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dependent censoring 

Gilles Crommen*1, Negera Wakgari Deresa*1, Myrthe D’Haen*1,2, 
Jie Ding*1,3, Ilias Willems*1 and Ingrid Van Keilegom1 

Abstract  

When modeling time-to-event data that are subject to right censoring, it is commonly as-
sumed that the survival time T and the censoring time C are independent. However, this 
assumption frequently fails in practice, leading to biased estimators and testing proce-
dures having invalid type 1 error rates. To overcome this issue, several models relaxing 
the independent censoring assumption have been proposed in the literature. Among 
these, copula-based approaches have become popular due to their ability to separately 
model the marginal distributions of T and C and their dependence structure. This review 
paper gives a comprehensive overview of recent advances in copula-based methods for 
dependent censoring, along with a discussion of the most important historical papers 
on this topic. As it is well known that the distribution of (T,C) (and hence of T ) is not 
identifed in a fully nonparametric way, we examine different strategies to achieve model 
identifability. These strategies consist of imposing assumptions on either the copula or 
the marginal distributions of T and C. Both of these approaches will be discussed, with 
and without covariates. We also consider the case where a dependent censoring time 
is accompanied by an additional latent independent censoring time. Lastly, we briefy 
explain alternative approaches that are not based on copulas. 
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1.  Introduction  

Survival analysis is concerned with the time until some event of interest occurs. This 
covers an endless amount of applications, ranging from failure of machine components 
to relapse of a certain disease, unemployment duration and many more. Depending on 
the application domain, common synonyms are reliability theory (for machine compo-
nents) and duration analysis (for unemployment); the biomedical term survival analysis 
is usually used as an umbrella term. The time T until occurrence of the event of interest, 
usually called the survival time, failure time or even time-to-event, is the main quantity 
of interest. However, the very nature of survival data also presents us with the challenge 
of censoring. Indeed, in many cases, the event is not observed for all subjects within 
the time window of the study. This can be due to subjects surviving beyond the study, 
but also due to premature leaving caused by another, intervening event. For instance, 
machine components may be replaced before their complete breakdown, and in a med-
ical setting, humans could drop out because they move to another region, die in a car 
crash, die from another disease than the one under study, because they simply no longer 
want to participate, because they experience undesired side effects of a treatment, etc. 
In all these cases, one observes the censoring time C of the other event that prohibits the 
observation of the survival time T . 

To avoid some statistical diffculties that will be introduced in Section 1.1, one often 
treats censoring times as if they were ‘unrelated’ to the survival time (in a sense to be 
made more precise below). This assumption is not harmless and may result in biased 
estimates when incorrectly taken on (Moeschberger and Klein, 1984; Emura and Chen, 
2016). In the above examples, people moving or dying in traffc is very likely unrelated 
to their health condition regarding the specifc disease or treatment under study. On 
the other hand, in the machine components example, parts could be replaced in routine, 
yearly maintenance, but they could also be replaced precisely because they show early 
signs of failure. Similarly, in the medical setting, treating patient dropout as unrelated to 
their health condition (and hence their survival) is often not justifable. Patients may, for 
instance, be withdrawn from a clinical study due to the occurrence of some side effects 
or treatment toxicity. The expected survival of the remaining patients after removing 
those with undesired side effects could be higher than that of the full (initial) population 
under study. Another example arises in transplant studies, where patients are selected 
for transplantation based on their medical condition. Since the most severely ill patients 
are prioritized, their expected survival on the waiting list may not be representative of 
those who were not selected for transplantation. 

Many more such examples exist in which the assumption of censoring unrelated to 
survival is at least dubious. Increasing attention has therefore been given to approaches 
for dependent censoring in survival data. One popular and highly active such line of 
research is the one using copulas to accommodate for the dependence. The aim of this 
review is to provide an overview of both seminal articles and recent advances in the 
transition from independence to copula-based dependence modeling. First, however, we 
introduce some relevant basic notions and motivations. 
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1.1. Dependent censoring notions 

Let us start by translating all of this into a more mathematical framework. In a typical 
survival study with censoring, one has access to the random variables Y and ∆ for each 
subject, where Y = min(T,C) and ∆ = 1(T ≤ C) = 1(Y = T ). In the latter formula, 1(·) 
denotes the indicator function. Thus, Y , usually called the follow-up time, corresponds 
to the time of the frst occurring event, while the censoring indicator ∆ is an indicator of 
the event type with ∆ = 1 for an observation of T , and ∆ = 0 for a censored observation. 
The observed data Dn of size n consist of n i.i.d. replicates of (Y,∆) or, in a regression 
setting, of (Y,∆,X), which we denote by {(Yi,∆i,Xi)}i=1,...,n. For ease of notation, we 
will assume throughout that the covariate vector X = (1, X̃⊤)⊤ , including an intercept 
entry, contains the relevant components for both T and C (although in some articles, one 
works with separate covariate vectors for the individual margins). Throughout, T and C 
are continuous and positive random variables with densities fT and fC, respectively. 

Uninformative vs. independent censoring. There are two concepts concerning the 
‘unrelatedness’ of the survival and censoring time. For both concepts, multiple defni-
tions exist in the literature; we frst present those versions that are widely used and seem 
the most intuitive to understand, and some alternative references will be provided in 
another paragraph below. We say censoring is uninformative (or noninformative) if the 
distribution of C does not depend on the parameters of interest related to the survival time 
distribution (see Emura and Chen (2018), Chapter 2; Kalbfeisch and Prentice (2002), 
Chapter 3). In particular, in maximum likelihood methods, terms containing only the 
censoring distribution or density function can be removed from the likelihood since they 
yield no information for the modeling of T . Next, censoring is called (unconditionally) 
independent if the random variables T and C are stochastically independent. When both 
these ‘unrelatedness’ concepts hold, the likelihood for {(Yi,∆i)}i=1,...,n can be written as 

n n 

∏ fT (Yi)
∆i (1 − FT (Yi))

1−∆i = ∏ fT (Yi)
∆iST (Yi)

1−∆i , (1) 
i=1 i=1 

where we used the standard notation FT (y) and ST (y) = 1 − FT (y) = P(T > y) for the 
distribution and survival function, respectively, of T ; the ‘survival’ function of C is anal-
ogously defned as SC(y) = 1 − FC(y) in terms of its cumulative distribution FC(y). (We 
will sometimes explicitly indicate dependence on any marginal parameters by writing, 
for example, FT,θT , including the parameter vector θT of T , but, when clear from the 
context, this may be omitted to avoid too heavy notation.) 

The regression setting gives rise to an additional notion of conditional independence, 
requiring the conditional margins T |X and C|X to be stochastically independent. This 
notion is different from ‘absolute’ independence of T and C. For instance, patient drop-
out (i.e., censoring) due to tumor progression could be dependent, whereas a patient’s 
survival time and drop-out may be independent conditionally on the patient’s cancer 
stage (Emura and Chen, 2018, p. 2). 
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Finally, we point out that one sometimes also includes a second, administrative cen-
soring variable A, which usually corresponds to the end of the study. The simpler form 
of administrative censoring is called type I censoring. This occurs when all individu-
als enter the study simultaneously and are observed until a predetermined date, a setup 
commonly seen in industrial life testing (Andersen et al., 1993). In contrast, clinical tri-
als often involve staggered entry, where patients are recruited at different times, but the 
study ends on a fxed date. In this case, the administrative censoring time is the length of 
time between the entrance into the study and the predetermined study end date. This type 
of censoring is known in the literature as progressive Type I censoring (see, e.g., Geskus, 
2016; Andersen et al., 1993). For any type of administrative censoring, Y = min(T,C,A), 
and two indicators ∆T = 1(Y = T ) and ∆C = 1(Y = C) together identify the observa-
tion type: (∆T = 1,∆C = 0) corresponds to an event of interest, (∆T = 0,∆C = 1) to a 
dependent censoring event and (∆T = 0,∆C = 0) to an administrative censoring event. 
An equivalent convention is to denote observations as (Y,k), where k = 0 corresponds to 
observations that were administratively censored, k = 1 to observations that experienced 
the event of interest and k = 2 to observations that were dependently censored. Since one 
can generally assume A to be independent of (T,C) (even unconditionally so), including 
it in the model often only leads to limited complications. 

Alternative defnitions. Alternative defnitions often rely on the probabilistic con-
cepts of fltrations, counting processes and martingales. A detailed explanation is con-
sidered outside the scope of this review, but they tend to be slightly more generally sat-
isfed. For instance, the notion of uninformative censoring can be extended in terms of 
fltrations (Kalbfeisch and Prentice, 2002, Chapter 6), leading to censoring probabilities 
that may actually depend on the parameters relevant to survival, as long as the censoring 
mechanism is somehow ‘ancillary’, that is, not contributing information about these pa-
rameters (Andersen et al., 1988, Section 1); such censoring schemes are still considered 
uninformative and allow reduction of the likelihood as above. Alternative notions of in-
dependent censoring, on the other hand, can be found in Fleming and Harrington (1991) 
and Andersen et al. (1988), for instance. The former defnes independence in terms of 
the hazard rate 

P(y ≤ T ≤ y+ h|T ≥ y) d
λ (y) = lim = − logST (y),

h→0 h dy 

by requiring that this hazard rate for T in the absence of censoring be the same as the 
one when censoring is present, that is, with additional conditioning on C ≥ y in the 
above formula (Fleming and Harrington, 1991, Section 1.3). As they point out, one 
could construct examples in which T and C are not stochastically independent as ran-
dom variables, yet satisfy their notion of independence. Subsequently, they generalize 
this defnition slightly more still, also allowing discontinuities in the distribution of T , by 
using martingales. The notion of independent censoring (as well as uninformative cen-
soring) in Section 3.3 of Andersen et al. (1988) heavily relies on fltrations and counting 
processes and is considered too technical for this exposition, but they summarize it as a 
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probabilistic concept “[...] very heuristically stating that the extra randomness, and the 
reduced information, caused by the censoring mechanism, should be ‘orthogonal’ to the 
(conceptual) situation without censoring” (Andersen et al., 1988, Section 1). 

Independence assumption: rationale and risks. Starting from the expression in 
(1), Kaplan and Meier (1958) construct their nonparametric estimator of the survival 
function ST . While still highly popular in practice, all too often one takes the underly-
ing independence assumption too lightly. However, Kaplan and Meier (1958) raise the 
following important caveat in their introduction: “[...] it is usually assumed in this pa-
per that the lifetime (age at death) is independent of the potential loss [i.e., censoring] 
time; in practice this assumption deserves careful scrutiny.” And yet, naively assuming 
independence remains tempting, especially in view of the identifability issue addressed 
in Cox (1959) and Tsiatis (1975). Indeed, they showed that the joint model cannot be 
fully identifable unless at least some formal assumptions are made. That is, solely based 
on observations (Y,∆,X), it is impossible to determine the true underlying joint distri-
bution of (T,C), as there exist infnitely many joint distributions of (T,C) that would 
all lead to the observed data generating process. Worse yet, even when (a part of) this 
joint distribution is parametrized, the problem might still persist in the sense that distinct 
parameters can lead to models which both imply the observed data distribution. We refer 
to van der Vaart (1998, p. 62) for a formal defnition of model identifcation. 

It is intuitively clear that this non-identifability in a censoring context arises since 
one always observes either T or C, but never both simultaneously, such that too little 
information is available on their interdependence. Assuming independence therefore 
seems a natural remedy, but caution is advised. As Tsiatis (1975) puts it for his times Yi 

to death of cause i, “[...] the results [...] based on the assumption that Y1, . . . ,Yk are inde-
pendent, may have no resemblance to reality.” This resulted in the advent of dependence 
modeling within survival analysis, an early review paper of which is Moeschberger and 
Klein (1995). 

Independence assumption: validity and counterexamples. While extending the 
applicability of independence models, the mere notion of conditional independence does 
not suffce to cover the full range of data encountered in practice. We will now give a 
few examples – and many more exist – where this conditional independence fails to hold, 
thus motivating the work on (conditionally) dependent censoring reviewed here. 

First, consider unemployment studies. Denote T the time to re-employment and C 
the time to moving to a different city or region. One can think of cases where someone 
decides to continue their job search elsewhere, precisely because their unemployment 
duration gets too long. Correcting for individual information such as the individual’s 
age, level of education, etc., will not remove this dependence. Similarly, Crommen, 
Beyhum and Van Keilegom (2024) analyzed data stemming from the so-called JTPA 
study (Job Training Partnership Act) to estimate the effect of job training on time until 
employment, in a dependent censoring context. Indeed, individuals may not show up 
for the follow-up interviews anymore (inducing censoring) precisely because they found 
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a job. Other examples of dependent censoring in unemployment data may be found in 
Han and Hausman (1990), Lo and Wilke (2010) and Blanco et al. (2020), among others. 

Next, medical survival data are also often prone to dependent censoring. For ex-
ample, a data set on liver transplants has been analyzed several times in this context 
(Collett, 2015; Deresa and Van Keilegom, 2020a; D’Haen et al., 2025). It is no surprise 
that the time until death while waiting for a transplant (T ) is dependent on the time until 
transplant receipt (C): patients with an overall bad condition have a higher probability 
of both receiving a transplant sooner (as priority is given to more ill patients) and dy-
ing sooner. Conditioning on patient information does not remove this dependence as a 
patient’s health condition cannot be fully captured in covariates. 

Similarly, in many studies evaluating treatments for a disease, censoring by patient 
withdrawal from the study may be related to the patient’s health condition. Drop-out 
might be caused by an improved (or deteriorated) health condition, causing them to 
feel like they no longer need (or beneft from) the treatment. A well-known example 
of this is the ACTG 175 (AIDS Clinical Trials Group) discussed in Huang and Zhang 
(2008) and Chen (2010) under the assumption of a known copula, and later in Deresa 
and Van Keilegom (2021) using an approach not based on copulas. 

In this review article, dependent censoring will always refer to the absence of con-
ditional independence as in the examples that were just mentioned, that is, after condi-
tioning on any covariates present, the (conditional) margins are still stochastically de-
pendent. As such, the methodology discussed always requires nontrivial modeling of 
the dependence. 

1.2. Introduction to copulas 

Copula models are a popular approach to incorporate dependence modeling in survival 
analysis, and are the core topic of this review paper. Despite its relatively recent pub-
lication, the book of Emura and Chen (2018), providing an overview of copula-based 
survival approaches, precedes numerous novel articles. This illustrates the considerable 
and ongoing research interest in this topic; we aim to update the overview of Emura and 
Chen (2018) by also including the latest advances. Before diving into both this recent 
work as well as some of the seminal papers, we will introduce the necessary preliminary 
material related to copulas. Useful references for copula introductions are Nelsen (2006) 
and Joe (2014). 

Copula defnition. Two-dimensional copulas are bivariate distribution functions 
defned on the unit square [0,1] × [0,1] that have uniform margins. Crucial to their 
usefulness in dependence modeling is the result by Sklar (1959) that whenever A and B 
are two random variables with continuous distribution functions FA and FB, respectively, 
there exists a unique copula C such that their joint distribution FA,B can be written as 

FA,B(a,b) = P(A ≤ a,B ≤ b) = C(FA(a),FB(b)) 



 
 

    

     
  

  

 

  

   

    
  

 

  

  

9 G. Crommen, N. W. Deresa, M. D’Haen, J. Ding, I. Willems, and I. Van Keilegom 

for any a,b in the respective ranges of A and B. In other words, the joint distribution can 
be written as a ‘coupling’ (hence the term ‘copula’) of its two marginal distributions. 
This result can also be extended to d > 2 margins A1, . . . ,Ad and d-dimensional copula 
functions, but in most censored survival contexts, d = 2 and the margins under consider-
ation are T and C, whether or not after conditioning on a covariate. Note that copulas for 
discrete random variables are not identifable, as discussed by Geenens (2020). A typi-
cal model in this review paper will be of the following form (or its covariate-dependent 
counterpart): 

˜FT,C(t,c) = C(FT (t),FC(c)) , or ST,C(t,c) = C(ST (t),SC(c)) , (2) 

where the precise assumptions on the margins and on the copulas naturally depend on 
the specifc model under consideration. The copula function C̃ (u,v) = u+ v− 1+ C(1− 
u,1 − v) is referred to as the survival copula (Nelsen, 2006); it allows the translation of 
the joint distribution modeling framework on the left to the (equivalent) survival function 
setting on the right. In general, (2) allows separating the marginal distributions from the 
dependence structure between T and C. Clearly, the independence case is covered by 

˜C(u,v) = uv = C(u,v), the independence copula. 

Copula families. Two important types of copulas are the Archimedean copulas 
(see, for instance, Genest and MacKay (1986) and Nelsen (2006)) and the elliptical 
copulas (Frahm, Junker and Szimayer, 2003). In the former type, the copula C allows 
a formulation in terms of a so-called (Archimedean) generator function ψ . This is a 
continuous, convex and strictly decreasing function on [0,1] such that ψ(1)= 0, to which 
the copula is related through 

C(u,v) = ψ [−1] (ψ(u)+ ψ(v)) , 

for any 0 ≤ u,v ≤ 1. The pseudo-inverse ψ [−1](·) extends the regular inverse ψ−1(·) by 
ψ [−1](u)= 0 whenever u exceeds the range of ψ; when ψ(0)= ∞, the pseudo-inverse co-
incides with the usual inverse and the generator ψ is called strict. Note that Archimedean 
copulas are always symmetric. 

Next, elliptical copulas are those for which C(u,v) = F1,2(F−1(u),F−1(v)) for an1 2 
elliptical (joint) distribution F1,2 with marginal distributions F1 and F2 (Frahm et al., 
2003). By far the most well-known and applied elliptical copula is the Gaussian copula 

C(u,v) = ΦR(Φ
−1(u),Φ−1(v)), (3) 

where ΦR denotes the two-dimensional Gaussian distribution with mean zero and corre-
lation matrix R (equal to the covariance matrix), and Φ−1 is the inverse of the cumulative 
distribution function of a standard normal. 

Parametric copula families. Many copulas belong to some parametric family of 
copula distributions, where the parameter value governs the strength of the association 



     

 

      
 

 

 

 
      

        
    

  
 

         

  

          

 

  

 
       

    
  

  
 

    

 

   
 

10 Recent advances in copula-based methods for dependent censoring 

between both margins. Thus, for instance, the family of all two-dimensional Gaussian 
copulas is given by {Cρ | ρ ∈ [−1,1]}, where each member Cρ is a Gaussian copula 
(3) with correlation ρ (equal to the covariance between both variables) determining the 
nontrivial entries in the correlation matrix R. In the general, non-Gaussian case, we 
will write {Cξ | ξ ∈ Ξ} for families of parametric copulas with parameter space Ξ for 
the corresponding dependence (or association) parameter ξ . When these families are 
Archimedean, their associated generator function will be denoted by ψξ to indicate its 
dependence on the parameter ξ . Common parametric families of Archimedean copulas 
are the Frank family, for which � � 

1 (exp(−ξ u) − 1)(exp(−ξ v) − 1)
Cξ (u,v) = − log 1 + , ξ ∈ R \{0},

ξ exp(−ξ ) − 1 

the Gumbel family of copulas, for which � h i1/ξ 
� 

Cξ (u,v) = exp − (− logu)ξ +(− logv)ξ , ξ ∈ [1,∞), 

and the Clayton family, with h � �i−1/ξ −ξCξ (u,v) = max u + v−ξ − 1,0 , ξ ∈ [−1,∞) \{0}, 

respectively (Nelsen, 2006, Table 4.1). Closed-form expressions for their corresponding 
generators ψξ can also be found there. 

Link to Kendall’s tau and Spearman’s rho. Finally, if A and B are two random 
variables with corresponding copula C as in Sklar’s theorem, then Kendall’s τ value 
related to these random variables can be computed by 

Z Z Z1 
ψ(t)

τ = 4 C(u,v)c(u,v)dudv− 1 = 4 dt + 1, 
[0,1]2 ψ ′ (t)

0 

where c(u,v) = ∂ 2C(u,v)/∂ u∂ v denotes the copula density function, and the second 
equality holds in the case of an Archimedean copula C with generator ψ only (Genest 
and MacKay, 1986; Nelsen, 2006). Similarly, the following formula expresses the value 
of Spearman’s ρ associated to A and B, in terms of their copula C (Nelsen, 2006): Z Z 

ρ = 12 C(u,v)dudv− 3. 
[0,1]2 

For some families of parametric copulas Cξ , evaluating these integrals yields an easy, 
explicit expression for Kendall’s τ or Spearman’s ρ as a function of ξ or vice versa. 
Conversion formulas between these measures and ξ per parametric copula family may 
be found in Chapter 4 of Joe (2014). 
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1.3. Competing risks 

The notion of dependent censoring is related to, yet different from, the notion of com-
peting risks as in, for example, Fine and Gray (1999). Both are characterized by the 
presence of one or more other random variables whose occurrence precludes the obser-
vation of a survival time. However, in dependent censoring, there is a specifc interest 
in some random variable T , whereas other possibly observation-prohibiting events are 
considered nuisance. By contrast, in competing risks, all these random variables are 
considered to be of equal importance. One may for example think of several types of 
cancer to which a patient may succumb, without there being one specifc type of primary 
interest to the modelers. 

Importantly, this difference in point of view also induces a different modeling ap-
proach, aligning with the crude vs. net dichotomy in Tsiatis (1975); the former corre-
sponds to competing risks, the latter to the dependent censoring setting. Indeed, Tsiatis 
(1975) distinguishes between net survival functions Sk(t) = P(Tk > t) for k = 1, . . . ,K, 
and their crude counterparts Qk(t) = P(Tk > t,Tk = min j=1,...,K(Tj)). The latter rep-
resent the probability of surviving beyond a certain time t with cause of death k; the 
corresponding subdistribution functions P(Tk ≤ t,Tk = min j=1,...,K(Tj)) are called the 
(cause-specifc) cumulative incidence functions. Note that, as opposed to proper distri-
bution functions, these subdistributions tend to a value strictly smaller than one when 
t → ∞: while eventual death to some cause j = 1, . . . ,K is guaranteed, it is not for a 
specifc death type k that may, indeed, be precluded by the occurrence of a competing 
( j ̸= k) earlier death. Moreover, the quantities are crude in the sense that they directly 
correspond to the observations, whereas inference for the net quantities requires the hy-
pothetical removal of all other potential risks Tj ( j ̸= k) to evaluate the behavior of the 
latent quantity Tk. In particular, working only on the level of the crude, observational 
quantities (i.e. in the competing risks setting), one does not suffer from the same identif-
ability issue raised in Tsiatis (1975), and hence this approach does not require imposing 
a dependence structure. 

Unfortunately, the dependent censoring framework in which one is interested in the 
net survival quantities, but in which there are more than two random variables, is also 
– confusingly – referred to as multiple competing risks, even though in this case a de-
pendence structure is required. All copula models in this review paper fall within this 
dependent censoring category; throughout, any usage of the term ‘competing risks’ is to 
be understood in the net sense. Note that this is in line with e.g. Zheng and Klein (1995) 
and Chen (2010), but Kalbfeisch and Prentice (2002) and Collett (2015) use ‘competing 
risks’ with its crude meaning instead. 

1.4. Paper outline 

The material discussed in this review paper is organized largely chronologically; most 
sections correspond to key steps in the development of copula-based dependence mod-
eling in censored survival analysis. Section 2 discusses the pioneering work on the 
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so-called copula-graphic estimator (Zheng and Klein, 1995; Rivest and Wells, 2001) and 
its extensions, where the copula is assumed to be completely known. The recent work 
of Czado and Van Keilegom (2023), that is the core of Section 3, relaxed this heavy 
assumption at the cost of a fully parametric model specifcation. Extensions including a 
cure fraction and one nonparametric margin are also discussed. On the other hand, their 
work was also extended to a setting including covariates (Section 4), moreover gradually 
relaxing the parametric assumptions to semiparametric ones. This section also covers a 
separate line of research on parametric copulas with a nonparametric margin. Section 5 
considers copula methods in machine learning, while Section 6 discusses copula mod-
els in dependent censoring with a focus on quantile regression and frailty modeling. In 
Section 7 we briefy touch upon some other approaches not based on copulas. For all 
methods considered throughout Sections 2–7, we provide references to corresponding 
software packages whenever available. Some concluding remarks on the limitations of 
the discussed literature and interesting future research directions, fnally, are provided in 
Section 8. 

2. Known copula 

This section provides an overview of dependent censoring models under the assumption 
of a known copula for the dependence structure between the survival time T and cen-
soring time C. In this context, a known copula implies that both the functional form and 
the parameters controlling the association between T and C are correctly specifed. The 
overview begins with an examination of the copula-graphic estimator, as it was intro-
duced by Zheng and Klein (1995). Following this, the work of Rivest and Wells (2001) 
is explored. Using a martingale approach, they investigated the copula-graphic estima-
tor when the joint survival function is modeled with an Archimedean copula. Finally, 
various other extensions of the copula-graphic estimator are discussed. 

2.1. Copula-graphic estimator 

In their pioneering work, Zheng and Klein (1995) were among the frst to propose mod-
eling the dependence structure between the survival and censoring time through the 
use of a known copula function. Specifcally, they proposed a nonparametric estima-
tor for the marginal distribution functions of T and C, known as the copula-graphic 
estimator. Their approach begins by noticing that the observable data (Y,∆) can be 
used to directly estimate the probabilities π(y) = P(Y > y), I1(y) = P(Y ≤ y,∆ = 1) and 
I2(y) = P(Y ≤ y,∆ = 0) with 0 ≤ y < ∞ and assuming that P(T = C) = 0. Under the 
assumption of independence between T and C, these probabilities uniquely determine 
the marginal distribution of T . This result was generalized by Theorem 3.1 in Zheng and 
Klein (1995), which states that: 

Theorem 3.1, Zheng and Klein (1995). Suppose the marginal distribution functions of 
(T,C) are continuous and strictly increasing in (0,∞). Suppose the copula C, of (T,C), 
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is known, and the corresponding probability measure µC(E) > 0 for any open set E 
in [0,1] × [0,1]. Then FT and FC, the marginal distribution functions of T and C, are 
uniquely determined by {π(y), I1(y), I2(y),y > 0}. 

This theorem implies that, under the assumption of a known copula, the marginal 
distribution functions FT and FC are uniquely determined by the set of probabilities 
{π(y), I1(y), I2(y) | y ∈ R>0}, which can be estimated nonparametrically from the ob-
servable data. Using this insight, they showed that for any y, we have that 

µC(Ay) = P(T > y,C > y) = π(y), µC(By) = P(T ≤ y,T < C) = I1(y), 

where 
Ay = {(u,v) | FT (y) < u ≤ 1,FC(y) < v ≤ 1}, 

By = {(u,v) | 0 ≤ u ≤ FT (y),FC(F−1(u)) < v ≤ 1},T 

and µC denotes the probability measure of the known copula C. These relationships 
uniquely determine FT and FC, which allows for the construction of estimators F̂T and 
F̂C that preserve these equalities over a selected grid of points. Moreover, their Theorem 
4.1 established that F̂T and F̂C are strongly consistent for FT and FC, respectively, under 
mild regularity conditions on the marginal distribution functions and copula density. 

A natural choice for the grid on which the estimator is calculated is the set of distinct 
times {y1, . . . ,ym} at which individuals experience the event of interest or are censored, 
with {δ1, . . . ,δm} the respective censoring indicators. This grid leads to F̂T being a step 
function with jumps at the observed event times and is referred to as the copula-graphic 
estimator of FT . Similarly, the copula-graphic estimator of FC is a step function with 
jumps at the observed censoring times. Therefore, when δi = 0 we have that F̂T (yi) = 
F̂T (yi−1) and when δi = 1 it is clear that F̂C(yi) = F̂C(yi−1). Further, let y0 = 0 with 
F̂T (y0) = F̂C(y0) = 0 and π̂(y) = n−1 

∑
n
i=1 1(Yi > y). Noting that P(T > y,C > y) = 

1 − P(T ≤ y) − P(C ≤ y)+ P(T ≤ y,C ≤ y), it follows that when δi = 0 : 

µC(Â yi ) = 1− F̂T (yi−1) − F̂C(yi)+ C 
� 
F̂T (yi−1), F̂C(yi) 

� 
= π̂(yi), 

and similarly for δi = 1. Since π̂(yi) can be estimated directly from the observable data, 
F̂T and F̂C can be computed iteratively by solving these equations. Furthermore, Zheng 
and Klein (1995) established that the copula-graphic estimator is a maximum likelihood 
estimator, and that under the assumption of the independence copula, the copula-graphic 
estimates of marginal survival functions coincide with the Kaplan and Meier (1958) 
estimates. 

It is to be noted that the assumption of a known copula may be overly restrictive, as 
the exact strength of the dependence between T and C is usually unknown in practice. 
However, this is exactly the assumption made when using the Kaplan-Meier estimator. 
For illustration, we simulated 1000 observations of Y = min(T,C) and ∆ = 1(Y = T ), 
where T and C are generated from a Frank copula with Kendall’s tau equal to 0.5 and 
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standard log-normal margins. Figure 1 displays the copula-graphic estimator for vari-
ous specifed values of Kendall’s tau and the true survival function of T . Note that the 
Kaplan-Meier estimator overlaps with the copula-graphic estimator when τ = 0. This 
example demonstrates that the copula-graphic estimator is sensitive to misspecifcation 
of the association parameter, suggesting that its most evident use is to provide bounds 
on the survival function for varying strengths of dependence. 

The copula−graphic estimator 
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Figure 1. The copula-graphic estimator for different values of Kendall’s tau and the true survival 
function. 

2.2. Archimedean copulas 

Subsequently, Rivest and Wells (2001) investigated the copula-graphic estimator where 
the dependence between T and C can be modeled by any known Archimedean copula. 
Note that many of the Archimedean copulas do not meet the regularity assumptions 
of the identifability and consistency results given by Zheng and Klein (1995). As an 
example, the condition that the copula has a strictly positive density on [0,1]× [0,1] is 
not met by the Clayton copula. Under the assumption of a known Archimedean copula, 
Rivest and Wells (2001) derived the following closed-form expression for the copula-
graphic estimator: 

˜ 

ŜT (t) = ψ−1 − ∑ 
° ˝ ˝˙ˆ˛ ¯ ˛ ¯Z(Yi) Z(Yi)− 1

ψ − ψ , 
n nYi≤t,∆i=1 



   
 

    
  

 

         

   

  

 

15 G. Crommen, N. W. Deresa, M. D’Haen, J. Ding, I. Willems, and I. Van Keilegom 

nwhere ψ(·) is a known strict generator function and Z̄(t) = ∑i=1 1(Yi ≥ t). Note that 
when ψ(y) = − log(y), the survival and censoring time are independent and the copula-
graphic estimator for Archimedean copulas reduces to the Kaplan and Meier (1958) 
estimator. 

Using counting process notations, the copula-graphic estimator for Archimedean 
copulas can also be written as � � � � �� ��Z t Z̄(u) − 1 Z̄(u)

ŜT (t) = ψ−1 
1(Z̄(u) > 0) ψ − ψ dN̄ (u) , 

0 n n 

with N̄ (t) = ∑n
i=1 1(Yi ≤ t,∆i = 1). From this representation, it can be deduced that the 

copula-graphic estimator for Archimedean copulas and the original copula-graphic esti-
mator have the same asymptotic behavior. Moreover, Rivest and Wells (2001) showed 
in their Theorem 1 that ŜT (t) is a uniformly consistent estimate of ST (t) under different 
regularity conditions from those given by Theorem 4.1 in Zheng and Klein (1995). 

2.3. Extensions 

The work of Rivest and Wells (2001) was extended to the regression setting by Braekers 
and Veraverbeke (2005), who applied the martingale approach to a fxed design regres-
sion model with one continuous covariate. Assuming the independence copula, they 
found that their estimator reduces to the Beran (1981) estimator as it was studied by 
Van Keilegom and Veraverbeke (1996). Building on this work, Veraverbeke (2006) con-
sidered the nonparametric estimation of conditional quantiles of T given X under the 
assumed copula model, while Sujica and Van Keilegom (2015) proposed estimators for 
location and scale functionals of T given X under a random design setting and studied 
their asymptotic properties. Subsequently, Sujica and Van Keilegom (2018) developed 
an estimator of the conditional distribution of T given X , where (T,X) satisfes a non-
parametric location-scale model. 

Further extensions of the copula-graphic estimator include a sensitivity analysis for 
the Cox (1972) proportional hazards model with respect to the association between T 
and C by Huang and Zhang (2008). Furthermore, Chen (2010) introduced a semipara-
metric transformation model using a known copula dependence structure to perform 
marginal regressions. Note that this approach accommodates proportional hazards and 
proportional odds models as special cases. 

In a separate line of work, the copula-graphic estimator was generalized to multiple 
competing risks by Carrière (1995), who showed that the marginal survival functions 
remain identifable. However, this approach, which relies on solving a system of non-
linear differential equations, can be computationally intensive as the number of com-
peting risks increases. Under the assumption of an Archimedean copula, Lo and Wilke 
(2010) proposed a more practical method that pools the irrelevant risks to reduce a mul-
tiple competing risks model to a model with only two competing risks. In this way, the 
copula-graphic estimator can be applied directly. This work was later extended to the 
regression setting by Lo and Wilke (2014), allowing for an arbitrary number of risks and 
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covariates. By assuming an Archimedean copula, they derived closed-form solutions for 
the latent marginal distributions and the covariate effects on these distributions. 

Additionally, Li, Tiwari and Guha (2007) expanded upon the work of Rivest and 
Wells (2001) by allowing for a cure fraction. Furthermore, de Uña-Álvarez and Veraver-
beke (2013) extended the copula-graphic estimator for Archimedean copulas by allow-
ing for an administrative censoring time A that censors the full process independently 
of T and C. This framework was further expanded by de Uña-Álvarez and Veraverbeke 
(2017) to accommodate left truncation. 

2.4. Software 

The functions CG.Clayton, CG.Frank and CG.Gumbel in the compound.Cox package 
(Emura et al., 2024) in R implement the known copula approach discussed in Section 
2.1. 

3. Unknown copula without covariates 

In Section 2, the copula was assumed to be fully known. However, as previously men-
tioned, this assumption is quite restrictive in practice since the strength of the depen-
dence is rarely known. As mentioned in Section 2, this limitation leads to estimators 
that are useful for sensitivity analyses, but are seldom effective for point estimation of 
the marginal distribution of T . Recently, new approaches have been proposed to address 
dependent censoring by using a copula to characterize dependence without needing to 
explicitly specify the association parameter. In this section, we will review the relevant 
literature, highlighting models that adopt the form given in (2) as per Sklar’s theorem. 

3.1. Fully parametric model 

To relax the conditions on the copula, Czado and Van Keilegom (2023) investigated 
a scenario for dependent censoring where the copula is parametric, but the parameter 
describing the association between T and C is unknown. Specifcally, they assumed that 
the copula C can be modeled as: 

C ∈ {Cξ | ξ ∈ Ξ}, (4) 

for some parameter space Ξ. Additionally, the marginal distributions of T and C belong 
to parametric families: 

FT ∈ {FT,θT | θT ∈ ΘT } and FC ∈ {FC,θC | θC ∈ ΘC}, (5) 

for certain parameter spaces ΘT and ΘC. Under mild conditions given below, which can 
be verifed for most common parametric families of copulas and marginal distributions, 
identifability can be demonstrated. The work by Czado and Van Keilegom (2023) com-
plements other studies focusing on unknown copula parameters (Schwarz, Jongbloed 
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and Van Keilegom, 2013; Emura and Chen, 2016; Fan, Wang and Ju, 2019; Shih et al., 
2019) and shows that a completely known copula is not always necessary for identify-
ing the joint distribution of the survival and censoring times. There is, however, no free 
lunch, and the trade-off for this fexibility is that both margins must be parametric. 

To discuss the assumptions ensuring identifability in more detail, let us defne the 
partial derivatives with respect to the copula function C as follows: 

∂ ∂
h1,ξ (u,v) =  Cξ (u,v) and h2,ξ (u,v) =  Cξ (u,v). (6)

∂ u ∂ v 

Furthermore, denote fT,θT (t) = (d/dt)FT,θT (t) and fC,θC (t) = (d/dt)FC,θC (t). Identi-
fability means that two distinct parameter vectors θ j = (ξ j,θT j,θC j) ∈ Ξ × ΘT × ΘC 

( j = 1,2) lead to two distinct distributions of (Y,∆). Czado and Van Keilegom (2023) 
imposed the following two general conditions: 

Condition 1. Suppose that we have the following four equivalences: 

fT,θT 1 (t) fT,θT 1 (t)lim = 1 ⇐⇒ θT 1 = θT 2, lim = 1 ⇐⇒ θT 1 = θT 2, 
t→ 0 fT,θT 2 (t) t→ ∞ fT,θT 2 (t) 

fC,θC1 (t) fC,θC1 (t)lim = 1 ⇐⇒ θC1 = θC2, lim = 1 ⇐⇒ θC1 = θC2, 
t→ 0 fC,θC2 (t) t→ ∞ fC,θC2 (t) 

for θT 1,θT 2 ∈ ΘT and θC1,θC2 ∈ ΘC. 

Condition 2. One of the following two properties holds: 

lim h1,ξ (FT,θT (t),FC,θC (t)) = 0 for all (ξ ,θT ,θC) ∈ Ξ × ΘT × ΘC, 
t→ 0 

lim h1,ξ (FT,θT (t),FC,θC (t)) = 0 for all (ξ ,θT ,θC) ∈ Ξ × ΘT × ΘC. 
t→ ∞ 

Similarly, for h2,ξ (FT,θT (t),FC,θC (t)), at least one of these limit statements holds. 

Condition 1 refers only to the margins and is satisfed for a wide range of parametric 
families of densities, such as Weibull, log-normal, log-logistic and log-Student-t den-
sities. It is also worth noting that in Condition 2, only one of the two limits needs to 
be zero. This condition can be demonstrated for popular classes of copulas under mild 
additional conditions, including most Archimedean copulas and Gaussian copulas. How-
ever, the Clayton copula requires a different set of assumptions, as identifability cannot 
be proved the same way using Conditions 1 and 2 as for the other common copulas. For 
more details, we refer to the paper by Czado and Van Keilegom (2023). 

