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Abstract 

The area under the ROC curve (AUC) plays an inportant role in the study of the pre-
dictive capacity of regression models. It is well known that an infated AUC may result 
when the same data are used for training and testing the model. In this paper optimism 
correction of the AUC in the presence of missing data is investigated. Complete case 
analysis, inverse probability weighting and multiple imputation are employed to address 
the issue of missing data. For each of these approaches, split-sample, K-fold cross-
validation and leave-one-out cross-validation are employed to correct for the optimism 
of the AUC. The methods are compared through intensive Monte Carlo simulations in 
the particular setting of binary regression. Results suggest that all estimators are con-
sistent with the exception of complete case analysis, which may be biased when missing 
is not completely at random. In general, a combined application of multiple imputation 
and leave-one-out cross-validation is recommended. 

MSC: 62G05, 62G09, and 92B15. 
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1. Introduction 

Predictive models are widely used in different areas. They are used to evaluate credit 
risk, evaluate fraud hypotheses, analyse the performance of a machine or identify the in-
dividual who is at greatest risk of illness (Fawcett, 2006; Pepe, 2003; Wishart et al., 2012; 
Quintana et al., 2014; Garcia-Gutierrez et al., 2017). A critical step in the application of 
predictive models is the assessment of their predictive ability, that is, the performance 
when applied to new individuals. In this work, we focus on binary regression models 
with missing values and on the study of their discrimination capacity (Steyerberg et al., 
2001, 2003). 
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The Area Under the ROC Curve (AUC) is a discrimination measure that evaluates 
the overall ability of a model to correctly classify observations into two distinct classes. 
It represents an accuracy index for a classifer. When its value is 1, it indicates perfect 
discrimination capacity. If this value is 0.5, the discrimination capacity is null (Fan, 
Upadhye and Worster, 2006; Pepe, 2003). 

In general, when the same data are used for training and testing the model the AUC 
is overestimated. In other words the AUC estimate can be optimistic; this is so-called 
apparent AUC (APP AUC). Several methods to correct for this optimism have been pro-
posed in the context of complete data. Such methods include Split-sample (SS), K-fold 
cross-validation (KF), Leave-one-out (LOO) cross-validation or Bootstrap (Iparragirre, 
Barrio and Rodriguez-Alvarez, 2019; Airola et al., 2011; Smith et al., 2014; Austin 
and Steyerberg, 2017). However, in practice, the data could have missing information. 
Missing data in the response variable or in the covariables may have an impact in the 
performance of prediction models. In particular, when the individuals with missing in-
formation are removed from the sample, the so-called Complete Case (CC) analysis, the 
estimators of the regression coeffcients and of discrimination measures such as the AUC 
may be biased. There exist some estimators of the AUC proposed to adjust biases caused 
by missing values. Inverse Probability Weighting (IPW) is commonly used to correct the 
selection bias when the analysis is restricted to cases with complete information. Alter-
natively, the analysis could be improved by using other methods for missing data, such 
as Multiple Imputation (MI) (Li et al., 2021; Cho, Matthews and Harel, 2019). 

To sum up, corrections for the optimism of the AUC together with methods to prop-
erly handle missing data are needed in practice. As far as we know, only few studies 
in the literature addressed these two problems. Wahl et al. (2016) focus on MI com-
bined with Bootstrap and KF methods; however, they do not include LOO method, nor 
consider other methodologies for missing data such as IPW or CC. On the other hand, 
Mertens, Banzato and de Wreede (2020) investigate the problem of calibrating a predic-
tion model in the presence of missing data using MI. Nevertheless, the problem of the 
estimation of the AUC is not considered in this latter paper. 

The goal of this work is the correction of optimism in the estimation of AUC in 
the presence of missing values. We compare various methodologies for handling miss-
ing data - MI, CC, and IPW – combined with different optimism correction methods – 
SS, KF, and LOO. In this sense, this study provides novel contributions to the topic of 
correcting the optimism of the AUC with missing data. Specifcally, the performance 
of IPW with optimism correction is investigated for the frst time. Also, the benefts 
of LOO when correcting for the optimism of the AUC in the missing data setting are 
explored. 

The rest of the paper is organized as follows. In Chapter 2 the usual estimators for 
the AUC, corrections for their optimism with complete data, and existing adaptations of 
the empirical AUC to the context of missing data are presented. In Chapter 3 the method-
ologies to correct the optimism of AUC are adapted to missing data. The methods are 
compared through intensive Monte Carlo simulations in the particular setting of logistic 
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regression in Chapter 4. In Chapter 5 we present two real data illustrations. Finally, the 
main conclusions or our study are reported in Chapter 6. 

2. Methods for complete data 

2.1. AUC for Binary Regression 

AUC is the most used metric to evaluated the performance of classifcation models, 
representing the area under the ROC curve. The ROC curve is a graphical representation 
of the trade-off between the true positive rate and the false positive rate of a binary 
classifer as its discrimination threshold is varied. In the general binary regression model 
we denote by Y the response variable, X the corresponding q-dimensional vector of 
covariates, and {(Xi,Yi),1 ≤ i ≤ n} a random sample of (X ,Y ). 

For a given classifer p(X), AUC is the probability that p(X) takes a larger value for 
an individual randomly drawn from the diseased population compared to an individual 
sampled from the healthy population: 

AUC = P(p(X1) < p(X2)|Y1 = 0,Y2 = 1), 

where Y1 = 0 and Y2 = 1 represent the nondiseased and diseased population, respectively. 
Alternatively, AUC can be expressed as the expected value of an indicator function: 

AUC = E(I(p(X1) < p(X2))|Y1 = 0,Y2 = 1) 

where the indicator function I(.) takes the value 1 if its argument is true or 0 otherwise 
(Pepe, 2003). 

Without loss of generality, consider the logistic regression model Yi ∼ Bernoulli(p(Xi)) 
where 

exp(βTXi)p(Xi) = P(Yi = 1|Xi) = (1)
1 + exp(βTXi) 

and β is the unknown vector of regression coeffcients, which can be estimated from the 
data leading to the feasible predictor p̂(X). Then, the AUC estimator is given by 

dAUC = 
1 

∑ ∑ [I(p̂(Xi) < p̂(Xj)) + 0.5I(p̂(Xi) = p̂(Xj))] (2)
n0n1 i∈D0 j∈D1 

where D0 = {i|Yi = 0} and D1 = {i|Yi = 1} represent the nondiseased and diseased 
individuals in the sample, respectively, and where n0 and n1 are their corresponding car-
dinalities. The empirical AUC in (2) is indeed equal to the two-sample Mann-Whitney-
Wilcoxon statistic. 

2.2. Correction for the optimism of the AUC 

The empirical AUC could be infated if the same data set is used to ft and to test the 
model. The most commonly used methods for correcting the optimism of the AUC with 
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complete data are briefy reviewed below. See, for instance, Iparragirre et al. (2019) and 
references therein for further details. 

2.2.1. Split-sample (SS) cross-validation 

In SS the sample is randomly divided into two subsamples: training (train) sample and 
test sample. Subsequently, the regression coeffcients are estimated from the training 
sample. Using these coeffcients, the prediction of the response variable p̂(Xi) for the test 
sample is calculated according to (1). Taking into account these estimated probabilities 
and the Yi values in the test sample, the AUC is calculated according to equation (2). SS 
cross-validation is frequently used with two samples with equal size. 

2.2.2. K-fold (KF) cross-validation 

In KF cross-validation, the sample is divided into K subsamples of approximately similar 
sizes. The sub-sample Sk, 1 ≤ k ≤ K, is the testk sample and the set with all of the others 
sub-samples is the traink sample. The regression model is estimated with the traink 
sample and then it is used to compute p̂(Xi) for the Xi in the testk sample. So, the 
respective AUC is calculated. This procedure is repeated for all Sk, resulting in K AUCs. 
The corrected AUC is calculated using the mean of the K-AUCs. In general, K = 10 is 
the most commonly used in the literature. 

2.2.3. Leave-one-out (LOO) cross-validation 

In LOO one observation is omitted from the initial set and the regression model is ftted 
from the remaining observations. The estimated model is used to compute p̂(Xi) for the 
Xi that was left out. This procedure is repeated for all observations in the sample, and 
the AUC is calculated comparing the estimated probabilities to the corresponding Yi. 

2.3. AUC with missing values 

In the missing data setting the empirical AUC in (2) is no longer available and, therefore, 
some adjustments are needed. Given a vector (Xi,Yi) of covariables Xi and variable 
response Yi, in line with the approaches of Molenberghs and Kenward (2007) and Chen, 
Wan and Zhou (2015), we consider the corresponding vector (Zi,Zmis), where Zi is ai 
d-dimensional vector with 0 < d ≤ q that is observed for all i’s, while Zmis represents the i 
variables that may or may not be available for some i’s. Note that the response variable 
will be included in the vector Zmis when its value is missing for some individuals. Let Rii 
be the indicator of missing values, meaning, � 

1, i f Zi
mis is observed 

Ri = (3)
0, i f Zi

mis is missing 

The data are considered missing completely at random (MCAR) when the prob-
ability of missing values is independent of both Zi and Zi

mis . Consequently, under 
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MCAR assumption, the probability of missingness is given by P(Ri = 0|Xi,Yi) = P(Ri = 
0|Zi,Zmis) = P(Ri = 0). On the other hand, missing at random (MAR) occurs when the i 
probability of missing values depends on Zi. Under MAR assumption, the probability of 
missingness is P(Ri = 0|Xi,Yi) = P(Ri = 0|Zi). Another mechanism of missing values is 
missing not at random (MNAR). Under MNAR the probability of missingness depends 
on both Zi and Zmis . That is, the probability of missingness is P(Ri = 0|Xi,Yi) = P(Ri = i 
0|Zi,Zmis). MNAR scenarios are diffcult since the missing mechanism depends on vari-i 
ables which are not always available, so external information may be needed in order to 
proceed. 

