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Appendix  2:  Proof  of  Theorem  1  in  Section  6  

∞Let N = {Nδ : hNδ 
= ∑i=1 pi(δ )ti , δ ∈ D}, with pi(δ ) = Pr(Nδ = i), be a uniparametric 

stopping model closed under pgf composition and with a continuously differentiable 
parametrization and a connected parameter space with a non-empty interior. That is, 
assume that the stopping model, besides being closed under pgf composition is also 
such that pi(δ ) is continuously differentiable in δ for any i, and that D is a non-empty 
interval of R, which is what in the paper is denoted in short as a model “uniparametric 
and closed under pgf composition.” 

Let k1 = min{k : ∃δ ∈ D such that pk(δ ) > 0}, and let Dk = {δ ∈ D : pk(δ ) > 
0 and p j(δ ) = 0 for all j < k} and Nk = {Nδ ∈ N : δ ∈ Dk} be partitions of D and 
N. Even though it is assumed that N = ∪∞ 

k=1Nk is closed under pgf composition and 
D = ∪∞ 

k=1Dk is connected, the Nk do not have to be closed under pgf composition and 
the Dk do not have to be connected. 

Let N
δ̃ stand for the random variable in N with pgf hN

δ̃ , and= Nδ1 ◦ Nδ2 = hNδ1 
◦hNδ2 

denote δ̃ = δ1 ◦ δ2. Note that if Nδ1 ∈ Nk1 and Nδ2 ∈ Nk2 , then N
δ̃ = Nδ1 ◦ Nδ2 ∈ Nk1k2 . 

Let N◦m = {Nδ1 ◦ Nδ2 ◦ · · · ◦ Nδm : Nδ j ∈ N}, where m ∈ N, and let N◦m = Nδ ◦m = 
δ 

Nδ ◦ Nδ ◦ · · · ◦ Nδ . Note that if N is uniparametric and closed under pgf composition, 
then N◦m ⊂ N, and N◦m is also a uniparametric and closed under pgf composition. 

Next we state and prove four lemmas required to prove Theorem 1. 
Stating that “Pr(Nδ = 1) > 0 for all Nδ ∈ N”, as in the frst point of Theorem 1, is 

equivalent to stating that “D1 = D”, because if k1 > 1, or if k1 = 1 but there exists a 
δ0 ∈ D such that pk1 (δ0) = 0, both statements are false, and otherwise they are both true. 

Theorem 1 will be proven by reductio ad absurdum, and therefore one needs to 
know how would the stopping models be if they were “uniparametric and closed under 
pgf composition, but Pr(Nδ = 1) = 0 for some Nδ ∈ N”, and hence if “D1 ⊊ D”. That 
is the purpose of the frst lemma. 

Lemma 1. If N is “uniparametric and closed under pgf composition, but such that 
Pr(Nδ = 1) = 0 for some Nδ ∈ N”, then at the boundary of any connected component of 
Dk1 , denoted Dk 

∗ 
1 
, there is a δ0 

∗, from D̊ , with pk1 (δ0 
∗) = 0 and such that if a sequence δi 

in D∗ k1 
converges to δ0 

∗, then pk1 (δi) converges to 0. 

Proof: Under the conditions stated in the lemma, there exists a δ0 in D such that p1(δ0)= 
0, and so such that if δ ∈ D∗ then N

δ̃ = Nδ0 ◦ Nδ belongs to Nk with k > k1. As ak1 

consequence, pk1 (δ̃ ) = 0 and therefore Dk1 ⊊ D, or what is equivalent, D \ Dk1 ̸= 0./ 
Given that for any δ in D \ Dk1 one has that pk1 (δ ) = 0, any connected component 
D∗ k1 

⊊ D will be an open interval with at least one extreme δ0 
∗ in D̊ \ Dk1 , and therefore 

∗with pk1 
∗) = 0, (if the two extremes of Dk were the ones of D, then D∗ = D but (δ0 1 k1 ∗D∗ ⊊ D). By the continuity of pk1 (δ ), if a sequence δi in D∗ converges to δ0 , thenk1 k1 

(δi) converges to 0. ■pk1 



        
   

           

     

 

 

   
            

    
 

            
  

       
         

             
       

 
     

 
    

       

  

      

        

 

  
  

    

   
 

 
     

 
 

  

Remark 1. When “Pr(Nδ = 1) > 0 for all Nδ ∈ N,” as in the frst statement in The-
orem 1, and therefore when “D1 ” one also has that D1 is connected and = D = Dk1 , 

◦mthat infδ ∈D1 p1(δ ) = 0, because N
δ = Nδ ◦m ∈ N for any δ ∈ D1 and any m ∈ N, and 

Pr(N
δ 
◦m) = p1(δ ◦m) = p1(δ )m which tends to 0 when m tends to infnity. 