Czado and Van Keilegom (2023) also considered the parameter estimation of the 
above joint parametric model. Recall that Dn is a random sample from the population 
(Y,∆) of size n. The joint likelihood for the parameter vector θ = (ξ ,θT ,θC)

⊤ is: 
n ˜° ˛∆iL(θ) =  ∏ fT,θT (Yi)[1 − h1,ξ (FT,θT (Yi),FC,θC (Yi))] 

i=1 ˛1− ∆i 
˝° 

× fC,θC (Yi)[1 − h2,ξ (FT,θT (Yi),FC,θC (Yi))] . (7) 
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A maximum likelihood approach is adopted based on the likelihood specifed in (7), 
resulting in parameter estimators formally defned by: 

θ̂ = (ξ̂ , θ̂T , θ̂C)
⊤ = argmax logL(θ ), 

θ ∈Θ 

where Θ = Ξ × ΘT × ΘC. Based on the results of White (1982), the estimator θ̂ can be 
shown to be consistent and asymptotically normal under certain suffcient conditions. 

3.2. Inclusion of a cure fraction 

In the previous modeling framework, it was assumed that all individuals in the popu-
lation are susceptible to the event of interest, meaning that each individual has either 
already experienced the event or will experience it in the future. However, in practical 
applications, some individuals may never experience the event and can be considered 
cured (Amico and Van Keilegom, 2018), meaning that these subjects have infnite sur-
vival times (T = ∞). 

To account for this feature, the mixture cure model can be adopted (Peng and Yu, 
2021; Parsa and Van Keilegom, 2023), which expresses ST (t) or FT (t) as: 

ST (t) = 1 − p + pSU (t) ⇐⇒ FT (t) = pFU (t), (8) 

where SU (t) = 1 − FU (t) = P(T > t|T < ∞) is the proper survival function of the sus-
ceptibles, called the latency, and p = P(T < ∞) is the incidence. The issue of dependent 
censoring in the presence of a cure fraction has been discussed by Delhelle and Van Kei-
legom (2025). They considered a fully parametric model for the bivariate distribution of 
(T,C) as in equations (2), (4) and (5), except that FT is now modeled based on (8). They 
further assumed that FU belongs to a parametric family of distributions: 

FU ∈ {FU,θU | θU ∈ ΘU }, 

for a certain parameter space ΘU . We remark that the support of U is assumed to be 
bounded, with details provided in the next paragraph. 

Proving the identifability of a model with both dependent censoring and a cure frac-
tion is not an easy task. Delhelle and Van Keilegom (2025) presented suffcient condi-
tions under which such a model is identifable. Adaptations of both Conditions 1 and 2 
are needed. Specifcally, they imposed a condition similar to Condition 1 on the density 
of U instead of T , considering only the limit as t tends to zero since a right-truncated 
distribution is used for U . They also developed a more specialized key assumption: 

Condition 3. If h2,ξ (p,FC,θC (y)) = h2,ξ̃ (p̃,FC,θC (y)) for all y > τU , then p = p̃ and 

ξ = ξ̃ , where τU = inf{y | FU,θU (y) = 1} is supposed to be fnite. 

This condition is essential for identifying p and can be shown to be satisfed for many 
combinations of copula families and censoring margins. For example, as demonstrated 
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in Delhelle and Van Keilegom (2025), this condition is satisfed by the Frank and Joe 
copulas, as well as the Clayton copula with 90, 180 or 270 degrees of rotations, regard-
less of the marginal distributions. For both Gumbel and Gaussian copulas, this condition 
also holds provided that the marginal distributions satisfy some additional mild regular-
ity conditions listed in Delhelle and Van Keilegom (2025). 

Following Czado and Van Keilegom (2023) as introduced in Section 3.1, a maximum 
likelihood-based estimation procedure for θ = (p,ξ ,θU ,θC)

⊤ was proposed by Delhelle 
and Van Keilegom (2025) as well. Instead of (7), the joint likelihood becomes: 

n ˜° ˛∆iL(θ) =  ∏ p fU,θU (Yi)[1 − h1,ξ (pFU,θU (Yi),FC,θC (Yi))] 
i=1 ˛1−∆i 

˝° 
× fC,θC (Yi)[1 − h2,ξ (pFU,θU (Yi),FC,θC (Yi))] , (9) 

where fU,θU (t) = (d/dt)FU,θU (t). Then, an estimator of θ can be obtained by maximiz-
ing the likelihood specifed in (9) as follows: 

θ̂ = (p̂, ξ̂ , θ̂U , θ̂C)
⊤ = argmax logL(θ), 

θ ∈Θ 

where Θ = (0,1) × Ξ × ΘU × ΘC. 

3.3. One nonparametric margin 

Rather than imposing full parametric assumptions on both marginal distributions of T 
and C, it could be preferable to work under more relaxed constraints. However, main-
taining identifable copula structures generally requires parametric specifcations for at 
least one margin, particularly with Archimedean copulas where non-identifability arises 
when both margins are unspecifed alongside unknown association parameters (Wang, 
2012, 2014). Wang (2023) resolved the identifability challenge by focusing exclusively 
on Archimedean copulas and imposing an exponential distribution on SC, while the other 
margin is allowed to remain either parametric or fully nonparametric. 

Using a different approach, Ding and Van Keilegom (2025) considered a semipara-
metric approach, modeling the marginal distribution of the survival time T nonparamet-
rically while keeping the censoring time C parametric, with its parametric specifcation 
extending beyond the exponential family. In other words, while equations (2), (4) and 
(5) are imposed, FT in (5) is now nonparametric. To facilitate the estimation procedure 
that will be described below, they modeled the joint survival function of T and C, instead 
of the joint distribution function. 

Under certain conditions, they demonstrated that the joint model is identifable, rep-
resenting a signifcant advancement compared to Czado and Van Keilegom (2023) by 
relaxing the parametric assumption on one of the margins. Specifcally, the underlying 
idea is to frst identify the censoring parameter θC by imposing conditions similar to 
Conditions 1 and 2 above. Then, two additional conditions are introduced to identify the 
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association parameter of the copula ξ . Finally, the identifability of ST follows automat-
ically. Although the marginal distribution of the censoring time remains parametric, this 
trade-off is often acceptable in practice because of the diffculty in determining the asso-
ciation parameter and the marginal distribution of the survival time, which are essential 
quantities in survival analysis. 

We proceed to discuss the methodology for estimating the unknown parameters 
(ξ ,θC, ST ) based on the pseudo-likelihood technique and the copula-graphic estimator 
from Rivest and Wells (2001) under the assumption that the copula is Archimedean. 
Specifcally, the likelihood function for a single observation (y,δ ) of (Y,∆) is given by: 

L(y,δ |ξ ,θC,ST ) =  ̃
° δh̃1,ξ (ST (y),SC,θC (y)) fT (y) 

× ̃
° 1−δh̃2,ξ (ST (y),SC,θC (y)) fC,θC (y) , (10) 

in which both h̃1 and h̃2 are defned similarly to h1 and h2 with C replaced by C̃, as 
defned in (2). Maximizing ∏n 

1 L(Yi,∆i|ξ ,θC,ST ) directly is infeasible and, therefore,i= 
a two-step solution is proposed. The key idea is to replace ST with the copula-graphic 
estimator ŜT,ξ (Rivest and Wells, 2001) for a fxed value of the parameter ξ , leading to 
a function that relies only on the parameters ξ and θC. 

More specifcally, the estimators of the copula’s association parameter and censoring 
time parameter are calculated via: 

˛̨
˛̨
˛ logL(Yi,∆i|α, ŜT,ξ ) 

˛̨
˛̨
˛ , 

n1 ∂ 
(ξ̂ , θ̂C) =  ∑argmin 

∂ααn(ξ ,θC)∈Ξ×ΘC i=1 

where α = (ξ ,θC)
⊤ and ∥ · ∥  is the Euclidean norm. The estimator of the marginal 

survival function ST can then be formally defned by ŜT (t) = Ŝ 
T,ξ̂ (t). The explicit ex-

pression of ŜT,ξ (t) under Archimedean copulas ensures computationally effcient esti-
mation of ξ , θC and ST (t). Notably, when using the independence copula, the estimator 
ŜT (t) coincides with the classical Kaplan-Meier estimator (Kaplan and Meier, 1958). 
Although this estimation procedure can be extended to other copulas like Gaussian cop-
ulas, the absence of closed-form solutions for copula-graphic estimators in such cases 
introduces signifcant computational overhead, thereby constraining practical applicabil-
ity relative to Archimedean copulas. While the methodology for parameter estimation 
capitalizes on the computational tractability of Archimedean copulas, this choice entails 
certain limitations. Among them, what is most worth mentioning is that the restriction 
to this copula family precludes exploration of additional dependence patterns achievable 
with other copula families, such as elliptical copulas or vine copulas. Consequently, 
developing computationally tractable estimation frameworks for non-Archimedean cop-
ula structures represents a crucial avenue for future research. Also note that the above 
estimation procedure can be applied in the reverse scenario as well, where FC is non-
parametric and FT is parametric. 

As discussed in Section 3.2, it is possible that a subgroup of individuals is not sus-
ceptible at all and can be considered cured in practical applications. To account for this 
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characteristic, we can consider the mixture cure model and express the survival function 
ST (t) as shown in (8). Instead of modeling FU parametrically, Ding and Van Keilegom 
(2025) considered modeling it nonparametrically. An assumption can be imposed that 
ensures suffcient information in the right tail (Maller et al., 2024) to guarantee the iden-
tifability of the model. By frst treating ST as a whole, the estimator ŜT can be obtained. 
Next, defne: 

ŜT (t)− 1 + p̂ 
p̂ = 1 − ŜT (Y 1 ) and ŜU (t) =  ,max p̂ 

where Y 1 = max{Yi | ∆i = 1, i = 1, . . . ,n}. The estimators p̂ and ŜU (t) can then be used max 
to estimate p and SU (t), respectively. 

3.4. Software 

The R package depCensoring implements the model introduced in Section 3.1 through 
the ParamCop function, while the cure model discussed in Section 3.2 can be imple-
mented using the SurvDC function. The approach with one nonparametric margin, as 
presented in Section 3.3, is also available via the SurvDC function in the same package. 

4. Unknown copula with covariates 

This section reviews existing unknown copula approaches for analyzing survival data 
in the presence of covariates, particularly in scenarios where the data are subject to 
both dependent censoring and administrative censoring. In this setting, we have less 
information about the dependence between T and C compared to the case where there 
is no administrative censoring as in the previous section. Recall that we observe Y = 
min(T,C,A) and the censoring indicators (∆T ,∆C) given by ∆T = � (Y = T ) and ∆C = 
� (Y = C). Let X (of dimension p) denote the vector of covariates. It is assumed that 
(T,C) and A are independent given X , and that A and X are independent. 

4.1. Fully parametric model 

By building further on the results in Czado and Van Keilegom (2023), Deresa, Van Kei-
legom and Antonio (2022) suggested a fully parametric copula model for survival data 
with dependent censoring and left truncation. If Z denotes the left truncation time, we 
observe individual information only when Z ≤ Y . They used a bivariate copula to model 
the relation between T and C for given X : 

˜ ° 
P(T ≤ t,C ≤ c|X = x) = Cξ FT |X (t|x),FC|X (c|x) , (11) 

where FT |X (t|x) = P(T ≤ t|X = x) and FC|X (c|x) = P(C ≤ c|X = x) are the conditional 
distributions of T and C, respectively. Note that the copula Cξ is specifed up to a 
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fnite-dimensional parameter ξ as in (4) (and hence does not depend on covariates), the 
distributions FT |X and FC|X belong to parametric families depending on the covariate X : 

˜ ° ˜ ° 
FT |X ∈ FT |X ,θT 

| θT ∈ ΘT and FC|X ∈ FC|X ,θC 
| θC ∈ ΘC , (12) 

whereas the distributions of Z and A are left completely unspecifed. Assuming that Z 
is independent of all other variables in the model, Deresa et al. (2022) demonstrated 
the identifability of the dependence parameter and all other model parameters using 
the distribution of the observed data (Y,∆T ,∆C,X ,Z) with Y ≥ Z. This was achieved 
by adopting general high-level conditions on the marginal distributions and the copula 
structure similar to Conditions 1 and 2 of Section 3.1. Deresa et al. (2022) then devel-
oped the likelihood under the above model, which is similar to the one in (7), except that 
it needs to be adjusted for the presence of covariates and left truncation. This likelihood 
can be maximized numerically over the parameter space Θ = Ξ × ΘT × ΘC, yielding the 
maximum likelihood estimator of θ : θ̂ = (ξ̂ , θ̂T , θ̂C)

⊤ = argmaxθ ∈Θ L(θ). 
Finally, it is worth highlighting that the model proposed in Deresa et al. (2022) has 

signifcant applications in actuarial science, particularly in the modeling of lifetime data 
collected on portfolios of joint life annuities and joint life insurance policies issued to 
coupled lives. For joint life annuities, benefts are paid until the death of the frst of two 
annuitants, while joint life insurance pays a death beneft upon the frst death. Since 
couples are subject to similar risks, their lifetimes are related, which induces depen-
dent censoring. Additionally, policyholders who died before the start of the study are 
excluded from the data, resulting in left truncation. 

4.2. Semiparametric model 

In a subsequent paper, Deresa and Van Keilegom (2024a) relaxed the parametric speci-
fcation regarding the marginal distribution of T and proposed a semiparametric copula 
approach for dependent censoring. Let X1 represent the covariates associated with T , and 
let X2 represent the covariates that infuence C. It is assumed that the vector X1 contains 
at least one continuous variable that is not contained in X2, and similarly, the vector X2 

contains at least one continuous variable that is not included in X1. We consider the joint 
model given in (11) depending on a parametric model for the distribution of C, except 
that now the marginal model for T is given by the Cox proportional hazards model: 

x⊤FT |X1 
(t|x1) = P(T ≤ t|X1 = x1) = 1 − exp{−Λ(t)e 1 β }, (13) 

where β is a vector of regression coeffcients and Λ is an unknown increasing and dif-
ferentiable cumulative baseline hazard function of unspecifed form with Λ(0) = 0. The 
corresponding baseline hazard function is denoted by λ , defned as λ (y) = dΛ(y)/dy. 
In addition to dependent censoring, this model allows for administrative censoring. 

Compared to the identifability proof under a fully parametric copula model in Czado 
and Van Keilegom (2023) and Deresa et al. (2022), the nonparametric function Λ in (13) 
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introduces an additional challenge in establishing the identifability of the semiparamet-
ric copula model. To circumvent this issue, Deresa and Van Keilegom (2024a) imposed 
the following additional assumption on the dependence structure: 

Condition 4. For all θC, ξk,ζk = (β ,Λk) (k = 1,2) for which limt→ 0 λ1(t)/λ2(t) =  1, 

cξ1 
(FT | X1,ζ1 

(t| x1),FC| X2,θC 
(t| x2))

lim = 1 for all (x1, x2) ⇐⇒ ξ1 = ξ2, 
t→ 0 cξ2 

(FT | X1,ζ2 
(t| x1),FC| X2,θC 

(t| x2)) 

where cξ denotes the copula density. 

This condition is satisfed for the families of Frank, Gumbel and Gaussian copulas 
(see Lemma 3.1 in Deresa and Van Keilegom (2024a) for a formal proof). Under Con-
dition 4 and under conditions somewhat similar to Conditions 1 and 2 (but considering 
only limits when t tends to zero), the latter paper proved the identifability of the semi-
parametric copula model. More recently, Crommen, Beyhum and Van Keilegom (2025) 
showed that the semiparametric copula model remains identifed after removing the con-
dition that the vector X1 contains at least one continuous variable that is not contained in 
X2 and the vector X2 contains at least one continuous variable that is not included in X1. 
This is done by replacing cξ with h2,ξ in Condition 4 and adding an extra condition on 
the copula density. It is shown that these new conditions are also satisfed for the fam-
ilies of Frank, Gumbel and Gaussian copulas, thereby relaxing the required conditions 
for identifability. 

Assume that the data consist of n i.i.d. replications { (Yi,∆T,i,∆C,i,X1i,X2i)} i=1,...,n of 
(Y,∆T ,∆C,X1,X2), and let θ = (ξ ,β ,θC)

⊤ . Then, the joint likelihood function under 
dependent censoring is given by 

n ˜ ˛˝∆T,i° X⊤ X⊤
L(θ ,Λ) =  ∏ λ (Yi)e 1i β exp{− Λ(Yi)e 1i β } 1 − h1,ξ (FT | X1,ζ (Yi| X1i),FC| X2,θC 

(Yi| X2i)) 
i=1 ˜ ° ˛˝∆C,i 
× fC| X2,θC 

(Yi| X2i) 1 − h2,ξ (FT | X1,ζ (Yi| X1i),FC| X2,θC 
(Yi| X2i)) 

˜ ˝(1− ∆T,i)(1− ∆C,i)¯ × Cξ (FT | X1,ζ (Yi| X1i),FC| X2,θC 
(Yi| X2i)) , (14) 

where C ¯ ξ (u,v)=  1− u− v+Cξ (u,v). The presence of the nonparametric function in (13) 
not only complicates the identifcation of the joint model but also complicates its estima-
tion. To address this issue, Deresa and Van Keilegom (2024a) derived the nonparametric 
estimator of Λ based on martingale ideas, assuming a fxed value for θ . Details can 
be found in the aforementioned paper, where it is shown that the estimator, denoted by 
Λ̂ (· ,θ), has the following explicit formula when computed sequentially over the ordered 
observed survival times y1, . . . ,ym: 

∑n 
� (Yi ≤ yk,∆T,i = 1)i=1∆Λ̂ (yk,θ ) =  , (15)

∑n
i=1 � (Yi ≥ yk)exp{ ωi(yk− 1,θ , Λ̂ )} 



         

                
     

       
 

               
           

          

                
     

              
 

              
             

              

           
               

            
            

              
              

              
            

               
            

               
              

            
            

            
           

   
    

 
     

   

   
   

 
        

             
               

            
               

               
             

            
   

24 Recent advances in copula-based methods for dependent censoring 

⊤with Λ̂ (y1−,θ ) =  0, ∆Λ̂ (yk,θ) =  Λ̂ (yk,θ) − Λ̂ (yk−1,θ), and ωi(y,θ ,Λ) =  X1i β˜ ° ¯− log(Cξ (FT |X1,ζ (y|X1i),FC|X2,θC 
(y|X2i))) + log 1 − h1,ξ (FT |X1,ζ (y|X1i),FC|X2,θC 

(y|X2i)) 
⊤− Λ(y)exp(X1i β ), where ζ = (β ,Λ). Deresa and Van Keilegom (2024a) suggested the 

following estimation algorithm that allows iterative estimation of θ and Λ. 

• Step 0: Choose an initial value of θ . 

• Step 1: Given that Λ̂ (y1−,θ) = 0 and using (15), we obtain Λ̂ (yk,θ), k = 1, . . . ,m, 
one-by-one by solving the equation: 

∑n 
� (Yi ≤ yk,∆T,i = 1)i=1Λ̂ (yk) = Λ̂ (yk−1)+  . 

∑n 
� (Yi ≥ yk)exp{ωi(yk−1,θ , Λ̂ )}i=1 

• Step 2: Next, estimate θ by solving the score equation derived from the pseudo-
likelihood function L(θ ,Λ) in (14) with Λ replaced by Λ̂ computed in Step 1. 

• Step 3: Repeat Steps 1 and 2 until predefned convergence criteria are met. 

Note that when the independence copula Cξ (u,v) = uv is assumed, the nonparamet-
ric estimator of Λ in (15) reduces to the standard Breslow estimator of the cumulative 
hazard function in the Cox model (Breslow, 1974). Hence, the proposed estimation 
method extends the usual partial likelihood estimator to the case of dependent censor-
ing. Deresa and Van Keilegom (2024a) established the uniform consistency of Λ̂ (·,θ ) 
(using similar arguments as in Zucker (2005)), and they also showed the consistency and 
asymptotic normality of θ̂ using the results in Chen, Linton and Van Keilegom (2003). 

Deresa and Van Keilegom (2024b) extended the above copula-based Cox model to 
the case where both T and C follow a semiparametric model. Their method is based 
on a semiparametric transformation model (Zeng and Lin, 2007) for the marginal dis-
tributions of both T and C, which includes the Cox proportional hazards model used in 
Deresa and Van Keilegom (2024a) as a special case, while the dependence structure is 
modeled using a parametric Archimedean copula family. In addition, they addressed the 
technical challenges posed by the presence of two nonparametric functions by utilizing 
the bivariate survival function instead of the bivariate distribution. Specifcally, the joint 
survival function of T and C given (X1,X2) is expressed as follows: 

˛ ˙ˆ˝ ˙ ˝ 
P(T > t,C > c|X1 = x1,X2 = x2) = ψ−1 ψξ ST |X1 

(t|x1) +ψξ SC|X2 
(c|x2) , (16)ξ 

where ST |X1 
(t|x1) = P(T > t|X1 = x1) and SC|X2 

(c|x2) = P(C > c|X2 = x2), and ψξ is a 
strict generator function. Compared to the Cox model presented above, the presence of 
two nonparametric functions (in the models for T and C) leads to additional challenges in 
establishing identifability. We refer to Deresa and Van Keilegom (2024b) for more de-
tails about the conditions under which identifability of the model can be shown, as well 
as how the model can be estimated. Finally, the latter paper also proved the asymptotic 
properties of the proposed estimators, which are based on a system of nonhomogeneous 
linear differential equations, given that the two nonparametric functions are entangled in 
a complex way. 



 

 

 

        

   
    

 

   
   

   
 

 

  
 

 

25 G. Crommen, N. W. Deresa, M. D’Haen, J. Ding, I. Willems, and I. Van Keilegom 

4.3. Archimedean copulas with one nonparametric margin 

A similar line of research focuses on parametric Archimedean copulas to model the 
dependence between T and C, and studies models of the form (16) in which at least one 
of the marginal distributions is specifed fully nonparametrically. 

In an earlier article, Lo and Wilke (2017) considered a more general model of the 
form (11) and were able to identify the sign of the covariate effect on the marginal distri-
butions of T and C, both of which are unspecifed. The restriction to Archimedean cop-
ulas, leading to model (16), is only needed in the case of multiple competing risks. The 
key idea used in their approach originated from the Hicksian decomposition in econo-
metrics, which analyzes the change in demand for a good as a result of a change in 
its price. Lo and Wilke (2017) applied this idea to their setting by decomposing the 
covariate effect, and were able to link the elements in this decomposition to estimable 
quantities. Due to the upheld generality of the model, the identifcation of the sign only 
holds for time points belonging to a defned subset G⊊R≥0. Three different approaches 
to increase the size of G are discussed. 

In subsequent work, the same authors proposed a parametric model for T alongside 
the Archimedean copula assumption (16) while leaving the distribution of C completely 
unspecifed (Lo and Wilke, 2023). Their work extends the recent result in Wang (2023) 
regarding the identifcation of Archimedean copula models. Identifcation of the model 
for T proceeds as follows. First, model (16) can be solved for ST |X (t|x) in closed form 
as � �Z t 

Sξ (t|x) = ψξ − (ψ−1) ′ [π(u|x)] ft(u|x)du , (17)
ξ0 

where π(u|x) denotes the overall conditional survival function, i.e. π(u|x) = P(T ≥ 
u,C ≥ u|X = x) and ft (u|x) denotes the subdensity function, defned as the derivative 
of the cumulative incidence function of T . As already noted in Section 2.1, both π and 
ft are identifed and estimable based on the observed data, implying identifability of 
Sξ (t|x) up to the association parameter ξ . Next, another model for T is imposed, namely 
S(t|x) = exp(−Λβ (t|x)), where the cumulative hazard function Λβ is specifed up to the 
fnite-dimensional parameter vector β . By imposing equality of Sξ (t|x) and S(t|x), the 
authors were able to identify and estimate the dependence parameter ξ as well as the 
regression coeffcients β . In a follow-up paper, Wilke and Lo (2025) developed several 
useful extensions of this model, including a generalization to the setting with additional 
administrative censoring, and a goodness-of-ft test which relies on the Cramér–Von-
Mises distance between Sξ (t|x) and S(t|x). 

Lastly, Hiabu, Lo, and Wilke (2025) studied ξ while leaving the marginals of both 
T and C unspecifed. Similar to Deresa and Van Keilegom (2024b), their approach uses 
the assumed existence of two special covariates which only infuence the distribution of 
T (C), while not affecting the distribution of C (T ). The key insight in this setting is 
that variation in Y due to variation in one of these special covariates is entirely due to 
variation in the latent time corresponding to the special covariate under consideration. 
This property is then exploited to identify ξ . 
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4.4. Software 

The approach of Deresa and Van Keilegom (2024a) is implemented in the depCensoring 

package in R, in the function fitDepCens. Siegfried et al. (2024) describe an alternative 
estimation framework for this approach, but additionally use Bernstein polynomials to 
fexibly model the log-cumulative baseline hazard instead of leaving it non-parametric. 
An implementation is available in the R package tram (Hothorn et al., 2024). 

5. Machine learning methods 

In recent years, methods such as neural networks, support vector machines and random 
forests have been adapted to accommodate time-to-event data. For a comprehensive 
review of these topics, see Bou-Hamad, Larocque and Ben-Ameur (2011) and Wang, Li 
and Reddy (2019). However, most of these approaches operate under the (conditional) 
independent censoring assumption. 

One of the frst machine learning approaches addressing dependent censoring was 
proposed by Moradian, Larocque and Bellavance (2019) who adapted existing methods 
for constructing survival forests to allow for dependent censoring. Firstly, the authors 
propose to modify how the trees are aggregated. In this approach, the forest can be con-
structed using established methods that rely on the independent censoring assumption. 
Subsequently, a weighted version of the copula-graphic estimator is used to estimate 
the survival function, with the weights inferred from the random forest. Therefore, a 
correction for dependent censoring is made only when the information in the trees is 
combined. The second approach involves modifying the tree-splitting rule. Most sur-
vival forests employ a splitting rule that is based on the log-rank statistic, which exhibits 
a signifcant loss of power when the proportional hazards assumption is violated. To 
overcome this limitation, Moradian, Larocque and Bellavance (2017) introduced a split-
ting rule that is based on the Kaplan-Meier estimator. This rule can easily be adapted 
to account for dependent censoring by substituting the Kaplan-Meier estimator with the 
copula-graphic estimator. However, adjusting the splitting rule requires specifying an 
appropriate copula function and association parameter during tree construction. As a re-
sult, conducting a sensitivity analysis by varying the association parameter will require 
generating distinct forests, which is computationally demanding. To resolve this issue, 
Moradian et al. (2019) also introduced a novel survival forest approach, called p-forest. 
Their method differs from standard survival forests because it constructs a series of clas-
sifcation forests at multiple time points. For each predetermined time t, the method 
redefnes the outcome by classifying each subject as alive, dead or censored. This trans-
formation enables the use of standard classifcation techniques without relying on the 
independent censoring assumption and eliminates the need to specify the association 
parameter during tree construction. 

More recently, Midtfjord, De Bin and Huseby (2022) introduced a gradient-boosting 
approach called Clayton-boost. They assumed a generalized Accelerated Failure Time 
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(AFT) model for both the survival and censoring times, that is log(T ) = hT (X)+ σT εT , 
with a similar formulation for the censoring time. A Clayton copula accounts for the de-
pendence between the survival and censoring distributions. The primary objective in this 
supervised learning framework is to estimate the function hT (x), for a given vector of 
covariates x, such that it provides a good estimate, in terms of a specifed loss function, 
for the response log(T ). An appropriate loss function that works for dependently cen-
sored data is derived by looking at the log-likelihood. To implement the approach, the 
authors propose to use the eXtreme Gradient Boosting algorithm (Chen and Guestrin, 
2016), with statistical trees as the base learner. However, it is to be noted that their 
approach can be integrated into any statistical and machine learning frameworks that 
support custom loss functions. A downside of the method is that it requires specifying 
the association parameter and baseline distributions (i.e. the distributions of εT and εC) 
along with their standard deviations, which are rarely known in practice. Alternatively, 
they propose to use cross-validation to select the distributions and the value of the as-
sociation parameter. In a similar line of work, Gharari et al. (2023) introduced a deep 
learning-based approach that assumes a generalized Weibull Cox proportional hazards 
model for the survival and censoring time. The dependence is modeled using a known 
Clayton or Frank copula. 

So far, all the machine learning methods discussed rely on the assumption of a known 
copula to model the dependence between the survival and censoring distributions. How-
ever, correctly specifying the association parameter is diffcult in practice and misspecif-
cation can lead to biased estimates. To address these limitations, Zhang, Ling and Zhang 
(2023) proposed a more fexible deep learning-based approach that allows for dependent 
censoring without having to specify even the parametric form of the copula. Identifca-
tion of the model (including the association parameter) is shown under two high-level 
conditions similar to Condition 1 and 2 (cf. Section 3). These conditions are satisfed 
when the marginal distributions belong to the Weibull, log-normal, log-logistic or log-
Student families and the dependence structure is modeled by a subset of Archimedean 
copulas. This subset consists of Archimedean copulas whose generator function can 
be represented by a neural network as described by Ling, Fang and Kolter (2020). To 
represent the conditional marginal distributions, their approach leverages a monotonic 
neural density estimator (NDE). While the NDE offers greater fexibility in capturing 
complex distributional shapes, it does not guarantee that the conditions for identifabil-
ity are met. Lastly, Strömer et al. (2025) introduced a boosting methodology to estimate 
the association and distribution parameters as functions of distinct covariates. To ensure 
identifability, the method combines parametric margins and single-parameter copulas. 
Each distribution parameter is linked to possibly different covariates through structured 
additive predictors with parameter-specifc link functions. The boosting process itera-
tively selects and updates only the best-ftting base learner until a maximum amount of 
iterations has been reached. This produces models similar to lasso regression in simpler 
settings, with unselected base learners excluded from the fnal model. 
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5.1. Software 

The work by Strömer et al. (2025) is implemented as an add-on to the function glmboost 

LSS in the R package gamboostLSS. We refer to https://github.com/AnnikaStr/CopBoost 
DepCens for documentation of this add-on. Python implementations are available for the 
methodologies of Zhang et al. (2023) (https://github.com/WeijiaZhang24/DCSurvival) 
and Midtfjord et al. (2022) (https://github.com/alimid/clayton boost). 

6. More specialized topics 

This section elaborates on an assortment of other copula-based models for dependently 
censored data. The works discussed below form by no means a complete overview. 
On the contrary: they should illustrate the vast corpus of literature that hasn’t received 
attention in this review paper thus far. To keep this section brief, we mainly aspire to 
provide useful starting points for a more in-depth search into these topics. 

6.1. Quantile regression 

Regression models are widespread in both theoretical and applied statistics. Classical 
regression allows one to investigate the effects of covariates on a certain quantity of 
interest, often the mean or variance of a random variable. While certainly very useful, 
each of these moments only quantifes one aspect of the distribution and as such, does not 
fully characterize it. In quantile regression, one performs a regression on the quantiles of 
a distribution, which do characterize the distribution. In this sense, quantile regression 
can lead to richer analyses. 

For survival data under dependent censoring, the literature surrounding quantile re-
gression is sparse, especially when the dependence parameter between T and C is not 
assumed to be known. To our knowledge, only two papers exist in this setting. A frst 
paper is by Fan and Liu (2018), who were able to partially identify (cf. Section 7.2) the 
parameters in the linear quantile regression model 

Qlog(T )|X (λ |x) = x⊤β , (18) 

where Qlog(T )|X (·|x) represents the quantile function of log(T ) conditional on the co-
variates and λ denotes the quantile level of interest. Furthermore, they did not assume 
a model on C and coupled log(T ) and log(C) using an Archimedean copula with de-
pendence parameter ξ . By exploiting the formulation for the marginal of log(T ) that 
is implied by the copula (cf. equation (17)), Fan and Liu (2018) were able to derive a 
test for the hypothesis that for a given parameter vector β , there exists a dependence 
parameter ξ such that the implied model is consistent with the data. Applying this test 
over the entire parameter space and collecting all values of β that are not rejected, the 
set of parameters that are consistent with the model is obtained. 

The second paper that can be used in this context is by D’Haen, Van Keilegom and 
Verhasselt (2025). They imposed the same linear quantile regression model (18) for 

https://github.com/AnnikaStr/CopBoostDepCens
https://github.com/AnnikaStr/CopBoostDepCens
https://github.com/WeijiaZhang24/DCSurvival
https://github.com/alimid/clayton_boost
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log(T ), required a parametric marginal for log(C), and modeled the joint distribution 
of these variables using a (not necessarily Archimedean) parametric copula. Moreover, 
they assumed a location-scale-like specifcation for log(T ), namely 

log(T ) = X⊤β + σ(X ;γ)εT , 

with εT independent of X . Here, σ is assumed to be a known, parametric function of X 
that can be used to model heterogeneity, and εT belongs to a carefully constructed class 
of distributions, namely the enriched asymmetric Laplace (EAL) distributions. 

The EAL distribution for εT could be regarded as the backbone of this methodol-
ogy. It derives from the asymmetric Laplace (AL) distribution, which is already well-
established in the quantile regression literature as it possesses the sought-after property 
of having zero as its λ -th quantile. It is specifed as ( 

e−λ y y > 0
fAL(y|λ ) = λ (1− λ ) 

e−(λ −1)y (19) 
y ≤ 0. 

Motivated by both theoretical and model fexibility arguments, this distribution is ex-
tended to the EAL class of distributions by multiplying with a Laguerre polynomial of 
order m and m̃, respectively, in both case distinctions, ( 

e−λ y∥ϕ∥−2 (∑m 2 
k=0 ϕkLk(λ y)) y > 0

fEAL(y|λ ) = λ (1 − λ ) 
˜∥−2 

� m̃ �2 (20) 
e−(λ −1)y∥ϕ ˜kLk((λ − 1)y) y ≤ 0.∑k=0 ϕ 

In this notation, Lk represents the Laguerre basis function of order k, which enters the 
polynomial with coeffcient ϕk. It can be shown (Kreiss and Van Keilegom, 2025) that 
(20) can approximate any continuous density in Hellinger sense, provided suffciently 
large maximum degrees m and m̃. As such, despite being specifed fully parametrically, 
the methodology of D’Haen et al. (2025) enjoys great fexibility. 

6.2. Frailty modeling 

Throughout this review paper, we have restricted to discussing research that models the 
dependence between T and C using a copula. In a seemingly other line of research, this 
dependence is modeled through an unobserved frailty term. Generally, one imposes the 
model (

ST |X ,v(t|x,v) = exp(−vΛT |X (t|x)) 
SC|X ,v(c|x,v) = exp(−vΛC|X (c|x)), 

where v represents the unobserved frailty with distribution Fv. Expressions for the 
marginal distributions are obtained by integrating out this frailty. Specifcally for T , 
one obtains Z 

ST |X (t|x) = exp(−vΛT |X (t|x))dFv(v). 
v 
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R 
Moreover, writing ST |X (t|x) = exp(−vu) fv(v)dv it can be seen that ST |X is the Laplace v 
transformation of fv evaluated at u = ΛT |X (t|x), which we will denote as Lv(u). Hence, 
ST |X (t|x) = Lv(ΛT |X (t|x)) and SC|X (c|x) = Lv(ΛC|X (c|x)). 

Though it is not immediately clear at frst sight, the frailty model formulation is 
equivalent to the Archimedean copula formulation (Lo, Stephan and Wilke, 2017) dis-
cussed in equation (16). Indeed, by noting that in the frailty model formulation, T and C 
are independent given v, we have that 

ST,C|X ,v(t,c|x,v) = P(T > t,C > c|X = x,v) = exp(−vΛT |X (t|x) − vΛC|X (c|x)). 

Integrating out the unobserved frailty, we obtain Z 
ST,C|X (t,c|x) = exp(−vΛT |X (t|x) − vΛC|X (c|x)) fv(v)dv 

v 

= Lv(ΛT |X (t|x)+ ΛC|X (c|x)) 
= Lv(L

−1(ST |X (t|x)) + L−1(SC|X (c|x))),v v 

which is precisely the same as (16) with L−1 ≡ ψξ , exposing the relation between the v 
assumed distribution Fv for the frailty term and the assumed Archimedean copula. 

This link opens the door to the body of literature surrounding frailty models for sur-
vival analysis. This type of models is commonly used in the context of clustered data, 
and there exist some works that additionally consider the problem of dependent censor-
ing. Among the frst to explore this intersection were Huang and Wolfe (2002), who 
proposed a frailty modeling framework that can also take dependent censoring between 
clusters into account. In subsequent work, Huang, Wolfe and Hu (2004) proposed a 
test for dependent censoring between clusters. In the current state-of-the-art, Schneider 
et al. (2020) further studied the model of Huang and Wolfe (2002) in the special case 
of Weibull or piecewise exponential baseline hazards. Notice, however, that in all these 
works, censoring within each cluster is assumed to be independent. To the best of our 
knowledge, survival analysis methods for clustered data under dependent censoring both 
between and within clusters remains a gap in the literature. 

Some general introductory sources to frailty models include Wienke (2011), Hanagal 
(2019) and Balan and Putter (2020). For an in-depth review on more recent advances, 
we refer to Gorfne and Zucker (2023). 

6.3. Software 

The DepCens package (Schneider and Grandemagne, 2023) in R fts the frailty approach 
of Schneider et al. (2020). 

7. Other approaches not based on copulas 

So far, the models included in this review primarily focused on copula-based approaches 
to dependent censoring. However, dependent censoring has also been explored in other 
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contexts or using other models. In this section we will illustrate this using two examples, 
that are by no means intended to be exhaustive or representative for the full literature on 
this topic. 

7.1. Transformation models 

Transformation models aim to make the data follow certain modeling assumptions, such 
as normality or homoscedasticity, by transforming the survival and censoring times. In 
this regard, Deresa and Van Keilegom (2020a) proposed a parametric normal transfor-
mation of T and C, assuming that the transformed variables follow a bivariate normal 
distribution after accounting for covariate effects. More specifcally, their model has the 
following form: � 

Λκ (log(T )) = X⊤β + εT (21)
Λκ (log(C)) = X⊤η + εC, 

where {Λκ | κ ∈ K} is a parametric class of monotone increasing transformations defned 
on (−∞,+∞), and β and η are the vectors of regression coeffcients. The vector of error 
terms (εT ,εC) has a bivariate normal distribution: � � �� � � ��2εT 0 σT ρσT σC∼ N2 , Σ = 2 ,

εC 0 ρσT σC σC 

where Σ is assumed to be a positive defnite matrix, i.e. σT > 0,σC > 0 and |ρ| < 1. 
The parametric transformation model involving the parameters β ,η ,κ,σT ,σC and 

ρ is shown to be identifable. One of the basic assumptions for establishing this iden-
tifability involves the transformation family {Λκ | κ ∈ K}, which is required to map 
the whole real line to the whole real line, meaning limt→±∞ Λκ (t) = ±∞ for all κ in 
K. While this condition does not hold for the widely used Box-Cox transformation, it 
is satisfed by a family of Yeo and Johnson (2000) transformations, which is an exten-
sion of the Box-Cox family to the whole real line. In addition, the bivariate normality 
assumption for (εT ,εC) plays a crucial role in the proof of identifability. Some earlier 
works in this area include those by Nádas (1971) and Basu and Ghosh (1978), though 
neither of these papers considers transformations nor incorporates covariates. Deresa 
and Van Keilegom (2020a) suggested estimating the transformation model parameters 
using a maximum likelihood estimation approach and showed the asymptotic properties 
of these parameters based on results in White (1982). 

