have that

nhCy(y1,y2/x) = op(1). (A.8)
Finally, from (A.3)-(A.8), we obtain

Vi (Fy(y1,y21%) =F(y1,y2]x)) WZ/ in(0, 1)1 (Toi Baioy2,11,2)Fi(dt x)
\/7172 ( )éZ(TllaalnylayZ’x)

) F - -
++/nh; Z / " mtlx)))Bm(x)§3(T1,-,81,-,t1,x)H(dt1 Ix) +op(1). (A.9)
i=1

The Equation (A.9) is not yet the i.i.d. representation which we aim at. To deal with
its first term, using (A.2), we obtain

n Vi - -
Vnhy Z/o Bin(x,11)81(Tai, 821, y2, 11, X) Fi (dt |x) = Tip + To,
i=1

where

1 & ok (XZIX ) K (TZTII) )
Tln - \/’Wlhz Z/O ;ll(t] X) 51(T2i,52i,y2,t1,X)F1 (dtl ‘X)
l:1 b)

and

i B t]x - 1 & x—X; n—Ti;
h / n R (1,x) — 5~K( J)K( f)
= Vi [ [P 00 s Kok (Y, i
él(TZia&iaybthx)Fl(dtl‘x)‘

As to Ty, recall that E (&1 (Ta;, 82,2, 11,%)|Tii = t1,81; = 1,X; = x) = 0. Moreover, using
(A.2) again, it is easy to show that 75, = op(1). As to Tj,, by (A.4), change of variables
and Taylor expansion, we obtain

1 1 51(7"21',521',)’2,711'7)‘)
Tin o);1 K =
1 ﬁnh fX Z L Ti<y} < hy > 1— G(TI; ’x)

The properties of the second and third term in (A.9) based on

A1 e x=X ) |
T

+0p(n" 1 13).
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Finally,

A (Fa(y1,3210) — F(y1,3200) = —— ——

x(x) V/n f

CIDni(yl,yz,x) +0[P>(1), (A.10)

™M=

I
—_

where

1 =X\ & (Tai, 821, y2, Thiyx)
q’ni()’l,m,x)z\/}1—1511'1{T.,-gy.}K< h ) I—G(T1i—|x)

1 x—X;
+\/leK< I )52(le,5117y17)’27)

o Py )’2“1, x) x—X; ~
. / L K< - >§3<Tl,,5u,n, VA (dny|x),

&1 (Toi, 821, y2, 11, %) :[_/Tz" 2 dH*(s|n,x) Ly <y0 =1} ]
1 — By (yalts,x) 0 (I—=H*(s"|t1,x))?> 1 —H*(Ty; |n,x) |’

7 121(y2|]~1iax) /yl 121()72‘2‘1, ) 2
2',5',)7, X)) = ———= O1ili7 ooy — 71‘16!1‘
52( 15> C1is J1,52 X) I—G(TI;‘)C) Wi {Ti<y} 0 I—G(tl_ ]x) ( 1|X)

and

3 Turn dH (s|x) Li7,<n.8,=0)
Ti;, 01i,t1,x) = (1 = G(t; |x —/ e
b = =060 - [ G+ 12
Since, for i = 1,..,n, ®,;(y1,y2,x) are i.i.d. and E®,;(y;,y2,x) = O(h?/z), the right
hand side of (A.10) is a sum of i.i.d. random variables plus remainder of order op(1).
Hence we obtain

Vnhy (Fy(y1,320%) = F(y1,320x)) = N(0, 67 (v1,32[x)), (A.11)
where 2( )
2 _ JK=(t)dt ,
(o] (y17y2|x)_ fX(x) Pi (ylv))%x)a
and

51(721', 52iaY27T1iax)
1= G(Ty; |x)

+/o (1-G(ry |x )) 33(Tui, Gy, ) H (dn )X = x (A.12)

and the proof is completed.
Remark that, if there is no censoring, C = o, it is easy to show that

E1(Tai, 82, y2, ThinX) = Lipy <y, — Fo1 (02| Thi x),
& (Thi, 81i,y1,y2.%) = Fa1 (v2|Thi,x) Lizy,<y,) — F (01, y2/x)

P (y1,y2,%) = Var<5li1{fl,-<yl} + & (Thi, 611, y1,y2,X)

and
&3(Thi, 61i,11,x) = 0.
Hence pf(y1,y2,x) = F(y1,y2/x) (1 = F(y1,y2|x)) as desired.
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Second-order Markov multistate models

Mireia Besali' and Guadalupe Gémez Melis?

Abstract

Multistate models are well developed for continuous and discrete times under a first-
order Markov assumption. Motivated by a cohort of COVID-19 patients, a multistate
model was designed based on 14 transitions among 7 states of a patient. Since a
preliminary analysis showed that the first-order Markov condition was not met for some
transitions, we have developed a second-order Markov model where the future evolution
not only depends on the state at the current time but also on the state at the preceding
time. Under a discrete time analysis, assuming homogeneity and that past information
is restricted to two consecutive times, we expanded the transition probability matrix and
proposed an extension of the Chapman-Kolmogorov equations. We propose two esti-
mators for the second-order transition probabilities and illustrate them within the cohort
of COVID-19 patients.

MSC: 62M09, 62N02, 60J10.
Keywords: Multistate models, Non-Markov, COVID-19.

1. Introduction

Multistate models (MSM) provide a very convenient methodology to describe the life
history of an individual which at any time occupies one of a few possible states. In par-
ticular, they are appropriate to describe the clinical course of a disease and are routinely
used in research to model the progression of patients among different states.

MSM theoretical justification is based on the theory of stochastic processes, that is,
on sets of random variables representing the evolution of a process over time. The time
can be chosen to be discrete or continuous; while discrete times assume a stepwise pro-
cess where the fixed time between successive steps is not part of the model, continuous
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time models allow changes of the states at any time. This class of models allows for
an extremely flexible approach that can model almost any kind of longitudinal failure
time data. This is particularly relevant for modeling different events, which have an
event-related dependence, like the occurrence of a disease changing the risk of death
(Hougaard, 1999).

The first-order Markov condition establishes that the future evolution of the stochas-
tic process only depends on the current state and is frequently assumed in multistate
models. However, this condition might often be not too realistic to describe clinical sit-
uations. To test it, Titman and Putter (2020) develop general log-rank tests that can be
applied to general multistate models under right-censoring.

To circumvent the fact that the first-order Markov condition does not hold, the state
space could have been extended with new states formed by two adjacent states of the
original model. In this case, a first-order Markov condition would probably be satisfied,
but the resulting model would be more complex and more difficult to interpret. In ad-
dition, the extended model would require more data to be estimated. See, for example,
COVID model proposed by Mody et al. (2020), instead of one state of death, they have
three depending on the history of the patient.

Another plausible approach to lessen the first-order Markov assumption is to con-
sider a higher-order Markov process. A Markov process of order k is such that the
dependence of the process on the whole history is only through the k states previously
occupied. Although it is often observed that higher-order Markov processes can model
the data better, models for Markov processes of higher order are scarcely used in prac-
tice because they depend on a very large number of parameters, leading to computational
difficulties (Ching, Fung and Ng, 2003; Logan, 1981). Most instances of higher-order
Markov models, which have been used so far, involved discrete time models (known as
Markov chains). Tong (1975) defines a k order Markov chain {Xj,---,X,,---} as the
one such that the conditional probabilities satisfy

P(Xn’Xn—th—Za"') :P(Xn’Xn—th—Za"' 7Xn—k) (1)

for all n, where k > 0 is the smallest integer holding the above condition.

In this paper, we propose second-order Markov multistate models as a way of enrich-
ing the pathway information and still control the number of parameters while keeping
the interpretability of the transition probabilities. Analysis using second-order Markov
models are scarce. Among them, Shorrocks (1976) investigated the Markovian assump-
tion in modelling income mobility and concluded that transition rates should depend on
both current income and immediate past history, hence, a second-order Markov model
was implemented. Shamshad et al. (2005) uses a second-order Markov model for syn-
thetic generation of wind speed time series data.

Second-order Markov models assume that the progression of the individuals not only
depends on the current state but also on the state at the preceding time. Second-order
Markov multistate models are characterized by means of a M X M x M tensor, where
M is the number of states. In this work, we define an extended transition probability
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matrix as M different matrices of order M x M. To be able to compute n-step transition
probabilities, we extend the first-order Chapman-Kolmogorov equations. We propose
two different estimators for the second-order transition probabilities. We continue the
paper with an illustration consisting of a cohort of more than 2000 COVID-19 patients
from five hospitals in the Barcelona metropolitan area who were hospitalized during the
first wave of the coronavirus pandemic (March-April 2020). For this data we have built a
multistate model based on 14 possible transitions among the seven states where a patient
can be in after his/her admission. We have adopted a second-order Markov based on
plausible medical interpretations and in view of our available data.

We estimate the second-order transition probabilities and based on those we com-
pute, among others, the transition probability from one state to another, after a given
number of hospitalized days, and differentiating between patients that arrive to the hos-
pital with severe pneumonia from those who arrive to the hospital with mild pneumonia.
The paper ends with a discussion on shortcomings while setting the path for future re-
search.

2. Characterization of first-order Markov multistate processes

A multistate process is a continuous (or discrete)-time stochastic process X = {X;, ¢ >
0} taking values in a discrete state space 8 = {1,--- ,M}. We denote by F; := 0{X; : s <
t} a o-algebra consisting on the observation of the process over the interval [0,¢] and we
refer to it as a filtration. We can think of a filtration as the history of the process up to
time ¢ containing the information on the previous occupied states up until time t.

The law of a multistate process is defined by its finite-dimensional distribution and
is fully characterized through either one of the following three transition functions: tran-
sition probabilities, transition intensities or cumulative transition intensities. The transi-
tion probability between states h and j for times s and ¢, s < ¢ is defined by:

Pyj(s,t:F—) =P(X, = j | Xy =h; F_) for  h,je8={1,--,M}

and denotes the probability of the process being at state j at time ¢ knowing that it has
been at state & at time s as well as knowing all the previous trajectory before s. The
transition intensity between states i and j, for time ¢ is defined by:

1
oy (t; Cﬂ_):Altigq()EPhj(t,t+At;&",_) for  hje8={l,--- M}

and denotes the instantaneous probability to change from state £ to state j at time ¢. The
cumulative (integrated) transition intensity between states s and j at time ¢ is defined by:

t
Ah.,-(t;CF,_):/Oah.,-(u;ﬁ"u_)du for  hjeS={l,-- M}

Transition probabilities, transition intensities and cumulative transition intensities
are summarized by means of M x M matrices. In particular, for every trajectory collected
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in J;_ and for every s, ¢ such that s < ¢, we denote by P the transition probability matrix

P(s,t; Fs) = {Pyj(s5,t; Fs—);h,j€ 8 ={1,--- ;M}}.

2.1. First-order Markov and homogeneity assumptions

It is clear that some restrictions have to be made in order to estimate the transition prob-
abilities Py j(s,t; ;) for every pair of states i and j, for every pair of times s and 7 and
for all the possible trajectories before s. The Markov and the homogeneity assumptions
are key to make inferences feasible.

Definition 2.1. A multistate process satisfies the first-order Markov assumption if for all
h,je8=A{1,---,M} and s,t such that s <t

Poj(s,t; Fs) = P(X; = j | Xs = h; Fs) = P(X; = j | Xs = h) = Pyj(s,1). ()

That is, under the first-order Markov assumption, different trajectories before s will not
change the transition probabilities. Under the first-order Markov assumption, an M x M

matrix, P(s,t), is needed for every (s,t)

P(S,l‘) = {Phj(s)t); h,jes= {17"' 7M}}

Definition 2.2. A first-order Markov multistate process is said to be homogeneous if the
transition probability between any states at given times t,s (s <t) depends only on the
difference between these two times (t — s), that is,

Pyj(s,1) = Pyj (0,1 —5) = Py(t —s).
In this case only a M x M matrix P(t) for every time t is needed.

2.2. Markov Test

We should validate the (first-order) Markov condition if we want to proceed analysing
the data under this assumption. One choice would be to include the time of entry into
each state as a covariate within a Cox model and test its significance through a likelihood
ratio test (Kay, 1986). A second possibility would be to use the stratified version of
the Commenges-Andersen’s test to detect a shared frailty. Other authors (Rodriguez-
Girondo and de Uiia Alvarez, 2012) have developed local and global tests for the Markov
conditions based upon the observed Kendall’s 7 for the progressive three-state illness-
death model.

In this paper, and in the subsequent COVID-19 analysis, we will validate the Markov
assumption for each transition by means of Titman and Putter (2020)’s test that we briefly
describe. The main idea of this test is that under the first-order Markov assumption, the
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rate of transitions at time ¢ > s will not be affected by the state occupied at time s. If
we want to check the Markov assumption for the transition between the states [ and m
(I,m € §8), we divide the subjects into two different groups: the ones that at time s are in
a fixed state j € S and the ones who are not there. Then, for each transition (I — m) the
null hypothesis for a fixed state j and fixed time s (s € [to, fmax] C [0, 7], T total follow-up)
is stated as:

Héﬁ)(l,m) 2oy (t | X(s) =j) = apu(t | X(s) # j) forany 1€ [s,1]

and can be tested with the log-rank statistic

n n ()
() _ ety Tkt O (5)Ya(t) (Im)
Ut m) = Z/s {Sij ) Y Yu(t) N,

i=1

where 5i(j ) (s) =I{X;(s) = j} denotes whether individual i has been in state j for time s,
Yi(¢) is the at risk indicator for the process X;(t), Y;; () =1{X;(t~) = [}Y;(¢) is the at risk
indicator of transition / — m for subject i and Ni(lm) (¢) is the counting process reporting
the number of times of the transition / — m up to time 7.

