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Bayesian estimation for conditional probabilities 
associated to directed acyclic graphs: study of 

hospitalization of severe infuenza cases 
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Abstract 

This paper presents a Bayesian framework to estimate joint, conditional, and marginal 
probabilities in directed acyclic graphs to study the progression of hospitalized patients 
with confrmed severe infuenza. Using data from the PIDIRAC retrospective cohort in 
Catalonia, we model patient pathways from admission to discharge, death, or transfer. 
Transition probabilities are estimated using a Bayesian Dirichlet-multinomial approach, 
while posterior distributions for absorbing states or inverse probabilities are assessed 
via simulation. Bayesian methodology quantifes uncertainty through posterior distri-
butions, offering insights into disease progression and in improving hospital planning. 
These fndings support more effective patient management and informed decision 
making during seasonal infuenza outbreaks. 
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1. Introduction 

According to the World Health Organization (WHO): “Seasonal infuenza (the fu) is 
an acute respiratory infection caused by infuenza viruses common in all parts of the 
world”. Following offcial estimates, about 1 billion cases of seasonal infuenza occur 
worldwide each year. This includes between 3 and 5 million cases of severe illness and 
between 290 and 650 thousand respiratory deaths caused by the disease (Pietrasik, 2023). 
Infuenza rates are very high in children but its mortality records are shocking in elderly 
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populations as well as in people affected by chronic diseases (Paget et al., 2022). It is a 
worldwide cause of hospital admissions and mortality in these latter groups (Macias et 
al., 2021). 

Infuenza prevention and control remains a serious public health challenge, despite 
the availability of vaccines and antiviral treatments (Carrillo-Santisteve et al., 2012). 
The European Centre for Disease Prevention and Control (ECDC) is an agency of the 
European Union (EU) that collects epidemiological and virological data from member 
countries of the European Economic Area (EEA). Surveillance data come from the sen-
tinel infuenza surveillance systems of each associated country, which may cover 
substantial parts of the population or even have a universal surveillance system (Snacken 
and Brown, 2015). 

Although most people affected by the seasonal infuenza recover within one or two 
weeks without medical attention, it can cause serious illnesses and mortality, especially 
among population at higher risk. Severe infuenza complications can result in hospita-
lization, possibly with admission to the ICU or even death (Acosta et al., 2021; Soldevila 
et al., 2021). According to ECDC, around 10 to 30% of Europe’s population is infected 
annually with infuenza, causing hundreds of thousand hospitalizations. A systematic 
review of the clinical burden of infuenza disease in older people was done by Langer et 
al. (2023) with data from January 2012 to February 2022. 

There are almost no studies that quantitatively analyse the different health condi-
tions that hospitalised patients with severe infuenza can experience from admission to 
discharge. Knowledge of these pathways would be a valuable tool for improving hospi-
tal resource planning and organization of the seasonal period of infuenza, the winter. 
In Europe, infuenza generally causes annual epidemics that affect up to 20% of the 
population. 

Graph theory is a very theoretical mathematical subject with an enormous power 
to visualize the basic functioning of scenarios that operate in environments with many 
sources of uncertainty. Our approach to graphs is essentially graphical and structural. In 
particular, the evolution of a hospitalized patient from admission to discharge can be re-
presented graphically by means of a probabilistic directed acyclic graph (DAG) (Cowell 
et al., 1999; Barber, 2012) with nodes defned by random events associated to the dif-
ferent health conditions of the inpatients and arrows connecting two consecutive nodes 
without any possibility of return. Transition probabilities between nodes are conditional 
probabilities that provide valuable clinical information on the state of health in which 
individuals move from their current status. They are the basis for assessing the uncer-
tainty associated with the different trajectories of the study, the fnal (absorbing) states, 
and inverse probabilities that inform previous events. 

This paper presents a general inferential procedure for estimating joint, conditional, 
and marginal probabilities in probabilistic DAGs associated to random events, which we 
apply to assess the different pathways that a patient with severe infuenza may follow 
from their admission to the hospital to their discharge, as fully cured, dead or sent to a 
long-stay facility. These latter type of institutions usually welcome patients with chronic 
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diseases and comorbidities who have little hope of cure, but require continued clinical 
care. 