2.3.1. Complete Case (CC) 

CC analysis simply proceeds by deleting from the sample the individuals that have miss-
ing information. Following the same idea presented in Li et al. (2021), the expression of 
the CC version of the AUC is 

∑i∈D0 ∑ j∈D1 [I(p̂(Xi) < p̂(Xj)) + 0.5I(p̂(Xi) = p̂(Xj))]RiR jdAUCcc = (4)
∑i∈D0 Ri ∑ j∈D1 R j 

The sums ∑i∈D0 Ri and ∑ j∈D1 R j are the number of observations without missing 
values that are nondiseased and diseased, respectively. The estimator (4) is consistent 
under MCAR. However, it may be inconsistent in MAR scenarios; see for instance Li 
et al. (2021). 

2.3.2. Inverse Probability Weighting (IPW) 

IPW uses the inverse of the estimated probability that an individual has complete infor-
mation to weight each observation and thus to correct the potential selection bias. Let 
Wi = 1/P(Ri = 1|Xi,Yi) be the inverse probability of the observation to be complete. 
Aligned with the idea of Li et al. (2021), we use logistic regression to build a model for 
P(Ri = 1|Xi,Yi) = P(Ri = 1|Zi) conditional on the fully observed variates (under MAR 
assumption), and then to obtain the weight estimates Ŵi. Then, the AUC IPW estimator 
is 

∑i∈D0 ∑ j∈D1 [I(p̂(Xi) < p̂(Xj)) + 0.5I(p̂(Xi) = p̂(Xj))]RiŴiR jŴjd 
ˆ ˆ (5)AUCipw = 

∑i∈D0 RiWi ∑ j∈D1 R jWj 

The sums ∑i∈D0 RiWi and ∑ j∈D1 R jWj are the weighted observations without missing 
values that are nondiseased and diseased, respectively. When the MAR-logistic model 
for the weights Wi is correctly specifed, the estimator (5) is consistent (See Section 2.5 
in Li et al. (2021)). 
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2.3.3. Multiple Imputation (MI) 

MI replaces missing data with imputed values, resulting in multiple ’completed’ datasets. 
Several approaches exist for performing imputation, such as the multivariate normal 
model developed by Schafer (1997) or the full conditional specifcation (FCS) method 
proposed by Raghunathan et al. (2001); van Buuren (2007), also known as ”chained 
equations”. The FCS is based on distributions of fully observed variables and is one of 
the most used in multiple imputation to estimate the distribution of partially observed 
variables (Carpenter and Smuk, 2021). FCS is expected to be consistent when the in-
volved chained equations are correctly specifed. The good practical behaviour of MI 
has been widely studied in the literature; see for instance Zhu and Raghunathan (2015); 
Carpenter and Smuk (2021). 

In the case of AUC, M imputations are performed and M datasets with no miss-
ing data are obtained. For each of these sets, the respective AUC is estimated, AUCm, 
according to the equation (2). The AUC resulting from this methodology, dAUCmi, is 
estimated by the average of the M AUCs: 

M1dAUCmi = AUCm. (6)
M ∑ 

m=1 

In this paper, we adopted the fully conditional specifcation approach and selected M = 5 
imputations, following common practice and the recommendation of van Buuren (2018), 
who notes that increasing M beyond 5 is unlikely to alter the substantive conclusions. 
Since MI yields several completed datasets, we report the mean AUC across all im-
puted sets. Note that the objective in this study is to evaluate and compare the predictive 
performance of different methods for handling missing data and optimism correction, 
specifcally, using the AUC as the parameter of interest. To estimate the AUC under MI, 
we adopt the common approach of computing it separately for each imputed dataset and 
then averaging the resulting AUCs. This strategy is consistent with recommendations in 
the literature (e.g., Wahl et al. (2016); Mertens et al. (2020)), and is preferred when the 
interest lies in assessing model performance rather than interpreting coeffcients. It is 
worth noting that if one were interested in reporting a fnal model for implementation, 
the appropriate approach would be to pool the regression coeffcients across imputations 
using Rubin’s rules (Rubin, 1987). A single model could then be derived for interpre-
tation purposes, and its AUC could be computed. However, this is not the focus of the 
current study. 

3. Correction for the optimism of the AUC with missing values 

Two general approaches to correct for the optimism of the AUC with missing data are 
possible. The frst one corrects frst for optimism and then deals with the missingness 
issue. This approach is feasible when using SS cross-validation or KF cross-validation, 
among other methods. However, the approach fails for LOO cross-validation, since pre-
diction for an individual observation is not possible when some covariates are missing. 
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The second approach solves frst the missingness issue and then proceeds to correct for 
optimism. This approach works for all the methods, and it will be employed in our 
research. 

3.1. SS cross-validation for CC, IPW and MI methods 

3.1.1. SS cross-validation for CC analysis 

Taking into account the CC methodology, the set of complete observations is considered 
and this set is partitioned in half into trainc and testc subsamples. Using the set trainc 
the regression parameters are estimated and, from this estimated model, predictions are 
obtained for the testc set. Using the response values of testc, and their predictions, the 
AUC, which we call AUCcc−ss, is calculated using (4). 

3.1.2. SS cross-validation for IPW 

In the IPW methodology, one estimates the weights, Wi = 1/P(Ri = 1|Zi), by plug-
ging in a consistent estimator for the non-missing probability P(Ri = 1|Zi). Then, the 
dataset is divided into two sets with the same size, trainc and testc, and the respec-
tive pre-estimated weights are considered.With the trainc data set and the respective 
pre-calculated weights, a weighted logistic model is built and predictions for the testc 
sample are obtained. The corresponding AUC is calculated taking into account formula 
(5) and using the response values, pre-estimated weights and predicted values of the 
testc set. To be more specifc, Xi,Xj,Wi,Wj,Ri,R j,D0 and D1 are related to testc, while 
p̂ is estimated using weighted logistic regression with trainc sample, and evaluated in 
the testc sample. 

3.1.3. SS cross-validation for MI 

In the case of MI, M (we take M = 5 in the simulations below) imputations are performed 
to construct M complete datasets. For each imputation, one splits the full set into two, 
mictrain and mictest subsets. Then, the regression coeffcients are estimated from each 
mictrain set. Using the estimated regression model, the predicted values of the respective 
mictest sets are calculated and the corresponding AUCs are obtained from (2). The fnal 
AUC, AUCmi, is defned as the mean of the M AUCs obtained. 

3.2. KF cross-validation for CC, IPW and MI methods 

3.2.1. KF cross-validation for CC analysis 

Taking into account the CC approach, only the complete observations are considered. 
The set of complete observations is divided into K (K = 10) sets and the sets trainck and 
testck are obtained as described in Section 2.2.2. Using the set trainck the regression 
parameters are estimated. Based on this estimated model, predictions are obtained for 
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the testck sample. With the true outcomes of each testck and their predictions, each AUC 
is calculated, AUCcck , according to (4). Finally the K, AUCcck are averaged. 

3.2.2. KF cross-validation for IPW 

The data set is divided into K (we take K = 10 in the simulations below) sets, traink and 
testk. The method proceeds frst as described in Section 3.1.2 for each of the K folds of 
the dataset and then the fnal AUC is obtained by averaging. 

3.2.3. KF cross-validation for MI 

The method proceeds frst as described in Section 3.1.3 for each of the K folds of the 
dataset and then the fnal AUC is obtained by averaging. 

3.3. LOO cross-validation for CC, IPW and MI methods 

3.3.1. LOO cross-validation for CC analysis 

LOO cross-validation for CC proceeds just as described in 2.2.3 considering only the 
complete observations. 

3.3.2. LOO cross-validation for IPW 

In the IPW method, the weights are frst estimated for all individuals in the sample. 
These weights correspond to the inverse of the estimated probability of having complete 
data, typically obtained by ftting a logistic model to the missingness indicator Ri, con-
ditional on the fully observed variables (i.e., estimating Ŵi = 1/P̂(Ri = 1|Zi)). After 
estimating the weights, leave-one-out cross-validation is applied. Each observation i, 
1 ≤ i ≤ n, is considered as the test set, while the remaining n − 1 observations form the 
corresponding train set. Using the train set and the respective pre-estimated weights, a 
weighted logistic regression model is ftted to predict the outcome variable Y . The ftted 
model is then used to compute the predicted probability for the omitted observation i. 
This process is repeated for all n observations, resulting in a set of n predicted probabil-
ities. Finally, the AUC is computed using these predictions and the observed outcomes, 
according to equation (5). 