The standardized statistics

U (1,m)

Var(U)(1,m)

can be compared to a N(0, 1). Moreover, {Uﬁj ) (l,m),s € [to,tmax]} converges to a zero

mean Gaussian process with a covariance function that can be consistently estimated.
Given the null hypothesis for a fixed state j

HY (1,m) : (1 | X(5) = j) = Gy (t | X(s) # j) Vs € [t0,tmax] C [0,7] and 1 € [s,7],

a global test statistic can be defined based on summary statistics of {U,’ )(l,m),s €

Tmax |__(; (= Tmax (s

0t suchas [ [T (1,m)|ds, supycp g [0 () or [ () [0 (1,0
to To

for some weight function w(s).

Finally, an overall test statistic for the null hypothesis for any possible j and for all
§ € [to,tmax] C [0, 7] and 7 € [5, 7]

Ho(l,m): gt | X(5) = j) = 0 (t | X(s) # j) ¥, Vs € [to tmax] C [0, 7] and V¢ € [s, 7]

can be defined from the global test statistics, for instance as the mean, the maximum or
weighted mean of them. These tests are implemented in R with the function MarkovTest
of the package mstate of de Wreede, Fiocco and Putter (2011). Details of how are im-
plemented are postponed to the illustration in Section 6.3.
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3. Characterization of second-order Markov transition probabilities

To address the limitations of the first-order Markov assumption, we introduce a second-
order Markov assumption, which acknowledges that the future evolution of the stochas-
tic process depends not only on its current state but also on the state it occupied in the
preceding time. We begin by defining the second-order Markov transition probabilities
and describing how they can be summarized into a set of as many matrices as states.

Definition 3.1. For times (s,t,u), s <t < u and states h, j,k, the probability Pyji(s,t,u;
Fo) =P(X, =k | Xs = h,X, = j;F,_) satisfies a second-order Markov assumption if
and only if

Puji(s,t,u;Fs_) = P(X, =k | X; =h,X; = j|Ts-)
= P(X, = k| X; = h,X, = j) = Pyju(s,t,u).

Under the second-order Markov assumption the transition probabilities are summarized,
for every three times (s,#,u), s <t < u, by an M x M x M tensor P(s,t,u)

P(s,t,u) = {Pyji(s,t,u); b, jke 8§ ={1,--- ,M}}.

In order to have a more manageable mathematical object we denote, for each state & € 8,
a matrix of dimension M, Py (s,?,u) as follows:

Py (s,t,u) = (Phjk(s?t’u))j7k68’

hence, the tensor P(s,7,u) of transition probabilities can be equivalently represented as
M matrices of order M for each s <t < u.

Remark 3.2. The matrices Py (s,t,u) are not always stochastic matrices because

0 if Vj,k, the transitions h — j or j — k are not possible
ZPhjk(S,l‘,u) =

kes 1  otherwise.

For example, if h is an absorbent state all the matrices will be 0 except for the element
Py, = 1.

Definition 3.3. A second-order Markov multistate process is said to be homogeneous
if the transition probability between any three states at given times (s,t,u),s <1t < u,

depends only on the differences t — s and u —t between the two consecutive times that is,

Ph.,-k(s,t,u) = Phjk(t —S,u —Z)
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In this case only a M x M x M tensor P(s,t) for every pair of times (s,t) (s <t) is needed
P(s,t) = {Pujx(s,t); h, j,ke 8 ={1,--- ,M}}.

Using the previous notation, denote as Py, (s,t) the matrix of dimension M for each state

h € 8 and for every pair of times (s,t) (s < t), that is,

Py)(s,1) = (Phjk(s’t))j,kES'

Note that the tensor P(s,7) of transition probabilities under homogeneity can be
equivalently represented as M matrices of dimension M for each two times (s,7);s < t
where s stands for the time from 4 to j and ¢ stands for the time from j to k.

4. Computation of transition probabilities

Given that clinical outcomes are often collected in days and aiming to compute the prob-
ability of being in a given state after a certain number of days, we consider in this sec-
tion a discrete-time multistate process instead of a continuous-time stochastic process
defined for ¢ € [0, T]. Other instances of discrete-time multistate process have been used
to model COVID-19 disease progression and clinical outcomes (Chakladar et al., 2022).

In this section we provide the expressions to compute general probabilities, such as

Phjl(s,s+n,s+n+m) :P(Xv+n+m =1 ‘ Xs+n :haXs = ]) (3)

for any three states j,h,[ at any three times s,s +n,s +n+m. In order to get there we
start extending the Chapman-Kolmogorov equations from first to second-order Markov
chains based on 2-step second-order transition probabilities, that is, on P(Xs4o = |
X;—1 = h,X; = j). In Subsection 4.3, probabilities (3) are written as a function of the
1-step first-order transition probabilities, P(Xs1; = h|X; = j), and 1-step second-order
transition probabilities for consecutive times, P(X; 11 = | X500 = 1, Xgin—1 = J)-

Remark 4.1. We use the term n-step second-order transition probabilities to refer to
n-step transition probabilities conditioned to 2 consecutive times, that is, P(X;1, =1 |
Xs—1 = h,X; = j), for n > 1. We also define the n-step first-order transition probabilities
as follows P(Xs+p =1 | Xy =h) forn > 1.

4.1. Chapman-Kolmogorov equations for first-order Markov chains

A first-order discrete-time multistate models, known as Markov chain, taking values in a
discrete state space 8 = {1,--- ,M} is the discrete version of a first-order continuous-time
Markov process. Hence, a Markov chain is a stochastic model describing a sequence
of possible events happening on discrete times in which the probability of each event
depends only on the state attained in the previous event. The Chapman-Kolmogorov
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relation is an important result in the theory of (discrete) Markov chains as it provides a
method for calculating the n-step transition probabilities.

The Chapman-Kolmogorov equations, for any s,7,u € N (s < u < t) and any two
states h, j are given by

m
Pyj(s,t) =Y Pu(s,u) Pj(u,r), 4)
=1
where P, (s,t) = P(X; = j | X; = h) is the transition probability defined in (2). Chapman-
Kolmogorov equations follow as a consequence of the Markov condition. Chapman-
Kolmogorov equations allow to reduce the general computation of P, (s, ), for any s <7,
(s,t € N) to the computation of 1-step first-order transition probabilities, P,;(s,s+ 1),
that is,

M
Phj(s,s—i-n):ZPhl(s,s—Fl)Plj(s—Fl,s—Fn), ®))
=1

Denote by P(s) the one-time step transition probability matrix under the Markov
assumption, that is,
P(s) ={Pyj(s); h,jeS={l,--- ,M}}

where Py;(s) stands for Py;(s,s+1). The collection of matrices P(s) is reduced to the
transition probability matrix P given by

P={P,;="P;(1);h,je8={1,-- ,M}}

under the homogeneity assumption (see Definition 2.2). Hence, to study the evolution of
the process for more than one time step, and thanks to the Chapman-Kolmogorov equa-
tions (4), it is only necessary to calculate the one-time initial transition probabilities. In
the next section we develop an extension of this result for second-order Markov chains.

4.2. Chapman-Kolmogorov equations for second-order Markov chains

Under second-order Markov and homogeneity assumptions the transition probability
matrices defined in Section 3 satisfy, for times s < t < u and states £, j, k:

Pyji(s,t,u;Fs_) = P(X, =k | X; = h,X; = j) = Pyj(s,t,u) = Pyj(t —s,u—t)

In particular, for any s € N, s > 1 and consecutive times s,s+ 1,5+ 2, computation of
the probabilities Py j(s,s + 1,54 2;F,_) is reduced to the computation of 1-step second-
order transition probabilities, that is,

Phjk(sas+ 17S+2;5Usf) = P(Xs+2 =k ‘ X5 = h7XS+1 = ])
= Phjk(S,S+ 1,S—|—2) = Phjk(la l)
Next theorem presents the equations to compute n-step second-order transition probabil-

ities such as
P<Xs+n+l :l|XS+1 :j7Xs:h) :Phjl(17”)7 (6)
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for s,n € N,n >l and, j,k € 8 using only the initial transition probabilities P(X3 =
11X =j, X1 =h) = Pyji(1,1) = Pyj1.

Since our desired probabilities only depend on n, without lost of generality we can
assume s = 1 and the probabilities at (6) can be equivalently written as

P(X,H_z :l|X2 =7,X] :h), for neN, [, j keSs.

Recall that these transition probabilities can be summarized into M matrices of dimen-
sion M for each n € N. So for each state h € Sand n > 1

P(h)(1727n+2) - (Phjl(17n))j7keg - (Phjl(n))j’le‘g?

we will omit n of the previous notation when n = 1.

Notation 4.2. Previous to the main result, we will present the matrix notation used in
order to simplify the reading.

* Row j of matrix h: Pj.(jy = (Pyji)kes-

* Column k of matrix h: Py = (Pyji) jes-

* We will use the x symbol to denote that the elements of the row multiply each row
of the matrix. For example Byj. P, means that element Py j. multiplies all the
elements of the row k of F).

o PU) s the matrix composed with the | column of each of the P, matrices h € 8.

* Tr() will denote the trace of a matrix.

Theorem 4.3. Assume (X,)nen is an homogeneous second-order Markov chain. For

any states h, j,1 € 8 and the notation defined in Notation 4.2, we have (where Tr denotes

trace)

P(Xa=1]X = j,Xi =h) =Py - Py 2
PXs=1|Xy=j, X, =h)=Tr (Phj~*P( ')'PU)> ®)
P(X6 =1 |X2 =75,X1= Z Ph]k| TI'( k1 - *P(kl) P(Z)) )
k=1
M M
PX;=1|X=j,X1 = Z Z hjks Pjkoky - Tt <Pk2k' P - PU)) (19)

General casen >1

M M M
P( nt1 =1 | Xo=J,X1 = h Z Z Z Phjkn74ijnf4knf3 oo Plskoky
ky_4=1 kry=1k =1

x Tr (szkl' * P(kl) . P(l)>
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Proof. The proof will be divided into three steps.
Step 1. We are proving the first case (7).

Using the total probabilities Theorem and the second-order Markov property,

M
PXy=1|Xa=jXi=h)=Y PX4=1,X3=k| X = j,X; =h)
k=1

|
Mx

PXzs=k|X,=jXi=h)PX4=1|X3=kX,=j, X =h)

~
Il
—_

I
Mk

PX;=k|Xo=j,Xi=h)P(Xs=1|Xs=kX2=))

=~
I
—_

I
M=

Prjic - P (11)

~
Il
—

We recall that P(X3 =1 | X3 =k,X» = j) = Pjx(1,1) = Pji since for all the assump-
tions only the difference between times determine the transition probabilities. From here
we can write it in matricial form as in (7).

Step 2. Now we focus in the second case (8).

Using the same argument of the previous case and also the result obtained (11)

M

PXs=1|Xy=j,Xi=h)= Y P(Xs=1,Xs=hki | Xy =j,X; =h)
k=1

Il
Mx

PXs=1|Xs=ki,Xo=j,Xi =0))P(Xzs =k | Xo=j, X1 =h)

K
Il
—

I
Mx

PXs=1|X3=k, X, =j)P(X3=k1 | Xo = j, X1 =h)

Ko
Il
—

Mx

ki ky=1

M
Z Poiiot * Pk, |+ Pujky
1

Now, if we want to write it in a matricial way we can observe that Z% 1Pkt Pikyky
corresponds to the product of the / column of each matrix by the matrix P and then
each row of this matrix product is multiplied by the probabilities P, which are the
elements of row j of matrix P(;). From here we obtain the formula in (8).

Step 3. We follow by proving (9).

We repeat here the arguments in the previous steps and also we apply the previous
results.
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M
PXs=1|Xa=jXi=h)=) P(Xe=1,X3=k3| X = j,X; =h)
ks=1
M
:ZP(XGZHXg, k3,X2—jX1—h) ( k3|X2—]X1—/’l)
kz=1

M

=) PXe=1|X3=ks,Xo = j)P(Xs=ks | X2 = j,X; = h)
k=1
M M M
=Y P (Z Pitsty Y, Pkl 'Pk3k1k2>
=1 k=1 o1
M M M M
= Py (Z Pjisr, Z Pyt 'Pk3k1k2> +...+Pyjm (Z Pisk, Z P kot ‘Pk3k1k2)
=1 k=1 k=1 o1

We observe that we obtain a similar expression as the previous step but multiplied
by the probabilities P;;. that correspond to the row j of matrix P(;).Thus, the matricial
expression for this case is immediate.

