
10.57645/20.8080.02.15SORT 49 (2) July-December 2025, 1-30 DOI: 

A stochastic partial differential equation for 
Bayesian spatio-temporal modeling of crime 

Julia Calatayud1, Marc Jornet2, Javier Platero3 and Jorge Mateu4

Abstract 

We propose a stochastic partial differential equation to model geo-referenced data in the 
plane, with spatially correlated noise and a temporal log-normal evolution. Discretization 
in space permits us to develop the model in a fnite-dimensional framework, reducing it 
to a set of stochastic differential equations coupled by correlated Wiener processes. The 
correlations are considered time-varying and stochastic, with a transformed log-normal 
distribution. The fnal model is framed within a hierarchical structure, and parameter 
inference is conducted jointly using Bayesian methods. The statistical methodology is 
illustrated by analyzing crime activity in the city of Valencia, Spain. 

MSC: 35R60, 60H10, 62F15, 62M30, 62P25. 
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1. Introduction

The use of differential equations in mathematical criminology started with the study 
of dynamic properties of urban crime hotspots, with the seminal paper of Short et al. 
(2008). The degree of attractiveness of each site infuences the movement of burglars. 
The proposed model consists of two coupled reaction-diffusion partial differential equa-
tions describing the spatio-temporal evolution of density and attractiveness, giving rise 
to crime pattern formation. Building on this paper, extensions and further investigations 
have then been conducted on the dynamics of the reaction-diffusion system; see, for 
instance, the contributions by Short, Bertozzi and Brantingham (2010a; 2010b); Lloyd 
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and O’Farrell (2013); Kolokolnikov, Ward and and Wei (2014); Tse and Ward (2016); 
Wang, Wang and Feng (2020); Rodriguez and Winkler (2022) and references therein. 

Spatially homogeneous models of crime, based on temporal compartmental sys-
tems of ordinary differential equations, seem to begin with McMillon, Simon and and 
Morenoff (2014). The authors took a population-based approach, rooted in models that 
have been developed mainly to model the spread of diseases (Brauer, 2008; Acedo et 
al., 2010). The infuence of peer pressure on criminal behavior (Burgess and Akers, 
1966; Esiri, 2016; Harkins, Williams and Burger, 2017) is considered in a way reminis-
cent of a contagious disease; mathematically, the nonlinear terms in the compartments 
model complex interactions. Some papers on this type of models for crime evolution 
are given by Abbas, Tripathi and Neha (2017); González-Parra, Chen-Charpentier and 
Kojouharov (2018); Srivastav, Athithan and Ghosh (2020). Other disciplines employ 
the same approach, see Song et al. (2006); White and Comiskey (2007); Santonja et al. 
(2010) for drug or alcohol consumption, and Cervelló et al. (2014) for telecommunica-
tions, as good examples. Short reviews on this topic are published by Sooknanan and 
Comissiong (2017); Koss (2019). Recently, based on spatial epidemic models (van den 
Driessche, 2008; Wu, 2008; Schiesser, 2019), we extended this kind of compartmental 
model for crime to the case of spatial heterogeneity, by considering ordinary differential 
equations structured in patches and reaction-diffusion partial differential equations (Ca-
latayud, Jornet and Mateu, 2025a). 

These models contribute to the theory of mathematical criminology and the under-
standing of dynamical properties of criminality. However, because of the mechanisms 
involved in the models, it is certainly diffcult to apply them when ftting to real data 
within a jurisdiction. The availability of adequate records, the lack of empirical values 
for model’s parameters, or the divergence of the optimization procedure to calibrate the 
model’s parameters (due to high dimensionality, stagnation at local minima, or unidenti-
fable values) are common issues when addressing the problem of data ftting. Therefore, 
the models are less useful for making specifc predictions of crime events Kolokolnikov, 
Lloyd and Short (2019). 

In the literature, works that aim to ft crime data with differential equations are more 
recent and scarce. Deterministic systems of ordinary differential equations were pro-
posed by Lacey and Tsardakas (2016); Jane White et al. (2021). In Lacey and Tsar-
dakas (2016), the authors studied serious and minor criminal events and built three cou-
pled equations based on the attractiveness of the place. The monthly data on crime in 
Manchester were ftted by least-squares optimization. The authors highlighted that the 
inverse problem contained unidentifable parameters. In Jane White et al. (2021), the 
authors used two coupled ordinary differential equations, based on population fuxes, 
to ft annual crime data in South Africa. The study region was divided into high- and 
low-conficting areas. Bayesian inference was applied, with deterministic values re-
ported. On the other hand, to accommodate fuctuations in crime time series and seek 
greater fexibility in modeling, stochastic differential equation models (Evans, 2012; 
Allen, 2007; Mao, 2007; Rackauckas, 2014) were investigated and calibrated in the 
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works by Cao et al. (2013); Calatayud, Jornet and Mateu (2025b; 2023a; 2023b). In 
the report by Cao et al. (2013), the authors considered daily burglary data from Los An-
geles (California) and Houston (Texas), and trend time series were modeled (for each 
city independently) with a stochastic Lotka-Volterra system, with independent Brown-
ian noises. Least-squares ftting and maximum-likelihood estimation were carried out. 
In Calatayud et al. (2025b), criminality in Spain was ftted with a compartmental system 
of three ordinary differential equations (susceptible individuals, offenders in liberty, and 
offenders imprisoned), considering social infuence with a nonlinear term, deterministic 
estimates with least-squares minimization, and nonlinear regression for generating con-
fdence bands. An analysis of the basic reproduction number, conceived as the force of 
criminality in the region, was carried out. In Calatayud et al. (2023a), the events of ag-
gression, theft, and woman alarm in the city of Valencia (Spain), were modeled with the 
stochastic log-normal model, by correlating two Brownian motions. Multidimensional 
correlations, beyond two Brownian motions, or spatial effects were not studied. This 
motivated the contribution by Calatayud et al. (2023b), who proposed stochastic differ-
ential equations of spatio-temporal type to investigate time-independent correlations of 
criminality between the twenty-six zip codes of the city of Valencia. The corresponding 
stochastic log-normal models were related by correlating Brownian processes. 

The present paper continues the research of our previous contribution (Calatayud et 
al., 2023b). In particular, we aim at: 

• Building a stochastic partial differential equation model for spatially referenced 
crime data with a random-feld intensity, based on stochastic log-normal models; 

• Studying spatio-temporal correlations of crime between regions, with transformed 
stochastic log-normal models; 

• Framing all pieces of our model in a Bayesian hierarchical structure that provides 
an adequate framework for inference and forecasting; 

• Illustrating the results on the real crime data of Valencia, with inference of the 
model’s parameters. 