From now on, D∗ k1 
will stand for a connected component of Dk1 , that is, an open 

∗interval with δ0 as at least one of its endpoints. Different from Lemma 1, the next 
three lemmas relate to properties of all models “uniparametric and closed under pgf 
composition”. 

Lemma 2. If N is “uniparametric and closed under pgf composition”, then one can not 
have pk1 (δ ) = C ̸= 0 for δ ∈ (δ1 − ε,δ1 + ε) ⊂ D∗ k1 

with ε > 0. 

Proof: The result will be proven by reductio ad absurdum, checking that if pk1 (δ ) = C ≠ 
0 in an interval in D∗ k1 

, the model can not be uniparametric. 
If pk(δ ) = Ck ̸= 0 and so p ′ k(δ ) = 0 for δ ∈ (δ1 − ε,δ1 + ε) and for all k > k1, 

the parametrization δ would not be identifable. Let m > k1 be the frst term such that 
′ ′ ′there exists a δ1 ∈ (δ1 − ε,δ1 + ε) with pm(δ1) ≠ 0 and so by the continuity of the 

′ ′ ′derivative such that pm(δ ) is strictly monotone in an environment (δ1 − ε ,δ1 + ε ′ ) ⊂ 
′ ′ ′ ′ ′ (δ1 − ε,δ1 + ε), and let δ1 and ε be such that pk(δ ) = Ck in (δ1 − ε ,δ1 + ε ′ ) for all 

′k1 ≤ k < m. (If p ′ (δ1) ≠ 0, one can choose δ1 = δ1). This means that in this interval m 
′ ′ one can parametrize the Nδ through θ = pm(δ ). From now on, we relabel δ1 by δ1, ε 

by ε and the C of the statement of the lemma by Ck1 . 
If d1,d2 are in (δ1 − ε,δ1 + ε), then Nd1 belongs to N and its pgf is:◦ Nd2 

(t))k1 + · · · (t))m + · · ·hNd1 
◦ hNd2 

(t) = pk1 (d1)(hNd2 
+ pm(d1)(hNd2 

The frst term of this pgf where θ2 = pm(d2) appears is 

pk1 (d1)(hNd2 
(t))k1 = pk1 (d1)(pk1 (d2)tk1 + · · · + pm(d2)tm + · · ·)k1 = 

tk1 + +Cm−1tm−1 + θ2tm + p j(θ2)t j )k1(Ck1 · · · + · · · + · · · ,Ck1 

and it is under the form 
tk1 )k1−1

θ2tm(Ck1 ,k1Ck1 

and therefore θ2 = pm(d2) appears frst in the coeffcient of the term tk1
2+m−k1 of the pgf 

of Nd1 ◦ Nd2 , with a coeffcient equal to k1Ck1 θ2 + Q, where Q is a constant term that 
depends on pk(d1) = pk(d2) = Ck for k1 ≤ k < m. Therefore that frst term only depends 
on θ2. 

Analogously, the frst term of the pgf of Nd1 where θ1 = pm(d1) appears is◦ Nd2 

pm(d1)(hNd2 
(t))m , and it is under the form pm(d1)(pk1 (d2)tk1 )m , and therefore θ1 = 

pm(d1) appears frst in the coeffcient of the term tmk1 of that pgf, with a coeffcient equal 
to Cmθ1 + R(θ2), where R(θ2) are terms that depend on pk(d1) = Ck for k1 ≤ k < m and 
on θ2 = pm(d2). 

Given that θ1 and θ2 are not related, one needs two parameters to describe Nd1 ∈◦Nd2 

N, and N can not be uniparametric, which proves the result. ■ 



     
      

     
 

    

   

   
         

 

    

   

  
 

   

  

   

 

  
 

      

            
        

    
    

    
        

  
 

       

           

                 

        

Remark 2. One consequence of Lemma 2 is that p′ k1 
(δ ) can not be zero in any interval, 

and therefore the number of critical points of pk1 (δ ) in D∗ , with p ′ (δ ) = 0, is either k1 k1 

fnite or countable. 

