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An algorithm for reconciling indicators across
multiple dimensions:
weighted iterative proportional fitting

Jose M. Pavia!, Josep Lled6? and Priscila Espinosa®

Abstract

Reconciling multidimensional count data across multiple sources is a common challenge
in social and economic research. lterative proportional fitting is widely used for this pur-
pose, but aligning indices under weighted sum-convex constraints calls for a more flex-
ible approach. We introduce the weighted iterative proportional fitting algorithm, which
incorporates sum-weighted constraints to adjust indicators—such as death-risk indices
by wealth, habitat, and climate—while preserving marginal consistency. Weighted it-
erative proportional fitting has been implemented in an R package of the same name,
enabling scholars, statisticians, and policymakers’ advisors, among others, to apply it
easily to multidimensional data.

MSC: 62P20, 62H10, 15A23.

Keywords: WIPF, biproportional fitting, RAS, raking, matrix scaling, socioeconomic in-
dices, official statistics.

1. Introduction

The iterative proportional fitting (IPF) algorithm is a well-established procedure for rec-
onciling count data coming from two or more sources of information. Typically, the pro-
cess involves adjusting the (non-negative) inner-entries of a matrix (or a two-way contin-
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2 Weighted iterative proportional fitting

gency table) of estimates—or entries derived from a less reliable source of information—
to match some known aggregate margins (the row and column totals) coming from a
more reliable data source.

Beyond this ad hoc, data-reconciliation interpretation, IPF is also closely connected
to maximum likelihood estimation and constrained optimization (Zaloznik, 2011). It
can be viewed both as a procedure for adjusting a multidimensional table to match
known marginals while preserving the initial cell structure (i.e., prior information) as
much as possible, and as a method for estimating maximum likelihood parameters in
theoretical or model-based contexts; particularly within log-linear models. In the first
case, IPF yields the distribution that is closest to the initial distribution in terms of rela-
tive entropy—that is, the distribution that minimizes the Kullback-Leibler divergence—
subject to the marginal constraints. In the second case, however, despite the widespread
belief that IPF always converges to the maximum likelihood (ML) estimate consistent
with the marginal constraints, the property only holds when the initial estimates are con-
sistent with the model structure.

The procedure, which can be traced back to Kruithof (1937) and Deming and Stephan
(1940), is known by various names across different disciplines in the literature. These
include biproportional fitting in statistics (Pavia, Cabrer and Sala, 2009), RAS in eco-
nomics (Wiebe and Lenzen, 2016), raking in survey research (Deville, Sdrndal and
Sautory, 1993), and matrix scaling in computer science (Kalantari and Khachiyan, 1996).
Furthermore, IPF is also referred to as iterative proportional scaling (IPS), particularly in
the context of ML estimation, as used in machine learning, image processing, or graphi-
cal models (Coons, Langer and Ruddy, 2024).

Despite the relevance of the approach, as demonstrated by its repeated rediscovery
by different scientific communities (Allen-Zhu et al., 2017), its broad use in a multitude
of problems (Idel, 2016), and its many extensions (Klimova and Rudas, 2015; Suesse
et al., 2017; Fournier Gabela, 2020; von Lindheim and Steidl, 2023), a generalization
that involves making adjustments after imposing constraints on weighted (convex) sums
of inner values across dimensions is still missing. The aim of this paper is to address
this gap by generalizing the IPF algorithm in that direction. This gives rise to a new
procedure: the weighted iterative proportional fitting (WIPF) algorithm, available in an
R-package of the same name (Pavia, 2026).

Our motivation for developing this new algorithm is practical rather than theoreti-
cal. During the process of estimating socio-economic death-risk indices as a function
of contextual wealth, habitat size, and climate area, we experienced smaller sampling
sizes (exposed-to-risk) and increasing levels of uncertainty and lack of reliability in the
estimates as the population was progressively split by a larger number of factors. Given
the convex aggregation relationships linking inner and outer levels of risk-indices, we
found that three- and two-interaction estimates could be significantly improved by mak-
ing the initial estimates congruent with the two- and one-factor estimates, and that this
could be easily performed by generalizing IPF. This paper describes the new algorithm,
presents the wipr package, and exemplifies its use by applying it to the problem of mak-
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ing congruent death-risk indices of different levels. Obviously, the usefulness of this
new algorithm extends beyond this example, as it can be employed to reconcile any set
of indicators that are linearly related with positive coefficients—for instance, harmo-
nizing life expectancies jointly estimated by educational attainment and sex with their
corresponding marginal life expectancies.