3.3.3. LOO cross-validation for MI 

For the MI methodology, missing data are imputed and M complete samples are con-
structed. For each of this samples train and test sets are defned. Each observation i, 
1 ≤ i ≤ n is considered the test sample, and the original set without this observation i 
is the train. The regression model is estimated from each of the train samples. Each 
estimated regession model is used to obtain the prediction of the outcome for the corre-
sponding test sample. This results in M AUCs, one for each imputed dataset. The fnal 
AUC is obtained by averaging. 
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4. Simulation study 

In this section the performance of optimism correction methods with missing values, 
as introduced in Section 3, is investigated through simulations. The setting is that of 
logistic regression. The goal is to identify the best methods to correct for missing values 
and for the optimism of the AUC. We compare the AUC estimated by each combination 
of methods to the ”true” out-of-sample AUC associated to the ftted logistic regression 
models. As mentioned, the combination of methods involves a method to correct for data 
missingness (mm) and a method to correct for the optimism of the AUC (om). The ”true” 
out-of-sample AUC represents the true discriminatory ability of the models, according to 
a particular missing method, when applied to new data without missingness. We consider 
various factors that might affect the methods’ performance, including the sample size 
and disease prevalence as in Iparragirre et al. (2019). Inspired by Li et al. (2021), we 
considered different scenarios of missingness. Details are given in the next section. 

4.1. Simulation design 

In the simulation study two independent samples {Xi,Yi}n
i=1 and {Xl,Yl}N

l=1, ndata and 
bigdata say, from the population vector (X ,Y ) were generated, where Y was the binary 
response variable and X was a vector of eight covariates. The steps to simulate each 
(Xi,Yi) were the following. 

• Draw a Bernoulli (prev) variable, ηi, 

• Given ηi, draw Xi from a multivariante Normal distribution with independent com-
ponents with standard deviation 0.6 as follows: 

– If ηi = 0 the components of Xi were zero mean. 

– If ηi = 1 the vector mean of Xi was 
(0.6,0.55,0.5,0.45,0.4,0.3,0.25,0.2). 

exp(β T Xi)• Draw Yi from a Bernoulli(πi) distribution, where πi = , where β is the 1+exp(β T Xi) 
true vector of regression coeffcients. 

The prevalence values (prev) in the simulations were 0.1, 0.2 and 0.5. The true regres-
sion coeffcient vector was 
β = [−2.5082,0.5625,0.4375,0.3125,0.1875,0.0625,−0.1875,−0.3125,−0.4375]. 
Three different sizes were considered for ndata, n = {250,500,2000}. The size of big-
data was N = 50000 and T = 500 Monte Carlo trials were performed. Our simulation 
design resembles that in Iparragirre et al. (2019). A novelty here is the data missingness, 
which was introduced for a single covariate, namely X1, according to different scenarios: 

• S1: MCAR with missing probability P(R = 0) = 0.5. 
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• S2: MAR with missing probability depending on X2 and X3: P(R = 0|X2,X3) = 
1/(1+ exp(−0.5 + 2X2 − X3) 

• S3: MAR with missing probability depending on X2 and Y : P(R = 0|X2,Y ) = 
1/(1+ exp(−0.5 + 2X2 + 1.5Y )) 

On average, the probability of missingness in the MAR scenarios was approximately 
0.5. To ft the logistic regression model we used the glm function of R with binomial 
family (R Core Team, 2013). The weights for IPW were also computed by ftting a 
logistic regression model with R function glm. For MI we used the function mice of 
the package in R with same name (van Buuren and Groothuis-Oudshoorn, 2011). We 
used M = 5 imputed datasets, applying the norm method for imputing variable X1. To 
estimate the AUC, equations (4), (5) and (6) were implemented. 

We evaluated the AUC on each Monte Carlo trial and then we computed the Monte 
Carlo average, bias and mean square error (MSE) as follows: 

T1 
( dAUCt;mm,om)∑AUCmm,om = (7)

T t=1 

T 

∑
1 n N 

( d − dAUC AUC t;mm,omBiasmm,om = ) (8)t;mmT t=1 

T1 n N 
( d − d )2AUC AUC t;mm,om t;mm∑MSEmm,om = (9)

T t=1 

where d AUC based on the different combina-AUCt;mm,om denotes the generic estimator d 

tion of methods, when computed from the t-th Monte Carlo trial, and where the upper 
index identify the respective sample. Note that missing method, mm ∈ {CC, IPW,MI} is 
always the frst one and the optimism method is the second, om ∈ {SS,KF,LOO}. See 

N 
details in appendix A. The d is the out-of-sample AUC obtained with particular AUCt;mm 
missing method mm; this is the target, and it varies from trial to trial since the ftted 
model varies too. We decided to generate a large sample (bigdata), because we are in-
terested in an estimate with good accuracy and precision. This idea, used in Iparragirre 
et al. (2019), was previously considered by other authors (Austin and Steyerberg, 2017; 
Hsu and Chen, 2016; Smith et al., 2014; Steyerberg et al., 2001; Yan, Tian and Liu, 
2015). It is important to mention that for bigdata no missing scenario was created, the 
sample was always complete. 

4.2. Results 

The simulation results are reported in Tables 1-4, and graphically summarized in Figures 
2-4. From these results it is seen that the apparent AUC (denoted by APP in Tables 1-4 
and Figures 2-4) overestimates the target. This was expected, since the apparent AUC 



I I I 

I I I 

11 Susana Rafaela Martins, Marı́a del Carmen Iglesias-P´ na-Alvarezerez, Jacobo de U˜ 

measures the discriminatory capacity of the model on the very data that were used to 
ft the model. The overestimation issue is much more evident with a small sample size; 
with n = 2000 the data become almost fully representative of the target population, so 
the issue vanishes to some extent. 

Table 1 shows the AUC optimism corrections for the full data, which are not avail-
able in practice but are interesting for comparison purposes. The LOO method always 
presents the smallest MSE, sometimes equalled by KF. Regarding the bias, the closest to 
zero is always presented by KF, followed by LOO and fnally SS, with the latter methods 
tending to underestimate the target (negative bias). 

Table 1. Optimism corrections for the AUC and respective bias and MSE. No missing data 
scenario. 

n = 250 n = 500 n = 2000 

prev method AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7645 
0.6454 
0.6711 
0.6528 

0.0924 
-0.0267 
-0.0010 
-0.0193 

0.0109 
0.0090 
0.0063 
0.0057 

0.7351 
0.6697 
0.6863 
0.6756 

0.0465 
-0.0189 
-0.0023 
-0.0130 

0.0034 
0.0039 
0.0023 
0.0022 

0.7180 
0.6988 
0.7045 
0.7025 

0.0130 
-0.0063 
-0.0006 
-0.0026 

0.0005 
0.0008 
0.0004 
0.0004 

0.2 
APP 
SS 
KF 

LOO 

0.7427 
0.6642 
0.6850 
0.6740 

0.0572 
-0.0214 
-0.0005 
-0.0115 

0.0047 
0.0051 
0.0028 
0.0026 

0.7284 
0.6873 
0.6986 
0.6931 

0.0307 
-0.0104 
0.0009 
-0.0045 

0.0016 
0.0020 
0.0010 
0.0010 

0.7149 
0.7035 
0.7070 
0.7058 

0.0071 
-0.0044 
-0.0009 
-0.0020 

0.0003 
0.0005 
0.0003 
0.0003 

0.5 
APP 
SS 
KF 

LOO 

0.7317 
0.6794 
0.6920 
0.6853 

0.0380 
-0.0144 
-0.0018 
-0.0085 

0.0024 
0.0028 
0.0015 
0.0015 

0.7223 
0.6960 
0.7021 
0.6985 

0.0203 
-0.0059 
0.0001 
-0.0034 

0.0009 
0.0012 
0.0006 
0.0006 

0.7147 
0.7075 
0.7095 
0.7087 

0.0056 
-0.0016 
0.0004 
-0.0005 

0.0001 
0.0002 
0.0001 
0.0001 

Table 2 corresponds to MCAR scenario S1. The CC and IPW methodologies provide 
very similar estimates to each other with a worse performance than MI, which reports 
the smallest MSE in all cases. In addition, the APP value with CC and IPW is greater 
than APP with MI (larger positive bias) and the CC/IPW corrections (SS, KF, LOO) 
overcorrect optimism (lower values) compared to MI corrections, especially with small 
prevalences and sample sizes. These results are illustrated in Figure 1, for n = 500 
and prev = 0.2. In Figure 1, the three blocks of boxplots indicate the results of CC 
(left), IPW(middle) and MI (rigth) estimators, respectively, and the frst boxplot of each 
block corresponds to the out-of-sample AUC (defned in Section 4) which is the target. 
Labels such as CC-OOS, CC-APP, CC-SS, ... indicate the specifc estimation method 
used within each group. Considering MI, LOO is the correction method that presents 
the smallest MSE and the bias closest to zero. See Figure 2 for relative results on the 
bias of the several optimism correction methods when applied to MI with an increasing 
sample size. Note that from Table 2 to Table 4, the lowest MSE is shown in bold and the 
lowest bias is underlined. 
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Table 2. Optimism corrections for the AUC and respective bias and MSE. MCAR scenario S1. 

n = 250 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.8058 
0.6024 
0.6345 
0.5931 