Lemma 3. If N is “uniparametric and closed under pgf composition”, then pk1 (δ ) is 
strictly monotone in D∗ , and therefore the Nδ with δ ∈ D∗ can be parametrized through k1 k1 

θ (δ ).= pk1 

Proof: One assumes that pk1 (δ ) is continuously differentiable and so continuous, with 
0 < pk1 (δ ) ≤ 1 for all δ ∈ D∗ k1

. By Lemma 2 one knows that pk1 (δ ) is not constant in 
any subinterval of D∗ k1

, and by Lemma 1 and Remark 1 one knows that one always has 
that infδ ∈D∗ p1(δ ) = 0. 

k1 

To prove that pk1 (δ ) is strictly monotone in D∗ k1
, one needs to prove that there are 

no local maxima or local minima in its interior, and no fuctuating critical points in its 
closure, where a fuctuating critical point δ f is the limit of critical points such that pk1 (δ ) 
fuctuates when δ converges to δ f . In our case though, it will be suffcient to check that 
there is no local maximum of pk1 (δ ) in the interior of D∗ k1

, because: 

• if there is no local maximum there can not be any fuctuating critical points δ f , 
because δ f would have to be the accumulation point of fuctuating critical points 
(the points where pk1 (δ ) fuctuates from increasing to decreasing can neither be 
local maxima nor local minima), and as a consequence the set of fuctuating criti-

¯ ∗cal points δ f in D would be a perfect set and the number of critical points in D∗ k1 k1 

would have a cardinality larger than countable, which is impossible by Remark 2, 

• and if there is no local maximum in the interior of D∗ k1 
and no fuctuating critical 

point in its closure, there can not exist an isolated minimum in there either, be-
cause if it did pk1 (δ ) would not be able to take values close enough to 0 near the 
boundary of D∗ k1

. 

That there is no local maximum is proven by reductio ad absurdum. Assume that 
(δ ) had a local maximum, δm, with δ1 < δm < δ2 where δ1,δ2 ∈ D∗ , and by con-pk1 k1 

tinuity of the derivative with p ′ (δ ) ≥ 0 for δ ∈ (δ1 − ε,δm) and with p ′ (δ ) ≤ 0 for k1 k1 

δ ∈ (δm,δ2 + ε), and let q = (δ1) = (δm) = qm. Because of the sign pk1 pk1 (δ2) < pk1 

of the derivative, pk1 (δ ) would be increasing in (δ1 − ε,δm) and by Lemma 2 it would 
be strictly increasing there, and pk1 (δ ) would be strictly decreasing in (δm,δ2 + ε) for 
the same reasons. This would mean that, because of continuity, this distributions can be 
parametrized through pk1 (δ ) both in [δ1,δm] as well as in [δm,δ2].= pk1 

Let δ ,δ ∗ ∈ Dk1 , and consider the family of distributions N
δ̃ = Nδ ◦Nδ ∗ ∈ Nk1 ◦Nk1 ⊂ 

Nk2 ⊂ N◦2 ⊂ N, which is also uniparametric, closed under pgf composition, and with a 
1 

′ 
k1 equal to k1

2, and lets denote δ̃ (δ ,δ ∗) by δ ◦ δ ∗ . 
If δ ,δ ∗ ∈ D∗ , then δ ◦ δ ∗ ∈ D∗ , which is a connected subset of R, and if δ ,δ ∗ ∈k1 k1

2 

[δ1,δ2] ⊂ D∗ , then δ ◦ δ ∗ ∈ [δ1,δ2]
◦2 ⊂ D∗ k2 . If δ ∈ [δ1,δ2], then {δ ◦ δ } = [δ ◦2 ,δ ◦2]k1 1 2

1 

= δ ∗◦2is a connected subset of [δ1,δ2]
◦2, because one knows that if δ ̸= δ ∗ then δ ◦2 ̸ , 



              
  

        
 

      
      

     
              

 

                    
 

    
 

               
                   

                      
                     

     
 

      
          

 

                    

 
    

           
                    
 
 

           
 
  

              

                  
        

               
                  

 

          
                    

               
           

 
          

    

               
         

               
           

    
 
 

   
  

 
   

  

   
   

  

             
  

 

            
  

 
  

  
    

and that by continuity of the parametrization, if δ j ∈ (δ1,δ2) converges to δ in [δ1,δ2], 
◦2 ◦2 ◦2 ◦2then δ j converges to δ ◦2. The set [δ1 ,δ2 