Concerning the frst point, we provide an adequate framework to Calatayud et al. 
(2023b), based on stochastic partial differential equations. The frst paper that applied 
stochastic partial differential equations to real-data ftting in a spatial framework was 
proposed by Duan, Gelfand and Sirmans (2009), where urban housing development was 
modeled through a logistic-growth intensity function and Gaussian-process disturbances 
with a Matérn spatial covariance function (Gelfand et al., 2010) (but with no crime pro-
cesses involved). Bayesian inference was used for inverse parameter estimation (Baner-
jee, Carlin and Gelfand, 2014; Lesaffre and Lawson, 2012). Such a mechanistic form for 
the intensity function was due to the clear sigmoid growth of the data. In our proposal, 
we focus on crime data instead, for the frst time, and adopt a stochastic log-normal 
model, based on the fnancial literature (Lamberton and Lapeyre, 2011; Voit, 2010). 
The correlation is alternatively set by relating Brownian motions in a discretized space. 
Parameter estimation is computationally tractable within the Bayesian paradigm. 
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Regarding the second point, we extend the constant correlations in Calatayud et al. 
(2023b) to time-varying stochastic correlations. Some papers in fnance treated stochas-
tic correlations (van Emmerich, 2006; Teng, Ehrhardt and Günther, 2016) (the contribu-
tion by van Emmerich (2006) seems to be the pioneer). Parameter inference was con-
ducted by ftting a stationary density to the empirical density of the historical-correlation 
time series. Nonetheless, the model was not tested on historical asset prices or correla-
tions, but it was employed for option pricing. In our context of crime, we estimate 
the parameters for the transformed log-normal model instead, by using the Bayesian 
approach; these are the third and fourth points of the research. We are not aware of pre-
vious contributions that combine such methodology and techniques, and we think that 
it could be a good starting point for the analysis of several spatially distributed types of 
data. Here we particularize to the feld of mathematical and statistical criminology, due 
to the signifcant importance of the topic in society. 

The plan of the paper is the following. The methodological development comes in 
Section 2, where we present and develop the mathematical model, describe the corre-
sponding differential equations, and frame the model into a hierarchical structure em-
bedded in a Bayesian paradigm. Then, Section 3 presents the Bayesian implementation 
and the numerical and statistical results for the crime data of Valencia. The paper ends 
with some fnal considerations in Section 4, where a discussion and possible future ex-
tensions are given. 

2. Formulation of the stochastic model 

This section is devoted essentially to the design of the model. In Section 2.1, we start 
with a stochastic partial differential equation for the intensity function, with a spatially 
correlated noise and a temporal log-normal evolution. For geostatistical and lattice data, 
the model becomes fnite dimensional and reduces to a set of stochastic differential equa-
tions, coupled by correlated Wiener processes. In Section 2.2, we further extend our 
proposal with a stochastic model for time-varying correlations. Hence, the intensity is 
in this case doubly stochastic and is framed within a Bayesian hierarchical structure. 

2.1. Stochastic partial differential equations and spatio-temporal stochas-
tic differential equations 

An ordinary differential equation subject to an initial condition takes the form (Murray, 
2002) 

u ′ (t) = f (t,u(t),Θ), u(0) = u0, (1) 

where u(t) is the state variable with derivative u ′ (t), f is a function that defnes the 
model, Θ is a set of real parameters, and u0 is the initial condition. This mathematical 
formula may be of use to model phenomena described by smooth curves, that are gener-
ally viewed as limits of difference equations. Although smoothness is rarely encountered 
in nature, an ordinary differential equation may be a useful tool to ft to average dynam-
ics, especially when fuctuations in data are of small magnitude. 
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When fuctuations cannot be ignored, randomness can be incorporated into (1) through 
an irregular stochastic process, often a Gaussian white noise B′ (t) in R (Allen, 2007; 
Mao, 2007; Smith, 2013). The notation B′ (t) stands for a generalized derivative, since 
the formal differentiation of a standard Brownian-motion process B(t) (Wiener process) 
yields a Gaussian white noise. The system (1) is then modifed to (Evans, 2012; Allen, 
2007; Mao, 2007; Rackauckas, 2014) 

u ′ (t) = f (t,u(t),Ξ)+ g(t,u(t),Ξ)B′ (t), u(0) = u0, 

where Ξ is a set of real parameters larger than or equal to Θ, g is a function that represents 
the intensity of the noise B′ , u is the stochastic state variable, and u0 is the deterministic 
initial condition. Rigorously, the equation is interpreted in integral form under the theory 
of Itô calculus; therefore, a differential notation using d is employed, to give 

du(t) = f (t,u(t),Ξ)dt + g(t,u(t),Ξ)dB(t), u(0) = u0. (2) 

Physically, and for modeling purposes, one may view the differential d as a very small 
increment. This pragmatic interpretation, which will be used extensively throughout the 
paper, agrees with the approximation of Itô stochastic differential equations by stochastic 
difference equations of Euler type (Euler-Maruyama scheme on a fnite time mesh), in 
contrast to the Stratonovich formulation (Braumann, 2007). The increment dB(t) = 
B′ (t)dt is an uncorrelated Gaussian process with zero mean and variance dt. 

For modeling fnancial data (Lamberton and Lapeyre, 2011); Voit, 2010), where a 
single time series characterized by fuctuations is considered, an important model is usu-
ally employed: the log-normal equation or geometric Brownian-motion process, given 
by 

du(t) = µu(t)dt + σu(t)dB(t). (3) 

In the previous notation, Θ = µ , Ξ = (µ,σ), f (t,u(t),Ξ) = µu(t) and g(t,u(t),Ξ) = 
σu(t). Parameter µ ∈ R, called drift, captures the growth rate, and σ > 0, called volatil-
ity, captures the magnitude of the fuctuations and the uncertainty on the future val-
ues. Essentially, the customary deterministic model for the infnitesimal growth rate, 
(u(t + dt) − u(t))/u(t) = µdt, is extended to a random setting as 

u(t + dt) − u(t) ∼ N(µdt,σ 2dt), (4)
u(t) 

with mutually independent perturbations, where N is the normal distribution 1. By Itô’s 
lemma, which extends the classical chain-rule theorem for non-differentiable processes, 

1The randomization in (4) is the most consistent model. Indeed, consider a general model 

u(t + dt) − u(t) 
= µdt + σ(dt)γ/2

ζt , u(t) 

where γ ≥ 0 is a constant and ζt is an uncorrelated process with mean zero and variance one: 

• The Gaussian behavior for ζt corresponds to the maximum-entropy distribution (Dorini and Sam-
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the solution to (3) is given by the stochastic process 

(µ− 1 
σ2)t+σB(t)u(t) = u0e 2 . 

The expected value of u(t), E[u(t)], is the solution to the deterministic counterpart 
dE[u(t)] = µE[u(t)]dt, 

E[u(t)] = u0eµt . (5) 

Hence (3) can be interpreted as “mean” + “residual”, for the differential. Since the 
probability distribution of u(t) is log-normal, it is possible to compute a probabilistic 
interval at level 1− α , h √ √ i 

(µ− 1 
σ2)t−σ · t·qα/2 (µ− 1 

σ2)t+σ · t·q1−α/2u0e 2 ,u0e 2 , (6) 

where q is the quantile function of a N(0,1). The paths of u are continuous, autocorre-
lated, and nowhere differentiable. If u0 > 0, then the paths of u are positive. 