0.1674 
-0.0360 
-0.0039 
-0.0453 

0.0330 
0.0209 
0.0155 
0.0171 

0.8079 
0.6008 
0.6317 
0.5870 

0.1708 
-0.0362 
-0.0053 
-0.0500 

0.0343 
0.0215 
0.0163 
0.0188 

0.7689 
0.6508 
0.6822 
0.6607 

0.1071 
-0.0110 
0.0204 
-0.0010 

0.0142 
0.0083 
0.0066 
0.0056 

0.2 
APP 
SS 
KF 

LOO 

0.7688 
0.6341 
0.6622 
0.6394 

0.1070 
-0.0277 
0.0004 
-0.0224 

0.0140 
0.0090 
0.0066 
0.0063 

0.7704 
0.6340 
0.6609 
0.6369 

0.1100 
-0.0264 
0.0005 
-0.0235 

0.0147 
0.0088 
0.0069 
0.0066 

0.7469 
0.6682 
0.6918 
0.6794 

0.0687 
-0.0100 
0.0136 
0.0012 

0.0063 
0.0048 
0.0032 
0.0029 

0.5 
APP 
SS 
KF 

LOO 

0.7518 
0.6533 
0.6747 
0.6622 

0.0749 
-0.0235 
-0.0022 
-0.0147 

0.0076 
0.0063 
0.0041 
0.0041 

0.7528 
0.6518 
0.6724 
0.6605 

0.0767 
-0.0243 
-0.0037 
-0.0156 

0.0080 
0.0067 
0.0044 
0.0044 

0.7352 
0.6831 
0.6960 
0.6893 

0.0474 
-0.0047 
0.0082 
0.0016 

0.0033 
0.0029 
0.0016 
0.0015 

n = 500 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7604 
0.6368 
0.6655 
0.6470 

0.0916 
-0.0320 
-0.0033 
-0.0218 

0.0106 
0.0101 
0.0059 
0.0054 

0.7612 
0.6364 
0.6648 
0.6457 

0.0929 
-0.0319 
-0.0035 
-0.0225 

0.0109 
0.0101 
0.0060 
0.0055 

0.7417 
0.6771 
0.6914 
0.6831 

0.0580 
-0.0066 
0.0078 
-0.0006 

0.0048 
0.0037 
0.0027 
0.0024 

0.2 
APP 
SS 
KF 

LOO 

0.7402 
0.6626 
0.6835 
0.6722 

0.0555 
-0.0221 
-0.0012 
-0.0125 

0.0044 
0.0048 
0.0025 
0.0024 

0.7405 
0.6617 
0.6836 
0.6713 

0.0562 
-0.0227 
-0.0008 
-0.0130 

0.0045 
0.0050 
0.0026 
0.0025 

0.7294 
0.6875 
0.6991 
0.6943 

0.0353 
-0.0066 
0.0050 
0.0002 

0.0021 
0.0019 
0.0012 
0.0012 

0.5 
APP 
SS 
KF 

LOO 

0.7325 
0.6803 
0.6929 
0.6862 

0.0395 
-0.0127 
-0.0002 
-0.0069 

0.0025 
0.0029 
0.0015 
0.0014 

0.7327 
0.6792 
0.6924 
0.6856 

0.0398 
-0.0136 
-0.0005 
-0.0073 

0.0025 
0.0031 
0.0015 
0.0015 

0.7241 
0.6942 
0.7043 
0.7005 

0.0245 
-0.0053 
0.0047 
0.0010 

0.0011 
0.0012 
0.0007 
0.0006 

n = 2000 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7228 
0.6863 
0.6962 
0.6921 

0.0236 
-0.0129 
-0.0031 
-0.0071 

0.0012 
0.0019 
0.0009 
0.0009 

0.7227 
0.6860 
0.6960 
0.6918 

0.0235 
-0.0132 
-0.0032 
-0.0074 

0.0012 
0.0019 
0.0009 
0.0009 

0.7207 
0.7016 
0.7073 
0.7055 

0.0168 
-0.0023 
0.0034 
0.0015 

0.0007 
0.0008 
0.0005 
0.0005 

0.2 
APP 
SS 
KF 

LOO 

0.7185 
0.6970 
0.7025 
0.7004 

0.0140 
-0.0075 
-0.0020 
-0.0041 

0.0006 
0.0010 
0.0005 
0.0005 

0.7184 
0.6969 
0.7023 
0.7003 

0.0139 
-0.0076 
-0.0021 
-0.0042 

0.0006 
0.0010 
0.0005 
0.0005 

0.7154 
0.7043 
0.7076 
0.7063 

0.0083 
-0.0028 
0.0006 
-0.0007 

0.0003 
0.0005 
0.0003 
0.0003 

0.5 
APP 
SS 
KF 

LOO 

0.7161 
0.7010 
0.7059 
0.7041 

0.0094 
-0.0057 
-0.0008 
-0.0026 

0.0004 
0.0006 
0.0003 
0.0003 

0.7161 
0.7010 
0.7058 
0.7040 

0.0095 
-0.0057 
-0.0008 
-0.0026 

0.00044 
0.0006 
0.0003 
0.0003 

0.7143 
0.7071 
0.7090 
0.7083 

0.0060 
-0.0012 
0.0007 
0.0000 

0.0002 
0.0003 
0.0002 
0.0002 
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Figure 1. Boxplot of AUC estimates with n = 500 and prev = 0.2 in the MCAR scenario S1 : CC 
left panel, IPW middle panel, and MI right panel. 
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Figure 2. Bias associated with each optimistic correction method with MI according to different 
sample sizes and prevalence in MCAR scenario S1. 
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Table 3. Optimism corrections for the AUC and respective bias and MSE. MAR scenario S2. 

n = 250 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7972 
0.5855 
0.6221 
0.5807 

0.1582 
-0.0534 
-0.0168 
-0.0582 

0.0306 
0.0225 
0.0161 
0.0181 

0.8455 
0.6026 
0.6487 
0.5912 

0.2123 
-0.0306 
0.0154 
-0.0420 

0.0506 
0.0264 
0.0149 
0.0218 

0.7679 
0.6590 
0.6786 
0.6582 

0.1084 
-0.0005 
0.0191 
-0.0013 

0.0142 
0.0077 
0.0061 
0.0053 

0.2 
APP 
SS 
KF 

LOO 

0.7602 
0.6189 
0.6434 
0.6199 

0.1006 
-0.0408 
-0.0162 
-0.0398 

0.0130 
0.0113 
0.0077 
0.0083 

0.8108 
0.6114 
0.6525 
0.6085 

0.1648 
-0.0345 
0.0066 
-0.0375 

0.0309 
0.0179 
0.0085 
0.0150 

0.7437 
0.6691 
0.6857 
0.6750 

0.0663 
-0.0083 
0.0082 
-0.0024 

0.0057 
0.0041 
0.0026 
0.0024 

0.5 
APP 
SS 
KF 

LOO 

0.7478 
0.6395 
0.6640 
0.6492 

0.0748 
-0.0335 
-0.0090 
-0.0238 

0.0077 
0.0078 
0.0050 
0.0048 

0.7867 
0.6215 
0.6442 
0.6221 

0.1313 
-0.0339 
-0.0113 
-0.0334 

0.0207 
0.0154 
0.0071 
0.0123 

0.7367 
0.6872 
0.6976 
0.6911 

0.0504 
0.0009 
0.0112 
0.0047 

0.0036 
0.0028 
0.0017 
0.0016 

n = 500 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7554 
0.6405 
0.6604 
0.6400 

0.0873 
-0.0277 
-0.0078 
-0.0282 

0.0101 
0.0090 
0.0054 
0.0062 

0.7986 
0.6454 
0.6811 
0.6364 

0.1441 
-0.0092 
0.0265 
-0.0182 

0.0242 
0.0129 
0.0075 
0.0110 

0.7415 
0.6759 
0.6926 
0.6826 

0.0582 
-0.0074 
0.0093 
-0.0006 

0.0046 
0.0034 
0.0024 
0.0022 

0.2 
APP 
SS 
KF 

LOO 

0.7339 
0.6511 
0.6743 
0.6620 

0.0525 
-0.0303 
-0.0071 
-0.0194 

0.0042 
0.0053 
0.0030 
0.0030 

0.7745 
0.6542 
0.6804 
0.6565 

0.1075 
-0.0128 
0.0134 
-0.0105 

0.0142 
0.0089 
0.0050 
0.0075 

0.7312 
0.6907 
0.7017 
0.6968 

0.0367 
-0.0039 
0.0072 
0.0023 

0.0022 
0.0019 
0.0012 
0.0012 

0.5 
APP 
SS 
KF 

LOO 

0.7290 
0.6698 
0.6867 
0.6778 

0.0377 
-0.0215 
-0.0046 
-0.0135 

0.0024 
0.0032 
0.0016 
0.0017 

0.7575 
0.6619 
0.6755 
0.6639 

0.0808 
-0.0147 
-0.0011 
-0.0128 

0.0083 
0.0060 
0.0029 
0.0045 

0.7241 
0.6945 
0.7038 
0.7005 

0.0255 
-0.0041 
0.0052 
0.0019 

0.0013 
0.0013 
0.0008 
0.0008 

n = 2000 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7181 
0.6808 
0.6903 
0.6863 