All the inferential processes in this work are framed within the Bayesian inferential 
methodology. This will allow to directly quantify the uncertainty associated with the 
relevant outcomes through probability distributions. In particular, posterior distribution 
associated to transition probabilities or absorbing states will allow us to better understand 
the hospital evolution of patients with severe infuenza. Overall, they may be a useful 
tool in the effective management of patients hospitalised with infuenza during peaks of 
infuenza epidemic activity. 

This paper is organized as follows. Section 2 presents a description of the motivated 
problem, named the PIDIRAC cohort study, and data as well as the DAG that represents 
the evolution of a severe infuenza patient in hospital. Section 3 introduces the general 
Bayesian modeling for assessing conditional probabilities for adjacent and non adjacent 
states of a DAG. Section 4 applies the general approach in Section 3 to the data of the 
PIDIRAC study. Section 5 provides a more general framework for modelling conditional 
probabilities through covariates and illustrates its application in a particular probability 
distribution from the PIDIRAC project. Finally, Section 6 contains some general con-
clusions and comments. 

2. PIDIRAC retrospective cohort study 

This study focuses on hospitalized severe infuenza patients. Data for the analysis we-
re collected from a retrospective cohort study of hospitalized, laboratory confrmed, 
infuenza (SHLCI) patients registered from 1 October 2017 to 22 May 2018 by the 
14 hospitals included in the Primary Care Infuenza Surveillance System of Catalonia 
(PIDIRAC). Catalonia is an autonomous community of Spain located in the northeast of 
the Iberian Peninsula with a population of around 8 million inhabitants. The median and 
interquartile range age of the hospitalized patients was 72 and 59−83 years respectively, 
with 563 (43%) of all being female. 

All severe infuenza patients who came to the hospital were initially attended by a 
physician who, depending on the patient’s state of health, recommended admission to an 
intensive care unit (ICU, denoted by I when treated as a variable) or to a specifc hospital 
ward (W1). Some of the patients who were initially directed to W1 were later transferred 
to the ICU, derived to a long-term care facility (L), died (D) or were cured and discharged 
from the hospital and sent home (H). Patients in ICU can die or, if they improved, be sent 
to a second type of ward (W2) of the hospital, from where they can move to H, L or D. 

Consider a graph G = (S, C) with nodes S = {A, I, W1, W2, D, H, L} the different 
states or services in the hospital and ordered arcs 

C = {AI, AW1, W1 I, IW2, W1D, W1H, W1L, W2D, W2H, W2L} 

connecting the different adjacent nodes. See Figure 1 for a DAG that represents the 
evolution of hospitalized patients with severe infuenza through nodes describing their 
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different health states and/or hospital services used and the different directed arcs 
connecting neighbouring nodes. The nature of the different states is different: The ad-
mission of a patient to the hospital is the initial state A, states I, W1, and W2 are transient, 
and states D, H, and L absorbing. 

Figure 1. Directed acyclic graph for a description of the progress of patients with severe in-
fuenza in hospital. Transient states in green and absorbing states in blue. 

Over the study period, the number of patients with a diagnosis of severe infuenza 
admitted to the hospital was 1306. Of these patients, 1208 were initially referred to 
the ward and 98 were sent to the ICU. A total of 82 patients in W1 were subsequently 
transferred to the ICU. Of the total of 1126 patients on the ward not sent to the ICU, 946 
were discharged and sent home, 55 were sent to L, and 125 died. A total of 35 patients 
died during their stay in ICU; and the rest, 145, were sent to W2 from where 118 were 
discharged and sent home, 12 were sent to a long-stay facility and 15 died. 

3. Bayesian modeling of conditional probabilities 

The probabilistic approach to our model is concentrated on conditional probabilities that 
assess the uncertainty associated to the different paths between the states of the process: 
probabilities of visiting a certain state from another given state, directly without inter-
mediate states or not; probabilities of ending in each of the absorbing states; and even, 
inverse probabilities that focus on assessing the uncertainty associated with a previous 
state knowing that the process has ended up visiting a certain state subsequently. 

3.1. Dirichlet-multinomial learning process for assessing direct 
conditional probabilities 

Assume a graph with a fnite set S of states and consider (without loss of generality) that 
from the state i ∈ S it is possible to directly visit the states {1, . . . ,J} ∈ S with probabi-
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lities θ i = (θi1, . . . ,θiJ)
T, where θi j, i ̸= j, represents the probability that the individual’s 

departure from state i will be to visit state j directly, with θiJ = 1 − ∑J
j= 
− 

1
1
θi j. 