◦2], (or the set [δ2 , δ1 
◦2] if δ2 < δ1 

◦2), can 
be parametrized through δ ◦2, and with that parametrization one has that pk2 (δ ◦2) =

1 

(δ )k1 (δ )k1+1 ∈ [qk1+1 k1+1 (δ ◦2 (δ ◦2pk1 (δ )pk1 = pk1 , qm ]⊂ [0,1]. In particular, pk2 )= pk2 )=1 21 1 

qk1+1 and pk2 (δ ◦2) = qk1+1.m m1 

Consider now the set {δ1 ◦ [δ1,δ2]} ⊂ [δ1,δ2]
◦2, with a frst value δ ◦2 that belongs 1 

to [δ ◦2 ,δ ◦2]. Given that the set {δ1 ◦ [δ1,δ2]} is connected and of dimension one, it1 m 
has to be contained in [δ ◦2 , δ ◦2], because otherwise it would either contain δ ◦2 or take 1 m m 
values smaller than δ ◦2, but pk2 (δ1 ◦ [δ1,δ2])⊂ [pk2 (δ ◦2), pk2 (δ ◦2)) and so its last value, 1 1 m1 1 1 

◦2δ1 ◦δ2, is in [δ1 ,δm 
◦2]; Given that pk2 (δ1 ◦δ2) = qk1+1 and that δ ◦2 is the unique point in 11 

[δ ◦2 ,δ ◦2] such that pk2 (δ̃ ) = pk2 (δ1 ◦δ2) = qk1+1, then δ1 ◦δ2 = δ1 ◦δ1. But this implies 1 m 1 1 

that hNδ1 
(hNδ2 

(t)) = hNδ1 
(hNδ1 

(t)), and so that δ2 = δ1, which is in contradiction with 
δ1 < δm < δ2 and therefore there can not exist local maxima of pk1 (δ ) in the interior of 
D∗ .k1 

As a consequence, θ = pk1 (δ ) is strictly monotone in D∗ 
k1 
. ■ 

Lemma 4. If N is “uniparametric and closed under pgf composition”, then k1 = 1. 

Proof: We prove that if k1 > 1, then N can not be “uniparametric and closed under pgf 
composition” by reductio ad absurdum, in two steps. 

In the frst step we show that if N is “uniparametric and closed under pgf compo-
sition” and k1 > 1, then pk1+ j(θ ) = θ Pj(θ) for all j ≥ 0 and for every δ ∈D∗ , wherek1 

θ = pk1 (δ ) and Pj(θ) is a polynomial of θ . 
In the second step we show that if k1 > 1 and δi converges to δ0 and so pk1 (δi) 

converges to 0, then pk1+ j(δi) converges to 0 for all j ≥ 0, which given that pr(δi) = 0 
for all r < k1 implies that all the coeffcients of hδ0 

(t) would be 0 and so δ0 ∈/ D, but that 
would contradict Lemma 1. 

1. Step 1: We prove that if N is “uniparametric and closed under pgf composition” 
and k1 > 1, then pk1+ j(θ) = θPj(θ ), by induction. 

It holds for j = 0, because pk1 (θ ) = θP0(θ ) with P0(θ) = 1. Lets assume that 
pk1+ j(θ) = θPj(θ) for j ≤ m −1, and check what happens for j = m. 

∗For any δ1,δ2 ∈Dk one has that Nδ1 
◦Nδ2 

∈N◦2 ⊂Nk1
2 ⊂N, and 

1 

 k1+r 
 

∞

∑ 
∞

∑=hNδ1 
◦Nδ2 

pk1+r(δ1) pk1+ j(δ2)tk1+ j  
r=0 j=0 

which by Lemma 3 can be parametritzed through τ = pk2 (δ ) = pk1 (δ1)pk1 (δ2)
k1 = 

1 
k1 k1θ1θ2 , and thus with θ1 = τ/θ2 . The frst term in hNθ1 ◦Nθ2 

where pk1+m(θ2) ap-
pears is: 

pk1 (δ1)k1(pk1 (δ2)tk1 )k1−1 pk1+m(δ2)tk1+m , 



               

 

   
 

                    
  

       

   
  

                  
                   

                
                 
       

  
          

         

  
 

 
 

 

        

 

    
  

 
  

 
 

     
  

                 
         

  
       

  
   

   
  

              

  
              

                  
             

   

                   
                

            
 

   
                        