0.0191 
-0.0182 
-0.0087 
-0.0127 

0.0010 
0.0020 
0.0010 
0.0011 

0.7443 
0.6780 
0.6985 
0.6811 

0.0564 
-0.0099 
0.0106 
-0.0068 

0.0045 
0.0047 
0.0021 
0.0030 

0.7191 
0.7001 
0.7061 
0.7036 

0.0155 
-0.0034 
0.0025 
0.0001 

0.0007 
0.0009 
0.0005 
0.0005 

0.2 
APP 
SS 
KF 

LOO 

0.7117 
0.6883 
0.6958 
0.6925 

0.0082 
-0.0152 
-0.0077 
-0.0110 

0.0005 
0.0012 
0.0006 
0.0006 

0.7313 
0.6833 
0.6999 
0.6890 

0.0350 
-0.0129 
0.0037 
-0.0072 

0.0021 
0.0027 
0.0011 
0.0015 

0.7149 
0.7035 
0.7071 
0.7058 

0.0084 
-0.0030 
0.0006 
-0.0007 

0.0003 
0.0005 
0.0003 
0.0003 

0.5 
APP 
SS 
KF 

LOO 

0.7111 
0.6946 
0.6996 
0.6977 

0.0050 
-0.0115 
-0.0066 
-0.0085 

0.0003 
0.0008 
0.0004 
0.0004 

0.7241 
0.6906 
0.6960 
0.6931 

0.0246 
-0.0088 
-0.0035 
-0.0063 

0.0012 
0.0016 
0.0007 
0.0010 

0.7139 
0.7067 
0.7088 
0.7078 

0.0058 
-0.0014 
0.0007 
-0.0003 

0.0002 
0.0003 
0.0002 
0.0002 
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Figure 3. Bias associated with each optimistic correction method with MI according to different 
sample sizes and prevalence in MAR scenario S2. 
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Table 4. Optimism corrections for the AUC and respective bias and MSE. MAR scenario S3. 

n = 250 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7453 
0.5708 
0.5910 
0.5612 

0.1232 
-0.0513 
-0.0311 
-0.0608 

0.0208 
0.0176 
0.0147 
0.0160 

0.8009 
0.6039 
0.6317 
0.6023 

0.1562 
-0.0408 
-0.0130 
-0.0424 

0.0294 
0.0213 
0.0124 
0.0167 

0.7683 
0.6528 
0.6763 
0.6590 

0.1037 
-0.0117 
0.0117 
-0.0056 

0.0131 
0.0082 
0.0058 
0.0051 

0.2 
APP 
SS 
KF 

LOO 

0.7193 
0.5934 
0.6162 
0.5970 

0.0806 
-0.0453 
-0.0225 
-0.0416 

0.0095 
0.0099 
0.0067 
0.0075 

0.7757 
0.6207 
0.6412 
0.6276 

0.1147 
-0.0403 
-0.0198 
-0.0334 

0.0164 
0.0148 
0.0069 
0.0099 

0.7436 
0.6691 
0.6866 
0.6752 

0.0623 
-0.0122 
0.0053 
-0.0062 

0.0055 
0.0046 
0.0031 
0.0029 

0.5 
APP 
SS 
KF 

LOO 

0.7055 
0.6034 
0.6209 
0.6055 

0.0600 
-0.0421 
-0.0247 
-0.0401 

0.0061 
0.0079 
0.0054 
0.0062 

0.7612 
0.6191 
0.6220 
0.6221 

0.1014 
-0.0407 
-0.0378 
-0.0377 

0.0135 
0.0131 
0.0068 
0.0106 

0.7320 
0.6800 
0.6924 
0.6855 

0.0433 
-0.0087 
0.0037 
-0.0032 

0.0029 
0.0024 
0.0016 
0.0016 

n = 500 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.7067 
0.5997 
0.6190 
0.6022 

0.0578 
-0.0491 
-0.0298 
-0.0466 

0.0063 
0.0102 
0.0068 
0.0076 

0.7646 
0.6431 
0.6647 
0.6472 

0.0945 
-0.0270 
-0.0054 
-0.0229 

0.0116 
0.0109 
0.0050 
0.0070 

0.7365 
0.6702 
0.6861 
0.6763 

0.0515 
-0.0148 
0.0011 
-0.0087 

0.0039 
0.0037 
0.0027 
0.0022 

0.2 
APP 
SS 
KF 

LOO 

0.6888 
0.6137 
0.6287 
0.6196 

0.0285 
-0.0466 
-0.0316 
-0.0407 

0.0025 
0.0059 
0.0038 
0.0043 

0.7484 
0.6534 
0.6661 
0.6628 

0.0674 
-0.0275 
-0.0149 
-0.0181 

0.0064 
0.0077 
0.0033 
0.0047 

0.7281 
0.6889 
0.6980 
0.6928 

0.0332 
-0.0061 
0.0031 

-0.0021 

0.0020 
0.0021 
0.0013 
0.0013 

0.5 
APP 
SS 
KF 

LOO 

0.6863 
0.6254 
0.6407 
0.6329 

0.0200 
-0.0409 
-0.0256 
-0.0334 

0.0018 
0.0048 
0.0026 
0.0031 

0.7380 
0.6518 
0.6549 
0.6611 

0.0555 
-0.0307 
-0.0276 
-0.0215 

0.0048 
0.0062 
0.0030 
0.0039 

0.7226 
0.6948 
0.7024 
0.6989 

0.0230 
-0.0049 
0.0027 
-0.0008 

0.0011 
0.0013 
0.0007 
0.0007 

n = 2000 method CC IPW MI 
prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 
APP 
SS 
KF 

LOO 

0.6743 
0.6409 
0.6495 
0.6450 

-0.0034 
-0.0367 
-0.0281 
-0.0326 

0.0008 
0.0030 
0.0017 
0.0020 

0.7290 
0.6894 
0.6980 
0.6925 

0.0320 
-0.0076 
0.0010 
-0.0044 

0.0019 
0.0026 
0.0010 
0.0015 

0.7186 
0.6994 
0.7051 
0.7032 

0.0139 
-0.0053 
0.0005 
-0.0014 

0.0006 
0.0008 
0.0005 
0.0004 

0.2 
APP 
SS 
KF 

LOO 

0.6700 
0.6468 
0.6542 
0.6517 

-0.0122 
-0.0354 
-0.0280 
-0.0305 

0.0006 
0.0022 
0.0013 
0.0015 

0.7233 
0.6949 
0.6990 
0.6995 

0.0213 
-0.0070 
-0.0030 
-0.0025 

0.0011 
0.0018 
0.0007 
0.0009 

0.7163 
0.7046 
0.7085 
0.7073 

0.0091 
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Figure 4. Bias associated with each optimistic correction method with MI according to different 
sample sizes and prevalence in MAR scenario S3. 
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In the MAR scenario where the loss of the covariate X1 depends only on other co-
variates (Table 3, scenario S2) the MI estimators have the smallest MSE’s again. In this 
scenario the CC and IPW estimators provide different values, which are larger than MI 
for the APP AUC and lower than MI for the SS, KF and LOO corrections. All meth-
ods seem to be consistent, but IPW estimators have larger MSE’s due to the noise in 
the estimation of the weights Wi in equation (5). In fact, some simulations (not shown 
here) presented quite high values of the apparent AUC due to denominators very close 
to zero. Considering MI, LOO is the correction method that presents the smallest MSE, 
equalled by KF as n increases. Moreover, the bias of LOO is between that of KF and SS 
corrections, with the latter method tending to overcorrect for the optimism (see Figure 
3). 

Table 4 shows the results of the MAR scenario S3 where the missingness of the 
covariate X1 also depends on the response. It is notable that the CC methodology is not 
consistent. Both the values of the APP method and those of the corrections are below 
the values obtained with MI, IPW or the corresponding values for the full data (Table 1), 
maintaining these differences for n = 2000. Again, IPW presents a MSE larger than MI, 
with estimated values of the AUC larger than MI for the APP estimator and lower than 
MI for the SS, KF and LOO corrections, which get closer as n increases. Considering 
MI, LOO is the correction method that presents the smallest MSE, similar to KF as n 
increases. As in previous scenarios, the bias of LOO is between that of KF and SS 
(see Figure 4). But in this case, when the prevalence is low, the bias closest to zero is 
generally obtained by KF. 

Following the suggestion of a referee, we performed additional simulations for the 
bootstrap method. The bootstrap method aims to correct for optimism in model perfor-
mance by comparing how well a model performs on resampled data versus the original 
data. Specifcally, we applied the bootstrap method in combination with multiple im-
putation, since multiple imputation was the method for missing data that exhibiting the 
best performance. First, missing values were imputed, generating m completed datasets. 
Then, for each imputed dataset j, 1 ≤ j ≤ m, the following steps were carried out: 

1. Fit a logistic regression model to the imputed dataset j and estimate the apparent 

AUC, denoted [
( j)

AUCapp. 

2. For b = 1, . . . ,B (we used B = 500 bootstrap iterations): 

(a) Draw a bootstrap sample from the imputed dataset j (with replacement). 

(b) Fit a logistic regression model to the bootstrap sample and compute its ap-
( j,b)

parent AUC, [AUCboot . 