This log-normal model is not restricted to fnancial data; it can indeed be used when-
ever the observed fuctuations match the dynamics of (3). In fact, for crime time series, 
our prototype is (3). Intuitively, and despite the limitations, the evolution of crime in-
cidence can be captured by the log-normal model, where there is a rate for the growth 
of criminality and a volatility for the random fuctuations. Albeit simple, the exponen-
tial model, rooted in birth-death environments, refects imitative and social criminality 
(Burgess and Akers, 1966; Esiri, 2016; Harkins et al., 2017). 

Until now, spatial effects have been omitted. To extend (3) to space, we consider 
a fxed compact region D ⊆ R2. Two settings may be considered: geostatistical data, 
where fxed (non-random) locations s1, . . . ,sn ∈ D are studied, or lattice data, where 
D is partitioned into fxed (non-random) disjoint regions D1, . . . ,Dn. In the context of 
criminology, the set D could represent a city of interest, for example. Lattice models 
divide D, for instance, into districts or streets. Geostatistical models deal with points 
of reference in the city, where we can have measurements of the quantity of interest. 
Strictly, these spatial formulations are not the same, but points of reference could also 
defne a partition D̃ = {s1, . . . ,sn} = {s1}∪ . . . ∪{sn} or D̃ = U1 ∪ . . . ∪Un, where each 
Ui is a neighborhood of the representative si. 

paio, 2012) (i.e. it has the minimum amount of information). Given an unbiased error, it is reason-
able to presume a symmetric shape for its probability density. The normal distribution is mathemat-
ically convenient and simple. 

′• For γ > 2, the model is actually deterministic: u = µu. For γ ≤ 2, denote dG(t) = (dt)γ/2ζt . The 
ζt dG(t) dG(τ)correlation function of the noise, dG(t)

= , is C(t, τ) = E[ , ]. For t ̸= τ , C(t,τ)dτ = dt (dt)1−γ/2 dt dτ 

0, because E[ζt ζτ ] = E[ζt ]E[ζτ ] = 0. For t = τ , C(t,τ)dτ = 1 The correlation only has an
(dτ)1−γ . 

adequate structure when γ = 1, since in such a case, C(t,τ)dτ acts as the Dirac measure dδt (τ) 

and C(t,τ) acts as the Dirac-delta generalized function δ (t − τ). Then, dG(t) = dB(t). For γ < 1, 
C(t, τ) = ∞ in the sense of distributions. For γ > 1, C(t,τ) = 0 in the sense of distributions. 
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The process of interest in this paper is the (surface) intensity of crimes, Λ(s, t), which 
is stochastic in both space and time. Conceptually, it is the expected number of crimes 
per unit area at coordinate s on the temporal interval (t −1, t], for s ∈ D and t ∈ [0,T ]. The 
time horizon 0 < T < ∞ comes up because data are always collected within a bounded 
period. This surface intensity on unit-time intervals is the integral of the surface-time 
intensity Γ(s, t̃): Z t 

Λ(s, t) = Γ(s, t̃)dt̃. 
t−1 

The intensities measure the risk of crime, hence an increase in the intensity could indi-
cate a need of police intervention. 

Based on (3), a stochastic partial differential equation model for the random feld Λ 
is given by 

∂ Λ(s, t) 
= µ(s)Λ(s, t)+ σ(s)Λ(s, t)ξ (s, t), (7)

∂ t 

for each point s within D, where µ(s) ∈ R and σ(s) ∈ (0,∞) are spatially heterogeneous 
non-random functions, and ξ is a certain unbiased spatio-temporal noise independent 
of Λ, without further specifcation for now. The notation ∂ means a partial derivative, 
with respect to t here. In (7), the temporal evolution is given by (3), whereas the spatial 
distribution is determined by the noise ξ , which exhibits a certain spatial correlation. R 0The system is subject to an initial state Λ(s,0) = −1 Γ(s, t̃)dt̃, s ∈ D. No boundary 
conditions are needed. 

It is interesting to observe that (7) is equivalent to a stochastic integro-difference 
equation, like that proposed by Zammit-Mangion et al. (2012). These models describe 
the conditional dependence between the spatial feld at a future-time point and the feld 
at the present-time point through an integral operator, which is typically assumed to be 
linear (Zammit-Mangion and Wikle, 2020). Given time instants tk < tk+1 with ∆t = 
tk+1 − tk, one has 

Λ(s, tk+1) ≈ Λ(s, tk)+ µ(s)Λ(s, tk)∆t + σ(s)Λ(s, tk)ξ (s, tk)∆t Z 
= K(s, s̃)F(s̃,Λ(s̃, tk))ds̃ + ek(s), (8)

D 

where K(s, s̃) = δ (s− s̃) is a Dirac-delta kernel, F(s̃,Λ(s̃, tk)) = Λ(s̃, tk)+ µ(s̃)Λ(s̃, tk)∆t 
distorts the feld in the sedentary stage, and ek(s) = σ(s)Λ(s, tk)ξ (s, tk)∆t is a zero-mean, 
correlated spatial disturbance. The δ -kernel corresponds to negligible spatial interac-
tions through the drift and the volatility; spatial dependencies arise from the stochastic 
noise ek and its covariance structure. The stochastic integro-difference formulation will 
not be used in the subsequent development; we will base our arguments on the differen-
tial form (7) instead. 

The stochastic partial differential equation (7) (infnite-dimensional model) can actu-
ally be reduced to a set of n stochastic differential equations (fnite-dimensional model), 
by taking the spatial discretization into account. For geostatistical data with locations 



8 A stochastic partial differential equation for Bayesian spatio-temporal modeling of crime 

s1, . . . ,sn, 
∂ Λ(si, t) 

= µ(si)Λ(si, t)+ σ(si)Λ(si, t)ξ (si, t). (9)
∂ t R 

For lattice data with grid cells D1, . . . ,Dn, if Λ(Di, t) = Λ(s, t)ds is the aggregated Di 

intensity, then Z Z
∂ Λ(Di, t) 

= µ(s)Λ(s, t)ds + σ(s)Λ(s, t)ξ (s, t)ds.
∂ t Di Di 

If we assume that µ(s), σ(s) and the noise ξ (s, t) are spatially homogeneous within 
Di, given by µ(Di), σ(Di) and ξ (Di, t), respectively (i.e., intra-region homogeneity and 
between-regions heterogeneity), thenZ Z 

µ(s)Λ(s, t)ds = µ(Di) Λ(s, t)ds = µ(Di)Λ(Di, t) 
Di Di 

and Z Z 
σ(s)Λ(s, t)ξ (s, t)ds = σ(Di)ξ (Di, t) Λ(s, t)ds = σ(Di)Λ(Di, t)ξ (Di, t). 