Deresa and Van Keilegom (2020b) later extended model (21) in several directions 
by incorporating features such as multivariate competing risks and administrative cen-
soring. Their model accommodates these censoring mechanisms within a single model 
and can also account for the effect of covariates on event times. A multivariate normal 
distribution is assumed to model the correlations between competing event times. In par-
ticular, the extended model identifes and estimates all parameters without imposing ad-
ditional assumptions on the covariance matrix. Furthermore, Deresa and Van Keilegom 
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(2021) relaxed model (21) by proposing a nonparametric specifcation of the transfor-
mation function, instead of relying on a parametric restriction. Their model is based on 
an arbitrary nonparametric transformation for both T and C, while assuming that the er-
rors in the transformation model follow a standard bivariate normal distribution, which 
allows for nonzero correlation. This model is shown to be identifable and estimable 
based on the observed data. 

More recently, Crommen et al. (2024) proposed a fully parametric model that iden-
tifes the causal effect of an endogenous treatment variable on a possibly dependently 
censored event time. We refer the interested reader to Wooldridge (2010) for a more in-
depth introduction to endogeneity (or causal inference). A bivariate normality assump-
tion is placed on the error terms of a joint regression model for the logarithm of T and C, 
without specifying the correlation between them. Using a control function approach, the 
authors proposed a two-step estimation method that consistently estimates the causal 
effect of interest and the correlation parameter. In subsequent work, Willems et al. 
(2025c) increased the fexibility of this model by extending it to a multiple competing 
risks framework. The authors proposed applying a unique power transformation to each 
risk to make the multivariate normality assumption on the error terms more plausible. 

This bivariate normality assumption has also been omitted altogether in the recent 
work of Yu and Liu (2024), which is an extension of the transformation model in (21). 
They apply the generalized estimating equation framework, including a working covari-
ance matrix to improve model effciency, to a dependent censoring context. While their 
work allows no transformation function and always uses the identity function ΛK(y) = y, 
it is in turn less restrictive in terms of the error terms (εT ,εC). More specifcally, Yu 
and Liu (2024) no longer require homoscedasticity, and moreover leave the distribution 
of (εT ,εC) unspecifed. Their semiparametric approach leverages the fact that the es-
timating equations are equivalent with those under some bivariate normal distribution. 
Replacing unobserved values of T and C by their conditional expectation under normal-
ity, they subsequently show that these score functions remain asymptotically valid even 
under violation of the assumed normality. 

7.2. Partial identifcation 

Throughout the review, we have spent substantial attention on the (point) identifability 
of most of the models discussed. And rightfully so: Tsiatis (1975) shows that the joint 
distribution of T and C cannot be identifed nonparametrically, in the sense that for any 
observed data generating process (Y,∆), there exist infnitely many joint distributions 
(T,C) that would imply it. Even after restricting to Archimedean dependence structures, 
Wang (2012) shows that the problem persists. As such, the frst-order goal of many 
models in the literature is to conceive a set of assumptions under which the implied, 
initially infnite set of possible marginals for T shrinks to a singleton. 

The assumptions required for this are often stringent and/or non-testable. This has 
motivated a small branch of survival analysts to study partially identifed models. In 
essence, these models allow the set of possible marginals for T to remain infnite while 
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still doing inference on some quantities of interest. Typically, this leads to the estimation 
of bounds on said quantities instead of point estimates. 

In the partial identifcation paradigm, Szydlowski (2019) studied the effect of the 
independence assumption on the parameters in a parametric model. When there is 
unmeasured confounding present in the data, Blanco et al. (2020) were able to derive 
bounds on the causal effect. In the most recent literature, Sakaguchi (2024) and Willems 
et al. (2025a) developed methodologies to obtain bounds on the parameters in different 
regression models for T , while leaving both the censoring distribution as well as the 
dependence structure completely unspecifed. 

7.3. Software 

The depCensoring package in R implements the method of Deresa and Van Keilegom 
(2021) in the function NonParTrans, the method of Willems et al. (2025c) (which in-
cludes Crommen et al. (2024) as a special case) in the function estimate.cmprsk, and 
the method of Willems, Beyhum and Van Keilegom (2025a) in the function pi.surv. 

8. Conclusion 

While we have tried to give an extensive overview of the literature on copula-based de-
pendent censoring, inevitably a number of topics have not been discussed. For instance, 
while we assumed throughout that for every subject either T or C is observed, but never 
both, there are cases where both variables are sometimes observed, which is referred to 
as semicompeting risks in the literature. The use of copulas for semicompeting risks is 
very natural and has been well documented in the literature (see e.g. Peng et al. (2007); 
Chen (2012)). Semicompeting risks can be considered as an example of a situation 
where additional information is available (in this case in the form of observing the full 
pair (T,C) for certain subjects), which helps to identify the dependent censoring model. 
Other situations where additional information is available (in the form of auxiliary data, 
transfer learning, data integration, etc.) would be worth exploring in the future. The 
work in Jo et al. (2023) can be considered as a frst step in this context. However, they 
simply use the extra information (in casu of an observable variable infuencing both T 
and C) to rather heuristically fnd a reasonable range for the dependence parameter in 
performing copula-graphic based sensitivity analysis. An extension to more rigorous 
models remains an interesting challenge. 

Another topic that has not been mentioned in this review, is that of goodness-of-ft 
tests for the proposed models. A natural and common way to test whether a depen-
dent censoring model is valid would be to compare its ft with that of a fully nonpara-
metric model. However, this is not a feasible approach, as it is well known that the 
fully nonparametric dependent censoring model is not identifed. Deresa and Van Kei-
legom (2020a, 2024a) tried to circumvent this problem by calculating the distribution 
of Y = min(T,C) under the ftted model and comparing it with its fully nonparametric 
distribution, which is always identifed. While this is a correct testing procedure, it has 
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the drawback that it actually tests whether the distribution of Y is correct, instead of that 
of T . More research on this important topic would be needed, as well as on the related 
topic regarding the consequences of model misspecifcation on the sign and magnitude 
of parameters in a dependent censoring model. 

Lastly, there are cases where the censoring time is related to the survival time in 
a specifc way that differs from copulas. This results in particular forms of dependent 
censoring, such as in the case of medical cost data (Lin, 2003; Willan, Lin and Manca, 
2004; Li et al., 2016), survival data with measurement errors (Van Keilegom and Kekeç, 
2024), gap times in multistate models (de Uña-Álvarez and Meira-Machado, 2008), dy-
namic covariates (Beyhum et al., 2024), simultaneous shocks (Escobar-Bach and Helali, 
2024) and many more. 
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Strömer, A., Klein, N., Van Keilegom, I., and Mayr, A. (2025). Modelling dependent 
censoring in time-to-event data by boosting copula regression. (Under review). 

Sujica, A. and Van Keilegom, I. (2015). Estimation of location and scale functionals 
in nonparametric regression under copula dependent censoring. Canadian Journal of 
Statistics, 43(2):306–335. 

Sujica, A. and Van Keilegom, I. (2018). The copula-graphic estimator in censored non-
parametric location-scale regression models. Econometrics and Statistics, 7:89–114. 

Szydlowski, A. (2019). Endogenous censoring in the mixed proportional hazard model 
with an application to optimal unemployment insurance. Journal of Applied Econo-
metrics, 34(7):1086–1101. 

Tsiatis, A. (1975). A nonidentifability aspect of the problem of competing risks. Pro-
ceedings of the National Academy of Sciences, 72(1):20–22. 

van der Vaart, A.W. (1998). Asymptotic Statistics. Cambridge University Press, Cam-
bridge, UK. 
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On statistical model extensions based on 
randomly stopped extremes 
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Abstract  

The maxima and the minima of a randomly stopped sample of a random variable, X , 
together with two newly defned random variables that make X into the maxima or min-
ima of a randomly stopped sample of them, can be used to defne statistical model 
transformation mechanisms. These transformations can be used to defne models for 
extreme-value data that are not grounded on large sample theory. The relationship 
between the stopping model and characteristics of the corresponding model transfor-
mations obtained is investigated. In particular, one looks into which stopping models 
make these model transformations into model extensions, and which stopping models 
lead to statistically stable extensions in the sense that using the model extension a sec-
ond time leaves the extended model unchanged. The stopping models under which the 
extensions based on randomly stopped maxima and their inverses coincide with the ex-
tensions based on randomly stopped minima and their inverses are also characterized. 
The advantages of using models obtained through these model extension mechanisms 
instead of resorting to extreme-value models grounded on asymptotic arguments is il-
lustrated by way of examples. 
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1.  Introduction  

In disciplines such as hydrology, meteorology, ecology, seismology, actuarial sciences, 
civil engineering or fnance, there is a need for statistical models to analyze extreme-
valued data, like the largest single-event rainfall or the magnitude of the strongest earth-
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quake in a year. In these settings researchers most often resort to the use of the gener-
alized extreme-value model, which is grounded on large sample theory that only applies 
as an approximation when sample sizes are large enough. 

Hence, there is a need for statistical models for extreme-valued data that can be 
grounded on fnite-sample theory. One framework that provides that ground, models 
the number of events in a year, like the number of rainfalls or of earthquakes, through 
a random variable, N, with a given stopping model, it models the magnitude of the 
events in that year as a sample of i.i.d. observations, (X1, . . . ,XN), with a given stopped 
model, and it assumes that one observes the maxima or the minima, Y , of that randomly 
stopped sample. Models defned like the one for Y are also useful in reliability, where 
the minimum (or maximum) of a randomly stopped sample from a lifetime distribution 
serves as a model for the lifetime of a series (or parallel) system. 

Marshall and Olkin (1997) obtained statistical models of this kind by extending an 
initial statistical model through the distribution of the minimum and of the maximum of 
a geometrically stopped sample of independent observations with a distribution in the 
initial family. This statistical model transformation mechanism has proved extremely 
fruitful in practice, as the more than seventeen hundred citations of that paper indicate. 

One nice feature of model transformations based on geometrically stopped extremes 
is that they always work as model extensions, because the initial family of distributions 
is always included in the new family. A second interesting feature of these geometri-
cally stopped extreme extensions is that they are statistically stable in the sense that the 
extended model can not be further extended by using that same extension mechanism a 
second time. These two features are not in place in general, when transforming statistical 
models through randomly stopped maxima and minima with a stopping model different 
from geometric. In fact, Marshall and Olkin (1997) conjectures that this kind of stability 
can only be obtained through geometrically stopped extremes. 

Here these issues are investigated in full generality, by looking into all model trans-
formations defned through the maxima or the minima of N-stopped random samples of 
X , for any given stopping model for N and any given stopped model for X . 

On top of looking into randomly stopped extreme model extensions beyond geomet-
ric stopping, we also propose two new model transformation mechanisms based on two 
new random variables defned to be the ones that make X into the randomly stopped max-
ima and the randomly stopped minima of them, which we label as the N-maxprecursor 
and the N-minprecursor of X . These transformations can be viewed as the inverse trans-
formations of N-stopped maxima and of N-stopped minima of X , and the statistical 
models obtained through them can be used to learn about the magnitude of events, X , 
based on their frequency N and their extreme values Y . 

Finally, on top of these four basic model transformation mechanisms based on ran-
domly stopped maxima and minima and on their inverses, we also propose another two 
new pair of transformation mechanisms that combine N-stopped maxima of X with 
their inverses, and combine N-stopped minima of X with their inverses. Under geo-
metric stopping, these combined model transformation mechanisms coincide with the 
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Marshall-Olkin extension mechanism, and they work as model extensions under any 
stopping model, which is why we consider them to be the natural way to generalize 
Marshall-Olkin when the stopping model is not geometric. 

The relationship between characteristics of the stopping model and characteristics 
of all the corresponding model transformations considered is studied. The frst objective 
is to identify which stopping models lead to transformations that always work as model 
extensions, and the second objective is to identify which stopping models lead to model 
extensions that are statistically stable, in the sense that they do not further extend the 
initial model beyond the frst use. 

The second objective leads to the investigation of the class of stopping models that 
are closed under probability generating function (pgf) composition, because that is a 
necessary condition for the corresponding randomly stopped extreme extensions to be 
stable. This investigation helps us to disprove by way of examples the conjecture that 
only geometric stopping models lead to statistically stable extensions. 

The paper also looks into the reversibility conditions required of stopping models so 
that the model extensions built based on N-stopped maxima and their inverses coincide 
with the model extensions built based on N-stopped minima and their inverses, which is 
a property satisfed in particular by the extensions based on geometric stopping. 

The paper illustrates through examples the advantages of modeling extreme-valued 
data with models obtained through randomly stopped extreme extensions instead of re-
sorting to the usual generalized extreme-value model backed through large sample ar-
guments. We also use examples to help understand the rationale behind the use of the 
models obtained through the new model extension mechanisms that use the inverse of 
N-stopped maxima or minima. 

The paper is organized as follows. Section 2 defnes randomly stopped extreme 
and extreme-precursor random variables, and presents the four basic and four combined 
model transformation mechanisms that will be investigated, and Section 3 illustrates 
the use of models obtained with these transformations to deal with extreme-value data. 
Section 4 introduces the defnition of statistically stable model transformation. Section 
5 defnes extreme-reversible and auto-reversible stopping models, and Section 6 looks 
into stopping models that are closed under pgf composition, which are the ones that 
yield statistically stable transformations. Section 7 relates these and other properties 
of the stopping model with features of the corresponding model transformations, and 
Section 8 presents examples of statistically stable randomly stopped extreme extensions. 

2. Statistical models based on randomly stopped extremes 

2.1. Randomly stopped extremes and extreme precursors 

Let X be a real valued random variable defned through its cumulative distribution func-
tion, FX , and let N be a positive integer valued random variable, with Pr(N = 0) = 0, 
defned through its probability generating function (pgf), hN . Assume that one observes 
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n independent copies of X , Xi, where n is a realization of the stopping variable N inde-
pendent of the Xi. 

The N-stopped maximum of X , which we denote by maxN (X), is the random variable 
Y = max(X1, · · ·XN ) with cumulative distribution function: 

FmaxN (X) = hN(FX ), 

and the N-stopped minimum of X , which we denote by minN(X), is the random variable 
Y = min(X1, · · · ,XN) with survival function hN(SX ), where SX = 1 − FX , and therefore 
with cdf: 

FminN (X) = 1 − hN(1− FX ) = hN(FX ), 

where hN(t) = 1− hN(1 − t), which will be denoted as the conjugate function of hN(t). 
These two random variables are studied for example in Raghundanan and Patil 

(1972), Shaked (1975), Consul (1984), Gupta and Gupta (1984), Rohatgi (1987), Shaked 
and Wong (1997), in pp.155-157 of Arnold, Balakrishnan and Nagaraja (1992) and in 
Louzada, Beret and Franco (2012). 

Next, two new random variables that play a central role in what follows are intro-
duced. They arise from the fact that given any N and any X , one can always interpret X 
to be the N-stopped maximum and the N-stopped minimum of the two random variables 
defned next. 

Defnition 1. Given any stopping variable N and any real valued random variable X 
as defned above, let the N-maxprecursor of X, denoted as max−1(X), be the random N 

variable Y with cdf: 

Fmax−1(X) = h− 
N 

1(FX ),
N 

and let the N-minprecursor of X, denoted as min−1(X), be the random variable Y withN 

cdf: 
−1

Fmin−1(X) = hN (FX ). 
N 

The properties of hN and of hN presented in Section 5.1 guarantee that they are 
always invertible and therefore that F −1 and Fmin−1 are always properly defned max (X) (X)N N 

−1cdf’s. As a consequence, the random variables max (X) and min−1(X) will exist for N N 
any N and any X . 

By defnition, X is always the N-stopped maximum of max−1(X), the N-stoppedN 
minimum of min−1(X), the N-maxprecursor of maxN(X), and the N-minprecursor of N 
minN (X), 

−1 −1X = maxN(maxN (X)) = max (maxN(X)) = minN(min−1(X)) = min−1(minN(X)),N N N 

which is why we denote N-maxprecursors and minprecursors as the inverses of the N-
stopped maxima and minima. 
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2.2. Statistical model transformations based on randomly stopped 
extremes 

Let the family of distributions X = {Xθ : FXθ , θ ∈ Θ} be a statistical model defned on 
x ∈ S ⊆ R, with parameter space Θ, where FXθ is the cdf of Xθ . 

∞Let N = {Nδ : hNδ 
= ∑n=1 pn(δ )tn , δ ∈ D} be a statistical model defned on the 

positive integers, n ∈ N+, with parameter space D, where pn(δ ) = Pr(Nδ = n) and where 
hNδ 

is the pgf of Nδ . We denote N as the stopping model. 
Note that by defnition in this paper it will always be assumed that stopping models, 

N, are always such that Pr(Nδ = 0) = 0 for any δ ∈ D. 
We next defne four basic mechanisms,T(·), that transform the initial statistical model, 

X, into a new statistical model, Y = T(X), through the N-stopped maximum (minimum) 
of X ∈ X, and through the N-maxprecursors (N-minprecursors) of X ∈ X, with N ∈ N. 

Defnition 2. Given any statistical model X and any stopping model N as defned above, 
let maxN(X) and max−1(X) denote the statistical models defned as:N 

maxN(X) = {Yθ ,δ : FYθ ,δ 
= hNδ 

(FXθ ), θ ∈ Θ,δ ∈ D}, 

max−1(X) = {Yθ ,δ : FYθ ,δ 
= h−1(FXθ ), θ ∈ Θ,δ ∈ D}.N Nδ 

Likewise, let minN(X) and min−1(X) denote the statistical models defned as:N 

minN(X) = {Yθ ,δ : FYθ ,δ 
= hNδ 

(FXθ ), θ ∈ Θ,δ ∈ D}, 

−1
min−1(X) = {Yθ ,δ : FYθ ,δ 

= h (FXθ ), θ ∈ Θ,δ ∈ D}.N Nδ 

These two pairs of basic transformations do not always work as model extensions. 
Instead, the two pairs of combined transformations defned next work as model exten-
sions for any X, even when one of the two new parameters is fxed. They are the family 
of all N-stopped maximum (minimum) of all N-maxprecursors (N-minprecursors) of X , 
and viceversa. 

Defnition 3. Given any statistical model X and any stopping model N as defned above, 
−1 −1let maxN(max (X)) and max (maxN(X)) denote the statistical models defned as:N N 

−maxN(max 1(X)) = {Yθ ,δ1,δ2 : FYθ ,δ1,δ2 
◦ h−1 (FXθ ), θ ∈ Θ,δ1,δ2 ∈ D},N = hNδ2 Nδ1 

−1maxN (maxN(X)) = {Yθ ,δ1,δ2 : FYθ ,δ1,δ2 
= h−1 ◦ hNδ1 

(FXθ ), θ ∈ Θ,δ1,δ2 ∈ D}.Nδ2 

Likewise, let minN(min−1(X)) and min−1(minN(X)) denote the statistical models:N N 

−1
minN(min− 

N 
1(X)) = {Yθ ,δ1,δ2 : FYθ ,δ1,δ2 

(FXθ ), θ ∈ Θ,δ1,δ2 ∈ D},= hNδ2 
◦ hNδ1 

−1
min−1(minN(X)) = {Yθ ,δ1,δ2 : FYθ ,δ1,δ2 

(FXθ ), θ ∈ Θ,δ1,δ2 ∈ D}.N = hNδ2 
◦ hNδ1 



         

  
   

  
  

 

   

          

    
 

 

   

 
   

   

   
 

 
     

  

 

48 On statistical model extensions based on randomly stopped extremes 

Note that these statistical model transformation mechanisms can also be used to 
generate statistical models, Y, starting from a single initial random variable, Y = T(X). 

Using our notation, the Marshall-Olkin extension of X is defned to be maxN(X) ∪ 
minN(X) when N is the geometric stopping model. In Sections 7.2 and 7.4 it will be 
argued that for stopping models other than geometric the transformation maxN(X) ∪ 
minN(X) does not always work as an extension, but that under geometric stopping this 
transformation coincides with the four model transformations in Defnition 3, which 
do work as extensions under any stopping model. As a consequence, we will propose 
Defnition 3 and not maxN(·) ∪ minN(·) to be the natural way to generalize Marshall-
Olkin when using stopping models different from geometric. 

3. Examples of the use of randomly stopped extreme models 

The examples presented here illustrate the advantage in using models defned through 
the randomly stopped extreme transformations in Defnition 2 instead of using the gen-
eralized extreme-value model, and they help understand the practical relevance of the 
randomly stopped extreme-precursor models also considered in that defnition. The ex-
amples also touch on the rationale behind the use of the model extensions proposed in 
Defnition 3. 

3.1. On the usefulness of randomly stopped extreme models 

Let’s assume for example that one has data on the rainfall in the largest rain event of a 
year, Yi, for a set of m years, (y1, . . . ,ym). This kind of data is usually modeled through 
the three parameter generalized extreme-value model, because it is the limiting model 
for properly normalized extreme values when the rainfall in an event is i.i.d., and the 
number of rainfall events in a year grows. 

As an alternative way to model this kind of data one can assume that the number of 
rain events in the i-th year, Ni, is random and can be modeled through a specifc stopping 
model, N, and that the rainfall in the set of Ni events is a sample of i.i.d. observations, 
(X1, . . . ,XNi ), from a specifc model, X. In this framework the statistical model for the 
largest rainfall in the i-th year, Yi = max(X1, . . . ,XNi ), is the Y = maxN(X) considered in 
Defnition 2 for that N and that X. 

In particular, for simplicity here it will be assumed that the stopping model for the 
number of rain events, Np, is the Logarithmic(p) model covered in Example 5.2 and in 
Appendix 1, and that the model for the rainfall in an event, Xλ , is the Exponential(λ ) 
with cdf FXλ 

(x) = 1 − e−λ x . In that case, the model for the largest rainfall of the year, 
(Y1, . . . ,Ym), is the logarithmic stopped maximum of an exponential, 

log(1 − p + pe−λ y)
YLg−Exp = {Yp,λ : FYp,λ 

= hNp (FXλ 
) = ,λ ∈ (0,∞), p ∈ (0,1)}.

log(1 − p) 

To compare the use of the randomly stopped extreme models with the use of the gener-
alized extreme-value model, we have simulated a sample for m = 150 years assuming 



     

    

  
            

  

 
 

 

 

 

   

    

   

     

     

49 Jordi Valero and Josep Ginebra 

that Ni is Logarithmic(p = .95) and Xi is Exponential(λ = 0.01). We have ftted the 
true two-parameter YLg−Exp model and the three parameter generalized extreme-value 
model, 

−(1−κ(x−η)/θ )1/κ 
YGEV = {Yη ,θ ,κ : FYη ,θ ,κ = e ,η ∈ (−∞,∞),θ ∈ (0,∞),κ ∈ (−∞,∞)}, 

on this data set by maximum likelihood. We have also ftted the YT B2−Exp and YET NB−Exp 

models, which are the randomly stopped maxima of an exponential sample when the 
stopping model is the truncated binomial(2, p) and the extended truncated negative bi-

log(1−pt)−r−1nomial (ETNB) with pgf hN = where r is in (−1,∞). We also ft YPC−LgNor,log(1−p)−r−1 
which is the randomly stopped maximum with N being the potential conjugate model 
considered in Example 6.1 and X being the lognormal model. 

Table 1 presents the maximum likelihood estimates of the parameters of these fve 
models together with the value of the log-likelihood at its maximum, and their AIC and 
BIC. Note that the YET NB−Exp model fts the data slightly better than the actual YLg−Exp 

model, but when r = 0 the YET NB−Exp becomes the YLg−Exp model and the likelihood 
ratio test between these two nested models does not reject the simpler actual model with 
a p − val of 0.758. 

Table 1. Maximum likelihood parameter estimates, logarithm of the likelihood at the mle, and 
AIC and BIC for the fve models considered for the data on the largest annual rainfall event. 

Model N.par MLE loglikel AIC BIC 

YLg−Exp 2 p̂ = .9574 λ̂ = .0098 −942.326 1888.65 1894.67 

YET NB−Exp 3 p̂ = .9844 r̂ = −.1177 λ̂ = .0108 −942.172 1890.34 1899.38 

YT B2−Exp 2 p̂ = .3949 λ̂ = .0063 −945.196 1894.39 1900.41 

YPC−LgNor 3 p̂ = .9352 µ̂ = 4.9109 σ̂ = 1.1475 −952.578 1911.15 1920.19 

YGEV 3 η̂ = 129.01 θ̂ = 111.25 κ̂ = −.1207 −954.256 1914.51 1923.54 

Even though the YGEV model has one more parameter than the actual YLg−Exp model, 
it fts the simulated data signifcantly worse than this model, and worse than the other 
three stopped extreme models tried, even though two of these models assume a wrong 
stopping model and one of them assumes a wrong stopping and a wrong stopped model. 
Of course that will not always be the case, and the YGEV model will do better than other 
stopped extreme models, but when one has a good guess on what the stopping and the 
stopped models could be, the corresponding randomly stopped extreme model will tend 
to do better than YGEV . 

Note also that an important advantage of using randomly stopped extreme models 
is that through them one can interpret the estimated parameter values in terms of the 
parameters of the model for the stopping variable and the parameters of the model for 
the stopped variable. That provides useful information about the frequency of rain and 



         

      
 

 

  
  

  

 

 

    
  

  
  

  

   

    

  

     
   

  
     

50 On statistical model extensions based on randomly stopped extremes 

about the distribution of the amounts of rain in them, which is lacking when the analysis 
is based on the GEV model. 

Remark: When Y = maxN(X) one has that FY = hN(FX ) and the pdf of Y is fY = 
h 
′ 
N (FX ) fX , where fX is the pdf of X . Therefore fY is a weighted version of fX and 

maximizing the likelihood function using data on Y is not any more complicated than 
doing it with data on X . 

3.2. On the usefulness of randomly stopped extreme precursors 

Lets assume here that one has data on the magnitude of the strongest earthquake on a 
given year for m1 years, (y1, . . . ,ym1 ), and data on the number of earthquakes in a year 
for m2 years, (n1, . . . ,nm2 ), where the set of years with available data might not coincide. 
Let’s also assume that one has a good model Y for Yi and a good model N for Ni. 

Like in the previous example one can pose Yi = max(X1, . . . ,XNi ) where the magni-
tudes of the earthquakes, Xj, are i.i.d. realizations of a random variable, X , and hence 
one can assume that Y = maxN(X). In such a setting one might lack data about the Xj 

and yet the interest in the analysis might be to learn about the distribution of these Xj, 
and therefore about their cdf, FX . 

In particular, the stopping model for the number of earthquakes, Ni, could for ex-
ample again be Logarithmic(p), and a good model for the magnitude of the strongest 
earthquake, Yi, could be the GEV(η ,θ ,κ) model that was discarded in the previous ex-
ample for the largest rainfall. If that was the case the magnitude of earthquakes, Xj, 
would be a sample from the random variable X that is the Np-maxprecursor of the GEV 
r.v., Yη ,θ ,κ , and the cdf of X would be: 

−FXp,η ,θ ,κ = Fmax−1(Yη ,θ ,κ )
= hN 

1(FYη ,θ ,κ ). Np p 

Hence, by obtaining maximum likelihood estimates of p and of (η ,θ ,κ) and estimates 
of their standard deviations using the data on Ni and the data on Yi one would obtain 
estimates and confdence intervals for the cdf of X , F̂Xp,η ,θ ,κ = h− 

Np 
1
ˆ 
(FY

η̂ ,θ̂ ,κ̂ 
). 

3.3. On the rationale behind using the extensions in Defnition 3 

Finally, lets assume that in either the hydrology or the seismology settings considered 
above one guesses that N0 is the stopping model for the number of events, Ni, and X0 
is the model for the magnitude of the events Xj, but it turns that the statistical model 
Y0 = maxN0 (X0) for Yi = max(X1, . . . ,XNi ) fails to ft properly the sample of extreme 
values available, (y1, . . . ,ym). 

In a case like this, if one is confdent that N0 is the right stopping model one will 
want to extend Y0 by extending X0 while still using N0 as the stopping model. The frst 
model extension in Defnition 3 does that by replacing Y0 = maxN0 (X0) by: 

−1 −1Y1 = maxN0 (maxN0 
(Y0)) = {Yξ ,δ1,δ2 : FYξ ,δ1,δ2 

= hNδ2 
◦ hNδ 

(FYξ 
), ξ ∈ Ξ,δ1,δ2 ∈ D}, 

1 



     

 
   

   

  
 

 

       

  
  

   

    

    

  

   

     

51 Jordi Valero and Josep Ginebra 

where Ξ is the parameter space of Y0. In this way, the extended model can be posed as 
−1Y1 = maxN0 (X1) where X0 has been replaced by its extension, X1 = maxN0 
(maxN0 (X0)). 

Note that this extension also applies when Y0 is chosen without making any X0 explicit, 
−1in which case the extended model is Y1 = maxN0 (X1) with X1 = maxN0 
(Y0). 

−1By construction, the dimension of the parameter space of Y1 = maxN0 (maxN0 
(Y0)) 

is never smaller than the one of Y1 
′ 
= max−1(Y0), which is never smaller than the one of N0 

Y0. This paper investigates when is the initial model always included in the transformed 
model, and when does repeated use of these extensions fail to keep extending the model. 

4. Statistical stability of statistical model transformations 

Transformations of a statistical model, X, into a new model, Y = T(X), can be classifed 
depending on how initial and fnal models relate. Most often neither X nor Y are included 
into each other. The next defnition distinguishes three possible relationships when they 
do. 

Defnition 4. Let T(·) transform a statistical model, X, into Y = T(X). Then 

1. if X ⊂ T(X), one says that X is extended by T(·), and that T(·) extends X, 

2. if T(X) ⊂ X, one says that X is contracted by T(·), and that T(·) contracts X, 

3. if T(X) = X, one says that X is invariant under T(·). 

When X is extended by T(·) for all X, one says that T(·) is a model extension. 
Most often, using a model extension repeatedly will keep extending the model, but some 
model extensions do not further extend models beyond their frst use. These special 
model extensions are examples of the statistically stable transformations defned next. 

Defnition 5. A statistical model transformation, T(·), is said to be statistically stable if 
for any model X one has that T(X) is invariant under T(·), and so if T(T(X)) = T(X) 

for any X. 

When a model transformation is statistically stable, using that transformation twice 
in a row on any statistical model, X, has the same effect as using it just once. 

Defnition 5 generalizes to any statistical model transformation the concept of geo-
metric-extreme stability proposed in Marshall and Olkin (1997) in the special case of 
geometric stopped extreme transformations. Note that the statistical notion of stabil-
ity presented here is different from probabilistic notions of stability, like the ones used 
in Rachev and Resnick (1991) or in Fama and Roll (1968), which apply to individual 
random variables and not to families of them. 

The main purpose of the paper is to investigate the properties of the model transfor-
mations in Defnitions 2 and 3, and to determine when do they work as model extensions, 
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52 On statistical model extensions based on randomly stopped extremes 

and when are these model extensions statistically stable in the sense of Defnition 5. This 
depends only on the characteristics of the stopping model, and in particular on whether 
they are extreme auto-reversible and/or closed under pgf composition, the way defned 
in the next two sections. 

5. Stopping models that are extreme reversible or auto-reversible 

5.1. Properties of hN , hN , h−1, and h−1 for positive count variablesN N 

A function, hN , is the probability generating function of a positive integer-valued random 
variable N, if and only if it is real valued and such that hN (0) = 0, that hN(1) = 1, and 
that it is analytic at least on [0,1), with all derivatives in that set being non-negative. 

As a consequence, hN(t) = 1 − hN(1 − t) is always such that hN(0) = 0, hN(1) = 1, 
and that it is analytic at least on (0,1], with all of its odd derivatives in that set being 
non-negative, and all of its even derivatives non-positive. If all the moments of N are 
fnite, analyticity and the declared signs of the derivatives of hN and hN hold at least on 
[0,1]. 

−1
From the characterization of hN it also follows that hN 

−1 and hN are always such that 
h−1 −1 −1 

(0) = h (0) = 0 and h−1(1) = h (1) = 1, and they are analytic at least on (0,1)N N N N 
with a frst derivative that is non-negative in that set. The second derivative of h−1 isN 

non-positive, while the second derivative of h
−1 

is non-negative.N 
−1

In particular, hN , hN , h−1 and h are always continuous and increasing on [0,1],N N 
−1

with hN and h being convex, and hN and h−1 being concave.N N 
For the limiting stopping random variable NI with Pr(NI = 1) = 1, these four func-

−1
tions coincide, hNI (t) = h−1(t) = h (t). The next result will be used later(t) = t = hNI NI NI 

on. 

Proposition 1. If N,N1 and N2 are positive integer valued random variables with pgfs 
−1

hN, hN1 and hN2 , then 1) hN = hN , 2) h− 
N 

1 = hN , and 3) hN1 ◦ hN2 = (hN1 ◦ hN2 ). 

5.2. Extreme-reversible stopping models 

As a consequence of the properties listed above, hN and h−1 can only be the pgf of aN 
positive integer valued random variable if N = NI . 

On the other hand, h
−1 

sometimes is the pgf of a non-degenerate positive integeredN 
random variable, N∗ . That leads to the following defnition. 

Defnition 6. The pair of positive integer valued random variables, (N,N∗), is said to 
−1 1be extreme reversible if hN = hN∗ , and therefore if h− = hN∗ .N 

When (N,N∗) are extreme reversible, their pgf’s need to be such that: 

hN∗ ◦ hN (t) = hN∗ ◦ hN(t) = t = hN ◦ hN∗ (t) = hN ◦ hN∗ (t), for t ∈ [0,1], 
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and in that case, max− 
N 

1(X) = minN∗ (X), min−1(X) = maxN∗ (X), and thereforeN 

X = maxN(minN∗ (X)) = minN(maxN∗ (X)) = maxN∗ (minN(X)) = minN∗ (maxN(X)). 

It is important to emphasize that extreme reversibility is a property of (N,N∗), and that 
when it holds, this property applies for any real valued random variable, X . 

= 1− (1− t)bExample 5.1: For the “potential conjugate” random variable Nb, with hNb 
−1 

= t1/bfor b ∈ (0,1], one has that h , which is a pgf when b = 1/m and m is a positive Nb 

integer. Hence, for any positive integer m, the Nm with pgf hNm = 1− (1− t)1/m, and N∗ m 
with pgf hNm 

∗ = tm, are extreme reversible. 

Example 5.2: If Nα is zero-truncated Poisson(α), with: 

αt − 1e
hNα = 

eα − 1 

for a given given α > 0, then: 

−1 1 −α )t) = hN∗h = − ln(1 − (1 − e 
α 
,Nα α 

∗which is the pgf of a r.v. Nα with a Logarithmic(α) distribution, most often parametrized 
through p = 1 − e−α . This means that each zero-truncated Poisson random variable is 
extreme reversible with one logarithmic random variable. 

If a statistical model, N∗ , is the set of all random variables N∗ that are extreme 
reversible with a random variable in N, one says that N∗ and N are a pair of extreme-
reversible models. 

−1Note that when N and N∗ are extreme reversible one has that max (·) = minN∗ (·),N 
and that min−1(·) = maxN∗ (·), and one also has that:N 

−1 1maxN(max (·)) = min−∗ (minN∗ (·)),N N 

−1 1max (maxN(·)) = minN∗ (min−∗ (·)),N N 

and viceversa. As an immediate consequence, when N and N∗ are extreme-reversible 
models the set of transformations in Defnitions 2 and 3 obtained with N and the set of 
transformations in these defnitions obtained with N∗ coincide. 

5.3. Extreme auto-reversible stopping models 

There are instances when N and N∗ are the same, hence the next defnition. 

Defnition 7. The positive integer random variable N is extreme auto-reversible if h
−1 

=N 

hN, and therefore if h−1 = hN.N 
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When N is extreme auto-reversible, 

hN ◦ hN(t) = hN ◦ hN(t) = t, for t ∈ [0,1], 

which is a condition used in stochastic comparison theorems of Shaked (1975) and 
Shaked and Wong (1997). When it holds, max−1(X)= minN(X), min−1(X)= maxN(X),N N 
and: 

X = maxN (minN(X)) = minN (maxN(X)). 

A necessary condition for a r.v. N to be auto-reversible is that Pr(N = 1) = 1/E[N]. 
The next result, providing a way to generate two auto-reversible random variables start-
ing from any pair of reversible ones, will be used to fnd examples of auto-reversible 
variables. 

Proposition 2. If (N,N∗) are a pair of extreme-reversible random variables, with pgf’s 
hN and hN∗ = hN 

−1 
, then the random variables N1 and N2, with pgfs hN1 = hN ◦ hN∗ and 

= hN∗ ◦ hN, are both extreme auto-reversible. hN2 

Proof: Given that hN(t) = 1− hN(1 − t), one has that: 

hN1 ◦ hN1 (t) = hN ◦ hN∗ ◦ hN ◦ hN∗ (t) = hN ◦ hN∗ (t) = t, 

where the last two steps use the fact that N and N∗ are extreme reversible. ■ 

Corollary 1. If N is extreme auto-reversible with pgf hN, then the random variable N3 

with pgf hN3 = hN ◦ hN is also extreme auto-reversible. 

Example 5.3: Using Proposition 2 with the random variables of Example 5.1 leads to 
hN1 = 1 − (1 − tm)1/m and to hN2 = (1 − (1 − t)1/m)m , which whenever m is a positive 
integer are the pgf’s of two auto-reversible random variables. 

Example 5.4: Using Proposition 2 with the random variables of Example 5,2 yields: 

pt 
hN1 = 

1 − (1− p)t 
, 

for 0 < p = e−α ≤ 1, which is the pgf of the geometric distribution, and 

α − eαt ),= 1− (1/α) log(1 + ehN2 

for α > 0, where N1 and N2 are extreme auto-reversible random variables. 
When all random variables N in N are extreme auto-reversible, one says that the 

stopping model N is extreme auto-reversible. 
When N is an extreme auto-reversible model one has that max−1(·) = minN(·) andN 

that min−1(·) = maxN(·), and therefore that:N 

−1max (maxN(·)) = minN(min−1(·)) = minN(maxN(·)),N N 
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−1min−1(minN(·)) = maxN(max (·)) = maxN(minN(·)).N N 

Therefore, when N is an extreme auto-reversible model, the four basic and four com-
bined transformations in Defnitions 2 and 3 collapse down into two basic and two com-
bined transformations. 

