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1. Introduction 

We include some supplementary material that can be useful to the readers of the ma-
nuscript “Spatial autoregressive modelling of epidemiological data: Geometric mean 
model proposal”. In Section 2 we describe the algorithm we have followed to implement 
a Gibbs sampler for the simulation study. Section 3 includes a table that summarizes how 
many times each model was selected as the best ftting one in the simulation study. In 
Section 4 we present the heatmaps of the matrices considered in this paper. Section 
5 includes the predicted incidence maps for some of the ftted models. In Section 6 we 
present the scatterplots of the observed versus the predicted rates, obtained from some of 
the ftted models. Section 7 includes some fgures about the distributional assumptions in 
the ftted models. In Section 8, we provide some additional details about the BYM2 and 
Leroux models. Finally, in Section 9, we include a detailed discussion about the effect 
of the geometric mean of the rates on the estimated disease rate, considering different 
values for the spatial parameter estimate. 

2. Gibbs sampling algorithm 

We present the algorithm we have followed to implement a Gibbs sampler for simulat-
ing Poisson spatially autocorrelated data. First, we defne a set of initial values for the 
parameters β , ρ and τ and, then, on each iteration we draw Poisson samples, where the 
mean is conditioned on the values of the previous iteration. For k = 1 we draw Poisson 
samples from an uncorrelated mean: 

µ
(1)

= exp(β + log(Pi)+ ν(1)
)i i 

(1) (1)yi ∼ Poi(µ2 ) (S1) 
(1)

(1) (y +1)r = i for i = 1, . . . ,ni Pi 

Then, if we perform a total number of S∗ iterations, for k = 2, . . . ,S∗ , the algorithm 
follows, so that: 

(k) (k−1)
µ1 = exp{β + log(P1)+ ρ ∑n

j=1 w1 j log(r j )+ ν(k)}1 
(k) (k)y ∼ Poi(µ )1 2 

(k)
(k) (y +1)1r = 1 P1 

(k) (k) (k−1)
µ2 = exp{β + log(P2)+ ρ(w21 log(r1 )+ ∑n

j=2 w2 j log(r j )) + ν2 
(k)}

(k) (k)y ∼ Poi(µ )2 2 
(k)

(k) (y +1)2r = 2 P2 
. . . 



(k) (k) (k−1)
µh = exp{β + log(Ph)+ ρ(∑h

j= 
− 

1
1 wh j log(r j )+ ∑n

j=h wh j log(r j )) + νh 
(k)}

(k) (k)y ∼ Poi(µ )h h 
(k)

(k) (yh +1)r = h Ph 
. . . 
(k) (k)

µn = exp{β + log(Pn)+ ρ ∑n
j= 
− 

1
1 wn j log(r )+ νn 

(k)}j 
(k) (k)yn ∼ Poi(µn ) 

(k)(k) (yn +1)r = n Pn 
(S2) 

3. WAIC and CPO counts 

In Table S1, we have included the counts for the number of times that the information 
criteria and the predictive accuracy values were smaller in each case so that we can check 
how many times each model was selected as the best ftting one. 

Table S1. Number of times that the information criteria and the predictive accuracy values 
selected each of the models ftted to the simulated datasets as the best ftting ones. 
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4. Heatmaps 

Figure S1 shows the heatmaps of the weights matrices considered here. Heatmaps use 
colours to represent the values of the weights for each matrix. Thus, white would indi-
cate that the weights are zero for those municipalities. That is, heatmaps are graphical 
representations for the individual weights in each of the different weights matrix struc-
tures. More specifcally, matrices following the inverse and the negative exponential 
distance only have zeros in their diagonal, for the weights wii, i = 1, . . . ,n, whereas the 
rest of the matrices have a larger percentage of weights that are zero. Moreover, matrices 
presenting the largest number of connected areas are the ones following the contiguity 
of order three and the mobility matrix. Finally, matrices where the contiguity of order 
one criterion is considered are the ones that present the smallest number of connected 
municipalities and, hence, the ones having the largest percentage of weights that are 
zero. 

Figure S1. Heatmaps of the spatial weights matrices considered. 

(a) Heatmap of the spatial weights matrix fol-
lowing contiguity of order 1. 

(b) Heatmap of the spatial weights matrix fol-
lowing contiguity of order 3. 
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(c) Heatmap of the spatial weights matrix fol- (d) Heatmap of the spatial weights matrix fol-
lowing inverse distance. lowing negative exponential. 

(f) Heatmap of the similarity spatial weights (e) Heatmap of the spatial weights matrix fol- matrix combining contiguity order 1 and thelowing distance band. variable budgetmeters. 

Figure S1. Heatmaps of the spatial weights matrices considered (Continued). 
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(g) Heatmap of the similarity spatial weights (h) Heatmap of the similarity spatial weights 
matrix combining distance band and the vari- matrix combining contiguity of order 1 and the 
able budgetmeters. variable single house. 