From here, in order to prove Equation (10) and the general case we can just repeat
the same arguments as in this last case to easily obtain the general formula by induction.
In these two cases the principal modifications of the matricial form will focus in adding
one sum for each step. n

Corollary 4.3.1. Assume (X,,)nen is an homogeneous second-order Markov chain. For

time s > 0, any states h, j,1 € 8§ and the notation defined in Notation 4.2, we have
P(Xs13 =1 Xs1=j,Xs = h) =P Py

P( 3_,.4—”}((,_;,_1—JX —h) (P/’lj *P() P()>

P(Xyss =1 | Xpe1 = j, X, = h) = Z Pyjt, Tr( o P P(l))

M
PXgr6=1|Xs1=j,Xs=h)= Z Z Phjis Pito, - Tr (P/le- * P 'P([))

General casen >7

M M M
PXopn=11Xer1 =X =h) =Y, ... Y Y PijtesPitoskrs - - Piskoty
kgl ko=lki=1

% Tr (sz,q. Py, -PU)) (12)

Remark 4.4. We observe that the extended Chapman-Kolmogorov equations only con-

sider the case where the two past times are consecutive.
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4.3. Computation of arbitrary transition probabilities

So far, the extended Chapman-Kolmogorov equations have only considered those cases
where the two past times were consecutive. For some models and specific cases with
non return states it is possible to compute these probabilities.

In this section we prove that for any 3 times s,s+n,s+n+m (s > 0, n,m > 1)
transition probabilities defined as follows:

Phjl(s,s—i—n,s—l—n—l—m) :P(Xv+n+m =1 ‘ Xv+n :huxs :])

when the two past times are not consecutive, can be written as a function of the 1-step
first-order transition probabilities and the 1-step second-order transition probabilities for
consecutive times. The tools presented in the previous subsections will be now crucial
to obtain the desired probability.

Theorem 4.5. Assume (X,,)nen is an homogeneous second-order Markov chain. For any
states h, j,l € 8 and time s > 0 and n,m > 1 we have

P(Xs+n+m =1 ‘Xs-ﬁ—n =hX; = J) =
Z%:] ~~~216V,I,71:1 P(Xs+n+m =1 |Xs+n = h7Xs+n—1 = en—l)Pen,len,zh(s+n) .. ~Pjelez (s+2)P(Xs+l =€ |X3 = J)
P(XSJrn = h|XY = j)

where P(Xginim =1 | Xs+n = h, Xy1n—1 = €4—1) can be written in terms of 1-step second-
order transition probabilities for consecutive times as it is shown in (12) and P(X;4, =
h|Xs = j) can be written in terms of 1-step first-order transition probabilities as it is

shown in (5).
Proof. Indeed,

Phjl(sas+n,s+n+m) :P(Xx+n+m =1 ‘ Xspn = h, X :])
— P(Xx+n+m = laXS+I’l = h7XS = ])
P(Xs+n = haXS = ])

We can write the numerator in the following way

P(Xs+n+m - l7Xs+n - h7Xs = J)

M M

= Z e Z P(Xs+n+m =L Xsn=hXepn1=€n1,...,.Xsp1 = €1, Xy = ])
e1=1 e 1=1
M M

= Z e Z P(Xs+n+m = l’XH»n =hXsin-1=¢€p1,..., X541 = €1, X = ])
€1:1 e,,,1:l

XP(Xs+n = h7Xs+n71 =€np—1;--- 7Xv+l = el,X? = ])
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We can iterate the process and apply the second-order Markov hypothesis and finally
obtain

P(Xs+n+m = 17XS+I’1 = h,XS = ])
M M
= Z e Z P(Xs-i—n-‘rm =1 | Xstn =, Xytn—1 = en—l)

61:1 e,,_|:1
XP(Xs+n =h | Xstn—1=en—1,Xs4n—2 = en72) X...

XP(Xsi2 = €2 | Xoy1 = €1, X = j) X P(Xy11 = e1|Xy = j)P(Xy = j)
For the denominator we just recall the conditional probability definition
P(XH—n =hXs;= J) = P(Xs+n = h’XY = .])P(Xs = .])

Now we have already prove the result since P(X; = j) is in both numerator and denomi-

nator and we can simplify it. ]

Remark 4.6. With the result of this Theorem, the Chapman-Kolmogorov equations for
first and second-order and the one-step transition probabilities also for first and second-

order we can now compute any transition probability for any triplet of times.

5. Estimation and inference under second-order Markov
assumption

Given three different states £, j, [ € 8 such that &, j are not absorbent, the purpose of
this Section is to estimate the r-step transition probabilities P(Xy., =1 | X;—1 = j, Xs—2 =
h) for any s,r € N, s,r > 1. Under the homogeneity assumption we have that P(X; =
l'| Xs—1 = j,Xs—2 = h) = P,j(1,1) = P,j; and, following Corollary 4.3.1, in order to
estimate P(X;y, =1 | X;—1 = j,X;—2 = h) is enough to estimate the initial transition
probabilities Pyj;(1,1) = Pyjs.

We assume that individuals are followed until a maximum of T units of time (days as
in the illustration). Let {Xf , s=0,1,---, T} denote the non-reversible multistate process
for subject i = 1, ..., n, where X! €8. Fori=1,...,n,s=2,--- , T and h, j, [ € § we
define the counting processes

Nfizjl(s) =X} ,=h X =), X =1}

counting 1 if subject i has transit from state % to state j and to state / at times s — 2, s —
1, s, respectively; and O otherwise. The total number of individuals who have followed
the path h — j — [ at times s —2, s — 1, s is given by the sum Njj;(s) = Y1, N;'lﬂ(s).
Nyji(s) is a binomial random variable with parameters (1, 7, ;(s)) where the probability
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Tpji(s) corresponds to 7, (s) = P(Xs—» = h, X;_1 = j, Xy = ). We also define the at-risk
process of subject i corresponding to states & and j at times s =2,---, T,

Vis =1 =1{Xl, =h, XL, = j}

counting 1 if subject i was at risk of moving to adjacent states to j or stay at j given that
he/she was in states /& and j at times s — 2 and s — 1, respectively. The total number of
individuals at risk at time s is given by ?hj(s —-1)=Y", Y,fj(s — 1) and corresponds to a
binomial random variable with parameters (n, 7,;(s — 1)) where m,;(s — 1) = P(X;—» =
h, Xs—1 = J)

Regarding the estimation of the transition probability P,j;(s) = P(X, =1 | X,—1 =
J,Xs—2 = h) for a given s > 2, we will proceed in two different ways. The first one
takes advantage of the ratio of the two probabilities P, j;(s) = 74ji(s) /(s — 1) while
the second one exploits directly the estimation of the conditional probability P j;(s).

From a practical point of view we will have to guarantee that the number of individ-
uals at risk ¥, j(s—1) is large enough for a meaningful estimation of P,j;.

5.1. Estimation of P,; via the Bernoulli probabilities m,j and m,;

Given that forall s =2,---,T

P(XS—2 == haxs—l = ijs = l)
P(XS—2 =hX;—1 = .])

Puji=Pyji(s) =PXs =1|Xs—1 = j,X;2=h) =
Toni(s)

T m(s—1)

a natural estimator for P, j; can be built estimating separately both numerator and denom-
inator by ¥, N, i(s)/nand Y1, Y j(s—1)/n, respectively. Observe that Y'I_, N, ji(s)
corresponds to the total number of individuals that have followed the path h — j — [ at
any three times (s —2,5s—1,s) and ¥, , j(s— 1) is the total number of individuals that
have followed the path &7 — j consecutively at any two times (s —2,5 —1).

Definition 5.1. For given states (h, j,1), the statistic
(13)

estimates Py,j.. Whenever the denominator Yo, Yy j(s—1) is equal to 0, meaning that no

individuals have contributed to the path h — j, we will take ﬁh i1 =0.

Theorem 5.2. For given states (h, j,l), the statistic ﬁ;, ji defined in (13) is a consistent

estimator of Pyj;.
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Proof. Note that by the Law of Large Numbers we have convergence in probability of

the following two estimators:

T 1A T
ZNhjl ;ZZNhﬂ H—w>E<ZNhﬂ > ZE (s

i=1s=2 s=2
:Z”hjl(S)
s=2
T b T
*ZYhJ S_l ZZYh] —>E ZY}ij(s_l)

nz 1s=2 e s=2

T
:Z s—l Zﬂfhj (s—1)

s=2

Second-order homogeneity implies that

ﬂhj](s) :P{XS,Z = h,XS,1 = j,XS = l}
:P{Xs =1 ‘ Xx—2 :haxs—l :j}P{Xv—l - jaXs—Z :h}
=Pyji(1,1)P{X;—1 = j,Xs2 =h} = Ppj(1,1)m; (s — 1),

and we conclude that P, ;i converges in probability to Py j;:

ﬁ'hl _ ZST:z Nhjl(s) _ ZST:2 Nhjl (s)/n P Zstz Th jit (s)
/ Zstzf/hj(s—l) Zstzyhj(S—l)/” oo Zstznhj(S—l)

_ X Pu(1L Dmy(s—1)
Lo (s —1)

= Pyji

5.2. Estimation of B, via the conditional probability

For every s > 2, the relative frequency given by the ratio Ny (s) /Yy;(s — 1) is, whenever
Y,j(s—1) > 0, an straightforward estimator of P, j; (s).
Because the homogeneity assumption, we have for all s = 2,---,T, B,ji(s) = Pyji

and hence, an estimator for P, ;; can be obtained as the average of P, it(s).

Definition 5.3. For given states (h, j,1) and for every s > 2, define the statistic
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where Jj(s —1) =1{Y, i(s—1) > 0}. To estimate P,j; we define an alternative estimator

as follows:

~ 1 &~
Phjl:*ZPhjl(S)- (14)
thj s=2

where t),; = Yo, Jnj(s — 1) counts the number of times where at least there is an indi-

vidual experiencing the path j — h.

Theorem 5.4. For given states (h, j,l) the statistic 13;, ji given in (14) is an unbiased

estimator of Py j;.

Proof. We assume that 7,,;, the number of times where at least there is an individual at
risk, is fixed. Then,

B[] = [ ZJM N] Z[ N()]
Jj

th(s_l) th(s—l)

1L M) |
zsz E th(s_l)ﬂ Ti(s—1)
i | Yij(s—1)
1 T I E[ﬁhﬂ(s) th(s—l):|
=— Y E |Jy(s—1) -
thj =5 Yij(s—1)
Ly Yij(s—Dpuj | _ 1
fhjs:Zé _h’( ) Vai(s—1) & [Jnj(s = Dpuji]
1 T
= pnjiE %Z.lhj(s—l) = phji
s=2
where we have used that Nhﬂ(s)\f/hj(s —1)~ Bin(f/hj (s— 1)7Phjl) n

6. DIVINE model

6.1. Description

The dataset we use as illustration corresponds to a cohort of 2076 COVID-19 hospi-
talised patients (during the first wave of the pandemic, March-April 2020) in five hospi-
tals located in the southern Barcelona metropolitan area (Spain). Since all the patients
were monitored until discharge from hospital or death, the transition times (in days) are
known exactly for all subjects and there are not incomplete data due to lost to follow-up.
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Figure 1. Graphical representation of the multistate model for modelling the trajectory of hos-
pitalized COVID-19 patients. Seven states are considered and 14 possible transitions (in paren-
theses the sample size of each transition). NIMV: Non-Invasive mechanical ventilation, IMV: Invasive

mechanical ventilation.

This data is part of the DIVINE project (https://grbio.upc.edu/en/research/highlight
ed-projects) for which a multidisciplinary research team integrated by researchers from
the GRBIO (UPC-UB), Bellvitge University Hospital, and Bellvitge Biomedical Re-
search Institute has collaborated to define a statistical framework with a clear clinician
focus on achieving deeper understanding of the severe form of the disease caused by
the SARS-CoV-2 virus. Based on the team cooperative knowledge a multistate model
with seven states and 14 transitions has been built (see Figure 1 where the numbers in
parentheses denote the patients doing that transition). As seen in Figure 1, 7 states are
considered: (1) No Severe Pneumonia (NSP), (2) Severe Pneumonia (SP), (3) Severe
Pneumonia Recovery (Recov), (4) Non invasive mechanical ventilation (NIMV), (5) In-
vasive mechanical ventilation (IMV), (6) Discharge (Disch) and (7) Death (Death).

The following considerations are in place:

1. Once a patient has been admitted (state 0), he/she is immediately assigned to one
of the two initial states: No Severe Pneumonia and Severe Pneumonia. It is as-
sumed that the process starts at time ¢ = 0 in one of these two states.

2. Discharge and Death are absorbing states implying that once a patient has been
discharged or has died he/she cannot re-enter to be hospitalised again.

3. The time scale used in this model is days since the hospital admission. For all the
transitions, the transition times (in days) are exactly known.