2. A motivating application

Understanding mortality patterns is fundamental for assessing social well-being and in-
equality (Lagravinese, Liberati and Resce, 2020). Differences in mortality levels across
population groups provide valuable information about the distribution of health, living
conditions, and social opportunity within a society (Pavia, Lledé and Roig, 2026). As-
sessing and quantifying these differences is essential for monitoring social progress and
designing evidence-based public policies, being also of value for guaranteeing fairness
in the insurance industry.

Beyond individual characteristics, contextual factors such as neighborhood wealth,
habitat size, and climatic conditions exert a strong influence on mortality patterns. Pop-
ulations with higher economic resources tend to enjoy better access to healthcare and
healthier living environments (McMaughan, Oloruntoba and Smith, 2020; Dwyer-Lind-
gren et al., 2024), while rural or sparsely populated areas often face limited access to
essential services (Cohen et al., 2023). Likewise, growing evidence links climatologi-
cal conditions and climate change-related phenomena (e.g., extreme heat, pollution, or
drought episodes) with increased mortality risks, particularly among vulnerable popula-
tions (Bell, O’Neill and Zanobetti, 2024; Garcia-Leodn et al., 2024; Masselot et al., 2025).
Measuring and monitoring mortality through these contextual dimensions is therefore
crucial to identify and address emerging inequalities driven by environmental and socio-
economic transformations.

In this context, drawing on more than four billion individual demographic records
from the Spanish population (Pavia et al., 2026) and adapting the methodology proposed
in Pavia and Lled6 (2022), we derived a set of mortality indices by age and sex that cap-
ture how death risks vary with contextual factors such as neighborhood wealth, habitat
size, and climatological conditions. These indices provide a multidimensional picture
of inequality in mortality, reflecting how the social and environmental context in which
individuals live is systematically related to their survival prospects.

The resulting indicators can be readily integrated into social statistics and moni-
toring systems to complement traditional demographic and economic measures. They
can support the design and evaluation of regional and social policies aimed at reducing
health inequalities, enhancing the capacity of policymakers and researchers to identify
vulnerable areas and population groups.

Mortality risks also constitute the keystone of the life insurance business, and fol-
lowing the entry into force of the Test-Achats ruling (European Commission, 2012), EU
insurers are interested in introducing easily accessible additional variables, other than
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mortality and survival risks—so as to better assess and segment their portfolios (Lled6
and Pavia, 2026). These indices can be easily introduced into actuarial processes: by
simply knowing the postal addresses of the insured, the baseline company death rate can
be multiplied by the relevant index to adjust the initially assumed probabilities of death
or survival, thus incorporating contextual risks.

However, estimating mortality indices that account simultaneously for several con-
textual dimensions poses a methodological challenge, since these factors interact and
are not independent. When multiple factors are combined, small sample sizes arise, pro-
ducing unstable or volatile estimates. Fortunately, indices at different aggregation levels
are linearly related: outer-level indices can be expressed as convex combinations of in-
ner risk indices. This property opens the door to more efficient estimation procedures,
which is precisely where the methodological contribution of this paper lies.

In particular, following with this example, (i) symbolizing age by x and sex by s, (ii)
designating by w, h and c as the generic levels of the factors contextual wealth, habitat
size and climatological area, respectively (withw=1,...;W,h=1,...;H,c=1,...,0),
and (iii) defining by E)Eg as the exposed-to-risk population and I)Sz as the corresponding
index—for instance, E,} (: YS L EY ’Sh’c> denotes the size of population exposed-to-
risk with age x and sex s in areas characterized by contextual wealth w and habitat size
h, while I;f"sh’c represents the index corresponding to age x and sex s for population living
in areas with contextual wealth w, habitat size 4, and climatological condition c—the
following theoretical relationships hold:
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Unfortunately, these theoretical relationships are not preserved when assessed us-
ing estimated indices, with discrepancies tending to increase as the number of involved
factors grows. To address this issue, we propose a generalization of the iterative propor-
tional fitting procedure that incorporates weights. This leads to a new algorithm, referred
to as weighted iterative proportional fitting (WIPF).
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3. The weighted iterative proportional fitting algorithm

3.1. Problem setting

In this section, we detail WIPF for the case at hand, with three dimensions. For analogy
with IPF, we adopt a contingency table representation and, without loss of generality, set
the one-dimensional weighted sums to 1. The approach and notation can be straightfor-
wardly generalized to any number of dimensions.