(i) Heatmap of the similarity spatial weights 
matrix combining distance band and the 

(j) Heatmap of the mobility matrix. variable single house. 

Figure S1. Heatmaps of the spatial weights matrices considered (Continued). 
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5. Predicted incidence maps 

(a) Predicted incidence obtained from the model using the spatial 
matrix following the contiguity of order one criterion, ftted to the 
COVID-19 data in Flanders. 

(b) Predicted incidence obtained from the model using the mobility 
matrix, ftted to the COVID-19 data in Flanders. 

Figure S2. Predicted incidence obtained from some of the geometric mean spatial conditional 
normal Poisson models considered, ftted to the COVID-19 data in Flanders. 
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6. Scatterplots 

The scatterplots of the observed versus the predicted rates, obtained from the ftting of 
some of the models considered are included in Figure S3. Here, we can see how the 
ftted models show high accuracy in the prediction of the incidence rates. 

(b) Geometric mean model where the spatial(a) Model where the spatial matrix follows the matrix follows the contiguity of order three contiguity of order one criterion. criterion. 

Figure S3. Scatterplots of the observed versus the predicted rates obtained for some of the ftted 
models. 
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(c) Model where the spatial matrix follows the (d) Geometric mean model where the spatial 
negative exponential distance criterion. matrix follows the distance bands criterion. 

(e) Model for the similarity spatial weights ma- (f) Geometric mean model for the similar-
trix combining distance band and the variable ity spatial weights matrix combining distance 
budgetmeters. band and the variable budgetmeters. 

Figure S3. Scatterplots of the observed versus the predicted rates obtained for some of the ftted 
models (Continued). 
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(h) Geometric mean model for the mobility(g) Model for the mobility matrix. matrix. 
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(i) BYM2 model. (j) Leroux model. 

Figure S3. Scatterplots of the observed versus the predicted rates obtained for some of the ftted 
models (Continued). 
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7. Distributional assumptions in the ftted models 

(a) Geometric mean model where the spatial (b) Geometric mean model for the mobility 
matrix follows the contiguity of order one cri- matrix. 
terion. 

Figure S4. Distribution check for some of the ftted models. 
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(a) Geometric mean model where the spatial matrix follows the contiguity of order 
one criterion. 

(b) Geometric mean model for the mobility matrix. 

Figure S5. Posterior densities from the parameters estimated for some of the ftted models. 



8. Review of the BYM2 and Leroux spatial models 

In order to be able to provide some comparison of the proposed models with other com-
monly used models in the disease mapping literature, we have also considered the ftting 
of the BYM2 model (Riebler et al., 2016) and the Leroux spatial model (Leroux et al., 
2000). In the BYM2 model, it is assumed that (Yi | νi,ηi) ∼ Poi(µi), with conditional 
mean E(Yi | νi,ηi) = µi = Piri following the regression structure: �p �1 p

log(µi) = log(Pi)+ β + √ 1 − φsνi + φsηi , (S3)
τs 

where νi and ηi are unstructured normally and intrinsic conditionally autoregressive 
(ICAR) distributed random effects, respectively, but with variance scaled to approxi-
mately one. In addition, τs is a precision parameter that controls for the variance contri-
bution from the sum of the two random effects and φs is a mixing parameter that captures 
the proportion of the variance explained by the spatially structured random effect. Note 
that 1 − φs represents the proportion of the variance explained by the unstructured ran-
dom effect. 

For the parameters τs and φs, penalized complexity priors are generally assumed 
(Simpson et al., 2017). Comparison of the spatial conditional model with the BYM and 
the BYM2 models has been previously performed by Morales-Otero and Núñez-Antón 
(2021). Their results showed that, when compared to the spatial conditional model, they 
offered a similar ft in terms of information criteria. However, the BYM and BYM2 
models did not provide additional information about the type and strength of spatial 
autocorrelation that was present in the data. 

In the Leroux spatial model, it is assumed that (Yi | ui) ∼ Poi(µi), with conditional 
mean E(Yi | ui) = µi = Piri following the regression structure: 

log(µi) = log(Pi)+ β + ui, (S4) 

where u = (u1, . . . ,un) is a set of spatially structured random effects. Unlike the BYM2 
model, which includes two sets of random effects, one representing spatially structured 
variability and another for unstructured variability, the Leroux model uses a unifed ran-
dom effects structure. These effects follow a multivariate normal distribution, so that� � 

−1u ∼ N 0,τ−1 (φuQ +(1− φu)I) , with Q being the precision matrix derived from the u 

spatial weights matrix following the contiguity of order one criterion and I being the 
identity matrix. In addition, τu is the precision parameter of the random effects and φu 

is the spatial dependence parameter, which controls for the balance between the spatial 
structure of the effects, represented by the precision matrix, Q, and the unstructured part, 
represented by the identity matrix, I. 