Let Y i = (Yi1, . . . ,YiJ)
T be the random multinomial vector whose component j, Yi j, 

describes the number of individuals that move directly from state i to state j for the ni 

individuals that are in the state i and eventually leave it, where YiJ = ni − ∑J
j= 
− 

1
1 Yi j. The 

parametric vector associated to this multinomial distribution is θ i. As an illustrative 
example, in the PIDIRAC study, a total of 145 patients were recorded in state W2, who 
subsequently transitioned to states H, L, or D. In this case, the multinomial outcome 
vector of interest, YW2, is three-dimensional, with components YW2H , YW2L, and YW2D 

representing the numbers of individuals in W2 who moved to H, L, and D, respectively. 
The corresponding parameter vector for inference, θW 2, consists of the transition pro-
babilities from W2 to H, L, and D, denoted by θW2H , θW2L, and θW2D, respectively. 

The basic Bayesian inferential process for multinomial probabilities θ i account for 
the Dirichlet family of distributions as the conjugate family for the sampling multinomial 
distribution, Y i | θ i ∼ Mn(ni, θ i). This implies that if a Dirichlet distribution Di(α i) 
with parameters α i = (αi1, . . . ,αiJ)

T is chosen as a prior distribution π(θ i) for θ i, the 
corresponding posterior distribution π(θ i | D), where D stands for the data, will also be 
a Dirichlet distribution, Di(yi + α i), where yi is the vector of the observations from Y i. 
Just as the binomial distribution is the univariate version of the multinomial distribution, 
the Beta distribution is the univariate version of the Dirichlet distribution. In this regard, 
the posterior marginal distribution associated to probability θi j, π(θi j | D), is a Beta 
distribution with parameters yi j + αi j and α+ + ni − (yi j + αi j), where α+ = ∑J

j=1 αi ji i 
(Congdon, 2005; Armero et al., 2021). 

There are many studies where prior information cannot be provided or is available 
but it is not intended to be used in the inferential process in order to make the analysis 
more “objective” (Alvares et al., 2018). In these scenarios, the Bayesian inferential 
protocol establishes as necessary the specifcation of a prior distribution that serves as 
a starting point for the inference and that disturbs and distorts as little as possible the 
information provided by the data. The choice of such scarce informative distribution 
is not unanimous in the scientifc literature and has generated a lot of controversy. We 
will not go into this issue and will use the Perk’s prior Dirichlet distribution (Perks, 
1947; Berger, Bernardo and Sun, 2015), whose parameters share the unit of probability 
equally and is the most widely used Dirichlet distributions for this type of problem. The 
corresponding posterior distribution is Di(yi + 1/J), where 1 is now a vector of ones of 
dimension J. 

3.2. Bayes inference for non-direct conditional probabilities 

A little more notation should be added to the study to analyse conditional probabilities 
associated with non-contiguous states. We defne θik1...kK j as the probability associated 
with the path that begins in state i, then visits state k1, immediately after state k2, and so 
on up to kK , and fnally ends in j, where each of the visited states is temporally following 
its immediate preceding. In the event the state i is temporally earlier than state j, θi· j 



6 Bayesian estimation for conditional probabilities associated to directed acyclic graphs... 

shall stand for the probability of visiting j from i via any path P(i, j) that connects both 
states, 

θi· j = ∑P(i, j) θP(i, j). (1) 

Analogously, if state i is temporally later than state j, θi· j will represent the probability 
of having departed from state j knowing that the process has visited the posterior state i. 
This probability is calculated from Bayes’s theorem as follows 

θ j · i θ j
θi· j = ,

θi 

where now θi (θ j) indicates the probability of visiting state i (j) from the initial state of 
the process. 