4. Patients can only jump to a neighboring state in a single day.

For more details on the data and the clinical patient characteristics see Pallares et al.
(2023); Garmendia, Cortés and Gémez Melis (2023); Piulachs et al. (2023).


https://grbio.upc.edu/en/research/highlighted-projects
https://grbio.upc.edu/en/research/highlighted-projects

226 Second-order Markov multistate models

The main goal with this illustration is to study the evolution of the patients without
the restriction of a first-order Markov assumption. To do so we start validating for which
transitions of the previous multistate model the Markov assumption holds. Next, we
will estimate the transition probabilities between two states taking into account that they
might depend as well on the immediate previous state. Finally, we will compare the
evolution of those patients admitted with No Severe Pneumonia versus those admitted
with Severe Pneumonia.

6.2. Description of direct and two-step transitions

Table 1 summarises the number of patients for each direct transition and the number
of patients for the corresponding related 2-step transitions (consecutive states but not
necessarily consecutive times). For instance, individuals doing the direct transition
Recov — Disch might arrive from SP : SP — Recov — Disch from NIMV : NIMV —
Recov — Disch or from IMV : IMV — Recov — Disch. Note that we are only consid-
ering those direct transitions j — [ for which there exists, at least, a state k adjacent to j
k—j—1D.

Table 1. Aggregation of the 2-step paths for each direct transition taking into account the previ-
ous immediate state.

Direct transition | Sample size 2-step transition | Sample size | Percent.

NSP — SP — Recov 171 76.68

SP — Recov 223
SP — Recov 52 23.32
NSP — SP — NIMV 134 62.62

SP — NIMV 214
SP — NIMV 80 37.38
NSP — SP — IMV 92 55.42

SP — IMV 166
SP — IMV 74 44.58
NSP — SP — Death 14 48.26

SP — Death 29
SP — Death 15 51.72
SP — Recov — Disch 223 49.34
Recov — Disch 452 NIMV — Recov — Disch 96 21.24
IMV — Recov — Disch 133 29.42

SP — Recov — Death 0 0

Recov — Death 12 NIMV — Recov — Death 5 41.67
IMV — Recov — Death 7 58.33
SP — IMV — Death 71 57.26

IMV — Death 128
NIMV — IMV — Death 57 45.97
SP — IMV — Recov 95 67.86

IMV — Recov 140
NIMV — IMV — Recov 45 32.14

States: NSP: No Severe Pneunomia, SP: Severe pneumonia, Recov: Severe Pneumonia recovery, NIMV:
Non-Invasive Mechanical Ventilation, IMV: Invasive Mechanical Ventilation, Disch: Discharge, Death:
Death
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Relating the sample size of the direct transitions appearing in Table 1 with the nota-
tion introduced in Section 5, we see that the sample size of the direct transition & — j
corresponds to the number of patients at-risk: Y'/_, ¥}, j» while the sample size of the 2-
step transition 2~ — j — [ does not coincide with Zstz N, ji since we have considered all
patients doing this path either in consecutive times or not.

Table 1 reveals that the proportion of patients for a given transition (e.g, IMV—
Recov) drastically differs whether the patients were before in SP (68%) or in NIMV
(32%). We can also examine the transition SP—Recov, if we separate the patients be-
tween those with NSP in the admission (76.68%) and those with SP in the admission
(23.32%) we also observe important differences. Similar interpretation is in place with
transition SP—NIMV. This suggests that the model may not fulfill the Markov assump-
tion and that it may be important to take the two previous states into account when
calculating the transition probabilities.

6.3. Testing the Markov assumption

In order to check which 2-step transitions are not first-order Markovian, we use the
Markov test described in Section 2.2 and follow Titman and Putter (2020) guidelines
with respect to the time intervals [fo,fmax] Where the test can be conducted. Basically,
the comparison is restricted to windows of time with enough individuals and to direct
transitions that have an immediate previous state.

To evaluate the logrank test we compute the statistics for an equally 0.5-day spaced
grid in the interval [1,11] for all the transitions except for transitions 7 (SP — Death)
and 12 (NIMV — Death) in which the interval is [1,7] and transition 14 (IMV — Death)
with the interval [1, 16].

Table 2 summarizes the p-values of the log-rank tests obtained from 5000 wild boot-
strap resamples (Lin, Wei and Ying, 1993) and considering the three possible summary
statistics: weighted mean, mean, and supremum described in Section 2.2. For each tran-
sition (rows), we have carried out the test for all the possible previous states as well
as the overall chi-squared test. The partial p-values are the ones corresponding to the
global test. For each transition, the transition intensity compares the subjects who were
previously at fixed state j (in columns) versus the ones who were not there.

Considering the overall p-values, transitions 4 (SP — Recov), 5 (SP — NIMV), 6
(SP — IMV) and 8 (Recov — Disch) show clear departures from the Markov assump-
tion, while transition 13 (IMV — Recov) is marginally significant. Furthermore, any one
of the summary tests rejects the Markovianity in transitions 4, 5 and 6. The supremum
statistic would not reject Markovianity from states NSP and Recov in transition 8. Fi-
nally, the global p-value of 0.059 in transition 13 is mainly due to the non Markovianity
coming from states SP and IMV.

These findings suggest that once a patient is critically ill, for instance, in states NIMV
and IMYV, the future clinical evolution is independent of whether he/she was diagnosed
with NSP or SP when hospitalized. However, the clinical evolution to NIMV or IMV will
be different for those patients initially diagnosed with NSP versus those diagnosed with
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Table 2. p-values obtained from the computation of the Markov test for each transition and each
previous state. Three different summary statistics have been computed: unweighted mean (UM),
weighted mean (WM) and supremum (S). In bold the transitions that are statistically significant
at 0.05.

Transitions NSP SP Recov NIMV IMV overall
4 (SP— Recov) UM 0.005 0.005 0.0042
WM 0.006 0.006

S 0.029 0.029

5 (SP— NIMV) UM <1076 <1016 0.0018
WM <1076 < 10716

S 0.026 0.026

6 (SP— IMV) UM 0.009 0.009 0.016
WM 0.002 0.002

S 0.042 0.042

7 (SP— Death) UM 0.106 0.106 0.196
WM 0.120 0.120

S 0.340 0.340

8 (Recov— Disch) | UM  0.007 <1072 0165 <107 <107 <10716
WM 0010 <107 0.8 <107 <107

S 0.104 <10 0388 <107 <107

9 (Recov— Death) | UM 0.652 0298  0.145 0495  0.143 0.357
WM 0.644 0273  0.144 0464  0.151

S 0.656 0313 0353  0.639  0.309

10 (NIMV— Recov) | UM 0.594 0.190 0.694 0.609
WM 0.588 0.183 0.717
S 0.831 0.432 0.892
11 (NIMV—=IMV) UM 0.514 0.819 0.728 0.807
WM  0.501 0.858 0.765
S 0.432 0.311 0.304
12 (NIMV— Death) | UM 0.348 0.218 0.649 0.437
WM 0.378 0.253 0.619
S 0.338 0.342 0.719
13 (IMV— Recov) UM 0.564 <1073 0.514 0.005 0.059
WM  0.531 <1073 0.456 0.005
S 0.780 0.034 0.376 0.037
14 (IMV— Death) UM 0.296 0.663 0.318 0.099 0.305
WM 0.296 0.674 0.269 0.100

S 0.471 0.369 0.264 0.205
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SP when hospitalized. These results lead us to consider second-order Markov multistate
models in order to study the evolution of the hospitalized COVID-19 patients during the
fist wave of the pandemia.

6.4. Estimation of the transition probability matrices

We will now estimate the seven possible transition probability matrices using the estima-
tors presented in Section 5. As we have mentioned before, we know the exact transition
times, so we can easily estimate the transition probability by taking into account the
number of patients who are at risk of the transition and the patients who finally have
done the transition. For each row of each matrix the number of patients at risk will be
different.

We present here the estimation of the matrices P(y) and P(3). The estimation of the
rest of the matrices is similar, except for matrices P(g) and P(7) (6 and 7 are absorbent
states) which are null matrices except for the elements (6,6) and (7,7) which are equal
to 1.

In order to estimate the matrix P(q) we start from all patients who have been hos-
pitalized with entry in state NSP. The day after a patient has been hospitalized he/she
can still be at NSP or can move to SP, Discharge or Death. So rows 1, 2, 6 and 7
are the only ones with probabilities different from 0. In order to estimate the prob-
ability cells in row 1 of P() we consider, for each time s, all the patients who have
been at least two consecutive days in NSP, that is, Y4, ¥ (s — 1) = 10577 (note here
that 43 is the maximum number of days a patient has been two consecutive days in
NSP). From those 10577 patients at risk, the number of patients who have stayed in
NSP the next day is Zﬁz Ni11(s) = 8919, while z;‘iz Ni12(s) = 257 have transited to SP,
Z?iz Ni16(s) = 1369 have been discharged and, finally, Z?iz Ni17(s) =32 have died. We
proceed analogously for the estimation of the probability cells in row 2 of P(q) starting
with those Y35, ¥} (s — 1) = 411 patients who have moved to SP from NSP the next day.
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In a similar way we estimate P ;). In this case we start with all patients who have
been at state SP at any time. The next day these patients can still be at SP or can move
to Recovery, NIMV, IMV or Death. So rows 1 and 6 are 0 because there is no direct
transition from SP to NSP nor to Discharge. For row 2, the number of patients at risk,
that is, the number of patients spending two consecutive times in state SP is Z?lz Yoo (s—
1) = 2668. Row 3 starts with those patients who have moved from SP to Recovery,
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a total of Z?lz Y23(s — 1) = 223. Analogously, for rows 4 and 5, Z;iz Yau(s—1) =
214 patients have transited immediately from SP to NIMV while Zfiz Yos(s—1) =166
patients moved from SP to IMV. Probability matrices P3), P(4) and P(s) are estimated
proceeding in an analogous manner, each one starting from patients in states Recov,
NIMYV and IMYV, respectively.

O 0 0 0 0 0 0
0 BU 20 &8 49 g 24
2668 2668 2668 2668 2668
207 16
A 0 29 0 45 0
= 6 159 45 4
Poy=10 0 5 @ 2 0
3 160 3
0 0 % O &% 0 %
o0 0 0 0 0 0
0 0 0 0 0 0 1

6.5. Prediction via Chapman-Kolmogorov equations

The Markov test computed in Section 2.2 rejects the first-order Markov assumption for
three of the four transitions from Severe Pneumonia (SP): to Non Invasive Mechani-
cal Ventilation (NIMV), Invasive Mechanical Ventilation (IMV) and Recovery (Recov),
indicating that whether or not the patient was diagnosed with Non Severe Pneumonia
(NSP) marks a difference in his/her prognosis. A second-order model allows the predic-
tion of the time to future events as a function of the diagnostic when they were hospi-
talized. Chapman-Kolomogorov extension in Theorem 4 is the key to the corresponding
probabilities.

Probability to NIMV
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Figure 2. Probabilities from SP to NIMV for patients who had been two consecutive days in
SP (line) compared with patients who have been one day in NSP and one day in SP (dots).

p2a=PXz3s =4X2=2,X1 =2) vs proa = P(Xa15s =4[ X2 =2,X, = 1)

For the transition from SP — NIMV, we will compute for s € {0,...,6} the probabil-
ities popa = P(X345 = 4|X2 = 2,X; = 2), that is, the probability to NIMV for patients who
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arrive at the hospital with a SP diagnosis and they still were in SP the second day. And
also p1o4 = P(X34s =4|X; =2,X) = 1) the probability to NIMV for patients with NSP at
admission who had moved to SP the second day. We have plotted these probabilities in
Figure 2, where we can we see how important is the initial state for the initial times. The
probability of moving to NIMV of patients initially diagnosed with SP (X; =2,X, =2)
is much smaller than the probability of moving to NIMV of patients initially diagnosed
with NSP (X; = 1,X; = 2). These two probabilities close the gap as days go by.
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Figure 3. Probabilities from SP to IMV for patients who had been two consecutive days in
SP (line) compared with patients who have been one day in NSP and one day in SP (dots).
P25 = P(X345=5[X2 =2,X1 =2) vs p1o5s = P(X31, = 5[X2 = 2,X; = 1),

The same type of plot is depicted in Figure 3 to study the transition SP — IMV. In this
case the patients are also splitted based on their initial state: NSP or SP. As in Figure 2,
the probability of moving to IMV of patients initially diagnosed with SP (X; =2,X, =2)
is much smaller than the probability of moving to IMV of patients initially diagnosed
with NSP (X; = 1, X, = 2). However, both probabilities increase over the time and their
difference is kept along the next days. This reveals the different prognosis for needing
respiratory mechanical ventilation (IMV) among those patients initially diagnosed with
NSP versus being diagnosed with SP.

7. Discussion

In this paper we have introduced a second-order Markov multistate model and we have
developed an extension of the Chapman-Kolmogorov equations to compute r-step tran-
sition probabilities. We have used the DIVINE COVID-19 data to estimate the transition
probabilities and to predict probabilities to NIMV and IMV in terms of the states where
a patient was during the first 2 days of his/her hospitalization.

As we briefly mention in the introduction, a second-order Markov model could had
been transformed into a first-order Markov model by redefining the state space. This
would be possible creating extra states formed by direct 1-step transitions. For instance,
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in the DIVINE data case instead of one unique Death state we could have defined 3 new
states formed by those patients arriving to Death from NIMV, IMV or Recovery. The
advantage of these new states is clear because we would be able to apply all the knowl-
edge on first-order Markov models. However, the number of states and transitions of the
new model will increase substantially and the interpretation will become cumbersome.
Furthermore, since the number of parameters to estimate will increase and, so does the
needed sample sample size to estimate all of them, the second-order Markov approach
is preferable.