Di Di 

In consequence, for lattice data, we have 

∂ Λ(Di, t) 
= µ(Di)Λ(Di, t)+ σ(Di)Λ(Di, t)ξ (Di, t). (10)

∂ t 
Both equations (9) and (10) can be combined into a single model, with the appropriate 
interpretations for Λi, µi, σi and ξi 

2: 

∂ Λi(t) 
= µiΛi(t)+ σiΛi(t)ξi(t). (11)

∂ t 

2We have checked that the stochastic partial differential equation model for the intensity Λ(s, t) implies 
temporal stochastic differential equations for aggregated intensities. The converse is also true. Suppose that 
any aggregated intensity Z 

Λ(E, t) = Λ(s̃, t)ds̃ 
E 

satisfes the stochastic differential equation 

∂ Λ(E, t) 
= µ(E)Λ(E, t)+ σ (E)Λ(E, t)ξ (E, t),

∂ t 
for small neighborhoods E ⊆ D of s ∈ D with area |E|. Then the local model 

∂ Λ(s, t) 
= µ(s)Λ(s, t)+ σ(s)Λ(s, t)ξ (s, t)

∂ t 
is retrieved, since Z1

Λ(s, t) = lim Λ(s̃, t)ds̃, 
|E|→0 |E| E Z1 

µ(s)Λ(s, t) = lim µ(s̃)Λ(s̃, t)ds̃ 
|E|→0 |E| E 

and Z1
σ(s)Λ(s, t)ξ (s, t) = lim σ(s̃)Λ(s̃, t)ξ (s̃, t)ds̃. 

|E|→0 |E| E 
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Notice that for lattice data, Λi(t) gives an absolute quantity, not a density: the number of 
crimes in region Di, on (t − 1, t]. Indeed, the spatial integration of an intensity gives the 
“mass” (usually, in the literature, researchers simply talk about the number of crimes in 
a region at t for easiness, to really refer to (t − 1, t]). For geostatistical data, by contrast, 
Λi(t) is still an intensity: the surface density of crimes at si, on (t − 1, t]. 

Equations in (11) are formulated in R, instead of R2. Each ξi(t) can be defned 
as a one-dimensional Gaussian white-noise process, given by the derivative of a one-
dimensional Brownian motion, B′ i(t). Therefore, (11) is rewritten in differential form 
as 

dΛi(t) = µiΛi(t)dt + σiΛi(t)dBi(t), (12) 

for i = 1, . . . ,n. The closed-form solutions are 
(µi− 1 

σi 
2)t+σiBi(t)Λi(t) = Λi(0)e 2 . (13) 

The specifcation of a log-normal process is equivalent to the specifcation of a Gaussian 
process. We note that if Λi(t) = ezi(t), then (12) is equivalent to dzi(t) = (µi − 1 

σi 
2)dt +2 

σidBi(t). This identity is related to the stochastic integro-difference equation proposed 
by Zammit-Mangion et al. (2012), not for the intensity itself with (8), but for the loga-
rithm of the intensity. In Euler discrete form, zi(tk+1) ≈ zi(tk)+εi(tk), where the mean of 
the Gaussian variable εi(tk) is (µi − 1 

σi 
2)∆tk and the variance is σi 

2∆tk. The covariance 2 
structure between two indices i, j, under spatial heterogeneity, will be specifed later. 
Note that this model is the stochastic integro-difference equation with Dirac-delta kernel 
K and identity map F . 

The original two-dimensional noise ξ (s, t) is given by 
n 

ξ (s, t) = ∑ X{si}(s)B ′ i(t), s ∈ {s1, . . . ,sn}, 
i=1 

for geostatistical data, and by 
nn [

ξ (s, t) = ∑ XDi (s)Bi 
′ (t), s ∈ Di = D, 

i=1 i=1 

for lattice data, where X·(·) denotes the indicator function over a set. Under a higher 
level of abstraction, we note that bivariate noise is a particular form of the appealing 
expression 

ξ (s, t) = ∑wi(s)ηi(t), 
i 

where ηi are temporal noises with a certain interdependence over i, and wi are spatial 
functions (weights) that distribute those temporal noises in space. Separation of vari-
ables decomposes the domain D × [0,T ] into D and [0,T ] and simplifes the problem 3. 

3The decomposition of Cartesian-product domains for random-feld representations is a common tool 
in stochastic modeling. For instance, similar approaches are adopted for stochastic systems driven by 
parametric uncertainty, with Karhunen-Loève expansions or polynomial chaos expansions (Lord, Powell 
and Shardlow, 2014; Xiu, 2010). 
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When wi are indicator functions, the space is then discretized and the stochastic partial 
differential equation becomes a set of stochastic differential equations. 

In the notation of lattice data, but the same applies for geostatistical data, time-value 
properties of our ξ are: (a) ξ (s,∗) is a Gaussian process; (b) the expectation becomes 
E[ξ (s, t)] = ∑n

i=1 XDi (s)E[B′ i(t)] = 0; (c) and the covariance can be written as 

n 
Cov[ξ (s, t1),ξ (s, t2)] = ∑ XDi (s)XD j (s)Cov[B ′ i(t1),B ′ j(t2)] 

i, j=1 
n 

= ∑ XDi (s)Cov[B′ i(t1),Bi 
′ (t2)] 

i=1 
n 

= δ (t1 − t2) ∑ XDi (s) = δ (t1 − t2), 
i=1 

where δ is the Dirac delta function. That is, ξ (s,∗) is a Gaussian white-noise stochastic 
process. 

To set the properties of ξ (∗, t), since ξ (s, t) exhibited spatial association, the n Brow-
nian motions are correlated. This feature couples the n equations (12). No coupling is 
due to the drift or the volatility, which does not seem to contribute to lower ftting or 
prediction accuracy in practice. 

To our knowledge, such a decomposition of the spatio-temporal noise in stochastic 
partial differential equations has not been used previously. 

When n = 2 or, in other terms, we work pairwise, one can defne q 
dB2(t) = ρ1,2(t)dB1(t)+ 1− ρ1,2(t)2dB̃2(t), 

where ρ1,2(t) ∈ [−1,1] is a function of t and B̃2(t) is an auxiliary Brownian motion 
that is independent of B1(t). This differential equation is rigorously interpreted by Itô 
integration, Z t Z t q 

B2(t) = ρ1,2(t̃)dB1(t̃)+ 1 − ρ1,2(t̃)2dB̃2(t̃). 
0 0 

By the bilinearity of the covariance operator, it is easy to see that the correlation becomes 

corr[dB1(t),dB2(t)] = ρ1,2(t). 