6. Stopping models closed under pgf composition 

A necessary condition for the transformations in Defnitions 2 and 3 to be statistically 
stable is that the corresponding stopping model be closed under pgf composition as 
defned next. 

Defnition 8. The stopping model N = {Nδ : hNδ 
, δ ∈ D} is said to be closed under pgf 

composition, if having Nδ1 and Nδ2 with pgfs hNδ1 
and hNδ2 

belonging to N, implies that 
with pgf hNδ3 

also belongs to N.Nδ3 = hNδ1 
◦ hNδ2 

Requiring that N be closed under pgf composition is equivalent to requiring that if 
and Nδ2 belong to N, then the Nδ1 -stopped sum of Nδ2 also belongs to N, and it is Nδ1 

thus equivalent to being closed under model compounding. 

6.1. Uniparametric stopping models closed under pgf composition 

Here we restrict consideration to stopping models, N = {Nδ : hNδ 
= ∑∞ 

i=1 pi(δ )ti , δ ∈ 
D}, that i) are closed under pgf composition, ii) have a parametrization δ such that 
the pi(δ ) = Pr(Nδ = i) are continuously differentiable in δ for any i, and iii) have a 
parameter space, D, that is a connected subset of R with a non-empty interior. From 
now on, this class of stopping models is denoted in a shorthanded way just as “models 
uniparametric and closed under pgf composition.” 

By focusing on stopping models continuously differentiable and with this kind of 
parameter space, we restrict consideration to the kind of stopping models useful in 
statistical practice. In particular, we essentially require that the parameter space be a 
non-empty interval, thus avoiding stopping models closed under pgf composition like 
N = {Nk : hNk = tk , k ∈ N+}, which lead to trivially stable transformations, and we also 
avoid parameter spaces with isolated points. 

The following result, crucial in all that follows, is proved in Appendix 2 (Supple-
mentary material). 

Theorem 1. If a stopping model, N = {Nδ : δ ∈ D}, is “uniparametric and closed under 
pgf composition” as defned above, then: 

1. p1(δ ) = Pr(Nδ = 1) > 0 for all Nδ ∈ N, 

2. N can be parametrized in an identifable way through θ = Pr(Nδ = 1), or through 
η = − logPr(Nδ = 1), and 
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3. the parameter space is of the form (0,θ0] for a given θ0 ≤ 1 when using θ , and it 
is of the form H = [η0,∞) for a given η0 ≥ 0 when using η . 

From now on, we will always use η as the parametrization for models uniparametric 
and closed under pgf composition. Note that NI , with hNI (t) = t, belongs to one of these 
models if, and only if, the lower limit of the parameter space, η0, is equal to 0. 

Next consequence of Theorem 1 relates to repeated use of the transformations in 
Defnition 2. 

Theorem 2. If the stopping model, N = {Nη : hNη , η ∈ [η0,∞)}, is “uniparametric and 
closed under pgf composition” as defned above, then: 

1. hNη1 
,◦ hNη2 

= hNη2 
◦ hNη1 

= hNη1+η2 

2. hNη1 
,◦ hNη2 

= hNη2 
◦ hNη1 

= hNη1+η2 

= h−1 ◦ h−1 = h−13. h−1 ◦ h−1 ,Nη1 Nη2 Nη2 Nη1 Nη1+η2 

4. h−1 ◦ h−1 = h−1 ◦ h−1 = h−1 ,Nη1 Nη2 Nη2 Nη1 Nη1+η2 

for all η1,η2 ∈ [η0,∞). 

Proof: Given that N is closed under pgf composition, hNη1 
= hNη , with:◦ hNη2 

η = − log((hNη1 
(hNη2 

(t)))|
′ 
t=0) = − log((hN 

′ 
η1 
(hNη2 

(t))hN 
′ 

η2 
(t))|t=0) = η1 + η2, 

and commutativity follows from the commutativity of addition. The other three asser-
tions follow from the fact that, because of Proposition 1, 

,hNη1 
◦ hNη2 

= (hNη1 
◦ hNη2 

) = hNη1+η2 

h−1 ◦ h−1 )−1 = h−1 ,Nη1 Nη2 
= (hNη2 

◦ hNη1 Nη1+η2 

and 
h−1 ◦ h−1 )−1 = h−1 .Nη1 Nη2 

= (hNη2 
◦ hNη1 Nη1+η2 

■ 

The second result that follows from Theorem 1 will imply that under stopping models 
closed under pgf composition, Defnition 3 yields only two distinct extensions, and that 
the basic transformations in Defnition 2 are restricted versions of them. 

Theorem 3. If the stopping model, N = {Nη : hNη , η ∈ [η0,∞)}, is “uniparametric and 
closed under pgf composition” as defned above, then: 

h−1 ◦ h−1 
Nη2 
◦ hNη1 

= hNη1 Nη2 
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for all η1,η2 ∈ [η0,∞). Furthermore, HN(t;η1,η2) = hNη1 
◦h−1 (t) can be parametrized Nη2 

in an identifable way through η = − log(H 
′ 
(0;η1,η2)) = η1 − η2, and if one denotesN 

HN,η (t) = HN(t;η1,η2) with η ∈ R, then 

1. HN,η ◦ HN,η ′ = H ′ for all η ,η 
′ ∈ R,N,η+η 

2. when η ≥ η0, then HN,η = hNη , 

= h−13. when η ≥ η0, then HN,−η ,Nη 

4. HN,η=0(t) = t. 

−1 −1
Likewise, hNη1 

◦h = h , and the properties listed above also apply for HN,η (t)=Nη2 Nη2 
◦hNη1 

◦ h−1 
(t) = 1− HN,η (1 − t).HN(t;η1,η2) = hNη1 Nη2 

Proof: The commutativity for η1,η2 ∈ [η0,∞) follows from: 

h−1 = h−1 ◦ h−1 = h−1 ◦ h−1 ◦ h−1 .Nη2 
◦ hNη1 Nη2 

◦ hNη1 
◦ hNη2 Nη2 Nη2 

◦ hNη2 
◦ hNη1 Nη2 

= hNη1 Nη2 

HN(t;η1,η2) can be parametrized through η = − log(H 
′ 
(0;η1,η2)) = η1 − η2 becauseN � �′ 1′ h−1 h′ h′ −(η1−η2)HN(0;η1,η2) = (0) · (0) = (0) = e ,Nη1Nη2 Nη1 h′ (0)Nη2 

′ ′ ′ ′and if η = η1 − η2 = η1 − η2 with η1,η2,η1,η2 ≥ η0, then: 

= h−1 ◦ hN
η ′ 

= h−1 ◦ hN
η ′

◦ h−1 ◦h−1h−1 ◦ hNη1 
◦ h−1 ◦ hNη1 

= h−1 ◦ hNη1 +N
η ′ 

= Nη2 N
η ′ 2 

Nη2 N
η ′ 2 

◦ hNη1 Nη2 N
η ′ 2 

Nη22 2 2 

h−1 ◦ hN
η ′

◦ h−1 = h−1 ◦ hN
η ′

◦ h−1 = h−1 ◦ hN
η ′N

η ′ N
η ′ N

η ′ 
, 

1 
+Nη2 Nη2 1 

◦ hNη2 Nη2 12 2 2 

= h−1 ′ ′and because if h−1 with η1,η2,η1,η2 ≥ η0, then:Nη2 
◦ hNη1 N

η ′
◦ hN

η1 
′ 

2 � �′� �′ 
h−1 ◦ hN

η ′
h−1 ◦ hNη1 

= ,′Nη2 |t=0 N
η2 1 |t=0 

′ ′and so e−(η1−η2) = e−(η1 
′−η2 

′ ) and η1 − η2 = η1 − η2. To prove the additivity of HN,η ◦ 
HN,η ′ , let β ≥ η0 + max(|η |, |η ′|) and note that: 

= (h−1 ◦ hNβ +η 
) ◦ (h−1 ◦ hN

β +η ′HN,η ◦ HN,η ′ ) = Nβ Nβ 

h−1 ◦ h−1 = h−1 
Nβ Nβ 

◦ hNβ +η 
◦ hN

β +η ′ N2β 
◦ hN2β +η+η ′ = HN,η+η ′ . 



         

    

    
 

   
 

 
     

       
 

   
 

  
 

  
 

 
 

  

     
  

   

        

   
    

      

       

    
    

     
  

     

58 On statistical model extensions based on randomly stopped extremes 

Furthermore, letting β ≥ η0 one has that for any η ≥ η0: 

= h−1 = h−1HN,η Nβ 
◦ hNβ +η Nβ 

◦ hNβ 
◦ hNη = hNη , 

= h−1 = h−1 ◦ h−1 = h−1HN,−η Nβ +η 
◦ hNβ Nη Nβ 

◦ hNβ Nη 
, 

−1 ◦ hNβ
and that, HN,η (t) = t. ■=0(t) = hNβ 

By using HN,η or HN,η with η ∈ R in a model extension of Defnition 3, one extends the 
parameter space through values of η in the whole real line and not just in H = [η0,∞). 

Many stopping models satisfy the consequences of Theorem 1 without being closed 
under pgf composition. Next, an extra necessary condition for being a stopping model 
closed under pgf composition is obtained by imposing that the t2 coeffcients of the series 

◦ h−1expansion of h−1 ◦ hNη1 
and of hNη1 

have to be equal for any η1,η2 ∈ [η0,∞).Nη2 Nη2 
Imposing that higher order term coeffcients of these expansions are equal leads to other 
necessary conditions. 

Corollary 2. If a stopping model N = {Nη : hNη , η ∈ [η0,∞)} is closed under pgf 
composition, 

Pr(Nη = 2) 
= C, for all η ∈ [η0,∞).

Pr(Nη = 1)(1 − Pr(Nη = 1)) 

6.2. Examples of stopping models closed under pgf composition 

Example 6.1: The potential conjugate model, 

N = {Np : hNp = 1 − (1− t)p, p ∈ (0,1]}, 

is closed under pgf composition with E[Np] = ∞ and Pr(Np = 1) = p, and therefore with 
η = − log p ∈ [0,∞). It includes NI but it is not auto-reversible as described in Section 
5.3. 

Example 6.2: The zero-truncated geometric model, 

N = {Np : hNp = 
pt 

, p ∈ (0,1]},
1 − (1− p)t 

is closed under pgf composition, with Pr(Np = 1) = p and η = − log p ∈ [0,∞). It 
includes NI and, as indicated in Example 5.4, it is auto-reversible. 

The next result provides a way of generating a new model closed under pgf com-
position, starting from an initial model closed under pgf composition and two random 
variables that do not belong to the initial model but whose pgf composition does. 



      

                   

                 

                     

                 
 

      

             

 
 

 
             

                

               

               
              

       

             
                    
            

 
     

            
          

                
                 

              

        

         
      

           

     
 

 
  

  

    

                      
                 

  
    

 
     

    

      
      

    

59 Jordi Valero and Josep Ginebra 

Proposition 3. Let the stopping model N = {Nη : hNη , η ∈ [η0,∞)} be closed under pgf 
composition, and let N1 and N2 be two random variables that do not belong to N but 
such that hN1 ◦ hN2 = hNα with Nα ∈ N. Then, for any given α > 0 the statistical model 

Nα = {Ñη : h ̃  = hN2 ◦ hNη−α ◦ hN1 , η ∈ [α + η0,∞)}Nη 

is also closed under pgf composition. 

Proof: If Ñη1 and Ñη2 are random variables that belong to Nα , then 

hÑη1 
◦ hÑη2 

= hN2 ◦ hNη1−α ◦ hN1 ◦ hN2 ◦ hNη2−α ◦ hN1 = 

hN2 ◦ hNη1−α ◦ hNα ◦ hNη2−α ◦ hN1 = hN2 ◦ hNη1+η2−α ◦ hN1 , 

which is the pgf of a random variable Ñη1+η2 that also belongs to Nα . ■ 

Using Proposition 3 twice in a row does not generate any new family of models. 
Next, this result is used to generate three families of stopping models closed under 

pgf composition starting from the geometric model. 

Example 6.3: If N1 is zero-truncated Poisson(α) and N2 is Logarithmic(α), as in Exam-
ple 5.2, then hN1 ◦ hN2 is the pgf of a Geometric(p = e−α ) and by Proposition 3 one has 
that for any given value of α > 0 the statistical model: 

˜ ° 
1 (eαt − 1)(eα − 1)

Nα = {Nη : hNη = ln 1 + , η ∈ [α,∞)},
α (eη − 1)(eα − eαt )+  eα − 1 

is closed under pgf composition. In the limit, when α tends to 0 this model becomes 
the geometric model, and when α tends to ∞ it becomes NI . The model Nα is extreme 
auto-reversible for every α , but it only includes NI in the limiting cases mentioned. 

Example 6.4: Let N1 be zero-truncated Negative-Binomial(αβ ,β ), with: 

(1 − (1 − e − αβ )t)−β − 1
hN1 = , 

eα − 1 

and let N2 be extended truncated Negative-Binomial(α,−1/β ) in Engen (1974), with: 

(1 − (1 − e−α)t) β 
1 

− 1
hN2 = − α , 

e β − 1 

where α ≥ 0 and β ≥ 1. Then hN1 ◦ hN2 is the pgf of a Geometric(p = e−α ), and by 
Proposition 3 one has that given any α ≥ 0 and β ≥ 1 the statistical model: 

˜ ° 1 
α+η − αβ )β η−1 

β 
(−e +1)(1−t+te +e1 − − α 
(eα−eα+η )(1−t+te β )β +eη−eα 

Nα,β = {Nη : hNη = − α , η ∈ [α,∞)}, 
1 − e β 



          

                
                  

             
    

             

 
     

      

       

       
  

    
   

                        
                  

   
  

 
   

 

   
      

           
    

                
                  

              
               

  
              

           

                  

             

 

            
 

      

                  

  

               

   

         
     

60 On statistical model extensions based on randomly stopped extremes 

is closed under pgf composition. When β tends to ∞ one obtains the models in Example 
6.3, and when α tends to 0 or β converges to 1 one obtains the geometric model in 
Example 6.2. Other than in these limiting cases, Nα,β is neither extreme auto-reversible, 
nor includes NI . 

Example 6.5: Let N1 be zero-truncated Binomial(n, p = 1 − e−α/n), with: 

α 
(1 +(e n − 1)t)n − 1

hN1 = , 
eα − 1 

and let N2 be zero-truncated Negative-Binomial(α,1/n), with: 

(1 − (1 − e−α )t)− 1 
n − 1

hN2 = α , 
e n − 1 

where α ≥ 0 and n ∈ N+ . Then, hN1 ◦ hN2 is the pgf of a Geometric(p = e−α ), and by 
Proposition 3 one has that for any given α ≥ 0 and n ∈ N+ the statistical model 

˜ ° − 1 
α α+η n

(eη −1)(−t+1+te n )n−e +1 
α − 1 

(−eα +eη )(−t+1+te n )n+eα −eα+η 

Nα,n = {Nη : hNη = α , η ∈ [α,∞)}, 
e n − 1 

is closed under pgf composition. In the limit, when n converges to ∞ one obtains the 
models in Example 6.3, and when α converges to 0, or when n is 1, one obtains the 
geometric model in Example 6.2. Other than in these limiting cases, Nα,n is neither 
extreme auto-reversible, nor includes NI , but it is extreme reversible with the Nα,β in=n 

Example 6.4. 
The next result provides a way of generating a family of statistical models closed 

under pgf composition starting from any model that is like that. 

Proposition 4. If the stopping model N = {Nη : hNη (t), η ∈ [η0,∞)} is closed under 

pgf composition then, for every given k ∈ N+ , the statistical model 

˛ ˝1/k 
Nk = {Ñη : h ̃  (t) =  hNη (t

k) , η ∈ [η0,∞)}Nη 

is also closed under pgf composition. 

Using this result with Examples 6.1 and 6.2 one has that for every k ∈ N+ the models 

˛ ˛ ˝p˝1/k 
Nk = {Np : hNp = 1 − 1 − tk , p ∈ (0,1]}, 

and ˜ ° 1/kptk 

Nk = {Np : hNp = , p ∈ (0,1]},
1 − (1 − p)tk 



     

     

  

     
   

 

      
  

 

      

    

    

      

  

  

                 

   

 

  

 

   

61 Jordi Valero and Josep Ginebra 

are closed under pgf composition with η = −(1/k) log p and support n = 1,k + 1,2k + 
1, . . .. 

Finally we present a family of statistical models closed under pgf composition that 
embed Examples 6.1 and 6.2 as limiting cases and all include NI . 

Example 6.6: Given any value α ∈ (0,1), the statistical model 

1 − t 
Nα = {Np : hNp = 1 − p ∈ (0,1]},

(p +(1 − p)(1 − t)α )1/α 
, 

is closed under pgf composition with E[Np] = p−1/α , with Var[Np] = ∞ and with η = 
− log p ∈ [0,∞), and it contains NI . In the limit, when α tends to 0 one obtains the model 
in Example 6.1, and when α tends to 1 one obtains the model in Example 6.2. 

7. Randomly stopped extreme-based model transformations 

7.1. Model transformations in Defnitions 2 and 3 
−1

Given the properties of hN and of h it follows that FmaxN (X)(y) ≤ FX (y) and Fmin−1 (y)N N (X) 

≤ FX (y) for all y in their domain, and therefore that maxN(X) and min−1(X) are random N 
variables always larger than X in the usual stochastic order. Furthermore, given the 
properties of hN and of h− 

N 
1 it follows that FminN (X)(y) ≥ FX (y) and Fmax−1(X)(y) ≥ FX (y),

N 

and therefore that minN(X) and max−1(X) are always smaller than X in that stochastic N 
order. 

Hence, two of the basic transformations of Defnition 2 transform any model X = 
{Xθ , θ ∈ Θ} into a model Y = {Yθ ,δ , θ ∈ Θ,δ ∈ D} with random variables Yθ ,δ stochas-
tically larger than Xθ , while the other two transform X into a model with Yθ ,δ stochasti-
cally smaller than Xθ . 

The four combined transformations of Defnition 3 transform X into a model Y with 
random variables Yθ ,δ1,δ2 that can be stochastically larger and smaller than Xθ . 

By construction, the dimension of the parameter space of models obtained through 
transformations in Defnition 3 is never smaller than the dimension of the parameter 
space of models obtained through transformations in Defnition 2, which in turn is never 
smaller than the dimension of the parameter space of the initial model. We next investi-
gate when is the initial model always included in the transformed model, and when does 
repeated use of these extensions leave the extended model unchanged. 

7.2. When do transformations work as extensions? 

A suffcient condition for basic transformations in Defnition 2 to work as extensions for 
any model, X, is that the identity belongs to the stopping model. 

Proposition 5. If NI ∈ N, with Pr(NI = 1)= 1, then the four basic model transformations 
in Defnition 2 work as a model extension of X, for any X. 



         

     
  

 

    
 

  

 

    
 

      

        

 
 

   
 

        

   

62 On statistical model extensions based on randomly stopped extremes 

Proof: If NI , with hNI (t) = t, belongs to N, then X ∈ X implies that X ∈ maxN(X), 
and so X ⊂ maxN(X). The same argument applies to the other three basic transforma-
tions. ■ 

If one starts with a single random variable, X = {X}, then NI ∈ N is necessary and 
suffcient for X to be included in maxN(X) and in minN(X). In general though, one can 
fnd instances of specifc models, X, included in maxN(X) or in minN(X) without NI 

belonging to N. 
On the other hand, the four combined mechanisms of Defnition 3 always work as 

model extensions, irrespective of whether NI is in N or not. 

Proposition 6. The four model transformation in Defnition 3 work as a model extension 
of X, for any X. That is so, even if one of the two new parameters, δ1 or δ2, is fxed. 

◦h−1 −1Proof: FXθ ∈ X implies that FYθ ,δ1,δ2 
= (FXθ ) ∈ maxN(max (X)) for all δ1,δ2 ∈NhNδ2 Nδ1 

◦ h−1 −1D, and in particular FXθ (FXθ ) ∈ maxN(max (X)), which means that X ⊂N 

maxN(max−1(X)). The same argument applies to the other three transformations, and 

= hNδ1 Nδ1 

N 
when any of the two new parameters is fxed. ■ 

Different from the transformations in Defnition 3, using maxN(·) ∪ minN(·) with a 
stopping model N that does not include NI does not always work as a model extension. 

7.3. When are the extensions statistically stable? 

Under general uniparametric stopping models, the basic transformations of Defnition 2 
usually add one dimension to the parameter space, while the combined transformations 
of Defnition 3 usually add two dimensions to it. 

Instead, when the stopping model is uniparametric and closed under pgf composition 
both basic as well as combined transformations add at most a single dimension, and 
the basic transformations of Defnition 2 become restricted versions of the combined 
transformations of Defnition 3 with the extra parameter, η , of the basic transformations 
taking values on a semi-line and the extra parameter, η , of the combined transformation 
taking values on the whole real line. 

Furthermore, under general stopping models repeated use of these extensions usually 
keep extending the models. Instead, when the stopping model is closed under pgf com-
position and the transformation works as an extension, then it is always a statistically 
stable extension and hence repeated use of that extension leaves the extended model 
unchanged. 

Proposition 7. If the stopping model N = {Nη : hNη , η ∈ [η0,∞)} is “uniparametric and 
closed under pgf composition” then the model transformations in Defnition 2 are such 
that: 

−11. if η0 = 0, then maxN(·), minN(·), max (·), and min−1(·) are statistical model N N 

extensions that are statistically stable, and 



     

   

    

 

 

              

            

               

   

                 

 
 

 

    

    

    

    

 

                  

63 Jordi Valero and Josep Ginebra 

2. if η0 > 0, then maxN(X) is contracted by maxN(·), minN(X) is contracted by 
−1 −1minN(·), max (X) is contracted by max (·), and min−1(X) is contracted byN N N 

min−1(·), for all X.N 

Proof: By Theorem 2 one has that for any X, 

Y = maxN(maxN(X)) = {Yθ ,η1,η2 : FYθ ,η1,η2 
= (FXθ ), θ ∈ Θ,η1,η2 ∈ [η0,∞)} =hNη2 

◦hNη1 

{Yθ ,η : FYθ ,η = hNη (FXθ ), θ ∈ Θ,η ∈ [2η0,∞)} ⊂ =η1+η2 

{Yθ ,η : FYθ ,η = hNη (FXθ ), θ ∈ Θ,η ∈ [η0,∞)} = maxN(X), 

and so if η0 > 0, then maxN(·) contracts maxN(X). When η0 = 0, 

maxN(maxN(X)) = {Yθ ,η : FYθ ,η = hNη (FXθ ), θ ∈ Θ,η ∈ [0,∞)} = maxN(X), 

which means that maxN(·) is a statistically stable extension. The same argument applies 
to the other three transformations in Defnition 2. ■ 

The next result establishes that under uniparametric stopping models closed under 
pgf composition, there are only two distinct combined extensions and they are statisti-
cally stable. 

Proposition 8. If the stopping model N is “uniparametric and closed under pgf compo-
sition”, then Defnition 3 yields only two distinct model extensions which are: 

−1 −11. Y1 = max (maxN(·)) = maxN(max (·)), andN N 

2. Y2 = min−1(minN(·)) = minN(min−1(·)),N N 

and these two extensions are both statistically stable. Furthermore, in that case it holds 
that: 

−1 −11. the model Y1 = max (maxN(X)) is invariant under maxN(·) and max (·),N N 

2. the model Y2 = min−1(minN(X)) is invariant under minN(·) and min−1(·), andN N 

3. the transformations in Defnition 2 are restricted versions of one of these two 
extensions. 

Proof: By Theorem 3, one has that for any X, 

−1 −1Y1 = maxN (maxN(X)) = maxN(maxN (X)) = {Yθ ,η : FYθ ,η = HN,η (FXθ ), θ ∈ Θ,η ∈ R}, 



         

                 
  

 

      
               

    
               

     

 

         

         

 

  

  

 

        

  

    

64 On statistical model extensions based on randomly stopped extremes 

and the stability follows from that same theorem, because: 

maxN(Y1) = {Y
θ ,η+η ′ : FY = HN,η+η ′ (FXθ ), θ ∈ Θ,η + η 

′ ∈ R} = Y1,
θ ,η+η 

′ 

−1maxN (Y1) = {Y
θ ,η−η ′ : FY

θ ,η−η 
′ = HN,η−η ′ (FXθ ), θ ∈ Θ,η − η 

′ ∈ R} = Y1. 

By Theorem 3 one also has that: 

Y2 = min− 
N 

1(minN(X)) = minN(min− 
N 

1(X)) = {Yθ ,η : FYθ ,η = HN,η (FXθ ), θ ∈ Θ,η ∈ R}, 

where HN,η (t) = 1 − HN,η (1− t), and stability follows likewise. ■ 

Corollary 3. If N is “uniparametric and closed under pgf composition”, then: 

−1 −1 −11. maxN(X) ∪ max (X) ⊂ Y1 = max (maxN(X)) = maxN(max (X)),N N N 

2. minN(X) ∪ min−1(X) ⊂ Y2 = min−1(minN(X)) = minN(min−1(X)),N N N 

and if NI ∈ N, then the models on the left and the models on the right are equal. 

7.4. What happens with stopping models both closed and extreme 
reversible? 

When two stopping models are closed under pgf composition and extreme reversible, 
Proposition 8 and the defnition of extreme reversibility lead to the next result. 

Proposition 9. If the stopping models N and N∗ are uniparametric, closed under pgf 
composition, and extreme reversible, then the two distinct statistically stable model ex-
tensions in Defnition 3 obtained with N and the ones obtained with N∗ are the same 
extensions. 

According to Proposition 8, when a stopping model is closed under pgf composition 
the four extensions in Defnition 3 collapse down into two distinct ones. The next re-
sult, stating that when a stopping model is both closed and extreme auto-reversible then 
these two extensions become a single one, is a straight consequence of the defnition of 
extreme-auto-reversibility. 

Proposition 10. If the stopping model N is uniparametric, closed under pgf composi-
tion, and extreme auto-reversible, then the four statistically stable model extensions in 
Defnition 3 coincide, 

−1 −1max (maxN(·)) = maxN(max (·)) = min−1(minN(·)) = minN(min−1(·)),N N N N 

and they coincide with minN(maxN(·)) and with maxN(minN(·)). If on top of that, NI ∈ 

N (i.e. η0 = 0), this statistically stable model extension also coincides with maxN(·) ∪ 

minN(·). 



     

  
   

  

      

 

       

               

 

                

    

65 Jordi Valero and Josep Ginebra 

The geometric stopping model satisfes all the conditions of Proposition 10. As a 
consequence, the Marshall-Olkin extension of X, originally defned to be maxN(X) ∪ 
minN(X) when N is geometric, coincides with the extension of X obtained through 
Defnition 3 with geometric stopping. 

As a consequence, we consider the model extensions in Defnition 3 to be the nat-
ural way to generalize the Marshall-Olkin extension with stopping models other than 
geometric. Different from what happens if one generalized Marshall-Olkin through 
maxN(·) ∪ minN(·), by generalizing them through the transformations in Defnition 3 
one guarantees that these transformations will work as model extensions under any stop-
ping model, N. 

8. Examples of statistically stable extensions 

When one uses the model extensions of Defnition 3 with stopping models that are nei-
ther closed under pgf composition nor extreme auto-reversible, one obtains four different 
extensions that are not statistically stable, and the four basic transformations of Defni-
tion 2 are not restricted versions of them. As an example, Appendix 1 presents the four 
basic and the four combined extensions obtained when N are the zero-truncated Poisson 
or the logarithmic models. 

Here we present the model extensions in Defnition 3 obtained when the stopping 
models are the ones presented in Section 6.2. Given that these stopping models are all 
closed under pgf composition, all the extensions obtained here are statistically stable 
in the sense that applying them twice on any given model leads to the same model as 
applying them once. 

Furthermore, because of Proposition 8 another consequence of all these stopping 
models being closed under pgf composition is that for them Defnition 3 yields at most 
two distinct extensions, and that the transformations in Defnition 2 are restrictions of 
these two extensions and do not need to be considered apart. 

In three of the examples, the stopping models are not auto-reversible, and for them 
the model extension in Defnition 3 based on maxima extends X = {Xθ : FXθ , θ ∈ Θ}
into: 

−1Y1 = maxN(max (X)) = {Yθ ,η : FYθ ,η = HN,η (FXθ ), θ ∈ Θ,η ∈ (−∞,∞)},N 

and the extension in Defnition 3 based on minima extends X into: 

Y2 = minN(min−1(X)) = {Yθ ,η : FYθ ,η = HN,η (FXθ ), θ ∈ Θ,η ∈ (−∞,∞)},N 

with HN,η (·) and HN,η (·) as in Theorem 3. 
In the second and third examples the stopping models are auto-reversible, and hence 

for them these two extension mechanisms, Y1 and Y2, coincide because of Proposition 
10. The fourth and ffth families of stopping models considered can be reversible, and 
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when they are reversible they lead to the same pair of model extensions because of 
Proposition 9. 

Example 8.1: Let the stopping model be the one in Example 6.1, 

N = {Nη : hNη = 1− (1 − t)e−η 
, η ∈ [0,∞)}, 

which is not extreme auto-reversible but it includes NI . 
The extension of X obtained through maxima and precursors of maxima is: 

Y1 = maxN(max−1(X)) = {Yθ ,η : FYθ ,η = 1− (1 − FXθ )
e−η 

, θ ∈ Θ,η ∈ (−∞,∞)},N 

which is a special case of the extension in Cordeiro and Castro (2009). When one re-
stricts η ≥ 0, here one obtains Y ′ 1 = maxN(X), and when one restricts η ≤ 0 one obtains 
Y ′′ −1 −1 = max (X), and therefore in this case Y1 = maxN(X) ∪ max (X).1 N N 

When X is for example an exponential random variable, Y1 becomes the exponential 
model. Because of the stability of this extension, using it again, now on the exponential 
model, will leave that model unchanged which means that the exponential model is 
invariant under this extension. On the other hand, if X is the logistic model, then Y1 is 
the type II generalized logistic model, which will also be invariant under this extension. 

In general, when a statistical model is invariant under an extension that is stable, it 
is because that model can be obtained as the extension of a submodel of it. 

The extension of X obtained through minima and precursors of minima is: 

Y2 = minN(min−1(X)) = {Yθ ,η : FYθ ,η = (FXθ )
e−η 

, θ ∈ Θ,η ∈ (−∞,∞)},N 

which is a special case of the extension in Cordeiro, Ortega and Cunha (2013). 
When one restricts η ≥ 0, one obtains Y ′ 2 = minN(X), and when one restricts η ≤ 0 

one obtains Y ′′ = min−1(X), and therefore here Y2 = minN(X) ∪ min−1(X).2 N N 
In this case, if X is for example the Gumbel model with the location parameter fxed, 

then Y2 is the two parameter Gumbel model, and because of the stability of this extension 
the two parameter Gumbel model model will be invariant under this extension. On the 
other hand, when X is the logistic model then Y2 becomes the type I generalized logistic 
model which by stability will also be invariant under this extension. 

Example 8.2: Let the stopping model be the zero-truncated geometric in Example 6.2, 

t 
N = {Nη : hNη = , η ∈ [0,∞)},

(1 − t)eη + t 

which is extreme auto-reversible and includes NI . 
As a consequence of this auto-reversibility the extension of X obtained through max-

ima and their precursors or through minima and their precursors here coincide, and it is: 

Y = Y1 = Y2 = {Yθ ,η : FYθ ,η = 
FXθ , θ ∈ Θ,η ∈ (−∞,∞)},

(1 − FXθ )eη + FXθ 
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which is the Marshall-Olkin extension of X. There is a huge literature using this model 
extension. Here, when one restricts η ≥ 0 one obtains Y ′ = maxN(X) =  min−1(X), andN 

−1when one restricts η ≤ 0 one obtains Y ′′ = minN(X) =  max (X). As a consequence,N 
this is the only example considered here where Y = maxN(X) ∪ minN(X). 

When for example X is the logistic model with the location parameter fxed the 
extended model, Y, is the two parameter logistic model. Because of statistical stability 
of this extension, applying it again, now on the two-parameter logistic model, leaves the 
model unchanged, which means that this two parameter model is invariant under this 
extension. 

Example 8.3: Let the stopping model be the Nα in Example 6.3 for a given α ≥ 0. Like 
the geometric model, this one is also extreme auto-reversible, but it only includes NI 

when α = 0, which is when it becomes the geometric model. 
As a consequence of this auto-reversibility, the extensions of X obtained through 

maxima and their precursors and the ones obtained through minima and their precursors 
coincide and are: 

  
1 (eαFXθ − 1)(eα − 1)

Yα = {Yθ ,η : FYθ ,η = ln 1 + , θ ∈ Θ,η ∈ (−∞,∞)},
α (eη − 1)(eα − eαFXθ )+  eα − 1 

with Y ′ α = maxNα (X)=  min− 
N 

1 
α 
(X) when one restricts η ≥ α , and with Y ′′ α = minNα (X)=  

max−1 (X) when one restricts η ≤ −α . When one restricts η ∈ (−α,α) one obtainsNα 

Y ′′′ −1 
α = maxNα (maxNα 

(X)) = maxNα (minNα (X)) with η1,η2 such that η2 −η1 ∈ (−α,α), 
but this restricted transformation does not coincide with any of the transformations in 
Defnition 2. 

Different from what happens under the geometric model with α = 0, when α > 0 
neither maxNα (X) nor minNα (X) work as a model extension of X, and maxNα (X) ∪ 
minNα (X) ⊂ Yα with an inclusion often strict. Hence this is an example where maxNα (X) 
∪ minNα (X) does not work as a model extension of X, but where using the Yα from Def-
inition 3 does. 

Example 8.4: Let the stopping model be the Nα,β in Example 6.4 for a given α ≥ 0 and 
β ≥ 1. Here NI is not in the model, and the model is not auto-reversible and therefore it 
yields two different model extension mechanisms. 

The extension of X obtained through maxima and their precursors is: 
  1  β − α β 

(1−eα+η ) 1−FXθ 1−e β +eη −1 
1 −    

− α 
β 

 
(eα −eα+η ) 1−FXθ 1−e β +eη −eα 

Y1α,β 
= {Yθ ,η : FYθ ,η = − α , θ ∈ Θ,η ∈ (−∞,∞)}, 

1 − e β 

−1and here one obtains Y ′ = maxNα,β 
(X) when η ≥ α , and Y ′′ = maxNα,β 

(X) when1α,β 1α,β 
−1η ≤−α . When η ∈ (−α,α) one has that Y ′′′ = maxNα,β 

(max (X)) with η1,η2 such1α,β Nα,β 
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that η2 − η1 ∈ (−α,α), which can neither be obtained through maxNα,β 
(·) nor through 

max−1 
α,β 

(·).N 

The model extension of X obtained through minima and their precursors is: 

  1  βα β 
α+η  (eη −eα ) 1+FXθ e β −1 +eα −e 

1 −    β 

α 
(eη −1) 1+FXθ e β −1 −eη+α +1 

Y2α,β 
= {Yθ ,η : FYθ ,η = α , θ ∈ Θ,η ∈ (−∞,∞)}, 

1 − e β 

and one obtains Y ′ = minNα,β 
(X) when η ≥ α , and Y ′′ = min−1 (X) when η ≤2α,β 2α,β Nα,β 

−α . When η ∈ (−α,α) one has that Y ′′′ = minNα,β 
(min−1 (X)) with η1,η2 such2α,β Nα,β 

that η2 − η1 ∈ (−α, α), which can neither be obtained through minNα,β 
(·) nor through 

1min− 
α,β 

(·).N 
−1Here maxNα,β 

(X)∪max (X) ⊂ Y1α,β , and minNα,β 
(X)∪min−1 (X) ⊂ Y2α,β withNα,β Nα,β 

these inclusions being most often strict. 

Example 8.5: Let the stopping model be the Nα,n in Example 6.5 for a given α ≥ 0 
and n ∈ N+ . This model does not include NI and it is not extreme auto-reversible, but 
it is reversible with the Nα,β in Example 6.4. As a consequence, the model extension =n 

obtained with Nα,n through maxima and precursors of maxima, coincide with the model 
extension obtained with the Nα,β of Example 6.4 through minima and precursors of =n 

minima, and viceversa. 

9. Final comments 

The main contribution of this article is putting together a set of new concepts needed to 
defne and untangle the properties of a large family of statistical model transformation 
mechanisms that lead to statistical models useful for the analysis of extreme-value data 
and in reliability. The concepts introduced are: 

1. the notion of N-extreme precursors, which can be understood as the inverse of N-
stopped maxima and minima, and the model extension mechanisms derived from 
them (Defnitions 1, 2 and 3), which help generalize Marshall-Olkin extensions 
beyond geometric stopping, 

2. the concept of statistical stability of a statistical model extension (Defnition 5), 
which applies to any statistical model extension and not just to the ones considered 
in this paper, 

3. the idea of extreme reversible and auto-reversible stopping models (Defnitions 6 
and 7), under which the extensions based on randomly stopped maxima and their 
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inverses coincide with the extensions based on randomly stopped minima and their 
inverses, 

4. and the idea of stopping models closed under pgf composition (Defnition 8), 
which are the ones leading to statistically stable randomly stopped extreme type 
of extensions. 

All these new concepts are needed for the picture to be complete. In particular, if we 
touch on methods to generate stopping models that are auto-reversible and/or closed 
under pgf composition other than the geometric model, it is to help understand that the 
role played by geometric stopping is not as unique as one might think after reading 
Marshall Olkin (1997). 

A second contribution of this article are a set of theoretical results stating that uni-
parametric stopping models closed under pgf composition can always be parametrized 
through θ = Pr(N = 1) with a parameter space of the form (0,θ0] (Theorem 1), and 
that the pgfs of these models commute under composition among themselves and with 
their inverses (Theorems 2 and 3). These results are then used in Section 7 to determine 
conditions leading to statistically stable extensions. 

Only two of the families of statistically stable model extensions presented in Section 
8 are based on stopping models that are both closed under pgf composition and extreme 
auto-reversible. And the geometric model is the only stopping model that we know that 
shares these two features and includes NI . Nevertheless, note that in order to obtain 
statistically stable extensions through Defnition 3, one only needs that the stopping 
model be closed under pgf composition. 