It should be mentioned that Chapman-Kolmogorov extension is based on a dis-
cretization of the time scale and is only computed conditionally to two-consecutive
times. But, we prove that one-step transition probabilities and one-step second-order
transition probabilities together with the extended Chapman-Kolmogorov equations are
enough to compute the transition probabilities if the previous two times are not consec-
utives.

In this paper we sketch two different ways to estimate the transition probabilities.
The first one using the Bernoulli probabilities, which is the one used to compute the
transition probabilities in the COVID illustration example and the second using condi-
tional probabilities. Since the data from the DIVINE project was collected one year after
the end of the first wave, we have complete registries and, for this reason, we have so
far only developed both methods for complete (uncensored) data. Nevertheless, it is in-
deed relevant to extend these estimators to account for right-censored data. The second
method of estimation presented in Subsection 5.2 gives a clue of how we could proceed
to account for right-censored data. This estimator, an average of the ratios, for each time,
of those subjects doing an specific transition among the number of subjects at risk, has
an analogy to the Nelson-Aalen estimator for the cumulative hazard function. For a thor-
ough statistical analysis, the derivation of the variance of these estimators as well as of
their asymptotic distribution is needed. Furthermore, estimators for the state occupation
probabilities and for the transition intensities for complete and right-censored data are
as well a topic of interest. All these ideas remain open for our future research.

Acknowledgements

This research has been funded by the Ministerio de Ciencia e Innovacion (Spain) [PID
2019-104830RB-100/ DOI(AEI): 10.13039/501100011033] and by Generalitat de Cata-
lunya through the projects 2020PANDEO00148 and 01421 SGR-Cat 2021. We are in-
debted to our colleagues in the DIVINE group for their clever contributions and dedi-
cated time.



M. Besalu and G. Gomez Melis 233

References

Chakladar, S., R. Liao, W. Landau, M. Gamalo, and Y. Wang (2022). Discrete Time Mul-
tistate Model With Regime Switching for Modeling COVID-19 Disease Progression
and Clinical Outcomes. Statistics in Biopharmaceutical Research, 14, 52—66.

Ching, W. K., Fung, E. S. and Ng, M. K. (2003). A higher-order Markov model for the
Newsboy’s problem. Journal of the Operational Research Society, 54, 291-298.

de Wreede, L., Fiocco, M. and Putter, H. (2011). mstate: An R Package for the
Analysis of Competing Risks and Multi-State Models. Journal of Statistical Software,
38, 1-30.

Garmendia, L., Cortés, J. and Gémez Melis, G. (2023). MSMpred: Interactive modelling
and prediction of individual evolution via multistate models. BMC Medical research
methodology, 23.

Hougaard, P. (1999). Multi-state models: a review. Lifetime Data Anal., 5, 239-264.

Kay, R. (1986). A Markov Model for Analysing Cancer Markers and Disease States in
Survival Studies. Biometrics, 42, 855-865.

Lin, D. Y., Wei, L. J. and Ying, Z. (1993). Checking the cox model with cumulative
sums of martingale-based residuals. Biometrika, 80, 557-572.

Logan, J. A. (1981). A structural model of the higher-order Markov process incorporat-
ing reversion effects. The Journal of Mathematical Sociology, 8, 75-89.

Mody, A., Lyons, P. G., Vazquez Guillamet, C., Michelson, A., Yu, S., Namwase, A. S.,
Sinha, P., Powderly, W. G., Woeltje, K. and Geng, E. H. (2020). The Clinical Course of
Coronavirus Disease 2019 in a US Hospital System: A Multistate Analysis. American
Journal of Epidemiology, 190, 539-552.

Pallares, N., Tebé, C., Abelenda-Alonso, G., Rombauts, A., Oriol, 1., Simonetti, A. F.,
Rodriguez-Molinero, A., Izquierdo, E., Diaz-Brito, V., Molist, G., Gémez Melis, G.,
Carratala, J., Videla, S. and study groups, M. (2023). Characteristics and Outcomes by
Ceiling of Care of Subjects Hospitalized with COVID-19 During Four Waves of the
Pandemic in a Metropolitan Area: A Multicenter Cohort Study. Infectious diseases
and therapy, 12, 273-289.

Piulachs, X., Langhor, K., Besali, M., Pallares, N., Carratala, J., Tebé, C. and
Go6mez Melis, G. (2023). Semi-Markov multistate approaches for multicohort event
history data. (submitted).

Rodriguez-Girondo, M. and de Ufia Alvarez, J. (2012). A nonparametric test for Marko-
vianity in the illness-death model. Statistics in Medicine, 31, 4416-4427.

Shamshad, A., Bawadi, M., Wan Hussin, W., Majid, T. and Sanusi, S. (2005). First and
second order markov chain models for synthetic generation of wind speed time series.
Energy, 30, 693-708.

Shorrocks, A. F. (1976). Income Mobility and the Markov Assumption. The Economic
Journal, 86, 566-578.

Titman, A. C. and Putter, H. (2020). General tests of the Markov property in multi-state
models. Biostatistics, 23, 380-396.



234 Second-order Markov multistate models

Tong, H. (1975). Determination of the order of a Markov chain by Akaike’s information
criterion. Journal of Applied Probability, 12, 488—497.



SORT 48 (2) July-December 2024, 235-258 DOI: 10.57645/20.8080.02.20

Conditional likelihood based inference on
single-index models for motor insurance claim
severity

Catalina Bolancé!, Ricardo Cao? and Montserrat Guillen?

Abstract

Prediction of a traffic accident cost is one of the major problems in motor insurance.
To identify the factors that influence costs is one of the main challenges of actuarial
modelling. Telematics data about individual driving patterns could help calculating the
expected claim severity in motor insurance. We propose using single-index models to
assess the marginal effects of covariates on the claim severity conditional distribution.
Thus, drivers with a claim cost distribution that has a long tail can be identified. These
are risky drivers, who should pay a higher insurance premium and for whom preventa-
tive actions can be designed. A new kernel approach to estimate the covariance matrix
of coefficients’ estimator is outlined. lIts statistical properties are described and an ap-
plication to an innovative data set containing information on driving styles is presented.
The method provides good results when the response variable is skewed.
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1. Introduction

We analyse costs of claims in a motor insurance data set. Because higher costs occur
much less frequently than lower costs of claims, the dependent variable here is right-
skewed. Specifically, we are interested in modelling the distribution of costs of claims
conditional on the values of covariates that reflect driving habits. We focus on the whole
conditional distribution rather than on the conditional expectation to measure the influ-
ence of covariates on different quantiles, specifically on the costly claims, i.e., the right
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tail of the severity distribution. This problem could be addressed by quantile regres-
sion, for fixed quantile levels, but this could potentially lead to contradictory results for
close quantiles. Modelling the cost of claims conditional on covariate information has
remained a bottleneck for insurance companies, as a result of which average costs are
used in practice worldwide. We address this problem also considering data on driving
patterns and driving conditions, a type of information that is available through sensor
data regularly collected by insurtech firms. Some new motor insurance rate making
schemes are based on near-miss telematics information which measures the propensity
of risky events that do not always lead to an accident (see Guillen et al., 2019, 2020 and
Guillen, Nielsen and Pérez-Marin, 2021). Risk scores such as the ones obtained with
index-models can be combined with the evaluation of near-miss information to improve
the performance of predictive modelling in motor insurance pricing.

Single-index regression models are semiparametric methods for generalising linear
regression. They specify the dependence between a random variable Y (here the cost of
a traffic accident, or claim severity) and a d-dimensional vector X as follows (see Hirdle
et al., 1993):

Y:m(eTX> te, (1)

where 0 is a vector of unknown parameters, m is an unknown smooth function, and € is
a random variable with zero-mean conditional on X.

Traditional approaches for estimating the linear predictor coefficients 6 and the func-
tion m are based on the conditional expectation rather than on the whole conditional dis-
tribution and, as a consequence, they are vulnerable to the presence of extremes, heavy
tails or strong asymmetry, as in many applications. Our contribution is to extend the
maximum likelihood estimation of (1) and, in so doing, to open the door to single-index
conditional distribution modelling which has enormous potential for a range of applica-
tions.

In order to estimate the vector 6, Hirdle, Hall and Ichimura (1993) proposed the
direct minimisation of the residual sum of squares, so their estimator is

A L 2
0 = argming Z [Y,- —m; <9TX,-)} ,
i=1

where (X1,Y1),...,(X,,Y,) are iid observations of the covariates and the dependent vari-
able and r; indicates the leave-one-out kernel estimator of m. Alternatively, Hristache,
Juditsky and Spokoiny (2001) analysed the average derivative estimator of the vector
of parameters in the index model, introduced by Stoker (1986) and as subsequently
employed by Powell, Stock and Stoker (1989). Hristache et al. (2001) presented the
method for estimating the vector of coefficients, 8, by minimising an M —function, with
a score function y, that again compares ¥; with a nonparametric estimator 7(-), i.e.,
argming Y7, y [Y;,/m (67X;)]. All these methods ignore the shape of the conditional
distribution because they are based on fitting the conditional expectation.

Delecroix, Hardle and Hristache (2003) investigated the pseudo-maximum likeli-
hood estimation of 6 in (1). They proposed starting from a preliminary /n-consistent
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estimator and, subsequently, correcting it with the gradient and the Hessian of the log-
likelihood function. They showed that the corrected estimator is efficient. Previously,
Klein and Spady (1993) had analysed the maximum likelihood estimation of 8 but only
for a binary response dependent variable. In the context of survival data with censored
observations, Strzalkowska-Kominiak and Cao (2013) investigated maximum likelihood
alternatives based on the kernel estimation of the conditional distribution and showed
that previous methods for censored data could be improved.

Nonparametric regression is more general than the single-index model specified in
(1). Indeed, it emanates from a more general specification Y = m (X) + €, where the
aim is to estimate the regression curve m (x) = E (Y|X = x); Hardle (1990). However,
in practice, nonparametric regression presents two considerable challenges. First, es-
timation becomes increasingly difficult as the number of covariates rises (the curse of
dimensionality). The second challenge is that any interpretation of the effects of the ex-
planatory variables cannot be carried out directly and it is necessary to plot the different
relations to explore these effects. Another alternative to the single-index model is the
generalised additive model (see Hastie and Tibshirani, 1990); however, it faces the same
challenges as those described for nonparametric regression.

Here, a new maximum likelihood estimator of 0 in (1) is proposed, inspired by the
work of Strzalkowska-Kominiak and Cao (2013) with right-censored data. As these
authors proposed we use two different smoothing parameters: one associated with the
distribution of ¥ and the other one associated with the distribution of the index 6 'X.
The new theoretical results that we present in Section 2 for uncensored data do not
follow directly as a particular case of Strzalkowska-Kominiak and Cao (2013), since
some assumptions of the censored data case can be relaxed or dropped. In this paper,
we deduce the covariance matrix that can be easily estimated using a kernel estimator.
We evaluate the inference power of the statistical test for the covariate effects deduced
from our maximum likelihood estimator. Details on the method, some results of the
simulation study and proofs are available in the Supplementary Material.

We show the superiority of our estimator, in particular, when there are extreme val-
ues, like in our application where we observe only a few severe accidents. Additionally,
we show that the results of the estimated index model are easily interpretable from dif-
ferent points of view, for example, for the prediction of conditional mean, quantiles and
marginal effects.

We analyse a data set obtained from a specific portfolio from an insurance company
in Spain. The portfolio is made up of a small group of policyholders under 35 years of
age, who have underwritten a new insurance contract that requires a telematics device to
be installed in their vehicle. The data set contains information on mean yearly claim cost
per policy and on telematic and non-telematic characteristics. Our aim is to find the in-
fluence of telematic information on pricing compared to a traditional approach with only
classical non-telematic variables. The data set is available at http://www.ub.edu/rfa/R/
SORT-BCG/. We observe how the mean yearly claim cost per policy does not change
with a linear index; however, the shape of the distribution depends on a linear index,
something that could be considered when calculating the premium.
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In a simulation study presented in Section 3, the finite-sample properties of our pro-
posal are compared with several alternative methods for different distributions with het-
erogeneity in the location and in the scale parameters. We also carry out basic inference
about the estimators. In addition, we evaluate how the results are affected when the co-
variates are correlated and binary explanatory variables are included. Note that Hall and
Yao (2005) and Newey and Stoker (1993) only consider continuous covariates; indeed,
not many papers to date have dealt with discrete covariates in single-index models. One
exception is Horowitz and Hérdle (1996), who focused on analysing a direct estimator
for the effect of the discrete covariates. Elsewhere, methods such as those proposed by
Hiérdle et al. (1993), Hristache et al. (2001) and Delecroix et al. (2003), while allowing
dummy (binary) variables to be incorporated, do not consider the consequences of their
inclusion.