The conjugate Dirichlet-multinomial learning process is suitable for the computa-
tion of posterior distributions associated to jumping probabilities between a state and 
its immediate next states, but not for posterior distributions associated to probabilities 
between non-neighbouring states or inverse probabilities. In this sense, we will assume 
a Markovian structure for the transition probabilities as follows: 

θik1...kK j = θik1 θk1k2 . . . .θkK j. (2) 

This condition allows the simulation of the posterior distribution of the probability asso-
ciated to this particular trajectory π(θik1...kK j | D). In fact, a simulated random sample 
{θik 

(m 
1... 
) 

kK j, m = 1, . . . ,M} from this posterior distribution is constructed as follows 

θ (m) 
θ (m) 

ik1...kK j = θik 
(m 

1 

) 
k1k2 

. . . .θk 
( 
K

m
j 
) 
, 

where each simulated value θk 
( 
i

m
k 
) 
j 

is generated from the Beta marginal posterior distribu-
tion, π(θki k j | D), of the transition probability from state ki to its immediate next state 
k j. 

In this way, we can compute a random sample from π(θi· j | D) taking into account 
that 

π(θi· j | D) = π(∑P(i, j) θP(i, j) | D). (3) 

In the case that i is subsequent to j, we can generate a random sample from π(θi· j | D) 
bearing in mind that �

θ j · i θ j 
� 

π(θi· j | D) = π | D . (4)
θi 

The software R, version 4.4.2 (R Core Team, 2025), has been used to implement the 
computation of all the transition probabilities results reported in this work. The code 
and the suplementary material can be found in a GitHub repository (https://github.com/ 
LAcosta15/CALA SupplementaryMaterial). 

https://github.com/LAcosta15/CALA_SupplementaryMaterial
https://github.com/LAcosta15/CALA_SupplementaryMaterial
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4. Hospitalization of severe infuenza cases 

4.1. Probabilities associated with direct transitions between states 

We begin the inferential process of the PIDIRAC study by estimating the probabil-
ity distribution associated with visiting each of the states that can be accessed from 
an immediately preceding state. In our research these would be the random vector 
θ A = (θAW1,θAI)

T that assesses the probability that a patient admitted to the hospital 
will be referred to ward W1 or ICU, θ I = (θIW 2,θI D)

T that accounts for the probability 
that a patient in the ICU moves to ward W2 or dies, θW1 = (θW 1 I,θW 1D,θW1H ,θW1L)

T 

as the vector that indicates the possible visits to I, D, H and L from W1, and the vector 
θW2 = (θW2D,θW 2H ,θW2L)

T formed by the probability that a patient ends up in D, H or 
L since his second stay on the ward, W2. In all these cases, we will use the Perk prior 
distribution introduced above as the non-informative prior distribution of all the inferen-
tial processes in our study. 

From admission to the ICU or ward W1 

Data for learning about the probability θ A = (θAW1,θAI)
T that a patient admitted to the 

hospital will be referred to ward W1 or ICU, respectively, refer to the number of patients 
admitted to the hospital, 1306, and how many of them were sent to the ward W1 or ICU, 
1208 and 98, respectively. The posterior distribution of θ A is the Dirichlet distribution 

π(θ A | D) = Di(1208.5,98.5), 

with posterior expectations 0.925 and 0.075 for θAW 1 and θAI , respectively, thus showing 
that about the 92.5% of hospital patients are transferred directly to W1, and the rest, 
around 7.5%, are sent directly to the ICU. Posterior 95% credible intervals for these 
probabilities are (0.910,0.938) and (0.062,0.090), respectively. These are very narrow 
intervals indicating very little uncertainty about both probabilities. It is interesting to 
note that these credible intervals provide a direct measure of the uncertainty of θAW1 
and θAI that is not possible to consider in the frequentist framework. Figure 2 shows 
the marginal beta posterior distribution associated for each of the two probabilities, 
π(θAI | D) = Be(98.5, 1208.5) and π(θAW1 | D) = Be(1208.5, 98.5). 

From ward W1 to ICU, death, home or a long-stay facility 

Of the 1208 patients who were initially sent to ward W1, 82 were transferred to ICU, 946 
discharged home, 55 derived to a long-term care facility L, and 125 died. This informa-
tion generates the following posterior distribution for θW1 = (θW1 I,θW1D,θW1H ,θW 1L)

T , 
the vector of the probability associated to a possible visit from W1 to I, D, H and L, 
respectively 

π(θW1 | D) = Di(82.25,125.25,946.25,55.25), 

https://Di(82.25,125.25,946.25,55.25
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with posterior expectation and 95% credible interval for the posterior distribution asso-
ciated with each one of the probabilities in θW1 in Table 1. 
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θA W1

Figure 2. Posterior marginal distribution for the probability of a patient admitted to the hospital 
being sent to ICU, θAI, or ward W1, θAW1. 
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Figure 3. Posterior conditional distribution for the probability of a patient in W1 is sent to a 
long stay facility, θW1L, to ICU, θW1 I , to death, θW1D, or home, θW1H. 