Let us assume three categorical variables X, Y and Z with R, C and L levels (from
rows, columns and layers), respectively, and two 3-way arrays: an initial 3-way array,
referred to as the seed, of non-negative initial indices/indicators I?Cl, S = [I?cl], and a
3-way contingency table of non-negative weights, W = [w,«], where r € {1,...,R},
cef{l,...,.C}and [ € {1,...,L} correspond to the levels of the first, second and third
variable, respectively. In addition, let us suppose that these initial indices correspond to
estimates of the true underlying indices, /,.;, which satisfy a set of weighted sum-convex
constraints across their marginal dimensions:

C L
w w Wil
s Ir** = Z aias I*c* = Z S I**l = 17

=1 WHt+ =1 WH+++ =1 WA+
< Wret Wrtl
rc T
Ir** == Z Irc* == Ir*17
=1 Wr++ =1 Wr++
R L
Wre+ Wl
I*C* — Z Irc* == Z 71*017 (1)
r=1 W+t =1 Wet

|

L C R
Wrel Wrel Wrel
Lrex = E — Ly, L = E — Iy, L = E — e,
i=1 Wret c=1Wr+l r=1W+el

where M = {Ir**, Lecs, Lesty Liosey I Im} represents the set of (known) margin indices—

for which consistency across the margins is also assumed—and sub-index + refers
to the standard notation of summation over the corresponding sub-index, e.g., w,1; =
ZLC:I wye. Note that in this case the margins /., L.« and I,,; are vectors, and the mar-
gins .4, I+ and I,.; are matrices.

To facilitate interpretation of the notation, we present a small illustrative example
with three categorical variables X, Y, and Z, each taking two levels. Table 1 shows
the individual indices in a long-table format, with the last column displaying the corre-
sponding 1D marginal weighted sums. Table 2 presents the 2D marginal weighted sums,
arranged in three blocks corresponding to I, I, and I,.;, where each block shows the
weighted averages over the remaining dimension. The denominators in these expressions
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represent the appropriate sums of weights used in the marginal calculations. Together,
these two tables provide a concrete illustration of how the 3-way array of indices relates

to its marginal sums through the weights.

Table 1. lllustrative 2x2x2 array of indices with 1D marginal weighted sums.

X|Y|Z]| Ly 1D Marginals
wihintwiadipi+wipliotwisolizg - winluitwiehiotwizilioi+wizlio
Xi | Y| Zy | i | D Wi Wi +wi+win o Wi FWin+wia+win
wanibin+wasi o1 +wainhio+wao b wanibiitwainhhi+waoi o1 +wo b
Xi | Y2 | Zt | hot | D war1+wa1+waa+wan wal1+wara+waz1+wan
X1 | Y1 |Zy | Iz
winlintwoni b +wipliptwopbhyo winlintwiphi+wori b +wo by
Xi| Y2 |Zy | iz | Lias Wil FWar1 Wi +warn Wit +win+wai+wain
wiilioi +waihoi +wiooliza+woool22o wiailioi+wigalig +wooi o1 +woool2oo
X2 Yl Zl 12” 1*2* wi21+wa1+wi2+wa2 wi21+wi2+wa1+wa
Xo | Y2 |Zy | Do
Liii+woribhii+wiailioi+woor l wiitliii+wiailii+woi1 1 +woor [
X, Y17, | T 1 witliitwarnbii+wioilipi+woi o vl twiihioi+wori b +wooi oy
2 1 211212 | Dexl Wit +war+wia1+waag Wil +Wi21+war1+waag
Lio+wanhip+wiooliop+wonnl, winliip+winolioo+waiohip+won L
X, Y, 17, | 1 L., — Wieliptwanhitwinlintwanby 12l +wi22li22+ w1212 +Wapa b
2 2| 42| 1222 | B2 winz+wa+win+wan win+win+waz+wan
Table 2. lllustrative 2x2x2 array: 2D marginal weighted sums.
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The convex-weights are calculated by normalizing W in a margin-dependent manner,
ensuring that when aggregated across the missing dimensions the normalized weights
sum to one. In the wipr package, this is controlled by the normalize argument. Alter-
natively, the relationships can be formulated without normalizing the weights. In this
case, the requirement that all zero-dimensional target margins equal 1 is replaced by the
weaker assumption that all one-dimensional weighted sums coincide. Moreover, in the
special case when the weights are unitary, the problem collapses to the one correspond-
ing to the standard IPF procedure.