For Λi(t), this property translates into 

corr[dΛ1(t),dΛ2(t)|Λ1(t),Λ2(t)] = ρ1,2(t), 

where the vertical bar denotes a conditional quantity. That is, ρ1,2 measures how similar 
the (infnitesimal) variations of Λ1(t) and Λ2(t) are. In practice, this is a key quantity: if 
ρ1,2 > 0 is somewhat near 1, then a signifcant variation in crime incidence within region 
D1 should make the public authorities and the police put their attention on D2 also. 
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In the general case, the theoretical construction of n correlated Brownian motions is 
as follows. Given n independent auxiliary Brownian processes B̃1(t) = B1(t), B̃2(t), . . . , 
B̃ n(t), defne   

dB1(t) dB̃1(t) = L(t) . . . 
. . . 

dB̃ n(t) 
, 

dBn(t) 

where L(t) is a lower-triangular matrix with transpose L⊤(t) and A(t) = (ρi, j(t))i, j = 
L(t)L⊤(t) is the Cholesky decomposition for the symmetric and positive defnite matrix 
A(t) of correlation functions. Indeed, the relations 

corr[dBi(t),dB j(t)] = ρi, j(t) (14) 

and 
corr[dΛi(t),dΛ j(t)|Λi(t),Λ j(t)] = ρi, j(t) 

hold. Also, for (14), notice that 

ΣdB = LΣdB̃L⊤ = dtLL⊤ = dtA, 

where Σ denotes the covariance matrix, B = (B1, . . . ,Bn)
⊤ and B̃ = (B̃1, . . . , B̃n)

⊤ . 
As a consequence, if s ∈ Dk (or s = sk) and r ∈ Dl (or r = sl), then 

n 
Cov[ξ (s, t)dt,ξ (r, t)dt] = ∑ XDi (s)XD j (r)Cov[B ′ i(t)dt,B ′ j(t)dt] 

i, j=1 
n 

= ∑ XDi (s)XD j (r)Cov[dBi(t),dB j(t)] 
i, j=1 

n 
= ∑ XDi (s)XD j (r)ρi, j(t)dt = ρk,l(t)dt 

i, j=1 

and 
corr[ξ (s, t)dt,ξ (r, t)dt] = ρk,l(t). 

This is the spatial structure of the noise term in the stochastic partial differential equation. 
Then, the spatial structure of the intensity becomes 

Cov[dΛ(s, t),dΛ(r, t)|Λ(s, t),Λ(r, t)] = σ(s)σ(r)Λ(s, t)Λ(r, t)Cov[ξ (s, t)dt,ξ (r, t)dt] 

= σ(s)σ(r)Λ(s, t)Λ(r, t)ρk,l(t)dt 

implying that 
corr[dΛ(s, t),dΛ(r, t)|Λ(s, t),Λ(r, t)] = ρk,l(t), 

where the differential is taken with respect to t. At different spatial locations, the in-
fnitesimal increments of the intensity over time are dependent via such a ρ-function. 
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2.2. Stochastic correlations 

The most basic spatial correlation model assumes that ρi, j(t) ≡ ρi, j is time indepen-
dent (Calatayud et al., 2023b). This is a good option from an “averaged” point of view, 
when one uses a single quantity to summarize the relationship between the two histori-
cal time series. Moreover, a confdence interval for the correlation gives a region where 
the (constant) quantity lies with high confdence (Davison and Hinkley, 1997). How-
ever, in general, the correlation changes with time. This fact has been observed for data 
in fnance (van Emmerich, 2006; Teng et al., 2016), and for crime dynamics the same 
seems to occur. It is interesting to notice that, in terms of time-series modeling, spatial 
dependencies between regions are somewhat similar to assets’ dependencies between 
companies in the same fnancial market; hence the mathematical connection between 
spatial statistics and fnance. After selecting a time lag τ > 0, sample correlations of 
the log returns can be computed at blocks [t − τ, t] (moving-window technique), and it 
is observed that a noisy time series describes the dynamics of the empirical correlation; 
when τ is lower, the fuctuations are higher. 

Thus, for completeness we better consider the correlation ρi, j(t) as a stochastic pro-
cess. Since it must belong to the interval [−1,1], an appropriate transformation is used. 
In particular, making use of the hyperbolic tangent and the logarithm functions, we de-
fne 

ρi, j(t) = tanh(log(yi, j(t))) ∈ [−1,1], (15) 

where yi, j(t) is described by a log-normal model, as in (3), and it is given by 

dyi, j(t) = µi, jyi, j(t)dt + σi, jyi, j(t)dWi, j(t), (16) 

where Wi, j(t) are independent Brownian motions (hence the correlation processes oper-
ate independently), µi, j ∈ R, and σi, j > 0, for i, j = 1, . . . ,n. Notice that the hyperbolic 
tangent function has the image in (−1,1), so ρi, j is well-defned. 

After combining (12), (14), (15) and (16), the fnal model we propose in this paper 
becomes hierarchical, and takes the form  

dΛi(t) = µiΛi(t)dt + σiΛi(t)dBi(t), i = 1, . . . ,n,corr[dBi(t),dB j(t)|Wi, j] = corr[dΛi(t),dΛ j(t)|Λi(t),Λ j(t),Wi, j] = ρi, j(t), (17)
ρi, j(t) = tanh(log(yi, j(t))) ,dyi, j(t) = µi, jyi, j(t)dt + σi, jyi, j(t)dWi, j(t), i, j = 1, . . . ,n. 

Compared to (14), the second line in the hierarchy now conditions on Wi, j, which is the 
source of randomness for ρi, j; each path of Wi, j defnes a time function ρi, j. A loose 
schematic view on (17) is the following 

datai ∼ [Λi|B1, . . . ,Bn; µi,σi] × [Bi,B j|ρi, j] × [ρi, j|Wi, j; µi, j,σi, j] × [Wi, j], 

where the vertical bar conditions on random quantities, the semicolon conditions on 
(non-random) parameters, and the products multiply probability laws. Recall that the 
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subscripts i, j refer to spatial conditions: for geostatistical data, i refers to the fxed 
spatial location si ∈ D, whereas for lattice data, i refers to the region Di ⊆ D. On the 
other hand, by Itô’s lemma, one may derive a stochastic differential equation for ρi, j(t) 
after some computations, without yi, j(t), but it will not be used for calibration purposes. 

Mechanistically, model (17) is interpreted in the context of crime dynamics as fol-
lows. Omitting the subscript i for simplicity, the deterministic part of the frst equation is 
Λ′ (t) = µΛ(t), for the region i. By relating number of crimes with number of criminals 
as Λ(t) = αx(t), where α > 0 is a proportionality constant that refects the average quan-
tity of committed crimes per criminal in region i (Jane White et al., 2021), a model for 
the number of criminals is x ′ (t) = µx(t). This equation takes into account: the social in-
fuence of criminality (Burgess and Akers, 1966; Esiri, 2016; Harkins et al., 2017), with 
an infow µinx(t) that generates new offenders, and the cessation of criminal activity, 
with an outfow µoutx(t), that gives rise to the continuous evolution 

x(t + dt) = x(t)+(µin − µout)x(t)dt. 

Parameter µ , rooted in birth-death processes of populations, is thus interpretable as the 
balance between social infuence and cessation of criminality, and it determines x when 
viewed as a deterministic function. However, there are uncertainties associated to crime 
evolution, hence the deterministic formulation for the relative change 

x(t + dt) − x(t) 
= µdt 

x(t) 

is normally perturbed as 

x(t + dt) − x(t) ∼ N(µdt,σ2dt). 
x(t) 

Parameter σ represents the volatility of the dynamics, for each region i. The mathemati-
cal formalization of this last equation gives rise to the stochastic differential equation of 
the Itô type. Now, the distinct regions are not independent and are related via correlated 
noises. For a higher ftting potential, correlations are also taken to be stochastic, but we 
employ a phenomenological formulation for them because we have no prior sociologi-
cal information about the evolution. The use of the auxiliary functions tanh and log are 
mathematical artifacts to ensure that the correlation processes remain within (−1,1). 