Table 1. Posterior distribution, mean, and 95% credible interval for the probabilities in θW1. 

Probability Marginal Mean CI 95% 
θW1 I Be(82.25, 1126.75) 0.068 (0.055, 0.083) 
θW1D Be(125.25, 1083.75) 0.103 (0.087, 0.121) 
θW1H Be(946.25, 262.75) 0.783 (0.759, 0.806) 
θW1L Be(55.25, 1153.75) 0.046 (0.035, 0.058) 
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Figure 3 shows the posterior distribution of each of the probabilities associated with 
θW1. It is interesting to note the homogeneity of the distributions associated with mo-
ving to states I, D and L and the difference in magnitude and variability of that asso-
ciated with H. Approximately 10% of the patients in the ward W1 die, 5% are sent to 
the ICU, and around 4% are transferred to a long-term institution, probably with very 
little chance of cure. On the other hand, about 78% of patients admitted to the ward are 
discharged, although the uncertainty associated with this probability is greater than the 
previous three. 

From ICU to death or to a second hospital ward, W2 
Among the 180 patients who went through the ICU 35 died, and the rest, 145, were 

referred to W2. As a result, the posterior distribution for θ I = (θIW 2,θI D)
T that accounts 

for the probability that a patient in the ICU moves to ward W2 or dies is as follows, 

π(θ I | D) = Di(145.50,35.50), 

with posterior expectation 0.804 and 95% credible interval (0.743, 0.858) for θIW2, and 
0.196 and (0.142, 0.257) for θID, respectively. Figure shows both posterior distributions, 
very different in their location but similar in shape and variability. 
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Figure 4. Posterior distribution of the probability that a patient leaving ICU is transferred to 
ward, θIW2 or dies, θI D. 

From ward W2 to death, home or a long-term care facility 

A total of 145 patients passed through ward W2. Of these, 15 died, 118 were discharged 
and sent home, and the remaining 15 were sent to a long-term care facility. With this 
information, the posterior distribution associated to θW2 = (θW2D,θW2H , θW2L)

T is: 

π(θW 2 | D) = Di(145.33,118.33,12.33), 

https://Di(145.33,118.33,12.33
https://Di(145.50,35.50
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with posterior mean and 95% credible interval for the posterior distribution associated 
to each one of the probabilities in θW2 given in Table 2. 

Table 2. Posterior marginal distribution, mean and 95% credible interval for the probabilities 
in θW2. 

Probability Marginal Mean CI 95% 
θW2D Be(145.33, 130.67) 0.105 (0.061, 0.159) 
θW2H Be(118.33, 157.67) 0.810 (0.743, 0.870) 
θW2L Be(12.33, 263.67) 0.085 (0.045, 0.135) 
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Figure 5. Posterior distribution of the probability that a patient in ward W2 dies, θW2D, is sent 
home with a discharge, θW2H, or to a long-stay facility, θW2L. 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

W1 I W2 D H L

Adm 0.925 0.075 − − − −
[0.910;0.938] [0.062;0.090]

W1 − 0.068 − 0.103 0.783 0.046
[0.055;0.083] [0.087;0.121] [0.759;0.806] [0.035;0.058]

I − − 0.804 0.196 − −
[0.743;0.858] [0.142;0.257]

W2 − − − 0.105 0.811 0.085
[0.061;0.159] [0.743;0.870] [0.045;0.135]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Figure 6. Posterior mean and 95% credible interval associated with transition probabilities 
between contiguous and consecutive health states. Information relating to fnal states is shown 
in blue. 
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Approximately, 81% of the patients leaving W2 are discharged and sent home, 10% 
die, and the rest, about 9%, are sent to a long-term care facility. Figure 5 shows the 
corresponding Beta distributions: very different in location, but with very similar varia-
bility and shape. 

As a summary, Figure 6 presents the mean and a 95% credible interval of the pos-
terior beta distributions for transition probabilities between contiguous and consecutive 
health states. We have chosen a matrix format because it most clearly visualises the 
movement of patients between different health states. 