(c) Apply the ftted model to the full imputed dataset j, and compute the AUC, 
( j,b)[AUCimp . 
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3. Estimate the optimism for imputation j as the average difference: � �B1 ( j,b) ( j,b) 
boot − [Ob( j) = ∑ [AUC AUC impB b=1 

4. Compute the optimism-corrected AUC for imputation j: 

( j) ( j)[ = [ − Ob( j)AUC AUC corr app 

Finally, the overall corrected AUC estimate was obtained by averaging the corrected 
AUCs across the m = 5 imputations: 

m1 ( j)[AUCmi-boot = ∑ [AUC corrm j=1 

The results of the bootstrap method are reported in Table 11, Appendix B. From 
Table 11 one may see that MI-Bootstrap yields the lowest MSE in scenarios S1 and S3, 
especially for small samples, although it has a substantial bias. In scenario S2, the boot-
strap method shows a MSE similar to that of the other methods, but the bias tends to be 
larger. It is also worth noting that the bootstrap method is computationally demanding, 
particularly when combined with multiple imputation to handle missing data. 

In the context of complete data, Iparragirre et al. (2019) found that the bootstrap 
method (and K-fold cross-validation with replication) were the methods with longer 
waiting times, althought the computational effort was generally affordable. Our experi-
ence is in fully agreement with that. For instance, for the chronic lymphocytic leukemia 
dataset analyzed in Section 5.2, the computational times ranged from approximately 25 
or 21 seconds for the most time-consuming method (MI+Boot and MI+LOO respec-
tively) to 0.02 seconds for the fastest method (IPW+SS). In particular, corrections based 
on MI multiplied by a factor between fve and six the computational times attached to 
IPW. This should be taken into account when planning intensive data analyses or simu-
lation studies. 

4.3. Discussion 

In general, for all simulated scenarios and with all methodologies for missing data, the 
apparent AUC overestimates the true AUC, so this estimator is optimistic. This optimism 
tends to disappear when the sample size increases. Also, all correction methods reduce 
optimism, with both the MSE and the bias of the corrected estimators approaching zero 
as the sample size increases. These results are in line with the studies for complete data 
by Steyerberg et al. (2001); Airola et al. (2011) as well as with the results for missing 
data in Wahl et al. (2016). 

In the MCAR scenario, CC and IPW methods perform similarly and are consistent, 
although MI is more effcient. These results are in agreement with Li et al. (2021) re-
garding APP AUC estimation and, to our knowledge, are shown here for the frst time for 
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AUC correction methods with missing data. Considering MI, the best AUC correction 
method in terms of bias and MSE is LOO. 

In the MAR scenarios, MI and IPW estimators showed consistency, with MI being 
more effcient. However, CC estimators were clearly inconsistent in estimating the AUC 
specially when the loss mechanism depends on the response variable. These results 
are in agreement with Li et al. (2021), who compared CC, IPW and MI in estimating the 
apparent AUC. In this study, the same behaviour was observed in the correction methods 
to estimate the AUC. Considering MI, the LOO correction method presented the lowest 
MSE, sometimes tied with KF. In terms of bias, the bias of LOO is usually between that 
of KF and SS corrections, with SS and sometimes LOO tending to overcorrect (negative 
bias), although to a lesser extent than in the complete data scenario. The pessimistic 
behaviour of LOO and SS with complete data is in agreement with Austin and Steyerberg 
(2017) or Iparragirre et al. (2019). To our knowledge, this is the frst time that LOO 
correction of AUC has been studied in the context of missing data. Although LOO has 
been found pessimistic in complete data, our simulations indicate that such pessimism 
may be attenuated in missing data scenarios. 

In all simulated MCAR and MAR scenarios, MI estimators of AUC presented the 
smallest MSEs relative to their corresponding CC and IPW estimators. Our results agree 
with, and extend to the context of the AUC corrections, the results by Li et al. (2021), 
who highlight the better performance of MI over CC and IPW estimators of the AUC, 
and the limitations of the IPW method when multiple covariates are missing. Recent 
studies by Wahl et al. (2016) and Mertens et al. (2020), in the context of correcting 
optimism with missing data, seem to assume this premise because they focus only on 
the use of the MI methodology. 

The imputations have been performed taking the response variable into account. In 
general, the literature on MI recommends including the outcome variable in the imputa-
tion models (Von Hippel (2007); Little (1992)). However, the impact of the imputation 
model in both the estimation of the AUC and the correction of its optimism has been 
less investigated. In our study, the absolute differences between the AUC estimates with 
MI (Tables 2-4) and the respective estimates with complete data (Table 1) are not rele-
vant, being below or around 0.01 in all cases. The order in which the imputation and 
correction methods are combined is also important. For this, two general strategies are 
possible. One possibility is to perform the optimism correction frst and then to apply MI. 
An alternative approach is to impute frst and the to correct for the optimism (MI-OM 
strategy). According to Wahl et al. (2016) the estimates obtained by MI-OM are opti-
mistically biased . In our study, we performed simulations based on MI-OM idea, but we 
did not observe a signifcant increase in the estimations when the response variable was 
included in the imputation. We opted for initiating the simulation process with MI (or 
other missing data methodologies) in order to apply LOO correction, since prediction 
for an individual observation is not possible when some covariates are missing. 

As a complement, we conducted additional simulations under the MCAR mecha-
nism with missing probabilities of 0.2 and 0.8 (Appendix B). These confrmed that the 
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optimism of the apparent AUC increases with higher missingness, and that the MI+LOO 
combination remains the most accurate and robust across all tested scenarios. 

As a summary, we can say that, according to our simulation results, the MI methodol-
ogy with the LOO correction method is the best combination because it has the smallest 
MSE and an ignorable bias. 

5. Application to real data 

5.1. Schoolchildren of Viana do Castelo dataset 

The methods for correcting AUC optimism in the presence of missing data were applied 
to a case study on obesity in municipal schools in Viana do Castelo, based on the dataset 
by Rodrigues, Bezerra and Saraiva (2008). This dataset includes 229 children from 
northern Portugal. A logistic regression model was used to predict the International 
Obesity Task Force (IOT F10) indicator based on physical examinations (ABD), past 
obesity status (IOT F4), and sex. The binary response variable (IOT F10) equals 1 for 
the presence of overweight or obesity and 0 for its absence. The disease prevalence in 
the dataset is approximately 0.18. The variable ’sex’ does not have any missingness. 
Physical examinations had a 5% missingness rate, and both past and current obesity 
status had a 6% missingness rate. According Little test (Little (1992)) (p-value = 0.454), 
missing data occur under MCAR mechanism. The coeffcients of prediction models 
and and respective p-values for CC and IPW methods are reported in Table 5. In these 
models all variables are signifcant considering a signifcance level of 0.1. For MI it 
is not possible to defne a single prediction model because MI combines results from 
multiple imputed datasets, yielding a model that is a summary of models. 

Table 5. Coeffcients and p-values of CC and IPW prediction models. 

CC IPW 
variable coefcient p-value coefcient p-value 
intercept - 0.0825 0.9348 -0.0819 0.9333 

sex - 0.8759 0.0661 -0.8759 0.0579 
IOT F4 2.9606 5.91e-10 2.9605 1.63e-10 
ABD - 0.0861 0.0047 -0.0861 0.0035 

To estimate the weights in the IPW methodology, we considered the variable ’sex’, 
which is the only complete variable, and the following logistic model was obtained: 

logit(P(R = 1)) = 2.70805 + 0.05407× sex 

and variable sex was not signifcant (p-value = 0.923), that is according to the results of 
Little test. 
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Table 6. AUC values in obesity case study according different methods. 

method CC IPW MI 

APP 0.8977 0.8977 0.8998 
SS 0.8819 0.8818 0.8920 
KF 0.8701 0.8701 0.8846 

LOO 0.8759 0.8759 0.8976 

In the case of Viana do Castelo study, Table 6, CC and IPW present similar results 
for the apparent AUC and its several corrections, while MI yields slightly higher AUC 
values compared to the others. KF is the method that produces the lowest AUC values, 
particularly for CC and IPW. In this data set, the SS results do not correspond to what 
one could expect given the results of our simulation study, since this method presents 
a higher AUC than other correction methods. Actually, Viana do Castelo study differs 
from the simulation scenarios in Section 4 in that the optimism of the AUC is almost 
ignorable. Still, one can compare these results with the MCAR scenario with prev = 0.2 
and n = 250, as it is the most comparable scenario. In this dataset, the missing data 
mechanism is MCAR, the data size is n = 229, and the prevalence is prev = 0.18. 

5.2. Chronic lymphocytic leukemia dataset 

In this section we consider the chronic lymphocytic leukemia dataset provided by the Eu-
ropean Society for Blood and Marrow Transplantation, previously analyzed by Schetelig 
et al. (2017). This dataset includes 694 patients and the same variables used by Mertens 
et al. (2020) in their study on the Brier score. A logistic regression model was employed 
to predict each individual’s disease status (Status) based on patient-related variables. 
The predictors include age, performance status at transplantation (perfstat), cytogenetic 
abnormalities (cyto), remission status (remstat), prior treatments (asct), donor charac-
teristics (donor), sex match (sexm) (between donor and patient), and clinical conditions 
(cond). The variable perfstat has four levels: Karnofsky 100, Karnofsky 90, Karnofsky 
80, and Karnofsky <= 70. The variable remstat has three levels: CR, PR, and SD/PD. 
The variable cyto has four levels: del17p, del11q, other, and no abnormality. The vari-
able asct is dichotomous: no prior ASCT and prior ASCT. The variable donor has three 
levels: matched related, matched UD, and partially mismatched UD. The variable sexm 
has four levels: PATmaleDONmale, PATmaleDONfemale, PATfemaleDONmale, and 
PATfemaleDONfemale. Finally, the variable cond has three levels: NMA, RIC, and 
MAC. 