2. Methods

Let us denote the vector of covariates X = (X1,...,X;) " and let f(-|x) be the density
function of Y given X = x, where X = (x1,...,x4) is a fixed vector where f(y|x) =
foo (764 x), where fg,(+|6, x) is the conditional density of ¥ given 8, X = 6, x and 6y is
the parameter vector to be estimated. Furthermore, we assume that F (y|x) = Fg, (y|6, X)
is its conditional cumulative distribution function. For any 6y and any nonzero real num-
ber A, then vector 8 can be replaced by A 6. This means that the conditional distribution
of the response given X = x only depends on this covariate vector via the linear combina-
tion # = 6, x. If we choose any nonzero real number A, then, since there is a one-to-one
correspondence between ¢ and A+, it is also true that the conditional distribution only de-
pends on the covariate vector via the linear combination 7LGOT x. Consequently, infinitely
multiple choices exist for the single-index parameter vector 6. The usual way to solve
this identification problem is to introduce a scale constraint, for example ||6p|| = 1 or
fixing one component of 8y to be equal to one. In practice, the identification problem
implies that the signs of the effects of the covariates on the dependent variable are not
identified but are comparable, i.e., two parameters with different sign indicate opposite
effects and, if variables are measured in the same scale, then their corresponding param-
eter estimates can be compared directly.

Let (X1,Y1),...,(X,,Y,) be a random sample of the dependent variable and the co-
variates, where X; = (Xj1, ... ,Xid)T and it is assumed that at least one covariate is con-
tinuous. Let K be a nonnegative kernel and /1, h» two positive bandwidths. In line with
Bashtannyk and Hyndman (2001), the kernel conditional density estimator is:

7 _f'(tvy)
fe(W)— §(l‘) ) (2)

where

1 & -0'X;
$(1) =8 (1) = - YK (thl> 3)
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and the product bivariate kernel density estimator is used for 7(¢,y); see Chapter 6 of
Scott (2015). The product kernel is just a simple way to smooth using multiplicative

weights, so:
t—0'X; y—Y;
K . 4
ar k(T )KCR) e

We use a Gaussian kernel, and the smoothing parameters are calculated using alter-
native criteria considering the estimator type, i.e., the parameter vector, the conditional
density, the conditional distribution or the conditional mean.

In line with Hall, Wolff and Yao (1999), the kernel estimator of the conditional
distribution function is:

(ty)_r/’u/’lzty

where

_ n r—07xX; -Y;
R(t,y) = Ry 1y (1,) = K( >K<yh )
1 2

i=

and K is the kernel distribution function.

2.1. Maximum conditional likelihood estimation

If we know Fy except for the value of the index vector 0 (a highly unrealistic assump-
tion), then we can define the following theoretical conditional likelihood function:

n
=[1/e(¥il6"X:).
i=1
Maximising this function is equivalent to maximising its logarithm:
1 - 1 & T
0,(8) = ~log (L,(0)) = — ) log fo (Y6 X;). )
i=1

Here, the ideal estimator should maximise the theoretical log-likelihood
6, = argmeaxgn(e).

In practice, fy (or Fy) is unknown and so, we need to estimate it and plug it into the
logarithm of the theoretical conditional likelihood function.

We propose to maximise the kernel estimation of the log-likelihood function de-
fined in (5) with respect to 6 and to the two smoothing parameters, 4; and h,. At this
point, we note that, in the kernel estimation, when a smoothing parameter selector is ob-
tained by optimising some criteria, such as the integrated square error or the likelihood
function, which required computing a kernel estimator; using the whole observed data
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set, (X1,Y1),...,(Xy,Y,), produces undersmoothing of the optimal smoothing parameter
values; see Silverman (1986). As a consequence, we need to modify the estimated like-
lihood with a leaving-one-out procedure so as not to pick artificially small bandwidths.
Let fg 1(Y;|0 " X;) be the estimator defined in (2), where the sum in (3) and (4) runs over
Jj # i. Then, we define the leaving-one-out estimated conditional log-likelihood:

~ 1 & a
0,(6) = =} log fo ' ([0 X;). (6)
i=1

Given h; and Ay, the final maximum conditional likelihood estimator is defined as

A

6, :argmglen(e).

The estimation procedure including the two smoothing parameters /; and sy will be
described in sub-section 2.3. A similar procedure based on the leave-one-out estimator
of the hazard rate model was proposed by van den Berg et al. (2021). We point out
that it can be difficult to avoid local optima in the maximisation of the log-likelihood in
(6). Considering the existence of local optima, in the described estimation procedure we
checked how initial values for the smoothing parameters affect the final estimation. We
have observed that the final estimation is practically not affected by the initial values of
the covariate coefficients.

2.2. Properties

In this sub-section we study the properties of 6,. Let the score function be defined as the
expected log-likelihood:

((6) = E(7,(6)).

We start by proving that the true parameter vector, 6y, can be characterised as the max-
imiser of the score function. The existence of that function is the only condition required:

Al: E(log fo(Y;|6X;)) < oo for any 0
Theorem 1. The true single-index parameter, 0y, is the maximiser of the score function,
i.e., ) = argmaxg £(0).

To establish the main results for the estimator, we need to assume some further
conditions:

A2: E(X|6) X,Y)=E(X|6, X)
A3: E(XX ) < oo componentwise.

Condition A2 is a technical one needed to prove our theoretical results. It essentially
means that all the information needed to predict the values of the explanatory variables
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given the index and the response variable is contained just in the index. Assumption A2
also implies exogeneity of the explanatory variables, i.e., covariates are known previous
to the response.

The two bandwidths %, iy should fulfill the following conditions

Ad: \/nh} — 0, /nh3 — 0, nh$ — oo and hy,hy — 0 when n — o,

Consider fy, the bivariate joint density function of (OOT X,Y) and feoTX the marginal

density function of 8, X. Finally, let £I'/(8y) = V¢/(8)|g—g, denote the gradient of £(6)
over 6 evaluated in 6y. Further, let £12/(6) denote the Hessian matrix of £(6). The
following regularity conditions are also assumed. .

AS: The derivatives %%fgo(u,v), %fegx(”) and %E(X]OOTX = u) exist for j =
1,2,3and k= 1,2.

A6: The function h(x,y) = %fg(GTx,y)gzgo is continuous and a‘Z—;fg(GOTX,y)gzeo
J J
exists.

A7: The Hessian matrix ¢ (6%) is positive definite for 6* belonging to a neighbourhood
of 9().

Now we can state the first result for the proposed estimator.

~ Al A 1L A
Lemma 1. Under Al, A4 and A6 we have 6, — 6y = — [ELQ]( ;)} (ﬁg] (6) — 21 (6p)),

where 8 is between 6, and 6.
Theorem 2. Under Al-A7, we have 6, — 6y in probability.

Theorem 3. Let us assume conditions AI-A7. Then, we have

Vn(6, — 60) = N(0,%), (7
where
Y =552, ®)
Y, = [5[2](90)} -
and

Li=E [Velog(fe(YIGTX))e—eo)(Ve10g(fe (Y]6'X))eo—g,) "

= /(Ve log(fo (/6 "x))o—6,)(Velog(fo(y|0 ' x))e—g,) " f(x,y)dxdy.

All the proofs can be found in the Supplementary Material.
The asymptotic variance-covariance matrix in (8) is different from the one obtained
by Delecroix et al. (2003). These authors obtained this matrix from ZH(G) defined in (5)
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and took into account the almost sure convergence of the parameter estimator and the
weak convergence of /,(8), defined in (6), and some of its partial derivatives. Instead,
to obtain the asymptotic variance-covariance matrix, we take into account that 6 is es-
timated by maximising the kernel estimator of the conditional likelihood function En(e)
defined in (6).

2.3. Estimation procedure

To obtain 6, ; and &, we have used an algorithm in two steps. The first step aims to ob-
tain 6, by maximising the likelihood function in (6) given fixed values for the smoothing
parameters h; and /. In the second step the smoothing parameters are recalculated by
maximising the same likelihood function given the values of 6, obtained in the previous
step. Both steps are repeated until convergence. In the first step the initial values of the
smoothing parameters are given by h; = a&erxn”/ Band b, = aéyn*“/ 13 where a >0
and 647y and 6y are the empirical standard deviations (see Silverman (1986) for rule-
of-thumb smoothing parameters in kernel density estimation). The sample size orders,
n=2/13 and n=4/13, respectively for the two bandwidths, are chosen in order to fulfill the
asymptotic assumptions for the bandwidths needed for Condition A4. We have observed
that initial values of the smoothing parameters considerably affect the final estimation.
Initially we used a = 1 but it is recommended to consider a grid of values around 1.
The initial values of the covariate coefficients hardly affect the results, so to start the
algorithm we set all these coefficients equal to 1. To maximise the likelihood func-
tion in the first step, we use the function “optim()” with the default optimization method
(“Nelder-Mead”) of the “stats” R package. In the second step, to recalculate the values 4
and A, we also use function “optim()”” but with optimization method ”"L-BFGS-B”. We
need to define limits for the smoothing parameters because it is known that é,,(e) — 00

as hy, hy — 0. The limits are defined as (cgl)éerxn*Z/B,cgl)ﬁerxn*2/l3) for h; and

(cgz)ffyn_“/m,cgz) Gyn—*/13) for hy, for some c(lj) < cgj), j=12.

Our two-step algorithm is designed to guarantee the conditions established in the
theoretical properties shown in the previous sub-section. In practice, we are selecting the
best estimation in a set of pre-fixed smoothing parameters which are calculated taking
into account the sample size and the scale of the dependent variable and the index.

To estimate the variance-covariance matrix in (8) we calculate the corresponding
derivatives of the leave-one-out kernel estimation of conditional log-likelihood defined
in (6). Asymptotic normality inference, based on (7), is carried out using the esti-
mated variance-covariance matrix, replacing theoretical derivatives by estimated ones
(kernel estimator of the gradient Vg log(fa(y|0 ' x))g—g, is direct). For kernel estimator
of /121(6y) see Lemma 9 in the Supplementary Material.

2.4. Marginal effects estimation

For a given 8 = 0y, using the conditional distribution function we can obtain the p-
th conditional quantile: Qg(p|0'x) = F, '(p|0x), i.e., Fo(y,|0 x) = p where p €
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(0,1). As in any generalised linear model, comparing marginal effects is equivalent to
comparing parameters, i.e., for two covariates X and X, with k # k’, we obtain:

9Qe(p|67x)
oxy _ Yk
8Q6(1"9TX) ek’ ’
dxy
where: 9Fy(Qe(pl0 X))
Fo(Qo(p|0 ' x)|t .
Wo(plo™) _ o e ©)
Ixi fo(Qo(p|07x)[07x)

For estimating the marginal effects we will use kernel estimators for f5(y|8 'x), Fo(y|6 "x)
and their derivatives, as shown below.

The kernel estimator of the index marginal effects on the conditional distribution
function is:

Rl =07x) _ [Risn(07x2) & o §,(07%)
ot smeTx) O Vs (0Tx) |
where
1 ¢ t—0'X y—Y,
v i ()83
i 7) hihy S h hy
and

where K’ is the first derivative of the kernel.

In this paper, we obtained the marginal effects using kernels estimators of the differ-
ent functions that appear in the expression (9). The smoothing parameters of the kernel
estimator of conditional density can be calculated using the sample size orders of ref-
erence rules obtained in Bashtannyk and Hyndman (2001). The kernel estimator of the
conditional distribution and its derivatives are obtained directly from the estimated con-
ditional density. Considering that in this paper the aim of estimating marginal effects
is purely descriptive, we have obtained the values of smoothing parameters subjectively
from graphic visualization. However, a double-cross-validation approach as suggested
van den Berg et al. (2021) can be used.

2.5. Scoring rules for prediction

To evaluate the goodness of fit and the predictive capacity of the single-index model, a
variety of measures is available. Gneiting and Raftery (2007) present an exhaustive re-
view of different families of scoring rules for moments, density and distributional fore-
casts. We use three types of score described in Gneiting and Raftery (2007).
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The predictive model choice criterion (PMCC) selects the best model based on the
first two moments of the predicted values, i.e., the mean and the variance, as follows

PMCC:—%Zn:[ ( )}2—62 <9Tx,->, (10)

i=1

where 1 (6 'X;) is the kernel estimator of the conditional expectation E (¥;|6 'X;) and
62 (GTX,-) is estimated with the kernel estimates of both expectations as follows:

o (0x) = (71075) £ (o x)]

LK (S )y,

£ (Yi\QTX,-) — i <9TX,-> - !
n K (thTX,-)
h

where

i=1

and
1K<l 0 X)Y2

ey

Here h; is calculated using the optimal sample size order (n~'/%) to estimate the condi-
tional expectation and considering the scale of the dependent variables.
The logarithmic scoring rule is calculated as

:igilog [f (K|9TXi)]. (11)

E(¥loTx) =

From [(6) other widely used criteria such as the AIC (Akaike Information Criterion) and
the BIC (Bayesian Information Criterion) can be obtained.