The only consequence of using stopping models that, unlike the geometric model, 
are not extreme auto-reversible is that the extension based on maxima and their inverses 
does not coincide with the extension based on minima and their inverses, and using stop-
ping models that, unlike geometric, do not include NI does neither affect the statistical 
stability nor the fact that the transformations presented in Defnition 3 always work as 
an extension. 

Finally, note that our defnition of statistical stability is extremely basic and fun-
damental. A statistical model transformation is statistically stable only if using that 
transformation twice in a row on any statistical model has the same effect as using that 
transformation just once. The only reason that we can think for not fnding the notion 
of statistical stability anywhere in the statistical literature is that it might be diffcult to 
prove results of that kind outside the specifc context of randomly stopped extreme trans-
formations, and the closely related area of randomly stopped sum transformations; It is 
easy to check that stopping models closed under pgf composition also lead to randomly 
stopped sum model extensions that are statistically stable. 

We consider statistical stability to be a property that should be central in the study of 
any type of statistical model extension and not just in the study of the specifc extensions 
considered here, and we intend to keep investigating that. 
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Appendix 1: Model extensions when N is the zero truncated 
Poisson or the logarithmic model 

The zero-truncated Poisson(α) model is defned through the set of pgfs: 

eαt − 1 
N = {Nα : hNα = , α ∈ [0,∞)}. 

eα − 1 

This model includes NI and therefore both the basic transformations in Defnition 2 as 
well as the combined transformations in Defnition 3 are extensions, but this model is 
neither extreme auto-reversible, because Pr[Nα = 1] = 1/E[Nα ], nor closed under pgf 
composition, because 

α
Pr(Nα = 1) =  , 

eα − 1 

1 α2 

Pr(Nα = 2) =  ,
2 eα − 1 

and therefore it does not satisfy the necessary condition of Corollary 2 for being closed, 

Pr(Nα = 2) α 1 α2 

= + =Constant.
Pr(Nα = 1)(1 − Pr(Nα = 1)) 2 2 eα − α − 1 

The four basic extensions of X = {Xθ : FXθ , θ ∈ Θ} obtained through Defnition 2 are, 

αFXθ − 1e 
maxN(X) = {Yθ ,α : FYθ ,α = , θ ∈ Θ,α ∈ [0,∞)}, 

eα − 1 

ln(1 +(eα − 1)FXθ )−1max (X) = {Yθ ,α : FYθ ,α = , θ ∈ Θ,α ∈ [0,∞)},N α 

eα (1 − e−αFXθ )
minN(X) = {Yθ ,α : FYθ ,α = , θ ∈ Θ,α ∈ [0, ∞)}, 

eα − 1 

ln(1 +(eα − 1)(1 − FXθ ))minN 
−1(X) = {Yθ ,α : FYθ ,α = 1 − 

α 
, θ ∈ Θ,α ∈ [0,∞)}, 

and the four combined extensions of X obtained through Defnition 3 are, 

maxN(max−1(X)) = N 

˜ ° 
{Yθ ,α1,α2 : FYθ ,α1,α2 

= 
1 

(1 +(eα1 − 1)FXθ )
α
α 

1
2 
− 1 , θ ∈ Θ,α1, α2 ∈ [0,∞)}, 

eα2 − 1 

max−1(maxN(X)) = N ˛ ˆ˝ α1 FXθ − 1 ̇
 

1 (eα2 − 1) e 
{Yθ ,α1,α2 : FYθ ,α1,α2 

= ln 1 + , θ ∈ Θ,α1,α2 ∈ [0,∞)},
α2 eα1 − 1 

minN(min−1(X)) = N 
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α2   α2 
 

−α1 α1{Yθ ,α1,α2 : FYθ ,α1,α2 
= 

e
1 −

 
1 −

 
1 − e 

 
FXθ , θ ∈ Θ,α1, α2 ∈ [0,∞)}, 

eα2 − 1 

min−1(minN(X)) = N     
(eα2 − 1) eα1 (1−FXθ ) − 1  {Yθ ,α1,α2 : FYθ ,α1,α2 

= 1− 
1 

ln + 1 , θ ∈ Θ,α1, α2 ∈ [0,∞)}.
α2 eα1 − 1 

Furthermore, according to Example 5.2 the Logarithmic(p) model defned through: 

log (1 − pt)
N = {Np : hNp = , p ∈ [0,1)},

log(1 − p) 

where p = 1 − e−α , is extreme reversible with the zero-truncated Poisson model. As a 
consequence of that property, the set of model extensions obtained through Defnitions 2 
and 3 using the Logarithmic(p) model coincide with the set of extensions obtained using 
the zero-truncated Poisson model presented in this Appendix. 

The specifc extensions for the Logarithmic(p) model are the ones listed above for 
the truncated Poisson model after replacing α by − log(1 − p), and after switching 

−1maxN and min−1 and switching minN and max . For example the maxN(·) transfor-N N 
mation when N is Logaritmic(p) is the min−1 

′ (·) transformation when N 
′ 

is truncated 
N 

−1Poisson(α = − log(1 − p)), the minN(·) transformation is the max ′ (·) transformation,
N 

and so on. 
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A fnancial derivative is a fnancial contract with a value derived from the future price 
of an underlying asset. Basically, it is an agreement between two parts, a buyer and a 
seller, that specifes conditions on the dates, resulting values, defnitions of the under-
lying assets, the parties’ contractual obligations, and the amount under which payments 
are to be made between the parties. The assets of derivatives can be of a quite different 
kind, such as goods and shares, but also indices such as rates of return, rates of interest 
or exchange rates. 

A relevant derivative in fnancial markets is the (European) call option. That is an 
agreement that gives to the purchaser of the call option the right, but not the obligation, to 
buy an agreed quantity of an underlying asset at a specifed exercise price, at an exercise 
date, while paying a premium for this right. If x is the unit price of the underlying asset 
on the due date, p is the unit exercise price and k is the unit premium, the beneft of the 
purchaser of the call option per unit of the asset is (x − p)+ − k, where the subscript + 
denotes the positive part of a real number. The unit proft of the seller of the call option 
is k − (x − p)+. 

Some fnancial derivatives are formed by means of other derivatives, like the call 
ratio backspread. Consider the common call ratio backspread, in which two call options 
are bought with unit exercise price p2, and a call option is sold with unit exercise price 
p1, where p1 < p2, all of them with the same asset and the same exercise date. From 
now on, we will refer to it as the call ratio backspread. 

The unit beneft of a call ratio backspread is k1 −(x− p1)+ +2(x− p2)+ −2k2, where 
x is the unit price of the asset at the exercise date, p1 is the asset unit exercise price of 
the sale of the call option, k1 its unit premium and p2 and k2 play the same role in the 
purchases of the call options. 

In this manuscript, we propose a model to compare investments in call ratio back-
spread derivatives in terms of a family of stochastic orders, which does not need specifc 
distributions of the asset prices and makes it possible to detect arbitrage options in fnan-
cial markets, that is, detecting deals that would lead to a non-zero probability of future 
proft. Another advantage of the new method is that when the order is satisfed, the ex-
pected benefts are ordered whatever price p1. Thus, an investor does not need to attain 
some particular values of p1 to be able to compare investments and fnd opportunities. 
When the order is satisfed and the premiums do not follow the same arrangement for 
a particular value of p1, there exist arbitrage opportunities. Moreover, we prove that 
there exist an infnum and a supremum of any two random variables with fnite means 
with respect to any stochastic order of that family. The existence of a supremum and an 
infmum is useful in optimization problems with stochastic dominance constraints. 

The reader is referred, for instance, to the books Dixit and Pindyck (1994), Co-
hen (2005) and Hull (2015) for an introduction to the feld of fnancial derivatives, and 
to Müller and Stoyan (2002), Shaked and Shanthikumar (2007), Belzunce, Martı́nez-
Riquelme and Mulero (2016) and Levy (2016) for a comprehensive introduction to the 
theory and applications of stochastic orderings. Some references which relate stochastic 
dominance criteria and arbitrage opportunities are Levy (2016), Jarrow (1986) and Ng, 
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Wong and Xiao (2017), to the best of our knowledge, few manuscripts approach both 
topics. An article connecting stochastic orders and fnancial derivatives is L´ ıaz,opez-D´ 
L´ ıaz and Mart´ andez (2018). opez-D´ ınez-Fern´ 

As an application of the proposed model to compare investments in call ratio back-
spread derivatives, in the present manuscript we compare call ratio backspread deriva-
tives whose assets are the weekly returns of Boeing and Procter & Gamble (P&G), com-
panies in the Dow Jones Industrial Average Index. For that purpose, a result which 
permits to use statistical inference techniques to test conditions that lead to the call ratio 
backspread stochastic order is proved. As a consequence, we obtain that the expected 
beneft of a call ratio backspread derivative with asset the unit weekly revaluation of Boe-
ing is greater (not lower) than the corresponding derivative with the asset unit weekly 
revaluation of P&G, whatever p1 < 1. Then, if for some p1 < 1, the premium of the 
derivative associated with Boeing is lower than the premium of P&G, an arbitrage op-
portunity exists for those derivatives. Moreover, in case of equality of premiums, an 
investor should choose the Boeing derivative instead of the P&G option. 

The structure of the paper is as follows. Section 2 contains the preliminaries of the 
manuscript. In Section 3, we introduce the mathematical model to analyze the afore-
mentioned problem in terms of a family of stochastic orders and we develop the main 
characterizations of those families. Section 4 is devoted to the analysis of the existence 
of infmum and supremum in such orderings. The application described above of the 
proposed method is developed in Section 5. To conclude, Section 6 contains some fnal 
comments and conclusions about the manuscript. 

2. Preliminaries 

In this section, preliminary concepts and notations are presented. 
Throughout the paper, if a ∈ R, a+ will stand for max{a,0} and a− for max{−a,0}. 
Given a random variable X , FX will represent its distribution function, EX its ex-

pected value and PX the probability induced by X . Moreover, FX will denote the survival 
function of X . 

The integrated survival function of a random variable X with fnite mean is the 
mappingRπX : R → R, with πX (t) = E(X − t)+ for any t ∈ R. It is well-known that 
πX (t) = FX (x)dx.(t,+∞) 

A stochastic order is a pre-order relation on a set of probabilities. Basically, it aims 
to order probabilities in accordance with a criterion. 

An integral stochastic order ⪯ is defned by the comparison of the integrals of real 
measurable mappings in a certain class. Namely, two probabilities P and Q on (R,B) 
(B denotes the usual Borel σ -feld) satisfy P ⪯ Q, when Z Z 

f dP ≤ f dQ 
R R 

for any f in that class, such that the integrals exist. That set of mappings is said to be a 
generator of the order (see Müller (1997) for integral stochastic orders). 
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If ⪯ is a stochastic order on the probabilities on (R,B), and X and Y are two random 
variables, X ⪯ Y will mean PX ⪯ PY . 

The following integral stochastic orders will appear in the manuscript. 
Let X and Y be random variables, then 
i) X is said to be smaller than Y in the usual stochastic ordering (X ⪯st Y ) if E( f (X)) ≤ 

E( f (Y )) for all increasing mappings f : R → R such that the above expectations exist, 
equivalently, FX ≥ FY , 

ii) X is said to be smaller than Y in the increasing concave order (X ⪯icv Y ) if 
E( f (X)) ≤ E( f (Y )) for all increasing concave mappings f : R → R such that the above 
expectations exist. 

The notation X ∼st Y will mean that X and Y have the same distribution. 
Given P a probability on (R,B) and T : R → R a measurable mapping, P◦ T−1 will 

denote the probability given by P◦ T−1(B) = P(T−1(B)) for any B ∈ B. 
If A ⊂ R, IA will stand for the indicator mapping of the set A. 

3. The call ratio backspread stochastic orders 

In this section, we introduce the new family of stochastic orders which arises from the 
aim to compare call ratio backspread derivatives, providing characterization results of 
those orders. 

From now on, fp1,p2,k will stand for the mapping fp1,p2,k : R → R, with fp1,p2,k(x) = 
2(x− p2)+ − (x− p1)+ + k for any x ∈ R, with p1, p2,k ∈ R, and p1 < p2. This mapping 
represents the unit beneft of a call ratio backspread at the expiration date with k equal 
to k1 − 2k2. 

Given p2 ∈ R, we will denote by Fp2 the class of mappings Fp2 = { fp1,p2,k | p1, k ∈ 
R, p1 < p2}, that is, the family of mappings which represent the unit benefts of call 
ratio backspread derivatives where the unit exercise price of the call option purchases is 
a given value p2. 

Next, the model to compare call ratio backspread derivatives is introduced. 

Defnition 3.1. Let X and Y be two random variables. It will be said that X is less than Y 
in the call ratio backspread stochastic order for the unit exercise price of the call option 
purchases p2, if E( f (X)) ≤ E( f (Y )) for any f ∈ Fp2 such that the above expectations 
exist. This relation will be denoted by X ⪯p2 

crb Y. 

Consider two call ratio backsprad derivatives with common exercise prices and ex-
piration dates. Assume now that their premiums are equal to some value k. Let X and 
Y stand for the random variables unit prices of the assets of those derivatives at the ex-
piration date. The unit expected benefts of both fnancial derivatives are E( fp1,p2,k(X)) 
and E( fp1,p2,k(Y )), respectively. The relation X ⪯p2 

crb Y means that the expected beneft 
of the call ratio backspread derivative associated with Y is greater (not lower) than that 
of X , whatever unit exercise price p1 of the call option sales and whatever premiums k. 
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Thus, if X ⪯p2 
crb Y is held and the real premium of the second derivative (that of Y ) is 

lower than the premium of the frst derivative, an option of arbitrage is being offered in 
fnancial markets. 

Observe that the model does not assume specifc probabilistic distributions of the 
prices of the underlying assets, such as Brownian movements. 

Next, we state different characterization results of the call ratio backspread stochastic 
orders. 

p2 p2Given p2 ∈ R, let F = { fp1,p2,p2−p1 | p1 ∈ R, p1 < p2}. Notice that F ⊂ Fp2 . In0 0 
fact, Fp2 is given by the mappings of the class Fp2 whose values at the point p2 are equal 0 

p2to 0. Both F and Fp2 are generators of the stochastic order ⪯p2 Observe that any 0 crb . 
mapping in Fp2 is a translation of a map in Fp2 .0 

The following result says that the analysis of the family of call ratio backspread 
stochastic orders can be performed for the unit exercise price p2 = 0. 

Proposition 3.2. Let X and Y be random variables. It holds that X ⪯p2 
crb Y if and only if 

X − p2 ⪯0 
crb Y − p2. 

Proof. Suppose that X ⪯p2 Let f ∈ F0 such that E( f (X − p2)) and E( f (Y − p2)) crb Y . 
exist. Let T : R → R with T (x) = x − p2. We have that Z Z Z Z 

f (x)dPX−p2 = f (x)dPX ◦ T−1 = f (T (x))dPX = f (x − p2)dPX . 
R R R R 

Since f ∈ F0 , f = fp1,0,k for some p1 ∈ R with p1 < 0 and k ∈ R. It can be seen that 
f ◦ T = fp1+p2,p2,k, which belongs to Fp2 . Thus, Z Z Z 

f (x − p2)dPX ≤ f (x − p2)dPY = f (x)dPY−p2 , 
R R R 

which leads to X − p2 ⪯0 ■crb Y − p2. The converse can be proved in a similar way. 

All the results will be developed for the call ratio backspread stochastic order ⪯0 
crb , 

which we will refer to it as the call ratio backspread order. The counterpart for any unit 
exercise price p2 can be immediately derived by Proposition 3.2. 

Observe that the translations of the random variables in Proposition 3.2 can lead to 
variables and prices assuming negative values, even in the case that the original variables 
were positive. 

Proposition 3.3. Let X and Y be random variables with fnite means. Then X ⪯0 
crb Y if 

and only if 

−tFX (t)+ E(|X |I(t,∞)(X)) ≤−tFY (t)+ E(|Y |I(t,∞)(Y )) for any t < 0. 
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Proof. Assume that X ⪯0 
crb Y. Let t < 0. Consider the mapping ft,0,−t , which belongs to 

F0
0. The condition X ⪯0 

crb Y implies that Z Z 
ft,0,−t (x)dPX ≤ ft,0,−t (x)dPY . 

R R 

Now notice that Z Z Z 
ft,0,−t (x)dPX = −tPX ((−∞, t]) + −xdPX + xdPX 

R (t,0] (0,+∞) Z 
= −tFX (t)+ |x|dPX = −tFX (t)+ E(|X |I(t,∞)(X)), 

(t,+∞) 

which proves one implication. 
Conversely, if 

−tFX (t)+ E(|X |I(t,∞)(X)) ≤−tFY (t)+ E(|Y |I(t,∞)(Y )) 

for any t < 0, then E( ft,0,−t (X)) ≤ E( ft,0,−t (Y )) for any t < 0. Notice that the class of 
mappings { ft,0,−t | t < 0} is F0

0 , thus, X ⪯0 ■crb Y . 

The following result provides a characterization of ⪯0 
crb in terms of integrated sur-

vival functions. It will be key to prove the existence of infmum and supremum in the 
order. 

Proposition 3.4. Let X and Y be random variables with fnite means. We have that 
X ⪯0 

crb Y if and only if 

−πX (t)+ 2πX (0) ≤−πY (t)+ 2πY (0) for any t < 0. 

Proof. Notice that X ⪯0
0,crb Y holds if and only if E( f (X)) ≤ E( f (Y )) for any f ∈ F0 

that is, if and only if E( fp1,0,−p1 (X)) ≤ E( fp1,0,−p1 (Y )) for any p1 < 0. 
Observe that E( fp1,0,−p1 (X)) E(2X+ −(X − p1)+ − p1), and so, X ⪯0= crb Y is equiv-

alent to 2EX+ − E(X − p1)+ ≤ 2EY+ − E(Y − p1)+ for any p1 < 0, that is, 2πX (0) − 

πX (t) ≤ 2πY (0) − πY (t) for any t < 0. ■ 

Some consequences of the preceding results are developed below. 

Proposition 3.5. Let X and Y be random variables with fnite means. If X ⪯0 
crb Y and 

Y ⪯0 
crb X, then X− ∼st Y−. 

Proof. By Proposition 3.4, X ⪯0 
crb X are equivalent to −πX (t)+2πX (0) = crb Y and Y ⪯0 

−πY (t)+ 2πY (0) for any t < 0. 
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By the Second Fundamental Theorem of Calculus, FX = FY almost everywhere in 
(−∞,0). Since distribution functions are right continuous, FX (t) = FY (t) for any t < 0, 
that is, FX (−t) = FY (−t) for any t > 0. 

Therefore, (1−FX (−t))I(0,+∞)(t) = (1− FY (−t))I(0,+∞)(t) for any t > 0, hence (1− 

FX (−t−))I(0,+∞)(t) = (1−FX (−t−))I(0,+∞)(t) for any t > 0. This is the same as FX− (t) = 

FY− (t) for any t > 0, thus, X− ∼st Y−. ■ 

Corollary 3.6. The relation ⪯0 
crb is a partial order on the set of a.s. negative random 

variables with fnite means, where equality is in distribution. 

Proof. The refexive property is obvious. Transitivity follows from Proposition 3.4. The 
anti-symmetric property is a consequence of Proposition 3.5. ■ 

The order ⪯0 
crb is not a partial order on the set of random variables with fnite mean, 

but a pre-order. Consider the random variables X and Y with P(X = 0)= P(X = 2)= 1/2 
and P(Y = 1) = 1. It holds that X ⪯0 

crb X , but X ∼st Y is false. crb Y and Y ⪯0 

4. Lattice structures 

Throughout this section, we will prove that there exist an infnum and a supremum of 
any two random variables with fnite means with respect to any call ratio backspread 
stochastic order. This permits to construct lattice structures on special partially ordered 
sets. 

We prove the following result on integrated survival functions to analyze the case of 
the infmum. 

Proposition 4.1. Let X and Y be random variables with fnite means. Let h : R → R 

with 

h(t) = max{πX (t) − 2πX (0), πY (t) − 2πY (0)} + 2min{πX (0),πY (0)} 

for any t ∈ R. The mapping h is an integrated survival function of a random variable 
with fnite mean. 

Proof. Notice that the mapping h is well-defned since X and Y have fnite means. 
In accordance with Theorem 1.5.10 in Müller and Stoyan (2002), the mapping h is 

an integrated survival function of a random variable with fnite mean if and only if : i) h 
is decreasing, ii) h is convex, iii) limt→+∞ h(t) = 0, and iv) limt→−∞ h(t)+ t ∈ R. 

In relation to i), since πX and πY are integrated survival functions, both are decreas-
ing, and so is h. 
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Regarding the second condition, we should prove that for any t1, t2 ∈ R and any 
λ ∈ [0,1], it holds that h(λ t1 +(1− λ )t2) ≤ λ h(t1)+(1− λ )h(t2). 

Notice that πX and πY are convex since they are integrated survival functions. Thus, 

πX (λ t1 +(1 − λ )t2) − 2πX (0) 

≤ λπX (t1)+(1− λ )πX (t2) − 2(λπX (0)+(1− λ )πX (0)) 

= λ (πX (t1) − 2πX (0)) + (1− λ )(πX (t2) − 2πX (0)), 

and the same inequality is satisfed with Y . Therefore, 

max{πX (λ t1 +(1− λ )t2) − 2πX (0), πY (λ t1 +(1 − λ )t2) − 2πY (0)} 

≤ max{λ (πX (t1) − 2πX (0)) + (1− λ )(πX (t2) − 2πX (0)), 

λ (πY (t1) − 2πY (0)) + (1 − λ )(πY (t2) − 2πY (0))} 

≤ λ max{πX (t1) − 2πX (0),πY (t1) − 2πY (0)} 

+(1 − λ )max{πX (t2) − 2πX (0),πY (t2) − 2πY (0)}, 

which leads to the convexity of h. 
With respect to iii), limt→+∞ πX (t) = 0 and limt→+∞ πY (t) = 0 since πX and πY are 

integrated survival functions of random variables with fnite means, therefore, 

lim h(t) = max{−2πX (0),−2πY (0)} + 2min{πX (0),πY (0)} = 0. 
t→+∞ 

In relation to iv), X and Y have fnite means, hence limt→−∞ πX (t) + t = EX and 
limt→−∞ πY (t)+ t = EY . Thus, 

lim h(t)+ t 
t→−∞ 

= lim max{πX (t) − 2πX (0), πY (t) − 2πY (0)} + 2min{πX (0),πY (0)} + t 
t→−∞ 

= lim max{πX (t)+ t − 2πX (0), πY (t)+ t − 2πY (0)} + 2min{πX (0),πY (0)}
t→−∞ 

= max{EX − 2πX (0), EY − 2πY (0)} + 2min{πX (0),πY (0)} ∈ R. 

Therefore, h is an integrated survival function of a random variable with fnite mean. 
■ 

If W is a random variable such that πW = h, in accordance with Theorem 1.5.10 in 
Müller and Stoyan (2002), it holds that EW = limt→−∞ h(t)+ t. Thus, EW = max{EX − 
2πX (0),EY − 2πY (0)} + 2min{πX (0),πY (0)}. 
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Proposition 4.2. Let X and Y be random variables with fnite means. Let h : R → R, 
with 

h(t) = max{πX (t) − 2πX (0), πY (t) − 2πY (0)} + 2min{πX (0),πY (0)} 

for any t ∈ R. Let W be a random variable such that πW = h. Then, W is an infmum of 
X and Y in the stochastic order ⪯0 

crb . 

Proof. Proposition 4.1 guarantees the existence of a random variable W with fnite mean 
in the conditions of the statement. Now, notice that 

h(0) = max{−πX (0),−πY (0)} + 2min{πX (0),πY (0)} = min{πX (0),πY (0)}. 

Therefore, we have that 

−h(t)+ 2h(0) = −max{πX (t) − 2πX (0), πY (t) − 2πY (0)} 

−2min{πX (0),πY (0)} + 2min{πX (0),πY (0)} 

= −max{πX (t) − 2πX (0), πY (t) − 2πY (0)} 

= min{−πX (t)+ 2πX (0), −πY (t)+ 2πY (0)}. 

Thus, 

−h(t)+ 2h(0) ≤−πX (t)+ 2πX (0) and − h(t)+ 2h(0) ≤−πY (t)+ 2πY (0) 

for any t < 0. By Proposition 3.4, W ⪯0 
crb X and W ⪯0 

crb Y . 
Let Z be a random variable with fnite mean such that Z ⪯0 Incrb X and Z ⪯0 

crb Y . 
accordance with Proposition 3.4, 

−πZ(t)+ 2πZ(0) ≤−πX (t)+ 2πX (0) and − πZ(t)+ 2πZ(0) ≤−πY (t)+ 2πY (0) 

for all t < 0. Thus, −πZ(t)+ 2πZ(0) ≤−h(t)+ 2h(0) for all t < 0, equivalently, Z ⪯0 
crb 

W, which proves the result. ■ 

Proposition 4.3. Let X and Y be random variables with fnite means. Let Z be an 
infmum of X and Y in the order ⪯0 

crb . Then, 

i) EZ+ = min{EX+,EY+}, 

ii) EZ = max{EX − 2EX+,EY − 2EY+} + 2min{EX+,EY+}. 
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Proof. Let W be the infmum of X and Y in ⪯0 
crb given in Proposition 4.2. Since Z and W 

are infma, then W ⪯0 
crb W , that is, −πZ(t)+ 2πZ(0) = −πW (t)+ 2πW (0)crb Z and Z ⪯0 

for any t < 0. 
The Monotone Convergence Theorem implies that πZ(0) = πW (0), which is equal to 

min{EX+,EY+}, and so, we derive i). 
On the other hand, we have obtained that πZ(t) = πW (t) for any t < 0, and so, 

EZ = lim πZ(t)+ t = lim πW (t)+ t 
t→−∞ t→−∞ 

= max{EX − 2EX+,EY − 2EY+} + 2min{EX+,EY+}, 

which concludes the proof. ■ 

Proposition 4.4. Let X and Y be random variables with fnite means such that X ≤ 0 a.s. 
Then, the infmum of X and Y with respect to the order ⪯0 

crb is unique in distribution. 

Proof. Let us suppose that W1 and W2 are two infma of X and Y . Since Wi ⪯0 
crb X , we 

have that E( f (Wi)) ≤ E( f (X)) for any f ∈ F0
0 and any i ∈ {1,2}. 

Take the sequence { f− 1 1 }n ⊂ F0
0 , which is decreasing and whose pointwise con-,0,n n 

vergence is the mapping g(x) = x+ for any x ∈ R. 
The Monotone Convergence Theorem implies that EWi+ ≤ EX+ = 0. Therefore, 

Wi+ = 0 a.s. and so Wi ≤ 0 a.s. for any i ∈ {1,2}. 
Since W1 and W2 are infma of X and Y , we obtain that W1 ⪯0 

crb W2 and W2 ⪯0 
crb W1. 

Corollary 3.6 leads to W1 ∼st W2. ■ 

Next we analyze the case of the supremum of two random variables in the call ratio 
backspread stochastic order. 

Let I be an interval of R with non-empty interior. Let f : I → R be a mapping. We 
will denote by vex( f ) the mapping vex( f ) : I → R, with 

vex( f )(t) = sup{g(t) | g is convex and g(x) ≤ f (x) for all x ∈ I} 

for any t ∈ I. This mapping is usually known as the convex hull operator, or the greatest 
convex minorant. 

Proposition 4.5. Let X and Y be random variables with fnite means. Then, there exists 
a random variable W with fnite mean which is a supremum of X and Y in the stochastic 
order ⪯0 

crb . 

Proof. Let us consider the mapping l : (−∞,0] → R, with 

l(t) = min{πX (t) − 2EX+, πY (t) − 2EY+ } + 2max{EX+,EY+} 
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for any t ≤ 0. It holds that 

l(0) = min{−EX+, −EY+ } + 2max{EX+,EY+} = max{EX+,EY+} ≥ 0. 

Defne h : (−∞,0] → R, with h = vex(l). 
Observe that h is decreasing. Notice that πX and πY are decreasing since they are 

integrated survival functions, therefore l is decreasing and so is h. 
Trivially h is convex. 
Let us see that limt→−∞ h(t)+ t ∈ R. Notice that the mapping t → h(t)+ t is convex, 

which guarantees the existence of that limit. 
We have that for any t ≤ 0 it holds that h(t)+ t ≤ l(t)+ t. Now 

lim l(t)+ t = lim min{πX (t) − 2EX+, πY (t) − 2EY+ }
t→−∞ t→−∞ 

+2max{EX+,EY+} + t 

= lim min{πX (t)+ t − 2EX+, πY (t)+ t − 2EY+ } + 2max{EX+,EY+}
t→−∞ 

= min{EX − 2EX+, EY − 2EY+ } + 2max{EX+,EY+} ∈ R 

since X and Y have fnite means. 
Let el : R → R given by el(t) = min{πX (t), πY (t)} for all t ∈ R. Defne the mapping eh = vex(el). 
Clearly el(t) ≤ l(t) when t ∈ (−∞,0]. As a consequence eh(t) ≤ h(t) for any t ∈ 

(−∞,0]. 
In accordance with Müller and Scarsini (2006), the function eh is the integrated sur-

vival function of a random variable with fnite expectation. Thus, limt→−∞ 
eh(t)+ t ∈ R. 

Since limt→−∞ 
eh(t) + t ≤ limt→−∞ h(t) + t ≤ limt→−∞ l(t) + t, we conclude that 

limt→−∞ h(t)+ t ∈ R. 
Consider now any mapping bh : R → R with bh(t) = h(t) for any t ≤ 0 such that bh 

is continuous, convex, decreasing and with limt→+∞ 
bh(t) = 0. Thus, bh is an integrated 

survival function of a random variable with fnite mean. 
The existence of at least one of such mappings can be guaranteed as follows. 
Notice that l(0) = max{EX+,EY+}. Since the constant mapping max{EX+,EY+}

is convex, and l(t) ≥ l(0) for any t < 0, it holds that h(0) = l(0) = max{EX+,EY+}≥ 0. 
If h(0) = 0 the extension is trivial by taking bh(t) = 0 for all t ≥ 0. 
Let h(0) > 0. Since h is convex, there exists h′−(0), the left derivative of h at the 

point 0 (see, for instance, Roberts and Varberg (1973)). Moreover, h′−(0) ≤ 0 due to the 
decreasing of h. 
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If h′−(0) < 0, consider the mapping g : R → R with g(t) = h(0)+h−
′ (0)t for all t ≥ 0. 

This mapping is continuous, convex, strictly decreasing, cuts the x-axis, is tangent to h 
at the point 0 and g(0) = h(0). 

Thus, it is suffcient to take  
h(t) if t ≤ 0,bh(t) = g(t) if t ∈ (0,− h

h 
′
− 

(
( 
0
0 
)
) ],  h(0) 0 if t > − .h′−(0) 

Let us see that h′−(0) = 0 is not possible. 
The condition h(0) > 0 implies that πX (0) > 0 or πY (0) > 0. Let us suppose that 

πX (0) ≥ πY (0) and so 0 < πX (0). 
Firstly, consider the case 0 < πY (0) < πX (0). 
Since πX (0) > 0, πX is convex and limt→+∞ πX (t) = 0, we obtain that πX is strictly 

′decreasing (when different from 0) and so πX−(0) < 0 (left derivative of πX at the point 
0). Moreover, 

l(t) = min{πX (t), πY (t)+ 2(EX+ − EY+)} 

for any t ≤ 0. 
′Let et ≤ 0 such that πY−(et) < 0. Such a point exists since πY is an integrated survival

function. Take α < 0 satisfying that 

′i) πX−(0) ≤ α,

ii) πX (0)+ αet < πY (0)+ 2(πX (0) − πY (0)), and

′iii) πY −(et) ≤ α.

Such a value α exists since πX (0) < πY (0)+ 2(πX (0) − πY (0)). 
Defne g : (−∞,0] → R with g(t) = πX (0)+ αt for any t ≤ 0.
Let us see that g(t) ≤ l(t) for any t ≤ 0. 

′By condition i), g(t) ≤ πX (0)+ πX−(0)t ≤ πX (t) for any t ≤ 0.
On the other hand, if t ∈ [et,0), condition ii) leads to g(t) ≤ πY (0) + 2(πX (0) − 

πY (0)) ≤ πY (t)+ 2(πX (0) − πY (0)) for any t ≤ 0. 
Moreover, if t ∈ (−∞,et ), conditions ii) and iii) imply that 

g(t) = πX (0)+ αet + α(t −et) ≤ πY (0)+ 2(πX (0) − πY (0)) + α(t −et)
′ ≤ πY (et)+ 2(πX (0) − πY (0)) + πY−(et)(t −et) ≤ πY (t)+ 2(πX (0) − πY (0)).
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Therefore, g(t) ≤ min{πX (t), πY (t)+ 2(πX (0) − πY (0))} = l(t) for any t ≤ 0. Since g 
is convex, g(t) ≤ h(t) for any t ≤ 0. Recall that g(0) = h(0). Thus, 

g(x) − g(0) h(x) − h(0)
0 > α = lim ≥ lim = h−

′ (0). 
x→0− x x→0− x 

Therefore, h′−(0) < 0. 
The case 0 < πX (0) = πY (0) is immediate since l = min{πX ,πY }. In this case bh =

vex(l), where l is defned on the whole real line, satisfes the required conditions. 
As a consequence, we have that the mapping bh is an integrated survival function of

a random variable with fnite mean. bLet W be a random variable whose integrated survival function fulflls πW = h.
Let us see that W is a supremum of X and Y in the order ⪯0 

crb .
Let t < 0, then 

πW (t) − 2πW (0) 

≤ min{πX (t) − 2EX+, πY (t) − 2EY+} + 2max{EX+,EY+}− 2πW (0) 

≤ πX (t) − 2EX+ = πX (t) − 2πX (0). 

Applying Proposition 3.4, we deduce that X ⪯0 In the same way we obtain thatcrb W . 
Y ⪯0 

crb W.

Let Z be a random variable with X ⪯0 
crb Z. For any t < 0crb Z and Y ⪯0 

πZ(t) − 2πZ(0) ≤ πX (t) − 2πX (0) and πZ(t) − 2πZ(0) ≤ πY (t) − 2πY (0). 

Thus, for any t < 0 

πZ(t) − 2πZ(0)+ 2max{EX+,EY+} ≤ l(t). 

Notice that πZ(t) − 2πZ(0)+ 2max{EX+,EY+} is convex since πZ is convex, which 
implies that for any t < 0 

πZ(t) − 2πZ(0)+ 2max{EX+,EY+} ≤ bh(t), 
which is the same as πZ(t) − 2πZ(0) ≤ bh(t) − 2bh(0) for any t < 0, equivalently πZ(t) − 

2πZ(0) ≤ πW (t) − 2πW (0) for any t < 0, that is, W ⪯0 
crb Z. This concludes the proof of

the existence of a supremum in the stochastic order ⪯0 ■crb . 

Proposition 4.6. Let X and Y be random variables with fnite means. Let Z be a supre-
mum of X and Y in the order ⪯0 = max{EX+,EY+}.crb . Then, we have that EZ+ 
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Proof. Let W be a random variable which is the supremum of X and Y given in Propo-
sition 4.5. Thus, πW (0) = h(0) = max{EX+,EY+}. 

Let Z be another supremum of X and Y in the stochastic order ⪯0 
crb . Thus, we have 

that Z ⪯0 By Proposition 3.4 we obtain that −πZ(t)+ 2πZ(0) = crb W and W ⪯0 
crb Z. 

−πW (t) + 2πW (0) for any t < 0. The Monotone Convergence Theorem implies that 
πW (0) = πZ(0), and so we obtain the result. ■ 

Proposition 4.7. Let X and Y be random variables with fnite means such that X ≤ 0 
and Y ≤ 0 a.s. Then, the supremum of X and Y with respect to the order ⪯0 

crb is unique 
in distribution. 

Proof. Let W and Z be two suprema of X and Y in the order ⪯0 
crb Z andcrb , thus W ⪯0 

Z ⪯0 
crb W . 
Since X ≤ 0 and Y ≤ 0 a.s., it holds that EX+ = EY+ = 0. Applying Proposition 4.6, 

we obtain that πW (0) = 0 and πZ(0) = 0. That is, EW+ = 0 = EZ+, and so W ≤ 0 and 
Z ≤ 0 a.s. 

Applying Corollary 3.6 we conclude that Z ∼st W. ■ 

Under the assumption of no arbitrage opportunities, the supremum of two variables 
corresponds to the price of an asset of the call ratio backspread derivative with greater 
expected beneft (not lower) than those of the variables and with the smallest possible 
premium. In a similar way, the infmum is a distribution of the price of an asset of 
the best call ratio backspread which is cheaper (not more expensive) than those of the 
variables. 

The existence of a supremum and an infmum is useful in optimization problems with 
stochastic dominance constraints (see, for instance, Dentcheva, Lai and Ruszczyński 
(2004), Dentcheva and Martı́nez (2012), Dentcheva and Wolfhagen (2016), Singh and 
Selvamuthu (2017), Consigli, Dentcheva and Maggioni (2021) and the references therein 
for stochastic dominance constraints and Müller and Scarsini (2006) for lattice of stochas-
tic orders). In the problem 

maximize h(X) 

subject to X ⪯0 i = 1, . . . ,m,crb Wi, 

X ∈ C 

where C is a set of random variables, h : C → R is a real valued functional, and Wi, 
with i = 1, . . . ,m, are random variables, the stochastic constraint is equivalent to X ⪯0 

crb 
inf{Wi, i = 1, . . . ,m}, where the infmum is in the stochastic order ⪯0 

crb . Thus, there is 
only one stochastic constraint instead of m. In a similar way, if the stochastic constraints 
are subject to Wi ⪯0 = = 1, . . . ,m} ⪯0 

crb X , i 1, . . . ,m, this is equivalent to sup{Wi, i crb X , 
the supremum being in the order ⪯0 

crb . 
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The order ⪯0 
crb is not a partial order but a pre-order and lattice structures are defned

on partially ordered sets. Let ∼0 
crb in the usualcrb be the equivalence relation given by ⪯0 

way. The following result follows from Proposition 4.2 and Proposition 4.5. 

Proposition 4.8. Let M1 be the set of random variables with fnite mean and M1/ ∼0 
crb 

0
be the set of equivalence classes in M1 with respect to ∼0 ⪯crb be the relation oncrb. Let e 

0 
M1/ ∼0 

crb Y . The set of equivalence classes M1/ ∼0 
crb given by [X ]⪯e crb[Y ] when X ⪯0 

crb 

endowed with ⪯e crb 
0 

is a lattice. 