The binary response variable, Status, takes the value 1 for diseased individuals and 
0 for healthy individuals. The prevalence of disease is around 0.27. The response vari-
able (disease status) and the covariates age, prior treatments and donor characteristics 
are complete (no missing data). On other hand, performance status has 9% of missing-
ness, remission status has 6%, cytogenetic abnormalities has 25%, and there is a 1% 
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missingness each for sex match and clinical conditions. According to Little test (p-value 
= 5.59e-6), we reject the null hypothesis of missing completely at random. Violation of 
MCAR assumption brings concerns on the results provided on the application of the CC 
approach. 

The coeffcients of prediction models and respective p-values of CC and IPW are 
those in Table 7. For CC, only perfstat and PR are signifcant, considering a signifcance 
level of 0.1. For IPW, additionally to these variables, age, matched UD and PATmale-
DONfemale are signifcant, considering a signifcance level of 0.1. The results provided 
by CC are reasonable, despite of its potential inconsistency (MCAR assuption was re-
jected). Since the AUC estimated from MI is averaged along fve different models, these 
are not reported in Table 7. 

Table 7. Coeffcients and p-values of CC and IPW prediction models. 

CC IPW 
variable coefcient p-value coefcient p-value 
Intercept -1.6133 0.0004 -1.6098 9.98e-06 

age 0.2002 0.1864 0.2216 0.0634 
Karnofsky 90 0.2221 0.4786 0.2148 0.3843 
Karnofsky 80 1.1209 0.0017 1.1627 3.84e-05 

Karnofsky <= 70 2.0004 0.0023 1.9881 0.0002 
PR -0.6992 0.0522 -0.6782 0.0178 

SD/PD 0.0805 0.8301 0.1477 0.6170 
del11q -0.1201 0.7050 -0.0578 0.8198 
other -0.1860 0.5382 -0.1522 0.5287 

no abnormality 0.2029 0.6013 0.1997 0.5223 
prior ASCT -0.0879 0.8461 -0.0086 0.9773 
matched UD 0.3866 0.1461 0.3891 0.0625 

partially mismatched UD 0.4276 0.2513 0.4399 0.1434 
PATmaleDONfemale 0.4477 0.1297 0.4665 0.0466 
PATfemaleDONmale -0.2596 0.4538 -0.1730 0.5290 

PATfemaleDONfemale -0.2298 0.5589 -0.2613 0.4101 
RIC 0.3063 0.2719 0.3050 0.1668 

MAC -0.0461 0.9065 0.0029 0.9924 

To estimate the weights in the IPW methodology, we only use the complete variables. 
The fnal logistic models is the following: 

logit(P(R = 1)) = 0.6385 + 0.2535× age − 0.9365 × asct + 0.3722× donor matched UD 

+ 0.3118 × donor partially mismatched UD− 0.3082 × Status 

In the logistic model of weighting, all variables are signifcant considering a signif-
cance level of 0.1, including the outcome (disease status). 
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Table 8. AUC values in leukemia case study according to different methods. 

method CC IPW MI 
APP 0.7009 0.7080 0.6860 
SS 0.5818 0.5772 0.6156 
KF 0.6185 0.6350 0.6342 

LOO 0.6201 0.6281 0.6318 

The estimated AUCs are reported in Table 8. In this data set, the optimism of the 
apparent AUC is evident, as it consistently presents the highest values across all missing 
data methodologies. CC and IPW give higher values than MI in the APP and lower in 
the corrections. This is in agreement with the simulation results, see Table 4. Also, 
CC (at least KF and LOO) seems to move further away from MI and IPW. We compare 
these results with the MAR scenario S3 with prev = 0.2 and n = 500 because it is the 
most similar scenario, due to the similar sample size and prevalence, and the fact that 
the missing probability depends on the outcome. Among the correction methods, SS 
yields the lowest AUC values but tends to underestimate the true AUC, according to 
simulations. In this data set, for all missing data approaches, KF and LOO methods 
produce close results. 

The proportion of missing data is a crucial factor infuencing the performance of 
both missing data handling methods and optimism correction techniques. In our simula-
tion study, we evaluated scenarios with varying levels of missingness and observed that 
higher missing data rates accentuate the differences between methods. Specifcally, ap-
proaches such as CC and IPW tend to lose reliability as missingness increases, while MI 
combined with LOO consistently exhibits strong performance across all settings. The 
real data applications corroborate these fndings. In the Viana do Castelo dataset, where 
the overall missingness was relatively low (under 10%), all methods produced similar 
AUC estimates, and the impact of optimism was negligible. In contrast, the leukemia 
dataset, which presented higher missingness levels (up to 25% in some variables), re-
vealed more pronounced differences between methods. In particular, CC corrections 
often underestimated the AUC and showed less stable results compared to MI or IPW. 
These fndings are consistent with our simulation results and emphasize the need to con-
sider the proportion of missing data when choosing an appropriate estimation strategy. 

6. Main conclusions 

In this paper, corrections for the optimism of the AUC in the presence of missing data 
have been investigated. All methods successfully corrected the optimism in the AUC. An 
exception was CC which, as expected, failed to provide unbiased estimations when the 
missingness is not completely at random. Among the several methods being compared, 
LOO achieved the lowest MSE. This is an interesting fnding, since LOO has been pre-
viously reported as too pessimistic with complete data. Correction methods performed 
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particularly well with MI. In practice, we recommend using the combination of MI with 
LOO because of its good relative performance. Importantly, LOO method for optimism 
correction of the AUC with missing data had not been considered in the related literature. 

The two real data illustrations provided in this manuscript cover two different situ-
ations that may appear in practice. For the Viana do Castelo study, the optimism of the 
AUC is negligible, and all methods roughly report the same result. Missingness can be 
assumed to be completely at random in this case. However, in the leukemia study the 
optimism of the AUC is evident, and choosing one or another method matters. Specif-
cally, it has been seen how CC introduces some bias in this case, probably related to the 
fact that the missing probability depends on the outcome. For the leukemia data, IPW or 
MI methods, with KF or LOO optimism corrections, provided close results. 

In addition to the main results reported for a missing value probability of 0.5, further 
simulations were conducted with lower (0.2) and higher (0.8) missing proportions, as 
presented in Appendix B. These results confrmed that the beneft of applying optimism 
correction methods becomes more evident as missingness increases. The MI+LOO com-
bination consistently provided the lowest bias and MSE, even under high missingness 
levels, reinforcing its robustness and practical relevance. 

Key Conclusions and Recommendations 

• The MI method proved to be the most effective approach for handling missing 
data, because it consistently yielded the lowest bias and MSE across nearly all 
simulated scenarios. 

• To correct optimism in AUC estimates in the presence of missing data, we recom-
mend using MI combined with LOO cross validation. 

• The KF cross validation method also produced competitive results and may serve 
as a viable alternative, particularly when computational effciency is a concern. 

• In MCAR settings with large sample sizes and high prevalence, CC combined with 
LOO or KF can be considered a reasonable alternative to MI. 

• However, CC is not recommended in MAR scenarios, as it tends to introduce 
substantial bias. 
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A. Details of methods 

In this section we present a structured details of implemented methods to correct the 
AUC optimism with missing data. 

• Complete case analyses (CC) 

– Apparent in complete case analyses (CC-APP) 

* Only the complete observations are considered. There are the observa-
tions with no missing values, that is, the observations with Ri = 1. 

* Fit the logistic model to Y depending on covariables. 

* Predicted values of this model are computed. 

* The AUCcc−app is calculated, according to equation (4). 

– Split-sample validation in complete case analyses (CC-SS) 

* Considered observations with no missing values. 

* The sample with complete cases is divided into two: trainc and testc. 

* Using trainc the logistic model is ft to Y depending on covariables. 

* The predicted values of this model are computed to testc. 

* The AUCcc−ss is calculated, according to equation (4). 

– K-fold cross-validation in complete case analyses (CC-KF) 

* Only considering the complete observations, that is the observations 
with Ri = 1. 

* Divide the sample into K sets. 

* For k = 1 defne the subset testk and the traink that is the sample without 
the testk set. 

* Fit a logistic model to Y depending by the traink. 

* Computed the predicted values of this model to testck. 

* The AUCk is calculated, according to equation (4). 

* Repeat this for each k ∈ 2,3, ...,K . 

* The AUCcc−k f is the mean of the AUCk. 

– Leave-one-out cross-validation in complete case analyses (CC-LOO) 

* Considering the set with no missing values, that is, the observations with 
Ri = 1. 

* Defne trainc j and testc j. 

* Using train j ft a logistic model to Y . 

* The predicted values of this model are computed to testc j. 
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* The set of predictions, was construct with all of predictions of test j 

* The AUCcc−loo is calculated, according to equation (4). 