For the p-quantile prediction of the dependent variable, Y, the goodness of fit crite-
rion proposed by Koenker and Bassett (1978) for quantile regression is:

1 L ~
QE,(0) = - ) p Yi—Qe(p|0'X))
M ie1.%> 00 (|67 X))
1 i ~
+ = ) (1—p) Yi—0e(pl0'X)) , (12)

n. £
i=1,Y,<0p(p|0 X))

where Qg(p|6"X;) is the kernel conditional quantile estimator based on the kernel es-
timator of the conditional distribution function. For a set of probabilities p1, ..., pr, we
define QF = %Z’}: 1 OF,,(0) and its corresponding weighted version, WQE = %Zlf':l
ijEp_,‘ (9)
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3. Simulation study

We carry out a simulation study, the aim being to evaluate the finite-sample properties
of our estimator. The properties of the parameter estimator, 6, are summarised in the
Supplementary Material and the basic inferences about the value of these parameters are
presented in this section. The results are obtained using a Gaussian kernel.

We compare the variance, the bias and the mean square error (MSE) of the estimated
parameters in the vector 0, using our flexible maximum conditional likelihood (FMCL)
estimator and three alternatives. The first is based on fitting the single-index model to
individual conditional expected values as proposed by Hérdle et al. (1993) (hereinafter,
HHI). The second alternative is based on Delecroix et al. (2003) (hereinafter, DHH),
where we use as our initial parameters those obtained with the HHI method which are
\/n-consistent. The third is the direct method proposed by Hristache et al. (2001) (here-
inafter, HIS).

We analyse six different conditional distributions for the dependent variable Y, two
symmetric distributions (zero skewness) and four right-skewed distributions. The con-
ditional distributions are shown in Table 1.

Table 1. Conditional distributions for dependent variable as a function of the linear index 0 ' x
for the simulation study.

Skewness | Distribution Parameters Density
1 (y—6"x)
normal (u=06"Tx,0=10"x|) ————exp (—
/27|60 Tx|? 2|6 Tx|?
Zero
—oT
P ((y|9Tx|X))
logistic (u=06"x,0=10"x|) T o0y
1 ~ 7
e (Ur)
In(y) — 0 x)?
lognormal =0'x,0=10"x ex (—(
e (1 073 | e (S
. T 1 y
Weibull (a=1,0=16"x|) Wexp “o7x]
Positive
16" x|
(a=1,M=16"x|) ot loTx)?
Champernowne
2|6 T x|y

(a=2,M=0"x|)

(2 +67x]2)?
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For our two choices of symmetric distribution, the logistic distribution has more
kurtosis and heavier tails than the normal distribution. If we compare our selection of
right-skewed distributions, we find that the Champernowne or log-logistic has a heavier
tail than the lognormal and the Weibull; see Buch-Larsen et al. (2005) for a description
of the Champernowne distribution.

In our simulation study, we use six vectors of covariates X that we identify as vec-
tors V1, V2, V3, V4, V5 and V6. For the first three 0T = (1,1.3,0.5) and for the fourth
0" = (1,1.3,0.5,0.8). The values in vector V1 are generated from three uncorrelated
standard normal distributions. The vectors V2 and V3 are trivariate normal distributions
with correlated marginals. For V2 the components are three standard normal distribu-
tions whose covariances are cov(Xy,Xy) = 0.3 for k # k' and k,kK' = 1,2,3. The same
holds for V3 but with covariances cov(X;,X) = cov(X2,X3) = 0.7 and cov(X;,X3) =0.5.
Vector V4 consists of V1 and a binary variable whose values are generated from a
Bernoulli distribution with probability 0.4, independent of the three components of V1.
Furthermore, the number of categorical covariates is usually greater than one. We have
carried out an alternative simulation study using two new vectors of covariates V5 and
V6, with 8" = (1,1.3,0.5,0.8). Vector V5 consists of two independent standard normal
variables and two binary variables whose values are generated from two Bernoulli dis-
tributions with probabilities 0.4 and 0.7, respectively. The covariate vector V6 includes
the same two binary variables, one lognormal with mean 0 and o equal to 0.5 and one
with a standard normal distribution.

We generate 500 samples of size n = 100, 500 and 2,000 and calculate the bias, the
standard deviation (STD) and the MSE of the estimators using each method, FMCL,
HHI, DHH and HJS. The results of the simulation study show that the proposed FMCL
estimator is the most suitable when the conditional distribution is right-skewed and also
when the tail of the conditional distribution is heavy. Moreover, the FMCL is more
robust to multicollinearity and to the presence of binary and asymmetric covariates.

3.1. Basic inference

Power analysis of hypothesis tests is fundamental to determining whether the effect of a
covariate is significantly different from zero. The null hypothesis for each parameter is
Hyp: 6, =0, k=1,...,d and as an alternative hypothesis we assume that the sign of the
parameter is known, i.e., Hy : 6; >0, k= 1,...,d. The statistic test is Z = 6;/se(;),
where se indicates the standard error. The statistic Z asymptotically follows a N(0, 1)
distribution. To obtain the power of the test we calculate the proportion of times that we
reject the null hypothesis in the 500 samples obtained from each analysed conditional
distribution and sample size. Alternatively, we also analyse the power of the test when
the null hypothesis is Hy : 6, = 83 and the alternative hypothesis H; : 6, > 65. Again,
we know that the alternative hypothesis is true. The statistic for this test is Z = (éz —
é3)/se(é2 - é3)
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Table 2. Power of the test for skewed distributions. The values are calculated using the 500
samples for each skewed distribution in Table 1.

Lognormal Weibull Champernowne o = 1 | Champernowne o = 2

Hy n=>500 n=2,000|n=500 n=2,000|n=500 n=2,000 |n=500 n=2,000
V1l 6,=0 1.000 1.000 | 0.864 099 | 0.722 0970 0.984 0.998
6;=0 1.000 1.000| 0.876 0.998| 0.702 0972 0.992 1.000
V4 6,=0 1.000 1.000| 0.856 1.000| 0.636 0.908 | 1.000 1.000
6;=0 1.000 1.000| 0.828 1.000 | 0.622 0.902| 1.000 1.000
04=0 1.000 1.000| 0.770 0.984| 0.584 0.862| 0.996 1.000
V1 6, =65 1.000 1.000 | 0.882 0.99 | 0.730 0976 0.988 1.000
V4 6,=65| 1.000 1.000| 0.662 1.000| 0.598 0.880| 0.998 1.000

Table 3. Percent of no-rejection of null hypothesis. The values are calculated using the 200
samples for each distribution in Table 1.

Normal Logistic Lognormal
Hy n=500 n=2000 | n=>500 n=2000 | n=500 n = 2000
Vi 6,=0 0.848 0.955 0.942 0.985 0.696 0.850
V4 065=0 0.828 0.980 0.992 0.980 0.345 0.890
Weibull Champernowne o =1 | Champernowne o =2
Hy n=500 n=2000 | n=500 n=2000 | n=500 n = 2000
V1 6,=0 0.850 0.965 0.530 0.570 0.752 0.720
V4 65=0 0.924 0.965 0.478 0.795 0.720 0.770

The results for symmetric distributions have a power about 100% for almost all tests
when n > 500, these results are shown in the Supplementary Material. Here we focus on
the results for the power of tests for skewed distributions.

Table 2 shows the powers of the two tests proposed for skewed distributions. Both
tests are at the 95% confidence level. These results indicate that when n = 500 the power
decreases considerably for the Weibull and the Champernowne distribution with o = 1,
compared to a larger sample size, n = 2,000.

To analyse the percent of times the null hypothesis that the parameter is equal to
zero is not rejected, we have designed an alternative reduced simulation study that con-
sists of adding a new covariate with associated parameter equal zero in the estimation
procedure; this implies to re-estimate the parameters. To reduce the computation time,
instead of 500 replicates, we use 200 replicates of sizes n = 500 and n = 2,000. The
null hypothesis is Hy : 6; = 0, j = 4,5, and the results of the percent of no-rejection
of the null hypothesis, for the models described in Table 1 and using extended covariate
vectors, are shown in Table 3. For n = 500 the results for skewed distributions are poorer
than those obtained for a symmetric distributions. For n = 2,000, in general, the results
improve compared to a smaller sample size, except for the Champernowne distribution,
which is heavy tailed. These results suggest that if the dependent variable is asymmetric,
a transformation to achieve a symmetric distribution should be suitable.
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4. Data analysis and model estimations of automobile claim costs

In this section we analyse the effect of risk factors on the distribution of the cost per
automobile claim in a real case study. We show that single-index models constitute a
new tool for identifying the influence of some of those covariates that are known to the
insurer at the beginning of the contract or during the coverage period. We estimate the
single-index model coefficients with the FMLC method. The results are obtained using
a Gaussian kernel. Some parametric models based on Weibull, gamma, log-normal and
log-logistic distributions, which are not reported here, produced poor fits. Furthermore,
significant effects of the covariates were not found.

We analyse a data set obtained from a Spanish insurance company. The original
portfolio consists of policyholders between age 18 and 35, who underwrote a motor
insurance policy and accepted a telematics engine that allows the company to gather
data on the policyholder’s driving behaviour. In the available data set, all claims are
settled. In the original data set, a few claims result from no fault agreements between
insurers, in these cases the amount recorded is equal to the legally established cost.
Claims regulated by a no-fault agreement were excluded from our analysis. Hence, our
data are not censored. Those in the no-fault agreement had to be removed because there
was no information on the true cost of the claim, which could be lower or higher than the
amount established by the agreement. To estimate the proposed single-index model, we
have selected a sample of n = 489 car insurance policyholders who reported at least one
claim in 2011. Furthermore, we have also selected another sample of 100 policyholders
to carry out a predictive analysis. The claims correspond to third-party liability accident.
For each policyholder in the sample, the total incurred losses and the number of claims
along the year is known, the ratio between both values is equal to the yearly mean claim
cost per policy. The cost refers to incurred and paid losses.

For each policyholder, we have information about the following covariates (labels
in parentheses): cost per policyholder in thousands of euros (cost), age in years (age),
number of years holding a driving licence (agelic), age of car in years (agecar), a binary
indicator equal to 1 if car is parked in a garage overnight and O otherwise (parking), an-
nual distance driven in thousands of kilometres (tkm), percentage of kilometres driven
at night (nightkm), percentage of kilometres driven on urban roads (urbankm) and per-
centage of kilometres driven above the speed limit (speedkm). These data correspond
to a sample of insureds for whom the company collected driving behaviour informa-
tion employing a telematics device installed in their vehicle. Thus, “tkm”, “urbankm”,
“nightkm” and “speedkm” correspond to the so-called “telematics covariates” that cap-
ture policyholders’ driving style and driving patterns. We do not include the gender
variable in the model because European Union regulations prohibit discrimination be-
tween men and women in the field of insurance premiums; for more information on these
data, see Guillen et al. (2019).

Table 4 shows our descriptive statistics for the cost per policyholder variable in the
original scale, transformed into logarithmic form (log(cost)), and information on the
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covariates. We show that our data set contains one extreme observation for the response
variable corresponding to a claim that exceeded €130,000 (natural logarithm close to
5).

Table 4. Descriptive statistics of the variables in the claim costs dataset.

Mean Std. Min. Q25 Median Q75 Max.
cost 1.810 6.191 0.018 0.417 0.818 1.878 130.870
log(cost) -0.145 1.128 -4.031 -0.874 -0.201 0.630 4.874
age 27.009 3.246 20.586 24.496 26.820 29.886 34.067
agelic 6.429 2.833 2.001 4.337 5.864 7.992 14.686
agecar 8.916 4.162 2.111 5.777 7.943 11.370 20.468
parking 0.763 0.426 0.000 1.000 1.000 1.000 1.000
tkm 8.356 4.530 1.220 5.174 7.549 10.635 35.105
nightkm 7.514 6.504 0.044 2.979 5.841 9.954 42.830
urbankm 27.127 14.163 3.810 16.565 24.401 35.245 80.659
speedkm 7.203 7.100 0.122 2.286 4.969 9.403 48.002

Q25 and Q75 are the first and third quartiles.
log(e) denotes natural logarithm.

The single-index models that we estimate in this section are fitted using “log(cost)”
as the dependent variable. Table 5 shows the results of the estimated parameters ()
of the single-index models when using our FMCL method and three different covariate
vectors, that is, all the explanatory variables, only the telematics variables and only the
traditional rating factors, i.e., the non-telematics covariates. Note that the smoothing
parameters /#; and /i, obtained for each estimated parameter vector are the same. This
is just a coincidence which does not occur for other analyses. We establish “speedkm”
as the variable with the constrained coefficient 6; = 1 while for the model with the
non-telematics variables we use “age”. This is convenient because the nature of these
covariates makes interpretation straightforward in this context. The reason we opt to
fix the effect of the speed variable is that we believe that high speeds result in a greater
risk of being involved in severe accidents, which in turn are more costly than minor
accidents. For each estimated parameter éj, j=2,...,8, we test individual significance.

We also estimated the parameters with methods HHI and DHH, that are shown in
the Supplementary Material. These results indicate that the estimated parameters with
the HHI method have larger standard errors than those obtained with our method. In
general, HHI and DHH are more sensitive than FMCL to the selection of the covariate
vector.