An equivalence class is made up of random variables of unit prices of assets on 
the expiration date of call ratio backspread derivatives whose expected benefts are the 
same. If X ∈ [Y ], X + p2 ∼p2 

crb Y + p2, for any p2 ∈ R, that is, E( fp1,p2,k(X + p2)) =
E( fp1,p2,k(Y + p2)) whatever p1 < p2 and k ∈ R. An equivalence class can be interpreted 
as those assets of call ratio backspread derivatives whose premiums should be equal if 
there were not options of arbitrage. If elements of an equivalence class can be bought 
with different premiums, opportunity of arbitrage are being offered in fnancial markets. 

5. An application of the method

This section illustrates the method developed for the analysis of call ratio backspread 
derivatives. We will compare call ratio backspread derivatives whose assets are the week-
ly returns of Boeing and Procter & Gamble (P&G), companies in the Dow Jones Indus-
trial Average Index. 

xtLet xt stand for the weekly close price of a market value at week t. Notice that xt−1 
is the price at the end of week t of a monetary unit invested in such a value at the end of 

xtweek t − 1. The weekly return is defned as − 1, that is, the interest rate during the xt−1 
corresponding week. 

We will consider the share prices of Boeing and P&G during the period 2019-23. 
The data of the prices are public and were taken from https://es.fnance.yahoo.com/ 

In Figure 1, we have depicted the daily evolution of such prices during the above 
period. Figure 2 shows the evolution of the weekly returns. 

Let X be the random variable weekly return of P&G and let Y stand for the variable 
associated with the weekly returns of Boeing. 

To show empirical evidence of an ordering between the corresponding call ratio 
backspread derivatives, we will make use of Proposition 3.4, which reads that X ⪯0 

crb Y
if and only if −πX (t)+ 2πX (0) ≤−πY (t)+ 2πY (0) for any t < 0. 

We have depicted the empirical version of the above quantities, that is, −πeX (t)+R 
2πeX (0) and −πeY (t)+ 2πeY (0), where πeX (t) = +∞ FeX (x)dx and FeX stands for the empir-t 
ical distribution function of the sample associated with the variable X . 

Figure 3 contains that representation. The values of t in the graphic cover all the 
values of the two samples. 

https://es.finance.yahoo.com/
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Figure 1. Evolution of share prices of Boeing and P&G during the years 2019-23. Solid line for 
P&G, dashed line for Boeing. Dates in horizontal axis, prices in vertical axis. 

Figure 2. Evolution of the weekly returns of Boeing and P&G during the years 2019-23. Solid 
line for P&G, dashed line for Boeing. Dates in horizontal axis, values of the weekly returns in 
vertical axis. 

Such a representation shows reasonable evidence that X is less that Y in the call ratio 
backspread stochastic order. 

To draw a conclusion on such a relation, we state the following result. 

Proposition 5.1. Let X and Y be random variables with fnite means. If EX+ ≤ EY+ and 
X− ⪯icv Y−, then X ⪯0

crb Y .

Proof. The condition X− ⪯icv Y− is equivalent to Z t Z t 
FX− (x)dx ≥ FY− (x)dx 

−∞ −∞ 
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for any t ∈ R (see Theorem 4.A.2 in Shaked and Shanthikumar (2007)). Notice that a.e. 
FX− (x) = FX (−x) when x ≥ 0, and FX− (x) = 0 if x < 0. Thus, when t < 0, Z t 

FX− (x)dx = 0, 
−∞ 

and if t ≥ 0, we conclude that Z t Z t Z t Z 0 
FX− (x)dx = FX− (x)dx = FX (−x)dx = FX (x)dx. 

−∞ 0 0 −t 

Therefore, for any t ≥ 0, Z 0 Z 0 
FX (x)dx ≥ FY (x)dx, 

−t −t 

equivalently, Z 0 Z 0 
− FX (x)dx ≤− FY (x)dx 

t t 

for any t < 0. On the other hand, EX+ ≤ EY+ is πX (0) ≤ πY (0), hence, Z 0 Z 0 
− FX (x)dx + πX (0) ≤− FY (x)dx+ πY (0) 

t t 

for any t < 0, which is the same as −πX (t)+ 2πX (0) ≤ −πY (t)+ 2πY (0) for all t < 0, 
that is, X ⪯0 ■crb Y . 

Notice that the above result permits to use statistical inference techniques to test 
conditions which lead to the call ratio backspread stochastic order. 

Figure 3. Representation of the empirical version of the mappings t → −π(t) + 2π(0) with 
t ∈ (−0.5,0.5), solid line for P&G, dashed line for Boeing. Values of t in horizontal axis, values 
of the mappings in vertical axis. 
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Some tests have been proposed to infer on the increasing convex order (equiva-
lently, the increasing concave order), see for instance, Zardasht (2015), Berrendero and 
C´ ubel (2009). For arcamo (2011), Scaillet and Topaloglou (2010) or Baringhaus and Gr¨ 
our purpose, we took the CX10 test proposed by Berrendero and Cárcamo (2011) since 
it is quite intuitive, although other tests could be considered. 

To apply the corresponding tests, we have divided at random the weekly returns of 
the period 2019-23 into two disjoint groups, one for Boeing and one for P&G, avoiding 
paired samples. 

The classical run test was applied to all the involved samples (those of X+,Y+,X− 

and Y−). The corresponding p-values were greater than the usual level of signifcance 
0.05. Thus, samples can be considered random, assumption needed for the application 
of the CX10 test and for the test on the comparison of the expectations of the positive 
parts of the variables. Moreover, the normality assumption was rejected for all the above 
variables. 

Regarding the test with hypothesis 

H0 : X− ⪯icv Y− versus H1 : H0 is false, 

the p-value of the corresponding samples was higher than 0.99. As a consequence, the 
null hypothesis is not rejected. 

In relation to the test 

H0 : EX+ ≤ EY+ versus H1 : EX+ > EY+, 

the p-value of the corresponding samples was 0.9956. 
Making use of Proposition 5.1, we conclude that X ⪯0 

crb Y . 
Observe that by Proposition 3.2, the relation X ⪯0 

crb Y is equivalent to X + p2 ⪯p2 
crb 

Y + p2 for any p2 ∈ R. Thus, if p2 = 1, we obtain that 

Xt Yt⪯1 ,
Xt−1 

crb Yt−1 

where Xt and Yt stand for the weekly close prices of P&G and Boeing at week t, respec-
tively. 

That is, the expected beneft of a call ratio backspread derivative with asset the unit 
weekly revaluation of Boeing is greater (not lower) than the corresponding derivative 
with the asset unit weekly revaluation of P&G, whatever p1 < 1. That shows that if for 
some p1 < 1, the premium of the derivative associated with Boeing is lower than the 
premium of P&G, an arbitrage opportunity exists for those derivatives. Moreover, in 
case of equality of premiums, and investor should choose the Boeing derivative instead 
of the P&G option. 

6. Final comments and conclusions 

The present manuscript shows how the theory of stochastic orders can be used for reach-
ing decisions on the allocations of funds in call ratio backspread derivatives. The math-
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ematical model proposed in this article permits to compare investments in the above 
fnancial derivatives by means of a new family of stochastic orders. That allows to de-
tect possible options of arbitrage. 

This procedure entails some advantages with respect to other methods. The pro-
posed technique does not require specifc analytical equations or formulas of the prices 
of the assets, or particular probability distributions of those prices, like Brownian move-
ments, or geometric Brownian movements. Moreover, an advantage of the new method 
is that when the order is satisfed, the expected benefts are ordered whatever price p1. 
Thus, an investor does not need to attain some particular values of p1 to be able to com-
pare investments and fnd opportunities. Notice that when the order is satisfed and the 
premiums do not follow the same arrangement for a particular value of p1, there exist 
arbitrage opportunities. On the other hand, we have proved the existence of supremum 
and infmum of two variables in the new orders, that brings advantages in optimization 
problems with stochastic constraints. 
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Spatial autoregressive modelling of 
epidemiological data: geometric mean model 

proposal 
4˜Mabel Morales-Otero1,2, Christel Faes3 and Vicente Núnez-Anton´ 

Abstract 

We propose the geometric mean spatial conditional model for ftting spatial public health 
data, assuming that the disease incidence in one region depends on that of neighbour-
ing regions, and incorporating an autoregressive spatial term based on their geomet-
ric mean. We explore alternative spatial weights matrices, including those based on 
contiguity, distance, covariate differences and individuals’ mobility. A simulation study 
assesses the model’s performance with mobility-based spatial correlation. We illustrate 
our proposals by analysing the COVID-19 spread in Flanders, Belgium, and comparing 
the proposed model with other commonly used spatial models. Our approach demon-
strates advantages in interpretability, computational effciency, and fexibility over the 
commonly used and previously existing methods. 
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1.  Introduction  

The analysis of spatial data has become widely spread in epidemiology, specially be-
cause location can be an important surrogate for lifestyle, environment, as well as genetic 
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and other factors and, therefore, it can provide important insights for public health data 
analysis. Autoregressive models proposals for analysing spatial data include the Condi-
tional Autoregressive (CAR) model, the auto-Poisson scheme (Besag, 1974) and the Si-
multaneous Autoregressive (SAR) model (Whittle, 1954), which incorporate the spatial 
correlation by assuming a conditional covariance structure for an unobservable compo-
nent included in the regression structure. In addition, the spatial conditional overdisper-
sion models include a spatial lag of the response variable in the regression model speci-
fcation, which allows to capture the spatial dependence directly observed on neighbour-
ing regions (see Cepeda-Cuervo, Córdoba and Núñez-Antón, 2018; Morales-Otero and 
Nú ̃  on, 2021). In the case of time series data, Zeger and Qaqish (1988) consider nez-Ant´ 
Poisson models that include the logarithm of the past counts in the log-mean regression 
specifcation, Knorr-Held and Richardson (2003) propose different autoregressive spec-
ifcations when including the past counts and Held, Höhle and Hofmann (2005) propose 
an autoregressive model using an identity link. 

An alternative to these models is given by spatial regression models for count data 
that make use of a spatially structured random effect, which is structured according to a 
given spatial weights matrix. In this context, two of the most popular models in spatial 
disease mapping are the Besag-York-Mollié (BYM) model (Besag, York and Mollié, 
1991) and the BYM2 model (Riebler et al., 2016). The BYM model incorporates spatial 
dependence by means of two unobserved latent effects, namely a spatially unstructured 
random effect and a spatially structured random effect following an Intrinsic Conditional 
Autoregressive (ICAR) prior (Besag, 1974). In the BYM2 model the latent effect is a 
weighted average of these two random effects. Another random effects model frequently 
found in the literature is the Leroux model (Leroux, Lei, and Breslow, 2000). These 
models are generally estimated using Bayesian inferential methods. 

In the aforementioned models, the relationship between two regions is described by 
a spatial weights matrix, for which several different specifcations have been developed 
(see Anselin, 2002). In most cases, this matrix is fxed and previously specifed, a choice 
that may have an impact on the results of the analysis. Therefore, it is very important 
for researchers to be able to study how to best describe the spatial structure of the data. 
Traditionally, spatial weights matrices are based on the adjacency of regions or on the 
distance among regions. However, there may be situations where the association is not 
given by the geographical proximity but, instead, it depends on some other connectivity 
structure or even on the specifc characteristics of the regions under study. 

In this sense, several authors have explored the use of different weights matrices. 
Earnest et al. (2007) studied the infuence of different specifcations of spatial weights 
matrices on the smoothing properties of the CAR model, obtaining considerable differ-
ences in the reported results, which provided a clear evidence about the importance of 
the proper choice of the spatial structure. In addition, Case, Hines, and Rosen (1993) 
proposed the use of a similarity matrix based on the inverse of the difference of the val-
ues that a given covariate takes in each region, which improved the performance of their 
ftted models. Ejigu and Wencheko (2020) proposed a weights matrix that took into ac-
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count geographical proximity and covariate information simultaneously, which led to a 
better justifcation and motivation of the spatial structure present in the data under study. 

After the beginning of the pandemic, several authors concentrated their efforts on the 
different statistical modelling proposals to study COVID-19 data. For example, Sahu and 
Böhning (2022) proposed a joint spatio-temporal model to analyse the weekly number 
of cases and deaths related to COVID-19, also presenting different specifcations for the 
spatial and temporal random effects. Konstantinoudis et al. (2022) analysed the weekly 
number of deaths for several regions in Europe during the period going from 2015 to 
2019, ftting a hierarchical Poisson model with a BYM2 specifcation to these data, thus, 
being able to evaluate the excess of mortality during the COVID-19 pandemic. Fritz 
et al. (2022) proposed a Poisson autoregressive model similar to the one in Held et al. 
(2005), and analysed data from Germany on COVID-19 infections, hospitalizations and 
intensive care units occupation. Additional references include D’Angelo, Abbruzzo, and 
Adelfo (2021), Johnson, Ravi, and Braneon (2021) and Natalia et al. (2022), among oth-
ers. Furthermore, purely spatial approaches have also been used, such as the proposals 
in Konstantinoudis et al. (2021), where they studied the relationship between COVID-
19 related deaths and long-term exposure to air-pollution, ftting a BYM2 model to data 
concerning the frst wave of the disease in England. Other researchers have used the 
mobility of individuals among regions as a connectivity structure for modelling COVID-
19 data. For example, Slater et al. (2022) combined geographical proximity and human 
mobility data on the BYM specifcation to spatially model COVID-19 case counts in the 
regions of Castilla-Leon´ and Madrid in Spain from March to June 2020. 

In this paper, we propose a geometric mean extension of the spatial conditional mod-
els in Cepeda-Cuervo et al. (2018) and Morales-Otero and Nú ̃  on (2021) to ac-nez-Ant´ 
count for the spatial autocorrelation that may be present in the data. The spatial condi-
tional model is described in Section 2.1, and the extension is motivated and introduced 
in Section 2.2. Additionally, we also investigate the use of several spatial weights ma-
trices in the computation of the spatial lag and propose some new possible structures to 
be implemented, which are discussed in Section 2.3. A simulation study is included in 
Section 3. The usefulness of our methodological proposals and their comparison with 
other commonly used spatial models is provided in Section 4. More specifcally, a com-
parison with the BYM2 and Leroux spatial models is included in Section 4.3. In Section 
5, we end with a discussion. 

2.  Methodology  

This section reviews the spatial conditional overdispersion models proposed in the liter-
ature. Thereafter, we propose an extension of this model and discuss possible weights 
matrices that could describe the underlying spatial dependency structure. 
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2.1. Review of the spatial conditional model 

The spatial conditional overdispersion models were developed to ft spatial count data, 
allowing to capture overdispersion and to explain the spatial dependence that may exist 
in the data, as suggested by Cepeda-Cuervo et al. (2018). These authors assume that the 
dependent variable Yi, for regions i = 1, . . . ,n, follows a conditional distribution f (yi |
y∼i), where yi represents the observed count in region i and, y∼i, the values in all of the 
neighbouring regions of the i-th region (without including the i-th region itself). A spatial 
autoregressive term, more specifcally, the lag of the response variable, is incorporated 
in the regression model specifcation for the conditional mean E(Yi | Y∼i). The inclusion 
of such spatial dependence in the model can explain part of the overdispersion. 

In an epidemiological context, interest often goes towards the modelling of the rates 
of a disease. In this case, Morales-Otero and N´nez-Anton´ (2021) assumed that theu˜ 
conditioned response variable (Yi | Y∼i,νi), the total number of cases for i = 1, . . . ,n, 
follows a Poisson distribution, with conditional mean µi, so that E(Yi | Y∼i,νi) = µi = 
Piri. Here, Pi represents the population size and ri the disease rate in the i-th region, 
for i = 1, . . . ,n. They proposed the following regression structure for the conditioned 
means: 

log(µi) = log(Pi)+ xT 
i β + ρWiRates + νi, (1) 

where an autoregressive component is included for the rates, (i.e., WiRates = 
∑

n
j=1 wi jRates j), which is a weighted average of the observed rates Rates j = y j/P j, with 

weights specifed by the spatial weights matrix W. Here, xi is a 1× p vector of explana-
tory variables for the i-th observation, β ∈ ℜp a p × 1 vector of unknown regression 
parameters that need to be estimated and ρ ∈ ℜ the unknown spatial autoregressive pa-
rameter. These parameters and variables belong to the set of all real numbers, as no 
constraints are imposed. In addition, a normally distributed random effect νi ∼ N(0,τ), 
with τ > 0, is included to allow for additional unstructured overdispersion in the counts. 
Note that the assumed spatial structure is given by the matrix W, where its elements, 
wi j, are weights that represent the strength of the relationship between regions i and j. 
Section 2.3 includes a detailed description about the different ways these weights can be 
defned. 

2.2. Geometric mean spatial conditional model 

Zeger and Qaqish (1988) proposed several models to account for temporal autocorrela-
tion in time series data, including one for count data, where they suggested the use of a 
Poisson model that incorporates the logarithm of the past counts in the regression model 
for the logarithm of the mean instead of the past counts. Knorr-Held and Richardson 
(2003) proposed the use of the term log(yt−1 + 1) in order to overcome the issue of the 
nonexistence of the logarithm, so that it is equal to zero when there are no cases. Held et 
al. (2005) proposed to regress the mean directly on the past counts instead, but assuming 
an identity link. 
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Following the ideas in Zeger and Qaqish (1988) and Knorr-Held and Richardson 
(2003), we propose the following geometric mean spatial conditional model for count 
data. As before, we assume a Poisson model for the conditioned response outcomes, that 
is (Yi | Y∼i,νi)∼ Poi(µi), with conditional mean E(Yi | Y∼i,νi) = µi = Piri, following the 
regression model: 

log(µi) = log(Pi)+xT 

iβ +ρWi log(Rates)+νi (2) 

Here, we believe it is important to mention that, in the presence of zero counts, it would 
be necessary to use log(y j +1) and log(Pj +1) when computing the observed rates (see 
equation(1)). This model closely resembles the model in equation (1), but here the au-
toregressive component is a weighted average of the logarithms of the rates, instead of 
the rates. It can be easily seen that the smoothed estimates of the rates are estimated as: 

° ˛ ̂ρ n 
T 1 ∗ r̃i = exp(xi β̂ )exp ∑ wi j log(Rates j) exp(νi)ni j=1 

ρ̂
T ˆ= exp(x β )Ratesi exp(νi), (3)i 

∗with wi j  representing the non-standardized spatial weights, ni being the number of 

neighbours of region i, and Ratesi being the geometric mean of the rates included 
in the vector of the observed rates Rates. Note that the geometric mean of a sam-

1 
ple X = {x1,x2, . . . ,xn} is defned as (∏n 

1 xi) n , which can also be expressed as˝ ˙ i= 
exp 1 

n ∑
n
i=1 log(xi) , when xi > 0, for i = 1, . . . ,n. 

This can also be generalized to the case where the spatial weights matrix is given by 
some criterion where the weights wi j  are not necessarily equal to 0 or 1. This could be 
the case, for example, in cases where we use criteria based on distance among regions 
or on the mobility matrix. In these cases, we would have a weighted geometric mean of 
the rates included in the vector of the observed rates, so that: 

° ˛ 
∗∑n

j=1 wi j log(Rates j)
Ratesi = exp (4)∗∑n 

j=1 wi j  

Therefore, the estimated value obtained for the spatial parameter ρ would represent how 
the incidence rate in the regions resembles the (weighted) geometric mean of the rates in 
their neighbours. Consequently, the use of the logarithm of the rates in the autoregressive 
component has an important epidemiological interpretation. For a better understanding 
of this effect, in Section 9 of the supplementary material, we have included a detailed 
description and better motivation of the effect of the geometric mean of the rates on the 
estimated disease rate, considering different values of the estimated spatial parameter. 

2.3. Spatial weights matrices 

As already stated, the models proposed in Section 2 do not impose or need any restric-
tions when specifying the spatial weights matrix and, therefore, they are very fexible, 
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allowing the use of a wide range of spatial structures. Moreover, this fexibility makes 
them a valuable tool for exploring different spatial weights matrices in a specifc dataset. 
This section discusses different possible choices for specifying the weights wi j used in 
the proposed model in equation (2). 

2.3.1. Spatial weights matrices based on contiguity 

The spatial structure based on contiguity or adjacency is defned by the spatial weights 
matrix W, where wi j = 1, if region i is adjacent or a neighbour to region j, and wi j = 0, 
otherwise. Different criteria can be assumed to specify whether two regions are adjacent. 
For example, the Queen contiguity criteria assumes that regions i and j are neighbours 
if they share at least one point in their boundaries. Most commonly the spatial weights 
matrix is standardized by rows, so that if region i is adjacent to region j, then wi j = 1/ni, 
where ni is the number of neighbours region i has. In this way, the spatial lag Wiy can be 
viewed as a spatial average of the values that the variable takes in all of its neighbouring 
locations. 

First order contiguity is specifed when we consider that regions i and j are neigh-
bours if they share at least one point in their boundaries. This specifcation is also known 
as Queen contiguity criterion. Extending this criteria by considering that i and j are 
neighbours if they share a common neighbour, we can defne second order contiguity. 
Third order contiguity can be specifed the same way, when it is assumed that regions i 
and j are adjacent if they share a common neighbour of order two. Contiguity of higher 
order is also possible to specify by following these ideas. 

2.3.2. Spatial weights matrices based on distance 

An alternative way to defne a spatial structure is to consider a spatial weights matrix 
where its elements are defned as a function of the distance among the central points 
of the polygons representing the regions, called the centroids, si (i = 1, . . . ,n). Inverse 
distance weights are specifed as wi j = 1/∥si − s j∥, with ∥si − s j∥ being the Euclidean 
distance between regions i and j. In addition, in the negative exponential criteria the 
weights are defned so that wi j = exp(−∥si − s j∥). 

Finally, we can also defne the distance band weights, with band width given by a 
critical threshold h. In particular, it is considered that regions i and j are neighbours if 
their centroid lies within the chosen band. Let si be the centroids of the regions under 
study, for a given threshold h, then wi j = 1 if the Euclidean distance between si and s j is 
smaller than h, that is ∥si − s j∥ < h, and 0 otherwise. 

2.3.3. Covariate-based similarity (or difference) matrices 

Ejigu and Wencheko (2020) proposed a weights matrix W, which not only takes into 
account geographical proximity, but also a specifc covariate’s information. Given an 
environmental variable ei (i = 1, . . . ,n) for n regions with centroids si, they defne the 
following structure for the weights: 

wi j = exp{−[α|ei − e j| +(1− α)∥si − s j∥]}, (5) 
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where α is a previously selected fxed value between zero and one, |ei − e j| is the abso-
lute difference in the value of the environmental covariate between regions i and j and 
∥si −s j∥ is the Euclidean distance between the centroids of regions i and j. The elements 
in the diagonal of this matrix are zero and it is row standardized. As α approaches zero, 
the weights give more relevance to the geographical distance, and, when it approaches 
one, the covariate differences receive more importance. 

Following this idea, we also propose an alternative covariate-based similarity matrix, 
where we will consider both environmental and socio-economic variables to impact the 
weight amongst regions. Let W be a traditional weights matrix based on contiguity, 
distance, or any other criteria, with elements wi j, and D an n × n matrix with elements 
di j = 0 if i = j and: 

di j = exp(−|ei − e j|), for i ̸= j, (6) 

We then propose the use of the matrix W ◦ D, which is the Hadamard (or element-wise) 
product of matrices W and D. In this way, small weights are given to neighbouring 
regions with large differences in the values of the covariate and to distant regions, while 
large weights are given to neighbouring regions with similar covariate information and 
that are geographically close to each other. 

A potential concern might arise regarding whether specifying covariate-based sim-
ilarity matrices in the model described by equation (2), while also including these co-
variates as independent variables, could lead to endogeneity problems. As discussed by 
Case et al. (1993), when the weights matrix W is constructed based on similarities or 
differences in covariates between municipalities, and the vector of observations for the 
covariates captures within-municipality variations, this design ensures that the elements 
of the weights matrix are orthogonal to the explanatory variables. Therefore, by con-
struction, this approach eliminates any induced correlation between the covariates and 
the error term, thus addressing potential endogeneity issues. 

2.3.4. Mobility matrix 

The previous proposals presented here for the weights matrices are a representation of 
how close (in space) and/or how similar (in terms of covariate information) regions are. 
Another characteristic to defne the weights matrix is to assess how much contact there 
was amongst individuals in the different regions. This is of special interest when con-
sidering, for example, an outcome that depends on the contact behaviour, such as is the 
case in infectious disease incidence. As a proxy for the contact behaviour, and based 
on mobile phone data, the mobility amongst regions can be used. That is, each element 
mi j in the mobility matrix M is defned as the mean proportion of time that people from 
region i have spent in region j in a given time period. This matrix would then clearly 
represent a different type of connectivity structure among regions. 

2.4. Model estimation and selection 

All models considered here are ftted using the integrated nested Laplace approximation 
(INLA) approach, in the R-INLA package. It should be noted, however, that, in general, 
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any software methodology that allows for estimation of a generalized linear mixed model 
can be used to implement this model. This is a great advantage of the proposed method, 
as one is not restricted to complex estimation tools for ftting spatial models. 

In addition, it could be worth addressing the potential risk of spatial confounding in 
the proposed geometric mean spatial model. Spatial confounding arises when covari-
ates share similar spatial patterns with unobserved spatial processes or random effects. 
In our model, however, the spatial lag of the logarithm of the observed rates is used 
as an explanatory variable, directly incorporating the observed spatial structure. Since 
no additional spatially structured random effects are employed and the spatial structure 
is assumed to be fully observed, the model theoretically mitigates the issue of spatial 
confounding. The spatial dependence is captured through the geometric mean of neigh-
bouring observations, minimizing the risk of confounding spatial random effects with 
covariate effects. 

Model comparison is carried out by using the Watanabe-Akaike Information Crite-
rion (WAIC) (Watanabe, 2010), where the smallest values indicate the best ftting model. 
Additionally, we also use the Conditional Predictive Ordinate (CPO) diagnostic (Pettit, 
1990), which is a leave-one-out predictive measure. More specifcally, for each obser-
vation i, the CPOi is computed, so that it refects the posterior probability of observing 
that value, given the other observations. In this way, we would be able to compute 
a global value by using the sum of the logarithms for the resulting CPOi values (i.e., 
CPO = −∑

n
i=1 log(CPOi)) As in the case of the WAIC, the model with the smallest CPO 

value would be considered as the best ftting one. 
Furthermore, these model selection criteria ensure a balance between model ft and 

complexity by penalizing overly complex models, helping in this way to prevent possible 
overftting. To further assess the model’s generalizability, cross-validation techniques 
like CPO evaluate predictive performance by measuring how well the model generalizes 
to unseen data. This approach ensures that the model does not overft the observed data 
and is capable of making accurate predictions under new scenarios. 

In addition, for all the estimated parameters, noninformative prior distributions are 
assumed. In particular, for the fxed effects and for the precision parameters, we assume 
independent normal N(0,1 × 105) distributions, and gamma G(1 × 10−4 ,1 × 10−4) dis-
tributions, respectively. 

3. Simulation study 

As already mentioned in Section 1, most spatial modelling applications make use of a 
spatial weights matrix following traditional criteria, such as the ones based on contiguity 
or distance among the regions. However, in this section, we wish to assess the perfor-
mance of our proposed models in the selection of the weights matrix, as well as to study 
the sensitivity of the parameters to a misspecifed neighbourhood matrix. 

Therefore, we have carried out a simulation study, where we induce correlation in 
the response variable following the mobility matrix structure. For this purpose, we have 
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implemented a Gibbs sampling algorithm, which allowed us to generate spatially auto-
correlated Poisson data by repeatedly sampling from conditional distributions (see Jack-
son and Sellers, 2008). In our specifc case, we defne a set of initial values for the 
parameters β , ρ and τ and, on each iteration, we draw Poisson samples, where the mean 
is conditioned on the values of the previous iteration. Additional details on the algorithm 
described below can be found in Section 2 in the supplementary material. We would like 
to remark that the data have been simulated using the mobility matrix provided in the 
dataset corresponding to the COVID-19 cases in the municipalities of Flanders, which 
will be analysed in Section 4. Moreover, this spatial structure has also been used to 
obtain the contiguity of order one and the inverse distance spatial weights matrices. 

We have defned twelve different scenarios, given the true values for the parameters, 
which can be consulted in the frst column to the left in Table 1. For each case, we 
have simulated S∗ = 500 datasets (with the number of regions n = 300), and discarded 
half of them, so that S = 250 simulations for each scenario remained. Model (2) has 
been ftted to each of the simulated dataset, considering three different specifcations for 
the spatial structure, one using the mobility matrix to compute the spatial lag, another 
one using the contiguity of order one spatial weights matrix, and a third one using the 
inverse distance spatial weights matrix. In addition, we have also ftted the BYM2 and 
Leroux models, both using the contiguity of order one spatial weights matrix, which is 
the standard specifcation for such models. For further details about these models, refer 
to Section 8 in the supplementary material. 

Table 1 reports the bias, mean squared error (MSE) and the coverage of the estimates 
obtained from ftting each model to the simulated datasets. This table includes only the 
results obtained for the geometric mean model using the three different spatial weights 
structures mentioned above. The BYM2 and Leroux models have different formulations 
and produce estimates that are not directly comparable to those of the geometric mean 
model. Therefore, they are excluded from this analysis and will be considered later when 
evaluating and comparing the models’ goodness of ft in the specifc dataset under study. 

For the scenarios where the parameters’ true values were β = −2 and ρ = 0.5 (i.e., 
frst two scenarios), the smallest bias was obtained for the estimations for the model us-
ing the mobility matrix, indicating that this is the model where the resulting estimates are 
closer to the true values of the parameters. In these scenarios the coverage percentages 
in the models using the mobility matrix are also the largest, indicating that most of the 
credible intervals of the estimated parameters in these models contain the true values. 
However, when the true value for β changed to −0.5 (i.e., third and fourth scenarios), 
the smallest bias and the best coverage were obtained for the model using the contigu-
ity criterion for the weights matrix, which seems to suggests that the value given to the 
intercept β is having a signifcant impact on the results. This substantial infuence can 
be attributed to the fact that the model does not include any covariates apart from the 
offset (i.e., the logarithm of the population in each municipality), the intercept itself, and 
the spatial lag of the logarithm of the rates. Consequently, the intercept determines the 
baseline level of expected counts across municipalities, directly infuencing the scale of 



       

             
  

                  
            

               
                 

                 
             

                 
               

                 
                 
               

             
         
                
             

            
              

     
              

               
        

             
             

                 

                
               

              
                  
               

         
             

                
                 

              
              
             

    
               

                
            

102 Spatial autoregressive modelling of epidemiological data 

the predicted counts, the overall variability, and the relative contribution of the spatial 
lag term. 

In the scenarios where the true value for ρ is set to 0.2, the bias of the estimates 
considerably increases when using the mobility matrix. In fact, the estimations with 
smallest bias are obtained for the model using the inverse distance criterion for the spatial 
matrix and, moreover, the coverage is very high for all the models. This can be due to 
the fact that here we are setting a small value for the spatial parameter and, thus, forcing 
the mobility connectivity structure to have a smaller relevance in the simulated data. 

In addition, for the parameters’ true values β = −2 and ρ = 0.9, the smallest bias 
of the estimates and the best coverage were also obtained for the mobility matrix. Given 
that, in this case, we are setting a large value for the spatial parameter, more relevance is 
given to this structure. However, when β = −0.5 and ρ = 0.9, the models using the con-
tiguity and the mobility matrix produce similar values for the bias of the estimations and 
the coverage for the contiguity matrix highly improves, meaning that, for this specifc 
setting, the spatial structure is not so clearly defned. 

The sensitivity of the results to small variations in the parameter ρ is due to the 
absence of additional covariates or effects in the model, making, therefore, the spatial 
autoregressive term the primary source of variation. The corresponding result would be 
that even minor adjustments to ρ can signifcantly infuence the dynamics of the overall 
model and the resulting estimates. 

Finally, from the results included in Table 1, for the precision parameter τ , no sig-
nifcant changes were observed in the bias of the estimations or in the coverage when 
changing this parameter’s value from 5 to 15. 

Regarding the predictive accuracy of the models, we can evaluate it by computing 
the mean squared predictive error (MSPE) of the simulated rates for each simulated˜ ° 

(s) (s)dataset MSPEs = ∑i
n 
=1(ri − r̂i )2/n (Carroll et al., 2015). In this way, we can obtain 

an average for the model ftted for each of the 250 datasets generated for each scenario, 
so that MSPE = ∑S

s=1(MSPEs)/S. Note that the models with the lowest values of the 
MSPE would be considered as the best ftting ones. The results obtained are included 
in Table 2, where we can see that, in general, the MSPE is small in every scenario, but 
the smallest values are mostly obtained for the models in which the mobility matrix was 
used to compute the spatial lag of the log-rates. 

Moreover, we have counted the number of times that the information criteria values 
were smaller in each case so that we can check how many times the “correct” model 
was selected as the best ftting one. Most of the times, with a very few exceptions, the 
model where the mobility matrix was used, was selected with the smallest WAIC and 
CPO values. This indicates that we can indeed, based on the model selection criteria, 
select the underlying true neighbourhood matrix. These results are included in Table S1 
in the supplementary material. 

From the results obtained in the simulation study, we can conclude that it is essential 
to evaluate whether the spatial structure used in a study is the most adequate one. For 
most of the spatial modelling applications, the spatial weights matrix employed to de-
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Table 2. Average of the MSPE values obtained from the models using different weights matrices, 
ftted to the simulated datasets. 

True values Mobility Contiguity Inverse distance BYM2 Leroux 

β = −2, ρ = 0.5, τ = 15 2.323e-06 5.173e-05 5.601e-05 1.977e-05 1.973e-05 

β = −2,ρ = 0.5, τ = 5 9.659e-07 2.994e-05 3.190e-05 1.092e-05 1.042e-05 

β = −0.5,ρ = 0.5,τ = 5 1.765e-06 1.223e-05 1.212e-05 5.402e-06 5.622e-06 

β = −0.5,ρ = 0.5,τ = 15 2.292e-06 4.135e-05 4.204e-05 1.696e-05 1.724e-05 

β = −2,ρ = 0.2,τ = 15 2.764e-06 1.793e-05 1.796e-05 1.555e-05 1.554e-05 

β = −2,ρ = 0.2,τ = 5 1.683e-06 1.004e-05 1.005e-05 8.350e-05 8.402e-05 

β = −0.5, ρ = 0.2, τ = 5 3.518e-06 6.521e-06 6.540e-06 5.322e-06 5.516e-06 

β = −0.5,ρ = 0.2, τ = 15 5.497e-06 1.594e-05 1.598e-05 1.291e-06 1.336e-06 

β = −2,ρ = 0.9,τ = 15 6.441e-06 9.049e-06 9.917e-06 1.735e-05 1.852e-05 

β = −2,ρ = 0.9,τ = 5 4.254e-06 9.247e-06 9.594e-06 1.714e-05 2.275e-06 

β = −0.5,ρ = 0.9,τ = 5 8.752e-07 5.207e-05 4.737e-05 2.345e-05 6.582e-06 

β = −0.5,ρ = 0.9,τ = 15 2.551e-06 1.071e-04 9.862e-05 1.788e-05 1.482e-05 

scribe the spatial structure of the data under study is the one following the contiguity of 
order one criterion. However, we believe it has been clearly shown that this is not always 
necessarily the best choice. 

In this specifc study, it has been shown that when the mobility matrix is the under-
lying structure, and the model is misspecifed, in general, the bias of the estimations is 
larger than the bias obtained for the model using the mobility matrix. Moreover, infor-
mation criteria values such as the WAIC and CPO and, also predictive accuracy measures 
such as the MSPE, have favoured the correctly specifed model, selecting it as the best 
ftting one in almost all cases. Overall, the simulation study illustrates the fact that our 
proposed model effectively identifes the correct spatial structure when properly speci-
fed. However, this does not imply that our model is the correct or best model under a 
given setting, which was not the original purpose in the simulation study. 

4. Illustration of methodology 

4.1. Data Exploration 

We investigate the spatial distribution of COVID-19 from September 2020 until January 
2021 amongst the Flemish municipalities. Figure 1 shows the observed incidence of 
COVID-19 per 100,000 inhabitants in Flanders’ municipalities in the time period con-
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sidered, which was the time of the second wave in Belgium. It can be observed that 
not all municipalities presented the same impact in the second COVID-19 wave. In this 
study, we wish to assess whether the spatial correlation pattern of the incidence during 
the second wave of the disease was linked to any social demographics. 

Figure 1. Spatial distribution of the incidence of COVID-19 per 100,000 inhabitants in Flanders’ 
municipalities from 2020-09-01 to 2021-01-31. 

The data under analysis includes information on the 300 municipalities of Flanders 
in Belgium, which is available at the website of the Belgian Institute for Public Health 
(Sciensano) (https://epistat.wiv-isp.be/covid/). Table 3 includes some descriptive statis-
tics for the variables available across municipalities. The outcome of interest is the 
number of confrmed COVID-cases from 2020-09-01 to 2021-01-11, summarized by 
the variable N.cases. The population size in the municipality is denoted as P, and 
incidence is the number of COVID-19 cases in this time period per 100,000 inhabi-
tants. There are also two additional variables available which can be considered as prox-
ies for the socio-economic status and demography of the municipality. These are the 
percentage of households with a discount on the electricity meter (budgetmeters) 
and the percentage of single-parent households (single house). 

4.2. Model Estimates 

The COVID-19 incidence map in Figure 1 suggests the presence of spatial autocor-
relation in the data, as municipalities with similar values of COVID-19 incidence are 
grouped together in space. Therefore, in order to be able to characterize the spatial pat-
tern of the second wave of COVID-19 in the data under study, we will further analyse 
these data by implementing spatial models that account for the spatial dependence. In 
addition, since we have seen the importance of testing different spatial structures for the 

https://epistat.wiv-isp.be/covid/
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Table 3. Descriptive statistics for the variables available across municipalities 

Median Mean SD Min. Max. 

N.cases 544.000 801.243 1570.136 1.000 24387.000 
P 15036.500 22097.143 36156.404 79.000 529247.000 
incidence 3358.868 3564.184 1235.740 1265.823 8023.070 
single house 7.885 8.021 1.245 5.300 15.300 
budgetmeters 1.125 1.229 0.678 0.000 6.860 

weights matrix with the simulation study carried out in the previous section, here we 
will also explore different possible choices for the spatial weights matrix to be included 
in the ftted models. 