3. Crime data dynamics from calls to 112-emergency phone 

This section presents the application of our methodological approach to the analysis of 
crime dynamics in the city of Valencia, Spain. In particular, we develop the framework 
and strategy for Bayesian inference to ft our stochastic differential equations to our 
crime data. In Section 3.1, we present the data and provide some notations. Then Sec-
tion 3.2 outlines the Bayesian strategy for statistical inference, and presents the results: 
posterior distributions, ftting to the historical data, and predictions. 
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Figure 1. First panel: Locations of crime events in Valencia partitioned in colors per each one 
of the 10 postal codes, for the period from January 2010 to December 2020. Then, each zip 
code has a time series of monthly crime counts. Second panel: Cumulative number of crime 
incidents in Valencia. Third panel: Frequency of crime events in Valencia. Fourth panel: Trend 
frequency (annual moving average) of crime events in Valencia. Fifth panel: 3D box showing the 
ten temporal series for each postal code. 

3.1. Crime-related setting: methodological setup 

We work in the context of the recent papers by Calatayud et al. (2023a,b). The data con-
sist of 90247 street crime incidents communicated to the 112-emergency phone in the 
Mediterranean city of Valencia, Spain, from January 2010 to December 2020. Essen-
tially, these correspond to violent, smooth robberies and thefts in the streets. Valencia 
has around 800,000 inhabitants, ranked third in Spain, and it is the capital of the Valen-
cian region; as a large and populated city, crime patterns stand as an important societal 
issue. Monthly counts of crime (132 measurements along 11 years) are available, posi-
tioned here in 10 regions of the city of Valencia based on their postal or zip codes. 
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Figure 2. Monthly spatial distribution of crime for the frst four months of the data for all years: 
January (top-left), February (top-right), March (bottom-left), and April (bottom-right). 

The city is represented in the plane by the set D. The regional partition into 10 zip 
codes provides the context for lattice-data analysis. We have districts Di ⊆ D, for i = 
1, . . . ,n, where n = 10 and D = ∪i

n 
=1Di. The random-feld intensity Λ(s, t), defned as the 

expected number of crimes per unit area at s during month t (temporal interval (t − 1, t]),R 
is used in terms of aggregated intensity (“mass”): Λi(t) = Λ(Di, t) = Λ(s, t)ds. TheDi 

integration of the density gives Λi(t), representing the number of crimes in district Di, 
at month t (temporal interval (t − 1, t]). We assume a proportional relationship in terms 
of average number of crimes committed per criminal (Jane White et al., 2021), per zip 
code: incidents = α × offenders, α > 0; we then focus on the number of crimes. The 
time horizon is T = 131, and the time interval [0,131] is partitioned into t1 < . . . < tm, 
m = 132, with tk+1 − tk = ∆t = 1. The empirical data on street crimes are represented 
by λi,tk . There are n = 10 time series of interest {λi,tk }k

m 
=1, for i = 1, . . . ,n. The raw 

time series are very noisy and Itô processes do not ft well, so an annual moving average 
is applied from the beginning to remove seasonality and outliers, and to accommodate 

1geometric Brownian motions to trends, giving λi,tk ← ℓ=0 λi,tk−ℓ12 ∑
11 and m = 121. This 

type of data processing was suggested by Cao et al. (2013). The new and smoother trend 
time series {λi,tk }k

m 
=12 are those used to ft our model. Indeed, while the raw time series 

are similar to a white noise due to the abrupt variability observed, the corresponding 
trend time series are better described as an Itô process (Cao et al., 2013; Calatayud et 
al., 2023b). The locations of crimes in Valencia are depicted in Figure 1, indicating each 
of the 10 zip codes that we are considering here. The bottom panel of Figure 1 shows 
basic information on the temporal evolution of the incidents, based on the cumulative 
frequency in Valencia. The third picture depicts the overall crime frequency in the city, 
in form of a time series. In the fourth panel, the time series is smoothed with the annual 
moving average. The ffth panel displays a 3D box containing the ten temporal series for 
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each postal code, enabling a simultaneous view of crime across both spatial and temporal 
dimensions. 

To further investigate the temporal and spatial dynamics, Figure 2 presents the spatial 
distribution of crimes for the frst four months for all years. Finally, Figure 3 shows the 
spatial distribution of crimes for the frst four years. Each map represents a single year, 
allowing to identify and compare long-term spatial patterns. 
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Figure 3. Annual spatial distribution of crime for the frst four years: Year 1 (top-left), Year 2 
(top-right), Year 3 (bottom-left), and Year 4 (bottom-right). 

These fgures collectively contribute to a more comprehensive understanding of the 
spatial distribution of crime in Valencia and its temporal evolution that will be interpreted 
through our stochastic model. 

3.2. Bayesian inference for hierarchical model estimation 

We assume discrete data labeled as {λi,tk }, with k = 1, . . . ,m and i = 1, . . . ,n, where 
subscript i refers to space, tk represents an instant of time, and the time lags ∆t = tk+1 − 
tk = 1 are constant. These records are regarded as realizations of our hierarchical model 
of the Itô type. 

We used the software Mathematica (Wolfram Research, 2020), for some prelimi-
nary computations with the data, and R (R Core Team, 2023) for the complete self-
implementation of the Bayesian inference framework. 

Given the data at the i-th location, λi,t1 , . . . ,λi,tm , we use a Bayesian approach follow-
ing a Markov Chain Monte Carlo (MCMC) method for parameter estimation. Specif-
cally, we use Gibbs sampling for the one-dimensional parameters and slice sampling for 
the multivariate settings (i.e., Zi,t and Wi, j, as coming next) (Brooks et al., 2011; Neal, 
2003). Furthermore, we note that Λi, as defned in (17), may show negative intensity 
values when the stochastic differential equation is discretized with an Euler-Maruyama 
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scheme of the form 

Λi(tk+1) = Λi(tk)+ µiΛi(tk)+ σiΛi(tk)(Bi(tk+1) − Bi(tk)) 

∼ N 
� 
Λi(tk)+ µiΛi(tk),σi 

2
Λi(tk)2� 

, 

support(Λi(tk+1)) ∈ (−∞,∞). 

which is not realistic. Therefore, we use a logarithmic transformation by taking advan-
tage of Itô’s lemma, see (13), and we propose the following hierarchical model, origi-
nated from (17): 

λi(t)|Λi(t) ∼ Po(Λi(t)) (18) 

with Po() standing for a counting Poisson distribution, and � � 
1

log(Λi(t + 1)) = log(Λi(t)) + µi − σ
2 + σiZi,t , (19)i2 

with 
(Z1,Al , . . . ,Zn,Al ) ∼ Nn(0,ΣAl ), ΣAl = (ρi, j,Al )1≤i, j≤n, (20) 

where Al are chosen subsets of the complete temporal interval. In our case, we divided 
the total temporal region into L = 10 subintervals Al , each corresponding to one year, so 
l = 1, . . . ,L = 10. In addition, 

ρi,i,Al = 1, ∀1 ≤ i ≤ n, 

ρi, j,Al = tanh(log(yi, j(Al))), (21) 

where � � 

log(yi, j(Al+1)) = log(yi, j(Al)) + µi, j − 
1

σi 
2 
, j + σi, jWi, j. (22)

2 

Equation (18), added to (17) in practice, describes events that appear randomly and inde-
pendently on a continuous space, characterized by the occurrence rate (the “intensity”), 
which is the expected number of cases per unit area. 