                    
   

which is the term of order k1
2 +m, and its coeffcient is of the form 

k1+r 

pk1
2+m(τ) = ∑ pk1+r(θ1) ∏ pk1+ ji (θ2), 

r i=1 

where the sum is over all r and ji such that 0 ≤ r, 0  ≤ ji and 0 ≤ ∑k1+r ji =m−k1r,i=1 
and therefore it can be written as: 

pk1
2+m(τ) = k1 pk1 (θ1)(pk1 (θ2))

k1−1 pk1+m(θ2)+A, 

where the frst summand is the sum of the k1 terms where r = 0 and all ji = 0 
except one ji that is equal to m, and where A is the sum of the remaining terms, all 

2with ji < m. The frst term where pk1+m(θ1) appears is the one of order k1 + k1m, 
larger than k1

2 +m because k1 > 1, and therefore the pk1+ j(θ1) with j ≥ m do not 
appear in the above expression for pk1 

(τ).2+m 

Substituting θ1 = τ/θ k1 and using the fact that pk1+ j(θ) = θPj(θ) when j < m,2 
the frst sumand in the last expression for pk1 

(τ) becomes:2+m 

τ
k1θ1θ2 

k1−1 pk1+m(θ2) = k1 θ2 
pk1+m(θ2), 

and the second sumand in that expression becomes: 

k1+r k1+r 

A = ∑ pk1+r(θ1) ∏ pk1+ ji (θ2) = ∑θ1Pr(θ1) ∏ θ2Pji (θ2) =  
r i=1 r i=1 ˜ ° 

θ r+k1 k1+r 
2∑τPr 

τ ∏ Pji (θ2),
θ k1 θ k1 

i=1r 2 2 

where the sum is over the set of r and ji described above but excluding ji = m. 
2Hence, the coeffcient of the k1 +m term of hNδ1 

◦Nδ2 
is a polynomial in τ of the 

form: ˛ 
k1 pk1+m(θ2) 

˝ c 

pk1
2+m(τ) = τ

θ2 
+Pm(1)(θ2) +∑ τ iPm(i)(θ2). 

i=2 

If N is uniparametric and closed under pgf composition, then all the coeffcients of 
hNδ1 

◦Nδ2 
have to depend only on τ , and hence all the coeffcients of this polynomial 

in τ need to be constant. In particular, for the coeffcient of the frst term in τ to 
be constant, equal to Cm, one needs that k1 pk1+m(θ2) = θ2(Cm − Pm(1)(θ2)), and 
therefore that pk1+m(θ) = θPm(θ). 

2. Step 2: If k1 > 1 and θi = pk1 (δi) converges to 0 when δi converges to δ0, then 
it follows that pk1+m(δi) =  pk1 (δi)Pm(pk1 (δi)) will converge to 0 for all m ≥ 0, 
and by defnition of k1, p j(δi) = 0 for all j < k1. Therefore hδ0 

(t) = 0, which is 
not a pgf and so δ0 ∈/ D. By Lemma 1, if k1 > 1 there is one such δ0 ∈ D̊ on the 
boundary of D∗ 

k1
, but we just proved that δ0 ∈/ D̊ , and therefore k1 can not be larger 

than 1. ■ 



       
 

         
     

   
   

       
  

    

         
     

  

Proof of Theorem 1, in Section 6: 
The fact that when N is “uniparametric and closed under pgf composition”, then 

p1(δ ) = Pr(Nδ = 1) > 0 for all δ ∈ D, follows from the fact that k1 = 1 by Lemma 
4, and that if there existed a δ0 ∈ D̊ with p1(δ0) = 0, then the model N0 = {Nδ ◦ Nδ0 : 
Nδ ∈ N} would also be “uniparametric and closed under pgf composition”, because 

∈ N0, but N0 would have k1 > 1 because (Nδ1 ◦Nδ0 )◦ (Nδ2 ◦Nδ0 ) = (Nδ1 ◦Nδ0 ◦Nδ2 )◦Nδ0 

= 1) = p1(δN)p1(δ0) = 0 for any Nδ ∈ N, in contradiction with Lemma 4.P(Nδ ◦ Nδ0 

From Lemma 3 it follows that p1(δ ) is strictly monotone in D, and as a conse-
quence one can parametrize N through θ = p1(δ ). And from Remark 1 one knows that 
infδ ∈D p1(δ ) = 0, hence the parameter space is (0, p10], where p10 = maxδ ∈D p1(δ ). 
Equivalently, one can parametrize N through η = − log p1(δ ) with parameter space 
[η0,∞), where η0 = − log p10. ■ 