We ft both the spatial conditional normal Poisson model in equation (1) (Section 2.1) 
and the proposed geometric mean spatial conditional normal Poisson model in equation 
(2) (Section 2.2). As one of our objectives is to be able to select the spatial structure 
that best accommodates the spatial underlying process in the data, we use the different 
weights matrices described in Section 2.3, and compare the ftting of the different models 
by using their WAIC and CPO values. Note that, in this specifc application, we do not 
include any covariates in the linear predictor, as we focus on the spatial modelling by 
means of the autoregressive terms and on the comparison of the performance of such 
models. 

We believe it is important to mention the fact that, at the beginning of this research, 
the variables available were included in the model as covariates. However, the results 
obtained suggested that they did not offer any improvements in models’ ftting in terms 
of information criteria. Therefore, in this specifc study, we decided to only employ them 
when computing the proposed weights matrices based on similarities. It should also be 
noted that, in this study, we do not aim to identify any risk factor in the spreading of the 
infection, but to investigate the spatial correlation that may exist in the data and fnd the 
structures that best accommodate it. 

The results obtained for the ftting of these models are included in Tables 4 and 5, 
which were ftted by considering ten different options for the weights matrix. First, we 
have used the spatial weights matrices based on the adjacency among municipalities 
(contiguity of frst and third order). Second, weights were based on the distance among 
the centroids of the municipalities (inverse distance, negative exponential distance and 
distance band method). Third, the weights matrices were based on the product between 
covariate differences and traditional spatial weights, as proposed in Section 2.3. For 
these similarity matrices, the spatial weights matrices considered are the ones based on 
contiguity or frst order, and that based on the distance band. The variables used to mea-
sure whether municipalities have a similar socio-economic status are single house 
and budgetmeters. Finally, the mobility matrix was also considered. The heatmaps 
for these matrices are included in Figure S1 in the supplementary material, where we 
can clearly see the different structures they represent. 
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Table 4. Results obtained after ftting the spatial conditional normal Poisson models to the 
COVID-19 incidence data in Flanders, for the different weights matrices considered. 

Weights matrix β̂ ρ̂ τ̂ 

Contiguity of order 1 WAIC = 2947.7 Mean -4.378 27.928 27.830 
CPO = 1807.4 SD (0.041) (1.121) (2.440) 

95% CI (-4.459,-4.297) (25.728,30.129) (23.287,32.868) 

Contiguity of order 3 WAIC = 2942.7 Mean -4.425 29.220 18.100 
CPO = 1868.4 SD (0.060) (1.637) (1.542) 

95% CI (-4.542,-4.307) (26.006,32.434) (15.217,21.271) 

Inverse distance WAIC = 2941.2 Mean -5.649 63.083 19.319 
CPO = 1859.3 SD (0.120) (3.333) (1.646) 

95% CI (-5.885,-5.413) (56.538,69.629) (16.242,22.705) 

Negative exponential WAIC = 2941.4 Mean -6.006 73.132 12.660 
CPO = 1921.9 SD (0.221) (6.152) (1.062) 

95% CI (-6.440,-5.573) (61.049,85.214) (10.672,14.843) 

Distance band WAIC = 2938.4 Mean -4.514 31.480 24.663 
CPO = 1822.6 SD (0.051) (1.370) (2.120) 

95% CI (-4.613,-4.415) (28.790,34.172) (20.706,29.031) 

W ◦ D single house and 
Contiguity of order 1 

W ◦ D single house and 
Distance band 

W ◦ D budgetmeters and 
Contiguity of order 1 

WAIC = 2946.9 
CPO = 1813.9 

WAIC = 2940.3 
CPO = 1811.3 

WAIC = 2949.4 
CPO = 1814.6 

Mean 
SD 

95% CI 

Mean 
SD 

95% CI 

Mean 
SD 

95% CI 

-4.349 27.121 26.956 
(0.041) (1.112) (2.355) 

(-4.430,-4.268) (24.938,29.305) (22.567,31.814) 

-4.490 30.970 27.609 
(0.046) (1.246) (2.396) 

(-4.580,-4.400) (28.524,33.418) (23.142,32.550) 

-4.360 27.500 29.005 
(0.040) (1.074) (2.556) 

(-4.438,-4.282) (25.392,29.609) (24.247,34.284) 

W ◦ D budgetmeters and 
Distance band 

WAIC = 2938.7 
CPO = 1813.9 

Mean 
SD 

95% CI 

-4.513 31.657 27.009 
(0.047) (1.293) (2.336) 

(-4.606,-4.420) (29.120,34.196) (22.652,31.823) 

Mobility WAIC = 2972.6 
CPO = 1849.2 

Mean 
SD 

95% CI 

-4.270 25.113 22.010 
(0.045) (1.213) (1.974) 

(-4.357,-4.182) (22.726,27.491) (18.342,26.093) 

When comparing the models’ ft related to the different weights matrices included in 
Table 4, it can be seen that parameter estimates can differ considerably. The estimated 
value for the autoregressive parameter ρ is large and statistically signifcant, according to 
its 95% credible interval, in all models, an indication that there is a clear sign for the ex-
istence of spatial autocorrelation. Interpretation of the value of the estimated parameter 
is diffcult, however. 
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Table 5. Results obtained after ftting the geometric mean spatial conditional normal Poisson 
models to the COVID-19 incidence data in Flanders, for the different weights matrices consid-
ered. 

Weights matrix β̂ ρ̂ τ̂ 

Contiguity of order 1 WAIC = 2945.1 Mean -0.786 0.770 22.488 
CPO = 1920.6 SD (0.122) (0.036) (1.938) 

95% CI (-1.027,-0.546) (0.699,0.840) (18.871,26.479) 

Contiguity of order 3 WAIC = 2942.1 Mean -0.885 0.740 15.724 
CPO = 1918.5 SD (0.162) (0.048) (1.331) 

95% CI (-1.202,-0.567) (0.647,0.834) (13.235,18.459) 

Inverse distance WAIC = 2941 
CPO = 1857.8 

Negative exponential WAIC = 2941.4 
CPO = 1922.7 

Distance band WAIC = 2938.6 
CPO = 1820.9 

Mean 3.753 2.108 19.144 
SD (0.380) (0.112) (1.630) 

95% CI (3.006,4.500) (1.887,2.328) (16.097,22.494) 

Mean 4.919 2.451 12.709 
SD (0.695) (0.205) (1.067) 

95% CI (3.554,6.283) (2.049,2.854) (10.712,14.900) 

Mean 0.241 1.071 25.000 
SD (0.157) (0.046) (2.151) 

95% CI (-0.067,0.550) (0.980,1.161) (20.985,29.432) 

W ◦ D single house and 
Contiguity of order 1 

W ◦ D single house and 
Distance band 

W ◦ D budgetmeters and 
Contiguity of order 1 

WAIC = 2945.3 
CPO = 1905.7 

WAIC = 2940.4 
CPO = 1806.3 

WAIC = 2946.3 
CPO = 1928.9 

Mean 
SD 

95% CI 

Mean 
SD 

95% CI 

Mean 
SD 

95% CI 

-0.811 
(0.121) 

(-1.048,-0.573) 

0.216 
(0.144) 

(-0.066,0.498) 

-0.780 
(0.118) 

(-1.012,-0.549) 

0.762 22.535 
(0.036) (1.943) 

(0.692,0.832) (18.909,26.536) 

1.062 28.129 
(0.042) (2.445) 

(0.979,1.145) (23.571,33.170) 

0.773 23.622 
(0.035) (2.045) 

(0.702,0.839) (19.809,27.838) 

W ◦ D budgetmeters and WAIC = 2938.9 Mean 0.268 1.076 27.501 
Distance band CPO = 1812.3 SD (0.148) (0.043) (2.380) 

95% CI (-0.023,0.558) (0.991,1.162) (23.058,32.402) 

Mobility WAIC = 2960.6 Mean -1.766 0.482 14.842 
CPO = 1915.7 SD (0.115) (0.034) (1.275) 

95% CI (-1.993,-1.541) (0.416,0.548) (12.460,17.466) 

The information criteria values obtained (i.e., WAIC) for the ftting of these mod-
els indicate that the best ft for the models accounting only for contiguity or distance 
amongst municipalities is for the distance band spatial weights (WAIC = 2938.4). With 
regard to the predictive accuracy measure (i.e., CPO), the best ftting model is the one 
using the contiguity of order one criterion (CPO = 1807.4). As for the models taking into 
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account the similarity in socio-economic status, the combination of single house or 
budgetmeters and distance bands are the best ftting models (WAIC = 2940.3 and 
CPO = 1811.3, and WAIC = 2938.7 and CPO = 1813.9, respectively). 

For the model considering the mobility matrix, we can conclude that, according to 
the information and the predictive criteria, this model did not provide a good ft for the 
dataset under study. Unlike the simulation study, where the spatial pattern was explic-
itly constructed based on the mobility matrix and the models accurately identifed this 
structure, in this case, the mobility structure does not seem to be the underlying structure 
driving the spatial pattern of incidence rates in the dataset under study. 

Similar results are observed in Table 5, where the ftting of these models appears 
to be very similar, according to the WAIC and CPO values, to the ones reported in 
Table 4. Here, the models with the smallest values were the ones using the distance 
band weights matrix (WAIC = 2938.6 and CPO = 1820.9) and similarity matrix of the 
distance band and single house or budgetmeters (WAIC = 2940.4 and CPO = 
1806.3, and WAIC = 2938.9 and CPO = 1812.3, respectively). In these weights matrices, 
larger weights are specifed for municipalities that lie within the distance band and have 
similar values of these variables. Therefore, the ftting of these models suggests that this 
structure could be properly explaining the underlying spatial dependence, assuming that 
the variables considered represent the socio-economic or demographic characteristics of 
the population in these municipalities. 

Regarding the spatial autoregressive parameter ρ , here the spatial lag is also signif-
cant for all the ftted models, indicating that the spatial autocorrelation is being properly 
captured. However, we believe it is relevant to mention that, while this fnding provides 
some clear evidence that the autoregressive structure of the model is appropriate for cap-
turing the spatial autocorrelation present in the dataset under study, it does not provide 
any argument in favor of this being the best or the correct model. 

Moreover, the interpretation of parameter ρ can be useful in order to quantify how 
much the spatial structure considered can infuence the resemblance of the incidence 
rate in a municipality to the geometric mean of the incidence rates of its neighbours. 
In the models where the distance band matrix was used, the parameter ρ has posterior 
mean approximately equal to 1, and, thus, in this setting, we fnd that the rate in a 
municipality is close to the geometric mean of the rates in the municipalities within 
the distance band. For the models where the specifed weights matrix was either the 
exponential or the inverse distance, the estimated values of ρ was approximately equal 
to two, suggesting that the rate in a municipality is the square of the geometric mean 
of the rates of its neighbours. For the remaining models, this parameter’s estimated 
value was smaller than one. For example, in the model with the mobility matrix, it was 
ρ̂ = 0.4823, suggesting that, for this connectivity structure, the rate in a municipality is 
approximately the squared root of the geometric mean of the rates of its neighbours. 

Figure 2 includes the maps of the predicted incidence obtained after ftting the geo-
metric mean spatial conditional normal Poisson models using the spatial weights matrix 
following the distance band criterion and the similarity spatial matrix combining the dif-
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(a) Predicted incidence obtained from the model using the spatial matrix fol-
lowing the distance band criterion, ftted to the COVID-19 data in Flanders. 

(b) Predicted incidence obtained from the model using the similarity spatial 
matrix combining the differences in the variable budgetmeters and the dis-
tance bands criterion, ftted to the COVID-19 data in Flanders. 

Figure 2. Predicted incidence obtained from some of the geometric mean spatial conditional 
normal Poisson models considered, ftted to the COVID-19 data in Flanders. 

ferences in the variable budgetmeters and the distance bands criterion, which were 
considered as the best ftting ones. Similar maps obtained for some of the other ftted 
models have been included in Figure S2 in the supplementary material. If we compare 
these maps with the observed incidence map shown in Figure 1, we can see that, in 
general, the predictions are quite accurate, as they are very similar to the observed inci-
dence. In addition, when compared to each other, we note that the predictions obtained 
differ only for a small number of municipalities. In addition, scatterplots of the observed 
versus the predicted rates, obtained from the ftting of these models are included in Fig-
ure S3 in the supplementary material, where it can be seen that the ftted models show 
high accuracy in the prediction of the incidence rates. 
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We can also check the distributional assumptions in the ftted models, which is a 
Poisson distribution, where the overdispersion is accommodated by means of the inclu-
sion of a random effect in the regression for the mean. This can be achieved by using 
the distribution check function from the R package inlatools (Onkelinx, 2019). 
Here, simulations are drawn from the model and the empirical cumulative distribution 
function (eCDF) is computed for the observed response and for the simulated data, so 
that they can be compared. 

Figure 3 includes the plots which illustrate these comparison results for two of the 
ftted models. In each fgure, the black line is the result of dividing the eCDF of the 
observed data by the median of the eCDF’s of the simulated datasets, and the grey bands 
represent the 95% credible intervals of the simulated data. In addition, the dotted hori-
zontal line placed at 100% indicates where the ratio of the eCDF’s is equal to one. If the 
eCDF is inside the credible intervals, which is the case for all of the models ftted here, 
the assumed distribution in the model seems to be a plausible one. Moreover, given that 
the eCDF is quite close to the reference line, these results suggest that the data is well 
modelled with this distribution. 

(a) Geometric mean model where the spatial 
matrix follows the distance band criterion. 

(b) Geometric mean model for the similar-
ity spatial weights matrix combining distance 
band and the variable budgetmeters. 

Figure 3. Distribution check for some of the ftted models. 

Additionally, Figure 4 shows the marginal posterior distribution of the parameters 
estimated from some of the ftted models, where it can be verifed that the normality 
assumption holds. Distribution checks and the posterior marginals for the estimated pa-
rameters in the geometric mean models corresponding to the spatial weights matrix fol-
lowing the contiguity of order one criterion and the mobility matrix have been included 
in Figures S4 and S5 in the supplementary material. 

After examining the results obtained in this section, we could conclude that, on the 
one hand, with the proposed model we present an appealing interpretation of the spa-
tial parameter, given by the geometric mean of the incidence rates. We have shown 
how this interpretation can change for the different ftted models, indicating how much 
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the spatial structure considered explains the spatial autocorrelation by means of the ge-
ometric mean of the rates in the neighbouring municipalities. On the other hand, by 
examining different weights matrices, we can have a better idea of the underlying spatial 
dependence structure of the data. When the similarity matrices based on the distance 
band were used, the information criteria values were similar to the model considering 
the traditional distance band matrix. Therefore, taking into account that they provide 
similar predictions and similar ft, we believe that, for the specifc data set considered, 
this weights matrix could represent a proper choice for modelling the spatial underlying 
structure of the data. 

Finally, we would like to briefy mention that the computation time needed for ftting 
the models in this section is of approximately one second for each one of the ftted 
models. 

(a) Geometric mean model where the spatial matrix follows the distance band 
criterion. 

(b) Geometric mean model for the similarity spatial weights matrix combining 
distance band and the variable budgetmeters. 

Figure 4. Posterior densities from the parameters estimated for some of the ftted models. 

4.3. Comparison to the BYM2 and Leroux spatial models 

In this section, we will ft the BYM2 and Leroux spatial models to the COVID-19 data 
in Flanders. Additional details about these models have been included in Section 8 in the 
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supplementary material. We should stress here that one of our main goals in this work 
is to present the geometric mean proposal as a new extension of the spatial conditional 
Poisson model in Cepeda-Cuervo et al. (2018). In these models, the interpretation of 
the spatial parameters is different from that of the BYM2 or the Leroux models. Fur-
thermore, the spatial conditional and the geometric mean models offer the possibility 
of specifying any weights matrix in a straightforward way, as it is used for computing a 
spatial lag. In our view, this feature makes these models more appealing for investigating 
different spatial structures, which is another one of our goals in this work. In the case of 
the BYM2 or the Leroux models, this is not straightforward due to its limitations, where 
the assumed spatial structure needs to be symmetric, which is not the case, for example, 
for the mobility matrix we have employed before. Although it is known that any matrix 
can be symmetrized, this would include carrying out a previous process, which is not 
required when ftting our proposed models. 

Nevertheless, we believe it can be useful to compare the performance of the pro-
posed methods with that of the BYM2 and Leroux models, often employed in disease 
mapping applications. Therefore, in order to specify the BYM2, we consider the model 
in equation (S3) in the supplementary material, where, in order to specify the penal-
ized complexity priors and following Simpson et al. (2017), for the precision parame-
ter τs we assume that Prob(1/ 

√
τs > 0.2/31) = 0.01 and, for the mixing parameter φs, 

Prob(φs < 0.5) = 2/3. Additionally, for the Leroux model, we consider the formulation 
in equation (S4) in the supplementary material. In this case, the prior for the precision 
parameter τu is a noninformative Gamma distribution (i.e., τu ∼ G(1 × 10−4 ,1 × 10−4)) 
and the prior for the spatial parameter φu is a uniform distribution over the unit interval 
(φu ∼ U(0,1)) (Lee, 2013). For the intercept, we assume a noninformative normal prior 
distribution (i.e., β ∼ N(0,1 × 105)). Note that, in the BYM2 and Leroux models, the 
spatial weights matrix is defned based on contiguity of order one. The results obtained 
after ftting these models to the COVID-19 data in Flanders are included in Table 6 and 
Table 7. 

Table 6. Results obtained after ftting the BYM2 model to the COVID-19 incidence data in 
Flanders. 

β̂ -3.3924 0.004 (-3.400,-3.385) 
τ̂s 12.057 1.131 (9.885,14.318) 
φ̂ s 0.976 0.020 (0.923,0.998) 

WAIC = 2932.9 CPO = 1802.6 

Mean SD 95% CI 

Results reported in the previous section indicate that the smallest WAIC resulted 
for the model using the distance band criterion (WAIC = 2938.6) and the smallest CPO 
was obtained for the geometric mean model using the similarity matrix of the distance 
band and budgetmeter (CPO = 1806.3). As for the BYM2 model, we can see that 
the WAIC and CPO values obtained are slightly lower than those obtained for the pre-
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Table 7. Results obtained after ftting the Leroux spatial model to the COVID-19 incidence data 
in Flanders. 

Mean SD 95% CI 

β̂ -3.189 0.258 (-3.590,-2.544) 
τ̂u 6.907 0.603 (5.777,8.150) 
φ̂  u 0.989 0.017 (0.942,0.999) 

WAIC = 2954.8 CPO = 1958.7 

vious models. In contrast, the Leroux model yielded larger information criteria values 
when compared to both the spatial conditional and BYM2 models, suggesting a weaker 
goodness of ft to the data under study. 

In addition, the value obtained for the mixing parameter in the BYM2 model, φ̂ s = 
0.976, suggests that more than 97% of the variability in the data is being explained by 
the spatially structured effect. Similarly, the estimated spatial parameter in the Leroux 
model, φ̂ u = 0.989, indicates that most of the variability in the data is explained by the 
spatial component, which is consistent with the BYM2 estimate of φs. 

Regarding the predictive accuracy of these models, Figure 5 includes the maps of the 
predicted incidence obtained from their ftting, where we can see that the predictions are 
very accurate when compared to the map of the observed incidence in Figure 1, and also 
very similar to the ones obtained in the previous section for our proposed methods (see 
Figure 2). The scatterplots of the observed versus the predicted incidence rates are also 
included in Figure S3(i) in the supplementary material, showing some issues in some of 
the municipalities. 

The computation time needed to ft the BYM2 model was of approximately ten sec-
onds, while the Leroux model required fve seconds. In contrast, for the spatial condi-
tional and geometric mean models ftted in Section 4.2, the runtime was of about one 
second for each one of the ftted models. Moreover, in the simulation study carried out 
in Section 3, we ftted 250 models for each one of the 12 scenarios. When ftting the Ler-
oux and the BYM2 models to these datasets, the runtime increased by a factor of fve and 
ten, respectively, when compared to the geometric mean model. In other words, ftting 
the Leroux model for the entire simulation study would require more than 4 hours, while 
the BYM2 model would take about 8 hours, compared to the 50 minutes required for 
the geometric mean model. Therefore, in our view, this is an important advantage worth 
mentioning for our proposed models over the BYM2 and the Leroux models, which are 
commonly used in this area of research. 

Despite the fact that the information criteria values favoured the BYM2 model and 
that its predictive accuracy is similar to the one from the geometric mean model, we 
restate our goal here of presenting the geometric mean proposal, which can be viewed 
as an alternative to the Leroux, BYM and BYM2 models, and to investigate the weights 
matrices which best refect the spatial underlying process. 
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(a) Predicted incidence obtained from the BYM2 model, ftted to the COVID-19 data in Flanders. 

Figure 5. Predicted incidence obtained from the BYM2 and Leroux models, ftted to the COVID-
19 data in Flanders. 
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(b) Predicted incidence obtained from the Leroux model, ftted to the COVID-19 data in Flanders. 

Figure 5. Predicted incidence obtained from the BYM2 and Leroux models, ftted to the COVID-
19 data in Flanders (Continued). 

There are situations where the spatial conditional models may offer a better ft than 
the Leroux, BYM and BYM2 models, or viceversa. We believe that the choice of the 
model to ft should depend on the specifc objective of the study. For example, Morales-
Otero and Nú ̃  on (2021) reported that, given by the information criteria values nez-Ant´ 
obtained, the spatial conditional and the BYM and BYM2 models offered a very similar 
ftting to the infant mortality data they studied. In addition, in Morales-Otero, Gómez-
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Rubio and Núñez-Antón (2022), the spatial conditional models were employed in order 
to illustrate a new ftting approach in INLA. 

5. Discussion 

In this work, we have studied the geographical spread of COVID-19 cases in the munici-
palities of Flanders in Belgium during the period going from September 2020 to January 
2021. In order to be able to ft these data, we have considered the Bayesian spatial con-
ditional model proposals (Cepeda-Cuervo et al., 2018), which assume the incidence of 
cases in a municipality is conditional on the incidence of cases in neighbouring munic-
ipalities. These models offer a great fexibility and also the possibility that considering 
different weights matrices can be done in a direct and very simple way. 

We have proposed a geometric mean spatial conditional model, where the logarithm 
of the rates is employed for computing the spatial lag component. This model offers 
an interpretation of the spatial parameter ρ based on the geometric mean, representing 
how the incidence rate in one municipality resembles the geometric mean of the rates in 
its neighbours. For the spatial weights matrix used in these models, we have proposed 
alternative specifcations based on a combination of the similarity of a certain variable 
in the different locations and the distance between these municipalities. In addition, 
we have also considered the connectivity structure given by the mobility of individuals 
among the municipalities under study. 

In order to further assess the performance of the proposed methods when the corre-
lation among the different municipalities under study is given by a connectivity pattern, 
such as, for example, the mobility matrix, we have carried out a simulation study where 
we induce correlation in the response variable based on this structure. In this study, we 
have been able to appropriately verify that the models are able to identify the correct 
spatial structure for most of the cases under study. 

In the application to the COVID-19 data in Flanders, we have compared these pro-
posed models with the ones in Cepeda-Cuervo et al. (2018) fnding that our proposal 
provides a similar ft, but offers a particular and straightforward interpretation within 
the context of the specifc dataset under analysis. We have ftted these models by using 
different defnitions for the weights matrices employed to compute the spatial lag, such 
as the classical ways of accounting for spatial autocorrelation based on contiguity and 
distance, as well as the similarities weights matrices we proposed as alternatives. In ad-
dition, we have also studied the use of the mobility matrix in modelling the COVID-19 
incidence data in Flanders, which is given by the proportion of time individuals from 
one municipality spent in a different one. 

In order to provide a comparison of the proposed models with other commonly used 
models employed in disease mapping applications, we have also ftted the BYM2 and 
Leroux spatial models to the dataset under study. Results indicate that the BYM2 model 
provides a similar ft based on information criteria and demonstrates a comparable pre-
dictive accuracy to that of our proposed model. However, it may be the case that the 
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dataset under study may not be the best example to fully justify the need for the geo-
metric mean spatial conditional model. Moreover, we believe it is important to clarify 
that this study initially began as an investigation into whether the mobility connectivity 
structure could explain the spatial pattern of COVID-19 incidence across municipalities 
in Flanders. Addressing this question required fexible spatial models, such as the spatial 
conditional models proposed by Morales-Otero and Núñez-Antón (2021), which moti-
vated the use of this approach in our analysis. Subsequently, we developed the geometric 
mean spatial conditional model, adjusting the primary focus of this work to introducing 
it as a fexible alternative for capturing spatial dependencies and making it possible to 
specify different spatial structures. 

The BYM2 model is well established in this area of research but, at the same time, 
we also believe that our model provides interpretational advantages, computational sim-
plicity, and the fexibility to easily test for different spatial structures. For example, the 
computation time required to estimate a geometric mean model is ten and fve times 
shorter, respectively, than the one needed for the BYM2 or Leroux models. We consider 
this to be a signifcant advantage of our proposed model, particularly when researchers 
need to perform simulation studies, such as the one presented in Section 3, where a large 
number of models must be effciently ftted. Nonetheless, we recognize that further ap-
plications are necessary to fully evaluate the benefts and limitations of the geometric 
mean model in different contexts, and we intend to continue exploring this model pro-
posal structure in our future research. 

In any case, overall results suggest a strong spatial correlation in the dataset under 
study, which is best explained by the distance band spatial weights matrix. This im-
plies that, for the data under study, the underlying spatial process is well explained and 
modelled by this spatial structure. 

Finally, we believe it it worth mentioning that, in this work, we focus on the analysis 
of the data corresponding to the time period of the COVID-19 second wave in Flanders, 
and we have tried to characterize the overall spatial pattern believed to be present in 
this wave. Our main interest for this specifc application does not include transmission. 
However, for future research we are also interested in performing comparison with the 
spatial pattern of additional COVID-19 waves in the area under study, by being able to 
propose a spatio-temporal approach, which is out of the scope of this paper. We have 
already developed spatio-temporal extensions of the spatial conditional models and spe-
cifc proposals are in the process of being fnalized, so that they are part of a different 
manuscript to be later submitted for possible publication. Moreover, one of our objec-
tives is to be able to apply these proposals to the comparisons of the different waves in 
the dataset we have analysed here. 
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Leave-group-out cross-validation for latent 
gaussian models 
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Abstract 

Evaluating the predictive performance of a statistical model is commonly done using 
cross-validation. Among the various methods, leave-one-out cross-validation (LOOCV) 
is frequently used. Originally designed for exchangeable observations, LOOCV has 
since been extended to other cases such as hierarchical models. However, it focuses 
primarily on short-range prediction and may not fully capture long-range prediction sce-
narios. For structured hierarchical models, particularly those involving multiple random 
effects, the concepts of short- and long-range predictions become less clear, which can 
complicate the interpretation of LOOCV results. In this paper, we propose a comple-
mentary cross-validation framework specifcally tailored for longer-range prediction in 
latent Gaussian models, including those with structured random effects. Our approach 
differs from LOOCV by excluding a carefully constructed set from the training set, which 
better emulates longer-range prediction conditions. Furthermore, we achieve compu-
tational effciency by adjusting the full joint posterior for this modifed cross-validation, 
thus eliminating the need for model reftting. This method is implemented in the R-INLA 
package (www.r-inla.org) and can be adapted to a variety of inferential frameworks. 
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1. Introduction 

1.1. Rationale and Background 

Leave-one-out cross-validation (LOOCV) (Stone, 1974) stands as a popular method to 
evaluate a statistical model’s predictive performance, perform model selections, or esti-
mating some critical parameters in the model. The core concept of LOOCV is elegantly 
straightforward. Suppose we have data, y = {yi}, for i = 1, . . . ,n, presumed to be in-
dependent and identically distributed (I.I.D.) samples from the true distribution πT (y). 
Our objective is to determine how well a ftted model can predict a new observation, ỹ, 
sampled from this true distribution. In the Bayesian context, we use the posterior pre-
dictive distribution π(y|y) to predict ỹ sampled from πT (y) as proposed by Geisser and 
Eddy (1979). Using the logarithmic score (Gneiting and Raftery, 2007), we can compute 
Eỹ[logπ(ỹ|y)] as a metric for prediction ability. 

Owing to the lack of πT (y), directly computing the expectation becomes infeasi-
ble. Nonetheless, since yi is an exchangeable sample from πT (y), we can estimate this 
expectation by evaluating 

n 
uLOOCV = 

1 
∑ logπ(yi|y−i), n i=1 

where yi is the testing point and y−i is the training set, and y−i are all data except the ith 
observation. 

The informal interpretation of LOOCV is that it mimics “using y to predict ỹ” by “us-
ing y−i to predict yi”. This intuitive interpretation is then used to justify, often implicitly, 
the use of LOOCV as a “default” way to evaluate predictive performance. 

However, issues can arise in more complex statistical models where the dependency 
in the model results in the data not being exchangeable (see Vehtari and Ojanen (2012) 
for a complete discussion of cross-validation (CV) for several types of exchangeability); 
we describe these kinds of models as “dependent” cases for the purpose of this paper. An 
intuitive dependent case is a time series. Burman, Chow and Nolan (1994) proposed a 
block CV method for dependent data from a stationary process, acknowledging the need 
for a different approach to CV than LOOCV. McQuarrie and Tsai (1998) propose modi-
fed cross-validation (MCV) where dependent data chunks are removed together with the 
relevant point to account for the dependence in a time series (and other dependent data 
generating models). Bergmeir and Benı́tez (2012) investigated the properties of blocked 
CV and other approaches for robust time series model evaluations (see also Bergmeir, 
Hyndman and Koo (2018) for a study on k-fold CV), while Bürkner, Gabry and Ve-
htari (2020) proposed a leave-future-out CV strategy. Cerqueira, Torgo and Mozetič 
(2020) investigated CV and holdout approaches for time series models and concluded 
that the out-of-sample holdout procedure is more accurate for non-stationary processes 
than LOOCV. 

Besides time series, spatial dependence models come to mind for which Valavi et al. 
(2018) proposed a buffering strategy by leaving out specifc spatial points or areas and 
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spatial and environmental blocking. Spatial blocking forms clusters of data points ac-
cording to spatial effects, and environmental blocking forms clusters using K-means 
(Hartigan and Wong, 1979) on the covariates. Other examples of dependent cases are 
longitudinal data for multiple subjects in a study (Saeb et al., 2017) and hierarchical 
models (see Gelman et al. (1995) and Vehtari and Ojanen (2012, Section 5.1.4). Racine 
(2000) proposed an hv-block CV approach for dependent data while Merkle, Furr and 
Rabe-Hesketh (2019) considers a multilevel model and shows that marginal WAIC is 
akin to LOOCV. Roberts et al. (2017) advocate a block cross-validation, partitioning 
ecological data based on inherent patterns, when the prediction task is not simply short-
range prediction. Rabinowicz and Rosset (2022) offers a modifcation to LOOCV, ensur-
ing an unbiased measure of predictive performance given the correlation between new 
and observed data, where the unbiasedness is in the sense of randomized both observed 
and new data. We should note that an assumed prediction task determines the correlation 
between new and observed data. 

In dependent cases, LOOCV can provide a restricted assessment of the models’ pre-
dictive performance since LOOCV cannot evaluate longer-range prediction. Even in 
terms of short-range prediction, it is not clear what is short- or longer-range in depen-
dent models that are not purely temporal or spatial models where the range has a phys-
ical interpretation. We use the concepts of short-range and longer-range predictions, 
acknowledging that these concepts can have overlapping meanings. 

We thus propose a framework that emulates longer-range prediction scenarios, for 
hierarchical models, by constructing non-random leave-out sets based on model-based 
correlations. This can be viewed as a complementary approach to LOOCV for evaluat-
ing predictive performance, providing additional informative insights of the predictive 
ability for dependent cases. 

1.2. The prediction task 

The critical observation is that the meaning of “prediction” is not clearly defned when 
we are far away from exchangeability, so that y are non-exchangeable samples of πT (y). 
πT (ỹ|y) lacks a unique defnition in dependent cases as without a clear prediction task, 
i.e., how we imagine a new data point, ỹ, is generated given observed data y. This 
ambiguity extends to the act of “using y to predict ỹ” as it is uncertain what our target, 
ỹ, represents. To illustrate these concepts, let us discuss some more concrete examples. 

Time-series model 

Assume data y = {y1,y2, . . . ,yT } is a time-series, observed sequentially at time 1,2, . . . ,T . 
The inherent prediction task is to predict future values, given the temporal nature of the 
data. We can predict a new observation at k ≥ 1 steps into the future by π(yT+k|y1, . . . ,yT ). 

In this example, the LOOCV will be computed from 

π(yt |y1, . . . ,yt−1,yt+1, . . . ,yT ), t = 1, . . . ,T, 
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which is often referred to as interpolation or imputation of missing values, rather than a 
prediction. However, the predictive performance of time series models is often assessed 
through leave-future-out cross-validation (LFOCV) (Bürkner et al., 2020): 

T −k 

∑ logπ(yT ′ +k|y1, . . . ,yT ′ ), 
′T =T0 

′where T starts from time T0 > 1 as we need some data to estimate the model. 
The message from this example is that LOOCV, when applied to such models, is 

essentially evaluating short-range prediction performance rather than longer-range pre-
dictive performance. 

We acknowledge two issues. First, the distinction between short and longer-range 
prediction is not always clear-cut, leading to overlapping concepts. For example, a one-
step-ahead forecast leans more towards short range than a two-step-ahead prediction. In 
contrast, a one-step-ahead forecast leans less towards short-range than a missing value 
imputation. However, this does not deter our discussion. Secondly, while an ideal model 
succeeds in all prediction tasks, real-world scenarios require us to settle for the defnition 
of the “best ft”. Consequently, our choice of evaluation should align with our specifc 
objectives. 

Multilevel model 

Figure 1 illustrates an example of a multilevel model. Consider observations of stu-
dent grades or performance. This data exhibits a hierarchical structure: students belong 
to classes, classes reside within schools, and schools are nested within regions. This 
hierarchical arrangement is signifcant because it introduces correlated random effects 
attributed to the class, school, and region levels, substantially deviating from the ex-
changeable case. 

D
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y4 y5
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Figure 1. A nested multilevel model. 

Given such a model, the prediction task becomes ambiguous. Are we aiming to pre-
dict the performance of an unobserved student from an observed class? Or are we trying 
to predict the performance of an unobserved student in an unobserved class, school, or 
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even region? This diffculty mirrors the challenges in defning asymptotic regimes for 
these models. As students, classes, schools, and regions can grow indefnitely in various 
ways, it is unclear whether one of such choices is the most reasonable. 

To evaluate predictive performance within this context, users must frst explicitly 
defne their prediction task and then evaluate the model according to this defnition. 
It should be noted that applying LOOCV would evaluate the prediction of individual 
students within observed classes. In our view, this mimics more short-range prediction 
rather than longer-range prediction, and another framework is needed to quantify the 
predictive ability for a new student in a new class in a new school in a new region, for 
example. Our proposal provides some insight into this kind of prediction task. 

1.3. LGOCV: Complementing LOOCV for dependent cases 

Our discussions illuminate an important insight: when dealing with models that lead to 
non-exchangeable data, the prediction task implicitly defned through LOOCV may be 
less appropriate, as it leans more towards assessing imputing qualities and short range 
predictions than predictive performance for longer range as is usually implied by “out-
of-sample” prediction. This prompts the question: What is a suitable approach moving 
forward? 

One observation is the absence of a “one size fts all” solution. Each model may 
possess a natural prediction task-or several-based on its intended application. Thus, 
for a specifc assessment of predictive performance, we need to defne these prediction 
tasks explicitly. One can then evaluate distinct predictive performance metrics using our 
proposed leave-group-out cross-validation (LGOCV): 

n 
uLGOCV = 

1 
∑ log(π(yi|y−Ii 

)). (1)
n i=1 

Here, the group (denoted by Ii) is an index set including i. This confguration facili-
tates that the pair (yi, y−Ii 

) mimics a specifed prediction task, with y−Ii 
being the data 

subset excluding the data indexed by Ii. In a multilevel model, as depicted in Figure 1, 
predicting a student’s grade from an unseen class necessitates that Ii includes i and all 
observations from student i’s class. However, more complex models, such as models 
containing both time series and hierarchical elements, pose challenges when defning a 
natural prediction task. Therefore, even in complex cases, LOOCV is often applied for 
its simplicity-even if it leans more towards imputation or short-range prediction. 

Developing a framework that evaluates a model’s longer-range prediction like the 
proposed LGOCV, necessitates the construction of the leave-out group Ii for each dat-
apoint yi. Our approach constructs a model-based group, Ii, for each i by using the 
prior or posterior correlation among the set of linear predictors. Though we will delve 
into the construction of Ii in Section 3, an initial understanding is that Ii comprises the 
data points that correspond to the linear predictors that are most informative for pre-
dicting the testing linear predictor, and thus the testing point, yi. This set ensures that 
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our LGOCV focuses less on short-range prediction (interpolation) and more on longer-
range prediction than LOOCV. In other words, LGOCV tests the model on more diffcult 
prediction tasks since the most infuential points are removed together with the testing 
point, instead of some arbitrary (possibly uncorrelated) point(s). The user needs to only 
provide a number that indicates the “degree of the independence” between the predic-
tion point and the rest of the data”, and we compute these groups for each datapoint in an 
automated way. In various practical examples, we will show how this model-based pro-
cedure produces reasonable groups. Advanced spatial examples applying the proposed 
method are presented by Adin et al. (2024). For a simple time-series example, our new 
approach will correspond to evaluating π(yt |y1, . . . ,yt−k,yt+k, . . . ,yT ), for fxed k > 1. 
This corresponds to removing a sequence of data with length 2k − 1, to predict the cen-
tral one. As we see, this task mimics a longer-range prediction task. Our interpretation 
is that LGOCV quantifes the model’s ability to predict longer-range more appropriately 
than LOOCV, when k > 1, and is similar to the cross-validation procedure proposed by 
Burman et al. (1994) for stationary processes. 

There are two key challenges to address to make our proposal practical. Firstly, 
we must quantify the information contributed by one data point in predicting another; 
this is crucial for the group construction. Secondly, we face the computational task of 
evaluating uLGOCV given a set of groups. The naive computation of LGOCV by ftting 
models across all potential training sets and evaluating their utility against correspond-
ing testing points is computationally infeasible, especially given the resource-demanding 
nature of modern statistical models. However, these challenges can be handled elegantly 
within the framework of latent Gaussian models (LGMs) combined with the integrated 
nested Laplace approximation (INLA) inference, as detailed in Rue et al. (2009, 2017); 
Van Niekerk and Rue (2024); Van Niekerk et al. (2023). Throughout this paper, we 
will assume that our model is an LGM. We will discuss how to integrate the automatic 
group construction and the fast computation of uLGOCV using the INLA framework. 
Notably, our proposed methodology has been incorporated into the R-INLA package 
(www.rinla.org), extending its applicability across all LGMs supported by R-INLA. 