We stress that in this model with n subregions (postal codes) and L partitions Al�L� 
of the overall temporal region, the number of parameters amounts to 3 2 + 3n plus 
those of the slice sampling over Z and W . In our case, both L and n are 10, resulting 
in a total of 165 parameters. This large number over-parametrizes our model, posing 
diffculties in the MCMC convergence and enlarging computational times unnecessarily. 
In consequence, we consider two stages. We frst assume that the Zi,t are independent 
with respect to space, meaning that we estimate each time series separately and take the 
posterior median of each parameter as the correct value. Once this estimation is done, 
we then consider the spatial dependence of the Zi,t as defned in equation (20). 

We also emphasize the fact that, although the conception of model (17) is of contin-
uous type, the Bayesian implementation requires a discretization. Essentially, stochastic 
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processes become fnite-dimensional random vectors and stochastic differential equa-
tions become random difference equations. Euler-type discretizations are broadly em-
ployed in stochastic computing; they are the simplest convergent methods, with strong 
convergence of order 1/2. Milstein scheme, of higher convergence order in general, is 
not needed for parameter estimation, at least in our context. 

On the other hand, we notice that Calatayud et al. (2023b) assumed constant correla-
tions in time, and inference proceeded with the method of moments due to the simplicity 
of the solution in (13). In Calatayud et al. (2023b), correlations were estimated pairwise, 
by the underlying multivariate-Gaussian structure. Here, by contrast, the distributions 
of the parameters are estimated jointly. The downside is that, because of the higher 
complexity, blocks of time Al and of space need to be considered. 

The MCMC process was conducted over 20,000 iterations, with the initial 5,000 
used as a “burn-in” period to ensure convergence. Samples of the parameters were taken 
at intervals of 50 iterations (thinning to reduce autocorrelation), resulting in a total of 
300 values that provide an approximation of the posterior marginal distribution of all pa-
rameters involved in the process. We considered non-informative prior distributions for 
the spatial trends µi, µi, j (a Gaussian distribution with a large variance), and informative 
priors for σi, j,Λi(0), as follows: 

µi ∼ N(0,10), 

σi ∼ U(0.01,0.09), 

Λi(0) ∼ Ga(10,1), 

µi, j ∼ N(0,10), 

σi, j ∼ Ga(1,1), 

yi, j(A0) ∼ Ga(1,1), 

Wi, j ∼ N(0,1), 

for all postal codes, where N, Ga and U refer to normal, gamma and uniform random 
variables, respectively. The corresponding informative priors were selected empirically, 
to reduce the computational time and better adjust the domains of the outputs. We in-
deed stress that we have consistently employed non-informative priors throughout the 
modeling process. However, as the number of iterations in the Monte Carlo process 
increased, we observed that keeping excessively broad parameter domains led to a sig-
nifcant increase in computational cost, and posed challenges to model convergence. In 
order to improve both the stability and effciency of the model, we empirically refned 
the parameter domains as the iterations progressed. This refnement was solely based on 
the behavior of the model during the initial stages of convergence and was not derived 
from any subset of the data used later for model ftting or predictive performance evalu-
ation. This approach helped ensure computational feasibility while avoiding any risk of 
information leakage from the data used in subsequent phases of the analysis. 

https://U(0.01,0.09
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Figure 4 shows a comparison between the expected number of cases obtained from 
the posterior median of each parameter and the number of current cases, for some se-
lected cases. Recall that we are working with trend time series. The estimates are quite 
accurate and capture well the temporal behavior of the observed number of cases over 
time. 
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Figure 4. Comparison between the estimate of cases (green line) and the number of real cases 
(black line), for postal codes 3, 6, 7 and 8. 

Our model also produces estimates of the correlations between any two postal codes, 
i.e., up to 45 pairs. To save space, here we focus on the pair (1, 5) and show the poste-
rior densities of the parameters associated with the correlation between these two postal 
codes. Figure 5 depicts such posterior densities, specifcally µ1,5, σ1,5, y1,5(A0) and 
ρ1,5,A0 , noting that when using non-informative priors, the likelihood is very informative 
and drives the posterior distribution to the right place, with a shape similar to a bell. We 
show in the bottom right corner the posterior density of the correlation between postal 
codes 1 and 5. We obtained this sample by calculating the correlation value with equa-
tion (21) employing the corresponding parameter values in each iteration. From this 
sample, we obtained the estimate for each of the correlations by choosing the posterior 
median and the credibility intervals which we show in Figure 6, where we observe the 
behavior of the correlation across the subintervals Al . We note the temporal variation 
of such correlations that our model has captured considering them stochastic processes 
themselves. The uncertainty of the estimates is given by the credible intervals. In gen-
eral, the zero-correlation value does not lie within the credible region, suggesting a spa-
tial effect in criminal behavior. 
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Figure 5. Posterior densities of the parameters associated with the correlation between postal 
codes 1 and 5, as well as the posterior distribution of the correlation in the frst subinterval A1. 
The parameters are defned in equations (21) and (22). 

Finally, we assess the accuracy of future predictions on the number of crime cases. 
We proceed in two ways: complete extrapolation and month-by-month extrapolation. 
For the former way, we use the estimated model for the frst 9 years and predict the 
expected number for the last year (12 temporal instances), comparing them with the 
current data. Figure 7 depicts such predictions for the last year in four different postal 
codes, observing that the black line associated with the number of observed cases is 
almost always within the 0.95 interval. This is an indication that our proposed model 
has been accurately estimated and fts the crime data in Valencia well. The credible bands 
tend to widen because we are extrapolating for a long time window, along a complete 
year, hence there is a large uncertainty. Mathematically, the behavior is a consequence 
of the linearly increasing variance of the Brownian motion. 
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Figure 6. Estimated pairwise correlations between four selected pairs of different postal codes 
and their corresponding 0.95 credibility intervals (green lines). 
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Figure 7. Complete-one-year predictions (green line) and their credibility intervals (red line) 
for the last 12 months in 4 different areas, along with the observed cases (black line). 
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However, if one forecasts month by month, the magnitude of the credible intervals 
is that of one time step. This is the case of the second approach: we predict the instant 
“9 years + ith month” from the data at instants ≤ “9 years + (i − 1)th month”, for 
i ≥ 1. Figure 8 displays the new forecasts for the last year, this time for all zip codes 
for generality. The mean values and the credible intervals now move with the data, 
exhibiting narrower uncertainty. We remark that the last year corresponds to a very 
complicated scenario, coinciding with the COVID-19 pandemic and the lockdown in 
Spain (BOE, 2020; Wu et al., 2020). The second black data value of the pictures, that 
seems to be an outlier, is infuenced by March 2020, where the restrictions on movement 
were imposed and reported criminality suddenly decreased. The fact that our model is 
successful for such a year makes us think that the proposed methodology is certainly 
useful for delineating crime dynamics in the short term. We note that the green and 
red lines advance in parallel, but it seems that there is a one-month lag with the black 
curve. Such a behavior is linked with the essence of prediction. For example, if there is 
a decrease of data from t −1 to t, this affects the parameter estimation for the times up to 
t, hence there will probably be a decrease in the prediction on (t, t + 1]. If data increase 
from t to t + 1, then the predicted values will likely rise on (t + 1, t + 2]. 
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Figure 8. Month-by-month predictions (green line) and their credibility intervals (red line) for 
the last 12 months (for year 10), along with the observed cases (black line). 
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3.3. Comparison with alternative simpler models 