• Inverse probability weighting (IPW) 

– Apparent in inverse probability weighting (IPW-APP) 

* Defne the weighting of each no missing observation by 1/pi, where 
pi = E(Ri|Y,X) = E(Ri|Z). 

* The observations with no missing values, the observations with Ri = 1 
are considered. 

* Fit a logistic model to Y depending on covariables considering all com-
plete observations and the respective weight. 

* The predicted values of this data set are computed. 

* The AUCipw−app is calculated, according to equation (5). 

– Split-sample validation in inverse probability weighting (IPW-SS) 

* Defne the weighting of each no missing observation similar to IPW-
APP. 

* The observations with no missing values, the observations with Ri = 1, 
are considered and divided into two sets: trainc and testc. 

* Fit a logistic model to Y depending on covariables considering the ob-
servations of trainc set and the respective weight. 

* The predicted values of testc with this model are computed. 

* The AUCipw−ss is calculated, according to equation (5). 

– K-fold cross-validation in inverse probability weighting (IPW-KF) 

* Defne the weighting of each no missing observation. 

* Considering only the observations with no missing values and divide 
the sample into K sets. 

* For k = 1 defne the subset testk and the traink that is the sample without 
the testk set. 

* Fit a logistic model to Y considering the observations of trainck set and 
their weights. 

* The predicted values of testck with this model and the respective AUC, 
AUCk, are computed. 

* Repeat this for each k ∈ 2,3, ...,K. 

* The AUCipw−k f is the mean of the AUCk. 

– Leave-one-out cross-validation in inverse probability weighting (IPW-LOO) 

* Estimate the weighting model. 
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* Defne train j and test j. 

* Fit a logistic model to Y considering the train j set and the respectively 
weights. 

* Computed the predict value of test j. 

* Repeat this for all values of j. 

* The AUCipw−loo is computed to the set of predictions. 

• Multiple imputation (MI) 

– Apparent in multiple imputation (MI-APP) 

* The original data was imputed m times, getting m full sets micdatai, 
i ∈ 1,2, ..,m. 

* For each one, the logistic model to Y depending on covariables was 
considered. 

* The predicted values to each set are computed. 

* The AUC of each m sets is calculated. 

* The AUCmi−app is calculated, averaging the previous AUC. 

– Split-sample validation in multiple imputation (MI-SS) 

* The original data was imputed m times, getting m full sets micdatai, 
i ∈ 1,2, ..,m. 

* Each of this sets was is divided into two: mictraini and mictesti. 

* For each one, the logistic model to Y depending on covariables of mictraini 

set was considered. 

* The predicted values to each set mictesti are computed. 

* The AUC of each m test sets is calculated. 

* The AUCmi−ss is calculated, averaging the previous AUC. 

– K-fold cross-validation in multiple imputation (MI-KF) 

* The data set was imputed m times, getting m full sets cdat j, j ∈ 1,2, ..,m. 

* Divide each full set cdat j into K sets. 

* For k = 1 defne the subset mictest jk and the mictrain jk that is the j 
complete set without the mictest jk . 

* The logistic model to Y of mictrain jk set was considered. 

* The predicted values to each set mictest jk and respective AUC, AUCjk , 
are computed. 

* The AUCk is calculated averaging the AUCjk . 

* Repeat this for all values k ∈ 2,3, ...,K. 

* The AUCmi−k f is the mean of the AUCk. 
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– Leave-one-out cross-validation in multiple imputation (MI-LOO) 

* Imputed the data set by m multiple imputations, getting m full sets. 

* To each set, defne mictrain j and mictest j. 

* Using mictrain j ft a logistic model to Y . 

* The predicted values of this model are computed to mictest j. 

* The set of predictions, was construct with all of predictions of mictest j 

and the respective AUC is computed. 

* The AUCmi−loo is the mean of the last m AUC’s. 

B. Additional simulation results 

Table 9. Optimism corrections for the AUC and respective bias and MSE. MCAR scenario S1 
with a probability of missing 0.2. 

n = 250 method CC IPW MI 

prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 

APP 

SS 

KF 

LOO 

0.7702 

0.6283 

0.6563 

0.6307 

0.1099 

-0.0320 

-0.0040 

-0.0296 

0.0152 

0.0127 

0.0077 

0.0082 

0.7708 

0.6277 

0.6546 

0.6298 

0.1107 

-0.0325 

-0.0055 

-0.0304 

0.0154 

0.0128 

0.0078 

0.0083 

0.7596 

0.6407 

0.6671 

0.6457 

0.0922 

-0.0266 

-0.0003 

-0.0216 

0.0108 

0.0093 

0.0062 

0.0057 

0.2 

APP 

SS 

KF 

LOO 

0.7469 

0.6543 

0.6730 

0.6610 

0.0696 

-0.0230 

-0.0043 

-0.0163 

0.0068 

0.0068 

0.0042 

0.0039 

0.7470 

0.6539 

0.6719 

0.6602 

0.0698 

-0.0232 

-0.0053 

-0.0170 

0.0068 

0.0069 

0.0043 

0.0039 

0.7406 

0.6639 

0.6842 

0.6718 

0.0575 

-0.0192 

0.0011 

-0.0113 

0.0048 

0.0047 

0.0029 

0.0028 

0.5 

APP 

SS 

KF 

LOO 

0.7382 

0.6750 

0.6896 

0.6809 

0.0503 

-0.0128 

0.0017 

-0.0069 

0.0037 

0.0032 

0.0020 

0.0019 

0.7383 

0.6746 

0.6891 

0.6802 

0.0505 

-0.0132 

0.0013 

-0.0075 

0.0037 

0.0032 

0.0020 

0.0019 

0.7324 

0.6784 

0.6927 

0.6860 

0.0403 

-0.0137 

0.0006 

-0.0061 

0.0026 

0.0027 

0.0016 

0.0015 
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Table 10. Optimism corrections for the AUC and respective bias and MSE. MCAR scenario S1 
with probability of missing 0.8. 

n = 250 method CC IPW MI 

prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

0.1 

APP 

SS 

KF 

LOO 

0.9012 

0.5472 

0.5624 

0.4666 

0.3212 

-0.0328 

-0.0176 

-0.1134 

0.1153 

0.0488 

0.0364 

0.0625 

0.9082 

0.5524 

0.5614 

0.4655 

0.3287 

-0.0271 

-0.0180 

-0.1140 

0.1197 

0.0500 

0.0344 

0.0640 

0.7936 

0.6866 

0.7135 

0.6960 

0.1594 0.0300 

0.0525 0.0125 

0.0794 0.0142 

0.0619 0.0114 

0.2 

APP 

SS 

KF 

LOO 

0.8457 

0.5673 

0.6136 

0.5456 

0.2261 

-0.0523 

-0.0060 

-0.0740 

0.0587 

0.0281 

0.0210 

0.0248 

0.8547 

0.5642 

0.6120 

0.5372 

0.2382 

-0.0523 

-0.0045 

-0.0793 

0.0644 

0.0294 

0.0226 

0.0284 

0.7640 

0.6940 

0.7109 

0.7012 

0.1049 0.0140 

0.0349 0.0074 

0.0518 0.0074 

0.0421 0.0063 

0.5 

APP 

SS 

KF 

LOO 

0.8018 

0.5900 

0.6288 

0.5972 

0.1626 

-0.0492 

-0.0104 

-0.0420 

0.0308 

0.0187 

0.0138 

0.0137 

0.8130 

0.5865 

0.6247 

0.5933 

0.1785 

-0.0480 

-0.0098 

-0.0412 

0.0363 

0.0197 

0.0155 

0.0145 

0.7499 

0.6992 

0.7130 

0.7064 

0.0772 0.0079 

0.0265 0.0044 

0.0403 0.0042 

0.0337 0.0038 

Table 11. Optimism corrections for the AUC and corresponding bias and MSE using MI and 
bootstrap across three missingness scenarios with approximately 0.5 probability of missing. 

n 250 500 2000 

S prev AUC Bias MSE AUC Bias MSE AUC Bias MSE 

S1 

0.1 

0.2 

0.5 

0.6960 

0.6951 

0.7006 

0.0365 

0.0174 

0.0137 

0.0050 

0.0027 

0.0016 

0.7009 0.0171 

0.7049 0.0109 

0.7042 0.0054 

0.0021 

0.0011 

0.0007 

0.7085 

0.7082 

0.7091 

0.0044 0.0006 

0.0014 0.0003 

0.0011 0.0002 

S2 

0.1 

0.2 

0.5 

0.6969 

0.6995 

0.7014 

0.0404 

0.0229 

0.0149 

0.0056 

0.0027 

0.0017 

0.6990 0.0168 

0.7014 0.0089 

0.7055 0.0066 

0.0021 

0.0013 

0.0008 

0.7071 

0.7072 

0.7096 

0.0035 0.0005 

0.0002 0.0003 

0.0016 0.0002 

S3 

0.1 

0.2 

0.5 

0.6911 

0.6971 

0.6990 

0.0263 

0.0164 

0.0109 

0.0044 

0.0022 

0.0016 

0.6952 0.0103 

0.6997 0.0043 

0.7055 0.0056 

0.0018 

0.0009 

0.0008 

0.7055 

0.70955 

0.7091 

0.0012 0.0000 

0.0026 0.0000 

0.0009 0.0000 
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