1.4. Theoretical aspects 

Cross-validation (CV), particularly LOOCV, is frequently considered as an estimator of 
Eỹ[logπ(ỹ|y)] or Eỹ,y[logπ(ỹ|y)]. The frst expectation describes the generalized predic-
tive performance given a specifc training set, while the second expectation describes the 
generalized predictive performance averaged over different identically distributed train-
ing sets. These expectations can be evaluated when assuming the existence of the joint 
density πT (ỹ, y), representing the true data generation process. Under the assumption of 
exchangeability and some regularity conditions on the model, the Bernstein-Von-Mises 
theorem states that logπ(ỹ|y) converges to a random variable irrelevant to y. Conse-
quently, Eỹ[logπ(ỹ|y)] and Eỹ,y[logπ(ỹ|y)] become equivalent in the limit. If we further 
assume that ỹ is sampled from the same distribution as all the training data, LOOCV 
is an asymptotically unbiased estimator of the expectations. Commonly used informa-

www.rinla.org
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tion criteria, such as AIC (Akaike, 1973), WAIC (Watanabe, 2010), are asymptotically 
equivalent to LOOCV in fully exchangeable cases. This type of analysis is prevalent in 
the literature with various settings (Stone, 1974, 1977; Yang, 2007; Shao, 1993). 

However, a similar analysis does not hold for dependent cases in general. Firstly, 
the existence of different prediction tasks means that both the model prediction, π(ỹ|y), 
and the true data generation process, πT (ỹ|y), are not uniquely defned as discussed 
in Section 1.2. Secondly, the asymptotic scheme is not uniquely defned, even with a 
specifc prediction task. For example, in a temporal model where data y = {y1,y2, . . . ,yn} 
is a time-series, observed at time t1 < t2 < · · · < tn and we denote the last time step as T . 
Several meanings of of n → ∞ can be considered: 

• T → ∞ and ti − ti−1 is a constant 

• ti − ti−1 → 0 and T is a constant 

• ti − ti−1 → 0 and T → ∞ with T (ti − ti−1) fxed 

These scenarios correspond to observing more future data and having higher sample 
rates within a time frame. As mentioned in Section 1.2, multilevel data can also have 
various asymptotic regimes. Thirdly, if the data generation process is not stationary, 
the model will not converge under certain asymptotic regimes, which differentiate Eỹ 
[logπ(ỹ|y)] from Eỹ,y[logπ(ỹ|y)] even in asymptotic scenarios. These points highlight 
that the estimand of CV is not uniquely defned in dependent cases, preventing the es-
tablishment of an asymptotic analysis framework. 

From the perspective of CV, it is also inappropriate to consider it an estimator since 
each summand in CV should be viewed as a sample from different distributions due to 
the relevance of data indexes in dependent cases. For example, if we compute LOOCV in 
a time series. Each yt is sampled from a different conditional distribution πT (yt |y−t) and 

1 
∑

Tthus the average t=1 logπ(yt |y−t ) cannot be considered as an estimator in general.n 
Therefore, it is more reasonable to view CV as a predictive measurement rather than 
an estimator of an expectation. This perspective allows us to interpret the proposed 
LGOCV as the averaged predictive performance for similar prediction tasks, created 
systematically by the model. 

While the proposal of Merkle et al. (2019) for multilevel model demonstrates that 
marginal WAIC is akin to LOOCV, we note that conditional WAIC aligns with LGOCV, 
where a hierarchical level, such as a school, defnes the groups. The h-block CV of 
Burman et al. (1994) is a special case of LGOCV for a stationery model. LFOCV pro-
posed by Bürkner et al. (2020) is similar to LGOCV as shown in Section 5. The spatial 
buffering proposed by (Valavi et al., 2018) ensures that no test data is spatially next to 
any training data, and is a special case of LGOCV for model with only spatial effects. 
LGOCV this provides a framework where no training data is placed next to the test data 
in terms of the entire model, and not just specifc components thereof. 
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1.5. Plan of paper 

We propose the model-based LGOCV to evaluate longer-range prediction performance 
for latent Gaussian models, as a special case of a hierarchical model. Complementing 
this, we introduce a computational method to approximate uLGOCV without model reft-
ting, which is crucial for practical implementation of our proposal. Our computational 
technique also facilitates the calculation of uLGOCV with user-specifed groups. 

Section 2 introduces LGMs and explains how they can be effciently inferred us-
ing INLA. In Section 3, we discuss the model-based group construction method for 
LGMs. This method can be implemented in two ways: by using the prior correlation 
matrix or the posterior correlation matrix of the latent linear predictors. In Section 4, 
we demonstrate how to approximate the LGOCV predictive density. Finally, in Section 
5, we compare the approximated LGOCV with the exact LGOCV computed by Markov 
chain Monte Carlo (MCMC) and present some applications. We conclude with a general 
discussion in Section 6. 

2. Latent Gaussian models 

This section briefy introduces LGMs, as detailed in Rue et al. (2009, 2017); Van Niekerk 
and Rue (2024); Van Niekerk et al. (2023), since the model-based group construction and 
fast approximations rely on them. The LGMs can be formulated by 

yi|ηi, θ ∼ π(yi|ηi, θ), 
(2)

η = A f , f |θ ∼ N(0, P f (θ )), θ ∼ π(θ). 

In LGMs, each yi is independent conditioned on its corresponding linear predictor ηi, 
and hyperparameters θ ; η is a linear combination of f , which is assigned with a Gaus-
sian prior with zero mean and a precision matrix parameterized by θ ; A is the design 
matrix mapping f to η ; π(θ) is a prior density of hyperparameters. It is worth mention-
ing that the prior precision matrix P f (θ) is very sparse, which is leveraged to speed up 
the inference. 

The model is quite general because f can combine many modeling components, 
including linear model, spatial components, temporal components, spline components, 
etc (Wang, Yue and Faraway, 2018; Krainski et al., 2018; Gómez-Rubio, 2020). It is 
also common with linear constraints on the latent effects f (Rue and Held, 2005). 

We can approximate π( f |θ , y) and π(θ |y) at some confgurations, θ 1 . . . θ k. The 
confgurations are located around the mode of π(θ |y), denoted by θ

∗ , for numerical 
integration. Approximations of π(η |θ , y) are computed using the linear relation, η = 
A f . The Gaussian approximation of π( f |θ , y) plays an essential role, which is outlined 
as follows. 

We have π( f |θ , y) for a given θ , � �n 
π( f |θ , y) ∝ exp − 

1 
f TP f (θ) f + ∑ log(π(yi|ηi, θ )) , (3)

2 i=1 
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whose mode is µ f (θ , y). The Gaussian approximation of π( f |θ , y) is � � 

πG( f |θ , y) ∝ exp − 
1 

f T(P f (θ )+ ATC(θ , y)A) f + ATb(θ , y) f . (4)
2 

i ) − g ′′In (4), bi(θ , y) = g ′ i(η
∗ 

i (ηi 
∗)ηi 

∗ , and C(θ , y) is a diagonal matrix with Cii(θ , y) = 
−g ′′ i (ηi 

∗), where gi(ηi) = log(π(yi|ηi, θ )) and η∗ = Ai µ f (θ , y) with Ai being ith row ofi 
A. The Gaussian approximation is denoted by, 

f |y, θ ≈ N(µ f (θ , y), Q f (θ , y)), (5) 

where µ f (θ , y) = Q f (θ , y)−1ATb(θ , y) and Q f (θ , y) = P f (θ )+ ATC(θ , y)A are the ap-
proximated posterior mean and precision matrix of f given θ . 

3. Model-based Group Construction 

The primary feature of our proposed group construction is that it requires a choice of 
correlation matrix (prior or posterior) for the linear predictors, and a single mandatory 
parameter to adjust the diffculty of the prediction task. This parameter is termed “the 
number of level sets”. It can be interpreted as the strength of the non-dependence be-
tween the group to leave out and the rest of the data. A higher value would thus ensure 
that the leave-out group is more independent from the rest of the data, than a lower value. 
A higher indpeendnece between the leave-out data and the rest of the data simluates a 
more diffcult prediction task for the model. Based on this value and the correlation ma-
trix choice, all other processes are automated. In a multivariate Gaussian distribution, 
we can quantify the information provided by a data point to predict another data point 
by the variance reduction of the conditional distribution, and the variance reduction is 
a function of their correlation coeffcient. To elaborate, if X and Y are both Gaussian 
random variables, the variance reduction resulting from knowing X when predicting Y 
equates to σY 

2ρ2, where σY 
2 is the marginal variance of Y and ρ is the correlation between 

X and Y . 
In LGMs, the linear predictors, η , represent the underlining data generation process 

of data in (2). The linear predictors are designed to have a Gaussian prior and approx-
imated to be Gaussian in posterior given θ therefore, we can use the absolute value of 
the correlation matrix of η to represent the information provided by one data point to 
predict another data point. We evaluate those correlation matrices at the mode of π(θ |y), 
denoted by θ ∗ . Then, we have correlation matrices of η derived from the prior preci-
sion matrix, P f (θ

∗ ), and the posterior precision matrix, Q f (θ
∗ , y). We call the former 

one prior correlation matrix, denoted by Rprior, and the latter one posterior correlation 
matrix, denoted by Rpost. Note that the correlation matrices are not fully evaluated and 
stored to avoid computational burden as they are dense and large; thus, care has to be 
applied to the implementation to make it feasible. The group would vary with θ . We use 
θ ∗ because it has the highest weight in the posterior. This preference arises because we 
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frequently employ non-informative priors for hyperparameters. This approach ensures 
that our focus remains on evidence from the data rather than on arbitrary assumptions 
about hyperparameters. 

Manually constructed groups are often based on prior knowledge and some struc-
tured effects, represented by f . To imitate this process, we can compute the correlation 
matrix from a submatrix of P f (θ). The correlation matrix, Rprior, derived from the sub-
matrix of the prior precision matrix, is a correlation matrix conditioning on those unse-
lected effects. The groups constructed using Rprior are viewed to be solely user-defned 
in the way that it only depends on the priors and not on the data. In some situations 
this could be motivated, but in general we recommend using Rpost to construct groups 
because the data will be informative to determine the importance of each effect. 

When using a correlation matrix R, it is natural to select a fxed number of η j most 
correlated to ηi and include their index in the group Ii. However, this approach can be 
problematic as some linear predictors may have identical absolute correlations to ηi, e.g., 
in a model with only intercept, all the linear predictors are correlated to each other with 
correlation 1. Instead, we include all indices of η j’s with identical absolute correlations 
to ηi in Ii if one of them is included. We defne a level set as all η j’s with the same 
absolute correlation to ηi and determine the group size based on the number of level 
sets, denoted as m. Setting a higher m results in a less dependent training set and testing 
point. We recommend using a small number of level sets, such as m = 3, as a high value 
of m can result in a large leave-out group size. 

The automated group construction process thus involves selecting the number of 
level sets, m, and the correlation matrix to use, Rprior or Rpost. For each i, we can associate 
m level sets with the m largest absolute correlations to ηi, and the union of those level 
sets forms Ii. As an illustration, we outline the automated group construction procedure 
in Algorithm 1. 

4. Approximation of LGOCV predictive density 

In this section, we will explore the process of approximating π(yi|y−Ii 
). The results are 

straightforward but tedious in implementation; thus, it is crucial to exercise caution to 
ensure that all potential numerical instabilities are accounted for. Through empirical 
testing, this new method has shown to be both more accurate and stable compared to the 
approach outlined in Rue et al. (2009), when Ii = i. 

We start by writing π(yi|y−Ii 
) as nested integrals, Z 

π(yi|y−Ii 
) = π(yi|θ , y−Ii 

)π(θ |y−Ii 
)dθ 

θ Z 
(6) 

π(yi|θ , y−Ii 
) = π(yi|ηi, θ)π(ηi|θ , y−Ii 

)dηi. (7) 

The integral (6) is computed by the numerical integration (Rue et al., 2009), and the 
integral (7) is computed by Gauss-Hermite quadratures (Liu and Pierce, 1994) as the 
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conditional posterior density π(ηi|θ , y−Ii 
) will be approximated by a Gaussian distribu-

tion. The key to the accuracy of (7) is that the likelihood, π(yi|ηi, θ), is known such that 
small approximation errors of π(ηi|θ , y−Ii 

) diminish due to the integration. The accu-
racy of (6) relies on the accuracy of (7) and the assumption that the removal of yIi 

does 
not have a dramatic impact on the posterior. 

Algorithm 1: Find groups for all data points 

1 Input: A correlation matrix choice R (posterior correlation is the default), 
Number of level sets m; 

2 Output: A list containing the groups for all data points; 
3 Calculate R from the model; 
4 N ← number of rows in R; 
5 groups ← initialize N empty lists; 
6 for i = 1 to N do 
7 r ← absolute values of the i-th row of R; 
8 ordered indices ← indices of r sorted by value in decreasing order; 
9 current absolute correlation ← 1; 

10 k ← 1 ; 
11 for j = 1 to m do 
12 while current absolute correlation == r[ordered indices[k]] do 
13 groups[i].append(ordered indices[k]); 
14 k ← k + 1; 
15 end 
16 current absolute correlation ← r[ordered indices[k]]; 
17 end 
18 end 
19 return groups; 

The computation of the nested integrals reduces to the computation of π(ηi|θ , y−Ii 
) 

and π(θ |y−Ii 
). We will approximate π(ηi|θ , y−Ii 

) by a Gaussian distribution, denoted 
by πG(ηi|θ , y−Ii 

), and π(θ |y−Ii 
) by correcting the approximation of π(θ |y) in Rue et al. 

(2009). We further improve the mean of πG(ηi|θ , y−Ii 
) using variational Bayes (Van 

Niekerk and Rue, 2024) in the implementation. In this section, we focus on the explana-
tion of computing πG(ηi|θ , y−Ii 

) and an approximation of π(θ |y−Ii 
). 

Computing πG(ηi|θ , y−Ii ) 

The mean and variance of πG(ηi|θ , y−Ii 
) can be obtained by 

µηi (θ , y−Ii 
) = Ai µ f (θ , y−Ii 

), 
(8)

σ
2 ) = AiQ−1 )AT 
ηi 
(θ , y−Ii f (θ , y−Ii i. 

The computation of πG( f |θ , y−Ii 
) requires the mode of π( f |θ , y−Ii 

) for each i at each 
confguration of θ , which is computationally expensive. With the mode at full data, we 
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use an approximation to avoid the optimization step, 

Q f (θ , y−Ii 
) ≈ Q̃ 

f (θ , y−Ii 
) = Q f (θ , y) − AT CIi (θ , y)AIi , (9)Ii 

µ f (θ , y−Ii 
) ≈ µ̃ f (θ , y−Ii 

) = Q̃ 
f (θ , y−Ii 

)−1(ATb(θ , y) − AT bIi (θ , y)), (10)Ii 

where AIi is a submatrix of A formed by rows of A, bIi (θ , y) is a subvector of b(θ , y), 
and CIi (θ , y) is a principal submatrix of C(θ , y). When the posterior is Gaussian, the 
approximation is exact as (9) and (10) defne the precision matrix and the mean of the 
posterior. It seems easy to obtain the moments using (8), but the decomposition of 
Q̃ 

f (θ , y−Ii 
) is too expensive. To avoid the decomposition of Q̃ 

f (θ , y−Ii 
), we use the lin-

ear relation η Ii 
= AIi f to map all the computation on f to η Ii 

. We compute Ση Ii 
(θ , y−Ii 

) 
and µ η Ii 

(θ , y−Ii 
) through Ση Ii 

(θ , y) and µ η Ii 
(θ , y) as shown in the Appendix A using 

a low rank representation, where Ση Ii 
(θ , y) is the posterior covariance matrix of η Ii 

and Ση Ii 
(θ , y−Ii 

) is the covariance matrix of η Ii 
with yIi 

left out. The computation of 
Ση Ii 

(θ , y) is non-trivial, especially when linear constraints are applied, which is demon-
strated in Appendix B. 

The approximation is more accurate when π(ηi|θ , y−Ii 
) is close to Gaussian. The 

Gaussianity of ηi|θ , y−Ii 
comes from three sources. Firstly, π(ηi|θ , y−Ii 

) is nearly Gaus-
sian, when ηi is connected to large amount of data (Rue et al., 2009). Secondly, π(ηi|θ , y−Ii 

) 
is dominated by the Gaussian prior, which happens when ηi is connected to very few 
data. Thirdly, the log-likelihood can be close to the log-likelihood of a Gaussian dis-
tribution, resulting in the Gaussianity of π(ηi|θ , y−Ii 

) due to the conjugacy. Thus, 
π(ηi|θ , y−Ii 

) is rarely far away from a Gaussian distribution. 

Approximating π(θ |y−Ii ) 

π(θ |y)To approximate π(θ |y−Ii 
), we use the relation,π(θ |y−Ii 

) ∝ ) , where we can
π(yIi 

|θ ,y−Ii 

approximate π(θ |y) at confgurations as in Rue et al. (2009). We need to computeR
π(yIi 

|θ , y−Ii 
) ≈ π(yIi 

|η Ii 
, θ )πG(η Ii 

|θ , y−Ii 
)dη Ii 

. A Laplace approximation can be ap-
plied to this integral, 

π(yIi 
|η I 
∗ 
i 
, θ)πG(η I 

∗ 
i 
|θ , y−Ii 

)
πLA(yIi 

|θ , y−Ii 
) = , (11)

πG(η∗ |θ , y)Ii 

where η∗ is the mode of πG(η
∗ |θ , y). Note that the correction of the hyperparameterIi Ii 

reuses πG(η Ii 
|θ , y−Ii 

) and πG(η Ii 
|θ , y). 

5. Simulations and Applications 

This section showcases two simulated examples and two real data applications. The code 
is available at https://github.com/zhedongliu/LGOCV. 

https://github.com/zhedongliu/LGOCV
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We start with a simulation that tests the approximation accuracy in a multilevel model 
with various response types. Following this, a time series forecasting simulation is pre-
sented. This allows LGOCV results with automatically constructed groups to be com-
pared to the LFOCV. We then delve into disease mapping, contrasting group construc-
tions derived from various strategies. Finally, we apply our methodology to intricate 
models using a large dataset, as documented by Lowe et al. (2021). For the construction 
of the leave-out group for LGOCV, we used Algorithm 1 in Section 3. The procedures 
detailed in Sections 3 and 4 have been integrated into R-INLA, ensuring that all compu-
tational tasks in this section are executed through R-INLA. 

Simulated Multilevel Model with Various Responses 

This example is a simulation that demonstrates the accuracy of the approximation de-
scribed in Section 4. The main purpose is to compare π(yi|y−Ii 

) computed using an 
approximation in Section 4 and the same quantity computed using MCMC. Further-
more, we use automatic group construction with the number of level sets equal to 1, 
corresponding to predicting a data point from a new class. 

We simulate data according to the following process. Initially, we simulate 10 class 
means, denoted as s, from a standard normal distribution. Next, we compute 100 linear 
predictors, ηi = µ + s j(i), where µ = log(10) and j(i) is a function mapping data index 
i to the group index j. For this function, we set j(i) = ⌈10 

i ⌉, where the ceiling function, 
⌈x⌉, rounds a number up to the nearest integer. We generate responses according to the 
linear predictor and one of three response types; Gaussian, binomial and exponential. 
The mean of the Gaussian response is ηi, and the standard deviation is 0.1. We generate 

1binomial responses with a success probability of −η j for 20 trials. The exponential
1+e

η jresponses are generated with a mean of e . 
We consider the model, 

log(τs) ∼ N(0,10−4), µ ∼ N(0,10−4), s j|τs ∼ N(0,τs), (12)
ηi = µ + s j, yi|ηi ∼ response model(ηi), 

where the second parameter of the Gaussian distribution is the precision, and the likeli-
hood is specifed according to the data generation process with the given response model. 

As a reference, we let the MCMC runs for 108 iterations, which makes the Monte 
Carlo errors negligible. The large size of MCMC samples is required because the pre-
dictive distributions are infuenced by the tails of π(ηi|θ , y−Ii 

). In Figure 2, (a), (c), and 
(d) show the data against its group index, which presents a clear group structure; (b), 
(d), and (e) show the comparison of π(yi|y−Ii 

) obtained from the approximations and 
MCMC. We use Rstan (Stan Development Team, 2022) for the MCMC. 
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Figure 2. Comparison of π(yi|y−Ii ) from approximations and MCMC. First column: y-axis 
shows response value, x-axis shows group index. Second column: y-axis shows LGOCV from 
proposed approximation, x-axis shows LGOCV from MCMC. 
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This example shows that the approximations are highly accurate. When the response 
is Gaussian, the approximation almost equals the MCMC results, where the main dif-
ference is due to MCMC sampling errors, as our approach is exact up to numerical 
integration in this case. Also, under both non-Gaussian cases, the results are close to the 
long-run MCMC results. 

Time Series Forecasting 

In this example, we will demonstrate how the automatic LGOCV method can measure 
the forecasting performance of a time series model, while LOOCV is not effective in 
doing so. 

We will frst simulate 2000 data points using the following procedure: We will simu-
late an AR(1) time series by using ui = 0.9ui−1 + εui , where εui follows a standard Gaus-
sian distribution. Next, we will compute linear predictors by calculating ηi = µ + ui, 
with µ set to 2. Finally, the Gaussian responses have mean ηi, and a standard deviation 
of 0.1. 

We ft a time series model on the simulated data: 

µ ∼ N(0,10−4), u ∼ N(0, Qu), 

ηi = µ + ui, yi|ηi ∼ N(ηi,100), 

where Qu is determined by an AR(1) model with the true parameters. 
The prediction task is k steps forward forecasting for k = {1,2, . . . ,10} using the true 

model. The natural cross-validation for these prediction tasks is LFOCV. To replicate the 
LFOCV, the group in LGOCV for testing point yi and k steps forward prediction includes 
y(i−k+1):n. We can compute LFOCV for every k, denoted by LFOCV(k). To make the 
training set similar to the data set, the last 500 data points will be used as testing points, 
which means i = {1501, . . .2000} in (1), and the quantity is averaged over 500 data 
points. We can also compute LGOCV using automatically constructed groups with the 
number of level sets, m = {1,2, . . . ,10}, denoted by LGOCV(m). In this setting, the 
automatically constructed group for a testing point yi with a number of level sets equal 
to m includes ymax(1,i−m+1):min(n,i+m−1). Also, LGOCV(1) is equivalent to LOOCV in 
this model. 

To compare LGOCV and LFOCV, we will ft a natural spline to have LFOCV(t) 
for t as a real number (see Figure 3 (a)) and map the number of level sets in LGOCV 
to the steps ahead in LFOCV (see Figure 3 (b)). We can see that LOOCV measures 
approximately 0.4 steps forward forecasting when the simplest prediction task is one 
step forward forecasting. LGOCV(2) represents roughly a one-step forward forecasting 
performance of the model. As the number of level sets increases in LGOCV, it represents 
more steps forward forecasting performance. Note that the specifc translation between 
the automatic LGOCV and LFOCV is only valid in this model and may not be applicable 
in other models. 
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(b) Correspondence between LGOCV and LFOCV

Figure 3. Comparison of Automatic LGOCV and LFOCV. LOOCV measures approximately 
0.4 steps forward forecasting. LGOCV(2) roughly represents a one-step forward forecasting 
performance. 

Disease Mapping 

In this example, we will present groups constructed by different automatic group con-
struction strategies. We will see the differences between those groups and get an idea to 
choose a proper group construction strategy. 

We applied a disease mapping model to data detailing cancer incidence by location 
(Besag, York and Mollie,´ 1991; Wakefeld, Best and Waller, 2000; Held et al., 2005). 
This dataset captures oral cavity cancer cases in Germany from 1986-1990 (Held et al., 
2005). The response yi indicates the cases in area i over fve years. The case count 
in each region is infuenced by its population and age distribution. The expected case 
count Ei in the region i is derived from its age distribution and population, ensuring 
∑i yi = ∑i Ei. Additionally, the covariate xi represents tobacco consumption in area i. 

We ft the following model on the data set: 

yi|ηi ∼ Poisson(Ei exp(ηi)) 
(13)

ηi = µ + frw(xi)+ ui + vi, 

where µ is an intercept, u is a spatially structured component, v is an unstructured com-
ponent (Krainski et al., 2018), and f rw is an intrinsic second-order random-walk model 
of the covariate xi (Rue and Held, 2005). 

In Figure 4, we illustrate groups formed through various automatic group construc-
tion strategies. The testing point is located in the black region, while the data in the 
group are located in grey areas. As seen in Figure 4 (a) and (b), Groups from Rprior 
focus solely on spatial effects. Groups from Rpost exhibit mostly strong spatial patterns, 
such as Figure 4 (c). Yet, some points, like in Figure 4 (d), indicate non-spatial patterns. 
This arises as all model components, including fxed and random effects, priors, and the 
response variable, are considered. 
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The spatial patterns in posterior groups may justify incorporating spatial effects into 
the model, given that data retains this pattern in correlation. In practice, groups from 
Rpost offer a more balanced representation. However, Rprior with selective effects resem-
ble those from manually defned groups. 

(a) Groups constructed by prior (spatial only) at location id:50

 

 

(b) Groups constructed by prior (spatial only) at location id:500

 

 

(c) Groups constructed by posterior at location id:50

 

 

(d) Groups constructed by posterior at location id:500

 

 

Figure 4. Groups by different automatic construction strategies. The testing point is located in 
the black region, and the data in the group are located in the grey regions. In (d), the group 
constructed by posteriors contains some non-spatial patterns. 

Dengue Risk in Brazil 

In this real-world example, we will demonstrate the scalability and adaptability of the 
automatic LGOCV method in a complex model structure and a large sample size. The 
automatically constructed model-based groups are consistent with the domain knowl-
edge that dengue disease is prevalent in summer. 
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We will repeat the variable selection process as shown in Lowe et al. (2021) using the 
automatic LGOCV. The model chosen by LGOCV is considered to have better predictive 
power for longer-range predictions, than those selected based on other criteria because 
the most informative data points for predicting the target are excluded from the training 
set. 

The models study the infuence of extreme hydrometeorological hazards on dengue 
risk, factoring in Brazil’s urbanization levels. Our dataset, with 127,224 samples repre-
senting 12,895,293 dengue cases, covers Brazil’s 558 microregions from January 2001 
to December 2019. Given the dataset’s magnitude and the model’s intricacy, LGOCV or 
LOOCV calculations require the approximation method detailed in Section 4. 

Data points include month, year, microregion, and state. The candidate covariates 
encompass the monthly average of daily minimum (Tmin) and maximum temperatures 
(Tmax), the palmer drought severity index (PDSI), the urbanization levels: overall (u), 
centered at high (u1), intermediate (u2), and more rural levels (u3) and the access to 
water supply: overall (w) and centered at high-frequency shortages (w1), intermediate 
(w2), and low-frequency shortages (w3). To preprocess these covariates’ specifcs, refer 
to Lowe (2021). 

The data generating model is chosen to be negative binomial, to account for overdis-
persion. The latent feld consists of a temporal component describing a state-specifc 
seasonality using a cyclic frst difference prior distribution and a spatial component de-
scribing year-specifc spatially unstructured and structured random effects using a mod-
ifed Besag-York-Mollie (BYM2) model with a scaled spatial component (Riebler et al., 
2016). The temporal component has replications for each state, and the spatial compo-
nent has replications for each year. We can express the base model using the INLA-style 
formula, 

y ∼ 1 + covariates + f(month, model = "rw1", replicate = state, cyclic = TRUE) 

+f(microregion, model = "bym2", replicate = year). 

In short, we write this model as y ∼ 1 + covariates + ft + fs. The number of parameters 
in this model is 21,567 with 127,224 observations for the full model. The appendix of 
Lowe et al. (2021) and its repository Lowe (2021) provide full details about the models 
and data. 

The model accounts for temporal effects with spatial replicates and spatial effects 
with temporal replicates, complicated by various constraints. Given its intricacy and 
the lack of a clear prediction task, crafting groups for LGOCV manually is challeng-
ing. Hence, utilizing our automatic group construction through posterior correlation is 
benefcial. For model comparisons, using the same groups across different models is 
recommended. The base model, which only incorporates structured components, is cho-
sen for group building. Most automatic groups cluster data from the same year, location, 
and nearby months to the testing points. Figure 5 displays the relative month frequencies 
in the group, given the testing points correspond to a specifc month. The chart suggests 
the frst half-year data better informs predictions. Even in July and November testing 
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points, the group frequently includes that data, aligning with the known prevalence of 
dengue during summer. See Figure 5 (c) and (d) for details. 

The results of model selection using deviance information criterion (DIC), LOOCV, 
and LGOCV (m = 2,3,4) are presented in Table 1. The candidate models are those 
referenced in Lowe (2021). To transform equation 1 into a loss function, we calculated 
its negative value. 

From Table 1 we note that LOOCV prefers the spatio-temporal model that incorpo-
rates access to water while the spatio-temporal model with urbanization as a covariate, 
is preferred by LGOCV. This result is interesting since we can conclude that the same 
model might not necessarily perform well for short- and longer-range prediction. The 
practitioner thus needs to decide what the goal of the modeling is, and then choose the 
model to be used accordingly. If we want to predict dengue risk for a new unobserved 
area or time point, it seems that urbanization has a better prediction ability than access to 
water. Note also that as we increase the number of level sets, we are defning a prediction 
target with an increased range, thus moving further away from LOOCV. 

Table 1. Comparative evaluation of models for predicting variable y based on various environ-
mental factors. This table presents the model selection results, including each model’s Deviance 
Information Criterion (DIC), LOOCV, and LGOCV scores. 
Note: We offset DIC by 826841.66, LOOCV by 3.2721, LGOCV (m = 2) by 3.314, LGOCV 
(m = 3) by 3.3763 and LGOCV (m = 4) by 3.4372. 

Index Model DIC LOOCV LGOCV 

(m = 2) (m = 3) (m = 4) 

1 y ∼ 1 + ft + fs 3615.38 0.0151 0.0158 0.0206 0.0270 

2 y ∼ 1 + Tmin + ft + fs 1562.96 0.0064 0.0067 0.0088 0.0098 

3 y ∼ 1 + Tmax + ft + fs 2228.73 0.0091 0.0098 0.0133 0.0163 

4 y ∼ 1 + PDSI + ft + fs 2167.12 0.0092 0.0095 0.0126 0.0184 

5 y ∼ 1 + PDSI + Tmin + ft + fs 160.43 0.0006 0.0006 0.0012 0.0023 

6 y ∼ 1 + PDSI + Tmax + ft + fs 900.65 0.0038 0.0038 0.0057 0.0084 

7 y ∼ 1 + PDSI + Tmin + PDSI ∗ u1 + u + ft + fs 38.21 0.0002 0* 0* 0* 

8 y ∼ 1 + PDSI + Tmin + PDSI ∗ u2 + u + ft + fs 39.13 0.0002 0* 0* 0* 

9 y ∼ 1 + PDSI + Tmin + PDSI ∗ u3 + u + ft + fs 28.64 0.0002 0* 0* 0* 

10 y ∼ 1 + PDSI + Tmin + PDSI ∗ w1 + w + ft + fs 6.68 0* 0.0005 0* 0.0014 

11 y ∼ 1 + PDSI + Tmin + PDSI ∗ w2 + w + ft + fs 0* 0* 0.0005 0* 0.0015 

12 y ∼ 1 + PDSI + Tmin + PDSI ∗ w3 + w + ft + fs 4.55 0* 0.0006 0* 0.0014 

https://826841.66
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Figure 5. Groups for testing points from a specifc month. y-axis: relative frequency, x-axis: 
month of data measurement in groups. The frst half-year data are more informative for pre-
diction. As shown in (c) and (d), even in July and November, the group often includes data 
consistent with the known summer prevalence of dengue. Note that dengue is prevalent in the 
summer months which are approximately November to February. 

6. Discussion 

An over-reliance on LOOCV to evaluate predictive capacity in general persists in statisti-
cal practice, despite concerns raised in studies such as Roberts et al. (2017); Vehtari et al. 
(2019). LOOCV can provide an evaluation of short-range predictive ability with well-
established asymptotics for some models. On the other hand, what can we do to evaluate 
the longer-range predictive ability of complex models? Various approaches for specifc 
models, such as time series or spatial models have been proposed, where custom CV 
procedures are designed to mimic a longer-range prediction task than that of LOOCV. 
We have introduced an automated approach for evaluating the longer-range prediction 
ability of any latent Gaussian model, namely LGOCV. LGOCV is designed to be ap-
plicable to all models that are latent Gaussian models, and thus provides a framework 
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for general longer-range predictive ability evaluation without the need for case-by-case 
considerations. Moreover, we propose a computationally effcient approach to calculate 
LGOCV scores and metrics based on the INLA methodology. We have shown that our 
approximate LGOCV implementation is almost exact when compared with the results 
from MCMC, albeit at a much lower computational cost. This enables practitioners to 
use the LGOCV approach for complex models and large data. 

Our approach is designed for latent Gaussian models and some ideas can thus be ex-
tended to the case of non-latent Gausian models with careful consideration of the com-
putational cost associated with this endeavor. LGOCV for LGMs is computationally 
effcient in INLA, since it is fully parallelizable by computing the necessary quantities 
only at the mode of the hyperparameters. For huge data (n > 106) however, the cost 
will be high since the cost increases linearly in n, albeit much lower than other avail-
able approaches. For huge data, performing CV on a subset or constructing the groups 
manually could be considered. Nonetheless, for LGMs, the proposed LGOCV could be 
considered as the most feasible approach for longer-range predictive ability evaluation. 

The choice of the number of level sets determine the prediction task and thus the de-
gree of independence between the leave-out group and the rest of the data. There is not 
a one-to-one correspondence between the number of level sets and the number of points 
to leave out as shown in the simulations and applications, although a higher number of 
level sets would imply a longer range for the prediction task, than a lower number. The 
choice of the number of level sets remains arbitrary since it is a user-defned parameter, 
we recommend a low number like m = 2 or m = 3 if there is no clear indication of what 
else m should be. There exists no optimal value of m in general, since it would imply dif-
ferent prediction tasks for different levels of dependency. In our applications, and those 
of others who have applied the LGOCV framework, it is shown that LGOCV provides 
the information we need to evaluate longer-range prediction ability, and complements 
the information from LOOCV. 

It is pertinent to note that the proposed LGOCV do not replace a custom CV strategy 
designed by modelers, tailored for specifc applications. We pose it as an alternative de-
fault strategy for longer-range prediction ability evaluation, that complements LOOCV 
in assessing the predictive ability of an LGM, while being computationally effcient and 
practical for real-world scenarios. 
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A. On the computation of ΣηIi 
(θ ,y−Ii ) and µηIi 

(θ ,y−Ii) 

In this section, we let Ii be I and drop θ to simplify the notation. We have a random 
vector η I|y ∼ N(µ η I 

(y), Ση I (y)), which can be viewed as a posterior distribution with� 

prior η I|y−I ∼ N(µ η (y−I), Ση (y−I)) and likelihood πG(yI|η I) ∝ exp − 1 
ηT

I C(yI)η I+2� 

b(yI)η I . Now, we need to use the posterior and the likelihood to obtain the prior. 

If Ση I (y) is full rank, we have Qη I 
(y) = Ση I (y)

−1 and bη I (y) = Qη I 
(y)µ η I 

(y). By 
conjugacy of Gaussian prior and Gaussian likelihood, Qη I 

(y−I) = Qη I 
(y) − C(yI) and 

bη I (y−I) = Qη I 
(y)µ η I 

(y) − b(yI). Then we have desired µ η I 
(y−I) and Ση I (y−I). 

If Ση I (y) is singular, we let η |y = BBzz|y, where B = V Λ with V containing eigen-
vectors corresponding to non-zero eigenvalues, Λ containing square root of non-zero 
eigenvalues on its diagonal, and z|y ∼ N(µ (y),I), where I is an identity matrix andz 
µ z(y) = BT

µ η I 
(y). By conjugacy, we have Qz(y−I) = I − BTC(yI)B and bz(y−I) = 

µ z(y) − BTb(yI). It is followed by µ z(y−I) = Qz(y−I)
−1 bz(y−I). Then mean and co-

variance of z|y−I is µ η (y−I) = Bµ (y−I), Ση (y−I) = BΣz(y−I)B
T .z 

B. On the computation of ΣηIi 
(θ ,y) and µηIi 

(θ ,y) with Linear 
Constraints 

We start by illustrating how to compute Ση Ii 
(θ , y) and µ η Ii 

(θ , y) without linear con-
straints. µ η Ii 

(θ , y) is simply obtained by µ η Ii 
(θ , y) = AIi µ f (θ , y). However, we never 

store large dense matrix like Q f (θ , y)−1. Thus, Ση Ii 
(θ , y) cannot be obtained by using 

matrix multiplication AIi Q f (θ , y)−1AT 
Ii 
. Instead, we compute Ση (θ , y) entry by entry 

and use the result to fll in entries of Ση Ii 
(θ , y). We compute Ση (θ , y)i, j by solving 

Q f (θ , y)x = Ai 

and Ση (θ , y)i, j = A j x. The computation is fast because A and Q f (θ , y) are sparse, and 
the factorization of Q f (θ , y) is reused. 

When linear constraints C f = e are applied on f , we have 

Σ f (θ , y) ∗ = Q f (θ , y)
−1 − Q f (θ , y)−1C

T(CQ f (θ , y)−1C
T)−1CQ f (θ , y)

−1 , 

µ f (θ , y) ∗ = µ f (θ , y) − Q f (θ , y)−1C
T(CQ f (θ , y)−1C

T)−1(Cµ f − e), 

where Σ f (θ , y)∗ and µ f (θ , y)
∗ are the mean and the covariance matrix after applying 

constraints (Rue and Held, 2005). Because µ f (θ , y)∗ , is always stored, the computa-
tion of µ η Ii 

(θ , y) is simple. We need to propagate the effects of linear constraints to 
Ση (θ , y)i, j. This is achieved by computing (Rue and Held, 2005) 

∗ = x − Q f (θ , y)−1C
T(CQ f (θ , y)−1C

T)−1Cx,x 

where x solves Q f (θ , y)x = Ai. Then Ση (θ , y)∗ i, j = A j x ∗ . 



Zhedong Liu, Janet Van Niekerk and Håvard Rue 143 
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