To strengthen our approach, we offer a brief comparison among our model (HDEM), 
an autoregressive AR(1) structure, and a random forest (RF), as a widely used machine 
learning method. 

Figure 9 presents comparatively credibility intervals (CI) for AR(1), random forest 
(RF), and HDEM for the case of a one-year prediction for some selected postal codes 
(3, 4, 6, 10) and year 10. We only show these four cases as an example to reinforce our 
arguments in favor of our model, since all the cases show similar behavior. We note that 
in terms of CIs, our HDEM and AR are quite close, suggesting similar levels of precision 
and reliability in the predicted outcomes. However, the CI of the RF seems to go away 
from the true values, indicating wrong predictions in all cases. We also considered the 
case of AR(p) for various orders, and the results were even worse compared to AR(1). 
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Figure 9. Comparison between the credibility intervals of the proposed model (HDEM), the 
AR(1), and the Random Forest (RF) for one-year predictions for year 10 and some selected 
postal codes (3, 4, 6, 10). 

It is important to stress that one of the key strengths of our model is its ability to 
account for the spatial correlation between different areas. This feature is crucial for 
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capturing the interactions between neighboring regions, which are often an essential 
component in the spatial dynamics of crime. Although an AR structure may show strong 
predictive capabilities in certain contexts, it lacks the spatial interpretability and gran-
ularity that our model offers (also true in the case of an RF). This makes our approach 
particularly valuable for criminologists and law enforcement agencies who want not 
only predict but also gain a deeper understanding of the spatial patterns and underlying 
dynamics of crime. 

We additionally calculated the root mean squared error (RMSE) of the predictions 
for each model by comparing the estimates with real values for the last year. By doing 
this across the 10 zones, we obtain an error for each of them. In Table 1, we show the 
average error over these 10 zones, as well as the 90% confdence interval of these errors. 
The results highlight that the RMSE of our model is lower than that of the other two 
classical models, supporting the better precision and reliability of the HDEM approach 
over traditional models. 

Model Average error over 10 zip codes 90% 

HDEM 
AR(1) 

RF 

15.16359 
15.38856 
27.06137 

[7.63, 26.61] 
[7.97, 26.80 ] 
[17.71, 39.59] 

Table 1. Root mean square error (RMSE) for each model based on predictions during the fnal 
10th year. The training period spans the previous years (< 10). 

4. Discussion and conclusions 

We have detailed a methodology to deal with crime data, based on spatio-temporal 
stochastic differential equations. The data were point-referenced or distributed on patches. 
From a stochastic partial differential equation for the intensity with temporal log-Gaussian 
evolution, we obtained stochastic differential equations with correlated Wiener noises. 
The correlations were stochastic processes too, with a transformed log-Gaussian dis-
tribution. We have proposed a hierarchical Bayesian structure for joint inference, and 
model ftting was conducted for the lattice data in Valencia, which contains a suff-
ciently large number of events. Time series on the irregular grid were ftted for the 
past (interpolation) and for the future (prediction, either for a long time window or on 
an instant-by-instant basis). Our work combined ideas from stochastic differential equa-
tions, spatial statistics, time series, and quantitative fnance. It is the frst attempt to 
incorporate the use of stochastic partial differential equations in mathematical/statistical 
criminology with real data, as a direct modeling tool. Other areas of application could 
be epidemiology or ecology. 

Our proposal is very much focused on modeling the dynamics of the stochastic inten-
sity function through differential equations rather than through an underlying Gaussian 
process. In this way, we can better control the stochastic term through the drift param-
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eter µ() that captures the growth rate, and the volatility parameter σ() that captures the 
magnitude of fuctuations and the uncertainty of future values. These two parameters are 
inspired by the evolution of crime incidence and social crime, where there is a rate for 
the growth of criminality and a volatility for random fuctuations. Note that our approach 
goes more in the line of Zammit-Mangion et al. (2012), which can be further embed-
ded into an LGCP framework in the context of stochastic integro-difference equations. 
This is not the usual framework in LGCPs. Classical and widely used LGCPs are based 
on an underlying Gaussian process (GP) and the second-order properties are inherited 
from the covariance structure of this GP. Using covariances in space and time is much 
less fexible, carries a computational burden, and does not model the dynamics of the 
process as a differential equation does. A fnal aspect is that with our approach we can 
model stochastic correlations varying in time, something that becomes very troublesome 
in classical LGCPs. 

The stochastic log-normal model has been of use in fnance for stock-price evolution 
with correlations. The time series of crime studied in this paper have similar fuctuations 
to those encountered in fnancial modeling, hence our model building. An important 
feature of our proposal is that parameter estimation is conducted within the Bayesian 
paradigm, enabling the delineation of the uncertainty in each involved parameter. We are 
not aware of similar differential-equation models in criminology, with such a statistical 
treatment. 

Further investigation of this type of models would be of interest when the number 
of sampling sites or regions of study augments, producing a high increase in the number 
of parameters. Convergence and computational times are issues to be solved to make 
these models useful in practice. The case of point patterns, for which locations and 
times arise randomly, is left for future research. The analysis of point patterns would 
help to identify crime hotspots within the zip codes. Otherwise, we are constrained to 
uniformly distributed events within the spatial districts, with the quantity given by the 
Poisson realization of the aggregate intensity. Finally, there is still work to be done 
for the inclusion of covariates, probably through link functions on the drift coeffcients, 
to seek higher predictability (with no overftting): more accurate mean values from a 
pointwise sense and narrower (less uncertain) probabilistic intervals. Overftting occurs 
when models are excessively complex and match the data too perfectly (Duan et al., 
2009, Footnote 3), with some parameters that may be unidentifable (Smith, 2013). Note 
that in Figure 8 the model does an effective and practical job when predicting month by 
month for real data, and the incorporation of covariates shall be of use to expand the 
prediction window. 
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