Fitting this model requires matrix manipulations, which can scale poorly with the 
number of spatial units, making it computationally intensive for large datasets. Values 
of φ̂ u closer to zero indicate little to no spatial autocorrelation, while values closer to one 



indicate strong spatial autocorrelation. Although φ̂ u ranges from zero (purely unstruc-
tured) to one (purely spatially structured), its interpretation can be less intuitive when 
it is compared to models where the structured and unstructured effects are modelled 
explicitly as separate components, such as the spatial conditional or the BYM2 model. 

Note that, in these models, the spatial neighbourhood structure that is usually as-
sumed is the one based on contiguity of frst order. Although some other structure might 
be specifed, these models require the spatial matrix to be symmetrical (Wall, 2004; 
Lee, 2013). It may be useful to mention here that any matrix can be appropriately sym-
metrized by using well known and commonly used methods. 

9. Effect of the geometric mean of the rates on the estimated rate 

In this section, for the geometric mean model proposed in Section 2.2 in the manuscript, 
we provide a detailed analysis of the infuence of the geometric mean of the rates on 
the estimated disease rate, where we consider different values for the spatial parameter 
estimate. 

Note that equation (3) in the manuscript presents the formula for the geometric mean 
Ratesi of the rates, where the spatial parameter ρ̂ is not included (i.e., it does not depend 
on this estimated value) and, hence, the geometric mean does not change with respect 
to the estimated value of ρ̂ . It addition, we believe it is relevant to mention that, as 
described in Section 2.2, this parameter is a coeffcient measuring the infuence of the 
geometric mean of the neighbouring regions on the disease rate for a given region. 

Let us start this reasoning within a very simple scenario where no fxed effects (co-
variates) and no unstructured heterogeneity (random effects νi) are considered. In this 

ρ̂ 
case, we would have that rbi = Ratesi . In this case, when ρ̂ = 1, the rate in a given 
region is linearly related to the geometric mean of the rates in the neighbouring regions. 
However, we should note that, in general, there is also a fxed effects component and a 

ρ̂ 
residual error component in the model and, therefore, the element Ratesi would have 
a multiplicative effect of the rate for a given region. Figure S6 illustrates this specifc 
effect and, in addition, other cases of particular interest in the proposed model. 

Furthermore, based on the information included in Figure S6, we can analyse in 
more detail some specifc cases for the possible estimated value of the spatial parameter 
ρ: 

• When ρ̂ = 0, the multiplicative factor in r̂i is: 
ρ̂ 

Rates = 1,i 

and, therefore, in this case, the spatial variation is not described by the neighbour-
hood structure. This is illustrated by the solid blue line in Figure S6. In this case, 
there is no impact of the rate in the neighbouring region on the rate in the specifc 
region under study and, thus, there would be no clear evidence of the existence of 
spatial autocorrelation. 
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Figure S6. Visualization of the effect of the geometric mean of the rates on the estimated rate, 
considering different values for the spatial parameter estimate (i.e., ρ̂). 

• When ρ̂ = 1, this implies that there exists a linear relationship between the rate 
in a specifc region and that in its neighbouring regions. Consequently, regions 
having a larger rate in neighbouring regions would also have a larger rate in the 
specifc region under study, so that: 

r̂i ∝ Ratesi 

This specifc case is illustrated by the solid red line in Figure S6. 

ρ̂ 
• When ρ̂ > 0, the Rates component would be increasing. This is illustrated with i 

the solid green, red and black lines cases in S6, corresponding to ρ̂ = 0.5, ρ̂ = 1 
and ρ̂ = 2, respectively. In a similar way, as was the case for ρ̂ = 1, this means that 
the rate in a specifc region is expected to be smaller if the rate in neighbouring 
regions is smaller. 

• When ρ̂ ≠ 1, this relationship deviates from linearity. More specifcally, when 
ρ̂ < 1, this implies that regions with lower neighbourhood rates are expected to 
have lower rates themselves, while medium and high neighbourhood rates are 
expected to have only a limited infuence on the rate in the specifc region under 
study (i.e., with a multiplicative effect close to 1). On the other hand, when ρ̂ > 1, 
specifc regions are expected to have a higher rate when neighbouring regions 



have higher rates, although with values lower than in the neighbouring regions. 
This latter case is illustrated by the black solid line in Figure S6 for ρ̂ = 2. 

• Finally, when ρ̂ < 0, evidence of the existence of negative autocorrelation is ob-
tained. That is, low rates in the neighbouring regions are associated with a large 
multiplicative factor and, therefore, a high rate in the specifc region. These cases 
are illustrated by the dotted lines in Figure S6, for the specifc cases of ρ̂ = −0.5, 
ρ̂ = −1 and ρ̂ = −2, respectively. 
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