4.2. Probability of leaving hospital on discharge, dying, 
or being sent to a long-term care facility. 

From a clinical point of view, it is important to assess the probability that a patient who 
enters the hospital with severe infuenza will eventually be discharged home, θA·H , die, 
θA·D, or be sent to a long-term care facility, θA·L. These terminal probabilities are 
defned in terms of the different trajectories that connect hospital admission A to the 
absorbing state, D, H or L, that determine the patient’s condition on discharge from 
hospital. 

θA·D = θAIW2D + θAI D + θAW1 IW2D + θAW1 I D + θAW1D 

= θAI θIW2 θW2D + θAI θI D + θAW 1 θW 1 I θIW2 θW2D 

+ θAW1 θW1 I θI D + θAW1 θW1D. 

θA·H =θAW1H + θAW1 IW2H + θAIW2H = θAW1 θW1H 

+ θAW1 θW1 I θIW2 θW2H + θAI θIW 2 θW 2H . 

θA·L =θAW1L + θAW1 IW2L + θAIW2L = θAW 1 θW 1L 

+ θAW1 θW1 I θIW2 θW2L + θAI θIW2 θW2L. (5) 

The posterior distribution for these probabilities, π(θA·D | D), π(θA·H | D), and 
π(θA·L | D), is not analytical but, as mentioned above, it can be approximated via sim-
ulation by generating approximate samples of the posterior distribution of each direct 
transition probability following (3). 

Figure 7 displays the posterior distribution for the probability that a patient hospital-
ized with severe infuenza will die in the hospital, be cured, discharged and sent home, 
or be transferred to a long-term care unit. Posterior mean and 95% credible intervals are 
reported in Table 3. 

Table 3. Posterior expectation and 95% credible interval for the probability associated to the 
enter in the absorbing states L, H, and D. 

Probability Mean CI 95% 
θA·L 0.052 (0.040, 0.065) 
θA·H 0.814 (0.784, 0.843) 
θA·D 0.134 (0.116, 0.155) 



Hospital 
admission, A 

Ward, W2 ICU, I 0.111 

0.138 0.094 0.130 J 
10.119. o.15Ll8_l _________ r----::D-e-at:-;-h:-, -;:;D;--7 

• 0.134 

0.116 0.155 

Home, H 
0.814 

0.784 0.843 

Long-term, L 
0.052 

0.04 0.065 

■ 
■ 
■ 

12 Bayesian estimation for conditional probabilities associated to directed acyclic graphs... 

0

20

40

60

0.00 0.25 0.50 0.75 1.0
Probability

θA.L
θA.H
θA.D

Figure 7. Posterior distribution for the probability of dying in hospital. being sent to a long-term 
institution or being discharged cured and sent home. 

About 81% of patients who are hospitalised due to severe infuenza will be dis-
charged cured and sent home, about 13% will die and about 5% will be sent to a long-
term care facility. As the credible intervals above and the posterior distributions for 
θA·L, θA·H , and θA·D in Figure 7 indicate, the uncertainty associated with each of these 
estimates is quite small, especially that associated with dying in hospital or being sent to 
a long-term institution. 

As a kind of general summary, Figure 8 presents, overlays on the different stages of 
health, the posterior mean and a 95% credibility interval for the probability that, after 
being admitted to hospital, a patient will visit each node of the hospital. For example, 
the ICU state has an approximate probability of 0.138. This probability will be that of 
passing through the ICU, either directly when she/he is admitted or through W1, that is 
θA· I = θAI + θAW1I . 

Figure 8. Posterior mean and 95% credible interval for the probabilities associated with visiting 
each node from hospitalization. 
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As relevant information that we have not mentioned previously, we would like to 
point out that visiting W2 means leaving the ICU alive, which occurs with an approxi-
mate probability of 0.11. We would also like to note that approximately 14% of hospi-
talised patients pass through the ICU. 