Table 5 shows that the sign of the effect of the telematics variables is unchanged
when comparing the model with all the variables and that one using only the telematics
variables. This indicates that, in the single-index model of the logarithm of the cost per
policyholder, driving patterns matter. For example, in the model with all variables, as the
effect of “speedkm” is the reference and the effects of “age” and “agelic” are positive and
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we conclude that the longer the driving experience is, the greater the risk is; however,
driving experience is associated with “tkm’, the effect of which is negative.

As shown above in Section 2, given that we assume 6; = 1, even when the signs
of the coefficients of the explanatory variables are not identified, we are still able to
analyse the relation between these effects. For example, in Table 5, we observe, on the
one hand, that “tkm” has an opposite effect to “speedkm”, i.e., excess speed can be offset
by the amount of time spent driving (measured here in terms of total distance driven).
On the other hand, the coefficients of “nightkm” and “urbankm” present the same sign
as the “speedkm” coefficient. Thus, if a higher percentage of driving at speeds above the
limit implies higher values of the index, then the same is true as night-time and/or urban
driving increase.

Table 5. Estimated parameters and their significance (p-value in parentheses) for the single-
index model in the claim cost data set.

Model

All variables Only telematics Only non-telematics
speedkm 1.000 1.000 -
age 0.153 (<0.0001) - 1.000
agelic 0.097 (0.0034) - -0.246 (<0.0001)
agecar -0.107 (<0.0001) - 0.074 (<0.0001)
parking -0.162  (0.2570) - -0.655 (<0.0001)
tkm -0.044  (0.0004) -0.423 (<0.0001) -
nightkm 0.117 (<0.0001) 0.089  (0.0005) -
urbankm 0.141 (<0.0001) 0.080 (<0.0001) -

h; =0.3857 and hy = 0.1488
The first coefficient of each model is fixed and equal to 1.000.
The computational times are 4.28 minutes with all variables,

35.27 seconds with telematics and 21.49 seconds with no telematics

The values of the index do not have a direct interpretation. These values allow us to
analyse how the shape of the conditional distribution and the marginal effects change.
To analyse these results in greater detail, we use plots, shown now in the original scale
of the cost per claim as opposed to their log-transformation. In Figures 1 and 2, we
plot the index against the fitted mean of the model with all variables and with non-
telematics variables only, the median and p-th quantiles with p = 0.90, p = 0.95 and
p = 0.99 (the plot with only telematics variables is similar to Figure 1). The mean curve
is estimated using the Nadaraya-Watson estimator of the regression function between the
dependent variable and the estimated linear index. The median and the higher quantiles
are estimated from the inverse of the estimated conditional distribution function. The
smoothing parameters are calculated specifically for each estimated curve, i.e., for the
kernel regression the order is /> and for the quantile it is n~'/3. The main result is that
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the cost distribution conditional on the value of the index is not constant. Furthermore
quantiles are not monotonic in the index. This is evidence that some combinations of
the covariates lead to a conditional cost distribution with a longer tail than others. For
example, Figure 1 shows that when the index takes values around 22.5 and around 31 the
conditional distribution has a heavier tail than for the rest of the index domain. We have
calculated the mean of the covariates for the policyholders with index values between 22
and 23 and the results indicate that these individuals tend to use night parking and the
means for the telematics covariates (tkm, nightkm, urbankm and speedkm) are higher
than the means for the whole sample. A second group of policyholders with heavier
tail takes index values around 31. The means of the covariates for policyholders with
index values between 30 and 32 indicate that these individuals also use parking and
drive more than 20% of total kilometres above the speed limit. These features are not
captured by the mean curve, which is flat; thus, we can conclude that using a single-
index conditional distribution model prediction is helpful to insurance companies when
setting up wider margins that correspond to the values of those predicted in the intervals
where the conditional distribution presents a remarkable heavy tail.

— — Mean
—— Median
==+ 0.90 quantile

25

-+ 0.95 quantile
+=+= 0.99 quantile

15 20

Fitted Cost
10

Index

Figure 1. Fitted values of the conditional mean (solid line) and quantiles (dotted and dashed
lines) with all covariables in the model.

When comparing the plot of the model with all the variables (Figure 1) with the
plot of that with only the traditional rating variables (Figure 2), the benefits of including
the telematics regressors become evident. By doing so, the intervals of the index cor-
responding to a conditional distribution with a longer tail are easily identified and, as
a result, in such cases the insurance company estimates a slight increase in the median
cost and a marked increase in the upper quantiles.

The single-index value provides a one-dimensional summary of the characteristics
that discriminate between the policyholders in terms of the conditional cost distribution.
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Figure 2. Fitted values of the conditional mean (solid line) and quantiles (dotted and dashed
lines) with only the non-telematics covariables in the model.

4.1. Marginal effects on extreme quantiles

The study of marginal effects on extreme quantiles of the cost per policyholder, obtained
from the derivative of the estimated inverse conditional distribution function, provides
us with information about the changes of the risk of high losses when explanatory vari-
ables increase or decrease. Furthermore, we analysed to what extent the effects of the
variables are different in the extremes and in the central values of the variable cost per
policyholder. The results of the marginal effects have been obtained from the kernel es-
timates described in Subsection 2.4, using the significant parameters. These results are
purely descriptive and show the flexibility of our proposal.

As we explained in Section 2, for a given vector of values of the covariates x =
(x1,...,%xq), we estimated the marginal effects along a grid of values of the covariate x;.
We focused this analysis on telematics variables and studied some examples for certain
policyholders. Specifically, once the grid for each telematics variable was fixed, we esti-
mated the marginal effects for the younger and the older individuals, when the rest of the
variables take their minimum values. Figures 3 and 4 show the marginal effects for vari-
ables “speedkm”, and “nightkm”, respectively, similar results for “tkm” and “ubankm”
are shown in Supplementary Material. In general, we observe that marginal effects of
telematics variables are different for the median and for the 0.95 quantile of the cost per
policyholder. Furthermore, the marginal effects for the younger and older policyholders
exchange their position when they are calculated at the median or when they are calcu-
lated at the 0.95 quantile. For example, in Figure 3 we see that the impact on the severity
of a claim of exceeding approximately 10% or more kilometers over the posted speed
limit is higher for older than for younger drivers at the 95% quantile (right plot) while it
is lower at the median (left plot). Note that a negative marginal effect is possible because
drivers that exceed speed limits by more that 10% could be more skilled than the rest
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and for them the median cost may be lower (left plot) while the extreme quantile may be
higher (right plot).
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Figure 3. Marginal effects on the median (left plot) and on the 0.95 quantile (right plot) of the
cost per policyholder vs the percentage of kilometers with excess speed. Younger policyholder
(solid line) and older policyholder (dashed line). The rest of covariates take their minimum
values.
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Figure 4. Marginal effects on the median (left plot) and on the 0.95 quantile (right plot) of the
cost per policyholder vs the percentage of kilometers at night. Younger policyholder (solid line)
and older policyholder (dashed line). The rest of covariates take their minimum values.
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4.2. Predictive analysis of automobile red claim costs

To analyse the predictive capacity of the estimated single-index models with the three
estimators FMCL, HHI and DHH, we used a sample of 100 cases, which were not in-
cluded in the sample used to estimate the models in the previous subsection. The results
using HHI and DHH are practically the same, only some differences are observed from
the fourth decimal, for this reason we only analyse the results for HHI. In Table 6 we
present the descriptive statistics of this new sample.

Table 6. Descriptive statistics of the variables in the claim costs sample for prediction analysis.

Mean Std. Min. Q25  Median Q75 Max.
cost 1.557 2.080 0.030 0.438 0.820 1.880  13.584
Log(cost) -0.138 1.107  -3.518  -0.827 -0.199 0.631 2.609
age 26.438 2763  20.594 24410 26418  28.461  32.769
agelic 5.952 2.670 1.859 3.908 5.458 7.592  14.628
agecar 8.349 3.875 2.283 5.175 7.943  10.665  20.468
parking 0.790 0.409 0.000 1.000 1.000 1.000 1.000
tkm 7.644 4.006 0.560 5.018 7.267 9.876  23.336
nightkm 8.022 6.794 0.462 3.235 5.889  12.115 40.694
urbankm 29.232 14522  10.266  17.386 27.811  36.246  85.553
speedkm 6.638 6.369 0.155 1.911 4.582 9.103  29.420

Q25 and Q75 are the first and third quartiles.

Table 7. Criteria for the scoring rules for prediction. QF and W QE are multiplied by 10.

Methods FMCL HHI
MSE 1.303 1.514
PMCC -2.529 -2.662

i(6)  -149.592  -153.595

AIC 313184 321191

BIC 331420  339.427

10 x QE 11.495 11.531
10 x WQE 8.388 8.436

For each of the indices that were estimated with the alternative methods, all the
criteria defined in Section 2.5 are calculated and presented in Table 7. In addition, the
mean squared error (MSE) associated with the first order predicted conditional moment
corresponding to the first sum of the PMCC criterion is also calculated. All these criteria
are obtained with the estimated parameters of the single-index models that include all
the covariates. These parameters are applied to the sample described in Table 6 to obtain
the values of the index, i.e., the parametric part of the single-index model. To obtain the
nonparametric estimation of the conditional functions used in the evaluated criteria, we
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need to calculate the appropriate degree of smoothing in each case, which depends on
the type of function, on the sample size and on the scale of the variable. So, the optimal
bandwidth for the kernel estimation of the density function is of order n~'/5 and for the
distribution function and quantile it is of order n=1/3.

Scoring rules are shown in Table 7, QF and WQE are calculated for a sequence of
values for p between 0.5 and 0.999 in intervals of 0.001 units. The results show that the
best fit is provided by the FMCL method for prediction in all cases.

5. Conclusion

The method proposed herein provides a full specification of the conditional distribution,
while preserving the flexible nature of the single-index. Contrary to this principle, one
limitation of the traditional approach to generalised linear modelling is the fact that the
linear predictor is linked to the mean which, in general, is related to the location param-
eter of a given distribution that is assumed to be true.

In many contexts, heterogeneity is likely to be more closely associated with the
shape of the distribution and not so much with location. This is precisely the case of
the application presented as a case study herein. The use of a single-index model allows
us to analyse all the components of the motor insurance claims cost distribution: that
is, its mathematical expectation, its median, its quantiles and the marginal effects of the
covariates at their different values.

Here, we have developed an estimator for the conditional distribution single-index
model based on maximisation of the estimated conditional likelihood. We have used
this approach to estimate the conditional distribution and, more specifically, its quan-
tiles. This, today, is fundamental in data analysis, given that in certain applications a
knowledge of the mean is not as interesting as a knowledge of other characteristics of
the distribution. In our application, the estimation of the probability of a severe accident
given some covariates, i.e., a cost larger than a fixed value, is a measure of the risk of
driving unsafely.

From the expression of the marginal effect of a covariate on a given quantile, we
have developed a way to interpret the estimated parameters of the index. Furthermore,
we can also interpret the specific marginal effects for each insured individual.

Our main theoretical results demonstrate the asymptotic properties of the estimator
for a vector of parameters in a conditional distribution single-index model and provide
an expression for its covariance matrix. Likewise, the simulation study conducted herein
demonstrates the power of the inference using the kernel estimator of the covariance ma-
trix. These results are fundamental in situations in which the analyst does not have any
prior knowledge for identifying the variables that are actually responsible for changes
in the distribution of the dependent variable. The estimation of the variance-covariance
matrix considering the possible censored data in line with what is described by Laudaggé,
Desmettre and Wenzel (2019) is a future goal.
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Moreover, the simulation study shows how our method is, in fact, an improvement
with respect to the finite-sample properties of certain known alternative methods, es-
pecially when the conditional distribution is skewed and has a long right tail. This is
frequent in economic variables measuring revenues and expenses. The estimator pro-
posed is a considerable improvement on the alternatives analysed, showing robustness
in the presence of extreme values. However, for a distribution of this shape using a sam-
ple of small size, the results are still not especially good, but they can be improved with
the use of a logarithmic transformation.

In the application described here, the observed characteristics of the insured drivers
can be usefully employed to understand the distribution of claims cost. Additionally, if
single-index models were implemented in practice, they would enable insurers to com-
bine the cost per policyholder distribution with predictions about the expected number
of claims, which is currently the baseline for premium calculation dependent on such
covariates as age, number of years holding a driving licence, power of the vehicle, age
of the vehicle, and so on. Moreover, when we include driving behaviour information
in the model (that is, variables such as distance driven and a range of driving habits),
our approach allows us to identify the values of the single-index that correspond to a
long-tailed cost distribution and, therefore, to detect situations in which the probability
of observing a large claim increases. In addition, our proposal presents better predictive
scores and, therefore, more adjusted predictions than other existing alternatives.

SUPPLEMENTARY MATERIAL

SM: The file contains: 1. The proofs of the theoretical results in Section 2.2. 2. The
results of simulation study related to the properties (bias, variance and MSE) of the
alternative methods and the inference power of FMLC for symmetric distributions.
3. The results of application using HHI and HHD methods and additional plots
marginal effects using FMLC method and are available in http://www.ub.edu/rfa/
R/SORT-BCG/.

DS: Data set and R program used in the illustration of FMCL method in Section 4 are
available in https://data.mendeley.com/datasets/py3kb2hn2b/1 and
http://www.ub.edu/rfa/R/SORT-BCG/
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