4.3. Probability that a patient who has died, or has been 
discharged and sent home or has been sent to a long-term 
institution has spent time in the ICU 

In our study, it may be interesting to simulate the posterior distribution of some inverse 
probabilities, such as the probability that a patient who died in the hospital, was sent to 
a long-term care facility or was discharged cured had previously been in the ICU, θD· I , 
θL· I , or θH · I . We start with the posterior distribution for θD· I . Following (4) 

θI ·D θI
θD· I = ,

θD 

where θD (θI) is the probability that a hospitalized patient dies in hospital (enters the 
UCI) which we have previously represented as θA·D (θA· I), with 

θI ·D =θI D + θIW2D = θI D + θIW 2 θW 2D, 

θA· I =θAI + θAW1 I = θAI + θAW 1 θW 1 I, 

and θA·D expressed in (5) in terms of transition probabilities between contiguous states. 
This procedure can be also followed to simulate the posterior distribution of the rest of 
inverse probabilities, θL· I and θH · I . 

0
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0.00 0.25 0.50 0.75 1.0
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Figure 9. Posterior distribution for the probability that a patient who has died, or has been 
discharged and sent home or has been sent to a long-term institution has spent time in ICU. 

Figure 9 shows the posterior distribution of the three previous probabilities. We can 
see that people who were discharged cured from the hospital are the least likely to have 
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spent time in the ICU, followed by patients who were sent to a long-stay ward, and 
fnally people who died in hospital. We can also observe that the distribution associated 
with leaving the hospital cured is the one with the least uncertainty. The corresponding 
posterior means and 95% credible intervals are reported in Table 4. 

Table 4. Posterior mean and 95% credible interval for the probability that a patient has been in 
ICU given that she/he has been fnally L, H, or D. 

Probability Mean CI 95% 
θL· I 0.183 (0.100, 0.280) 
θH · I 0.111 (0.093, 0.128) 
θD· I 0.288 (0.224, 0.357) 

5. Introducing covariates 

The probabilities associated with transitions between states will surely depend on the 
different characteristics of the patients in the study population. Therefore, introducing 
covariates into the statistical modelling will improve the quality and accuracy of the anal-
ysis. In our case, including covariates in the model means entering the world of logistic 
or multinomial regression depending on the number of states, two or more than two re-
spectively, to which a given state can visit in a single transition. In the general case where 
states {1, . . . ,J} are accesible directly from state i with probabilities θ i = (θi1, . . . ,θiJ) ′ 

and xi = (xi1, . . . ,xiQ) ′ is a vector of covariates related to state i, a multinomial regression 
model states that �� 

θi jlog 
θi1 

= β0i j + ∑q
Q 
=1 βqi j xiq = ηi j, j = 2, . . . ,J, (6) 

where βqi j are the regression coeffcients of the model and ∑J
j=1 θi j = 1. This modelling 

implies that: 

θi1 = 1/(1+ ∑J ηi j ),j=2 e 

θi j = eηi j /(1 + ∑J
j=2 eηi j ), j = 2, . . . ,J. 

To complete the Bayesian model, it is required to construct a prior distribution for 
the model parameters, in this case the regression coeffcients. We assume an inferential 
scenario of prior independence and very little initial information. Since we are working 
on the logarithmic scale, with positive and negative real values, we choose normal prior 
distributions centred on zero and with a wide variance. When the number of destination 
states from the generic i is 2, we are in the framework of logistic regression, with a logit 
link function for the probability associated with one of the two states directly accessible 
from i. 
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Table 5. Number of patients who end up in the absorbing states D, H, and L from the ICU based 
on their age and gender. 

Women Men 
Age<60 Age≥60 Age<60 Age≥60 

Death, D 1 14 8 27 
Home, H 25 23 28 42 
Long-stay, L 1 5 2 4 

To illustrate the potential of introducing covariates into the PIDIRAC study, we look 
at the transition that the process can make from the ICU (I) to Home (H), Death (D) or 
a long-stay faciliy (L) and consider two covariates relevant to the study: gender and age, 
the latter of which we only have in binary form, under 60 years of age or 60 years of age 
or older. It is worth noting that we know that ward W2 is an intermediate state between 
a person leaving the ICU without dying and the three previous states. For the sake of 
simplicity, we will omit this in the example, considering only moving from the ICU to 
the three aforementioned absorbing states. Table 5 shows the number of patients who 
ended up in H, L and D from the ICU in relation to their age and sex. We can see that 
category L has very few observations, which seems too little to feed inferences in this 
group. 

It is well known that people who are sent to long-term care facilities often have very 
serious health problems with a high probability of death. That is why we have combined 
categories D and L into a single category, which we will represent as DL. We analyze 
these data by means of a logistic regression model for the probability associated to the 
DL category in the logit scale: 

logit(θI ·DL) = β0 + β1I(Man) + β2I(Age>=60). (7) 

This model implies the probability θI ·DL = eβ0 in the group of women under the age of 
60, θI ·DL = eβ0+β2 for women aged 60 or over, θI ·DL = eβ0+β1 in men less than 60 and 
θI ·DL = eβ0+β1+β2 in men aged 60 or more. 

Bayesian inference completes this model with a prior distribution on the model pa-
rameters, π(β0,β1,β2). We deal with an environment of prior independence and little 
initial information, in particular 

π(β0,β1,β2) = π(β0)π(β1)π(β2), 

with π(βi) = N(0, 102). The posterior distribution π(β0,β1,β2 | D) was approximated 
by using Markov chain Monte Carlo (MCMC) methods through JAGS Software 
(Plummer, 2003). The MCMC algorithm ran for three Markov chains with 200000 
iterations after a burn-in period with 20000. The effective iterations were thinned by 
storing every 30th iteration in order to decrease autocorrelation in the sample. Conver-
gence of the chains to the posterior distribution is assessed through the potential scale 
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reduction factor, Rhat, and the effective number of independent simulation draws, neff. 
In all cases, the Rhat values are equal or near 1 and neff > 100, thus indicating that the 
distribution of the simulated values between and within the three chains is practically 
identical and also that suffcient MCMC samples have been obtained, respectively. 

Figure 10 shows the approximate posterior distribution for the probability that a 
person in W2 will die, be discharged and sent home, or be referred to a long-stay service, 
by gender and age. 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Probability

W<60

M<60

W>=60

M>=60

Figure 10. Posterior distribution for the probability of dying or being sent to a long-term care 
facility after ICU in women under 60 years (W<60) or aged 60 or over (W>=60), and men in 
the same age categories (M<60 and M>=60). 

Table 6. Number of patients who end up in the absorbing states D, H, and L from the ICU based 
on their age and gender. 

Group Mean Sd CI 95% 
W < 60 0.163 0.052 (0.078, 0.279) 
W >= 60 0.395 0.068 (0.266, 0.532) 
M < 60 0.200 0.054 (0.107, 0.320) 
M >= 60 0.457 0.055 (0.352, 0.567) 

It is interesting to note that age and gender area very relevant factors in the possible 
recovery of patients hospitalised with severe infuenza. In the group of people under 
60, the approximate probability of dying or being sent to a care home is approximately 
0.163 for women and 0.20 for men. These probabilities increase dramatically in people 
aged 60 or over: 0.395 for women and 0.457 for men. 
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6. Conclusions 

Probabilistic DAGs are very helpful representations of complex environments with sto-
chastic dependencies. Bayesian inference in DAGS defned by random events is a power-
ful framework for understanding and assessing the prevalence and uncertainty associated 
with the different trajectories in the system. 

The graphical representation of the evolution of patients admitted to hospital as a 
consequence of severe infuenza through a DAG and the subsequent statistical analysis 
provides valuable clinical information on the severity of the disease as well as on the 
utilisation of healthcare resources. This information is key to hospital resource planning 
because it helps identify the human, material and fnancial resources needed to ensure 
quality and effcient hospital care. 

Our work provides a fexible framework that allows the inclusion of potentially rel-
evant additional information in terms of demographic (sex, age) or clinical (comorbidi-
ties) covariates, as well as other types of information such as length of stay in the differ-
ent services, or even considering the potential variability between the different hospitals 
participating in the study. These last two proposals would correspond to topics in multi-
state models and hierarchical Bayesian models, respectively. 

The application of Bayesian methods usually requires the use of complex computa-
tional tools because the underlying posterior distribution is not analytical. In our case, 
this is not so, because the inferential process associated with multinomial probabilities 
is completely analytical: the Dirichlet distribution is the conjugate family with respect 
to the multinomial probabilistic model. This scenario facilitates the simplicity and trans-
parency of the implementation of the procedures involved. Furthermore, the use of basic 
procedures for generating observations from the resulting posterior distributions allows 
us to obtain very good approximations of non-analytical posterior distributions, as is the 
case with probabilities associated with non-adjacent paths or inverse transitions. Howe-
ver, when we introduce complexity into the modelling, such as the inclusion of covari-
ates, we need to use intensive computational procedures, MCMC methods in our case. 
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