Importantly, the normalized and non-normalized formulations are not, in general,
equivalent up to a simple rescaling of the solution. While both formulations preserve
the relative structure induced by the weights, the resulting fitted arrays tend to differ
in absolute magnitude unless the weights are proportional within each marginal dimen-
sion. A small numerical illustration showing that the two formulations can lead to non-
proportional solutions is provided in Appendix C. For the remainder of this exposition,
we focus on the more complex case of weighted sum-convex constraints.
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3.2. The algorithm

WIPF is the procedure that, given a non-empty subset ¢ C M of target margin con-
straints, iteratively updates the seed array based on the targets and weights. Although
the full set of margins may not be available in a given problem, for completeness we
detail below the full set of updating adjustments (steps). In particular, Vr,c,/, steps at
iteration i > 1 may be computed by the equations:

i Ir** I*c*
1(1) _ It*l 1(2) :I(l)

L~ Trel 4i—17 cl cl _(1)°
re re I;** ri T icl
3) _ 42 L @ 3) Lrex
Ircl - Ircl ()’ Ircl - Ircl ~(3)°
%] rex
) @) L i (5) Lt
Ircl - Ircl (4)° il’cl - Ircl (5)°

rxl

*cl

where the temporal margins are calculated using the expressions defined in (1) applied
to the temporarily updated indices.

Although these steps describe an updating process that first cycles through individ-
ual dimensions and then through pairs of dimensions, alternative cycling sequences are
equally valid. If only a subset of the target margins is available, i.e., € C M, adjust-
ments are restricted to those margins at each iteration. In other words, each iteration
has as many steps as there are marginal configurations to adjust to. These iterations are
repeated until the maximum difference between two consecutive iterations—whether in
the indices or the constraints—does not exceed a pre-specified, sufficiently small thresh-
old € > 0. The values at the last iteration comprise the WIPF solution.

It should be noted that the WIPF solution cannot be obtained through the classical
IPF procedure. Although one might attempt to recast the WIPF problem as an IPF
problem—by defining the seed as the elementwise product of the initial seed array S =
[1°,] and the weight matrix W = [w,], and setting the target margins as the product of the
intended constraints (for ¢ C M) and the appropriate partial sums of W—this alternative
formulation does not converge to the WIPF solution. While this can be easily illustrated
with a numerical example (see Appendix A), the core reason lies in the treatment of
the weights: in WIPF, weights remain fixed throughout the iterations, whereas in the
IPF-based formulation, they are implicitly altered at each step. As a result, the indices
produced by the latter are not weight-consistent.

Despite the differences between WIPF and classical IPF, as with classical IPF, if the
initial table contains some I?Cl =0, the corresponding value will remain zero throughout
the iterations. This property makes it straightforward to fit tables with structural zeros.
Furthermore, in the same vein as [IPF—which requires the target marginal totals to be
internally consistent (i.e., in two dimensions, row and column sums must match) for
convergence—WIPF requires the target marginal (convex) sums to be internally consis-
tent. When this condition is met, convergence is typically achieved in very few iterations.
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4. On the theoretical and computational properties of WIPF

In this section, we discuss the theoretical foundations of the Weighted Iterative Pro-
portional Fitting (WIPF) algorithm. While Section 3 describes the algorithmic proce-
dure and draws analogies with classical IPF, it is useful to formalize the conditions un-
der which the algorithm is guaranteed to produce a well-defined solution, to clarify its
uniqueness, and to relate it to standard convex optimization principles. We organize the
discussion from three complementary perspectives, to subsequently end the section with
computational considerations.

4.1. Existence, uniqueness, and convergence

As WIPF retains the typical multiplicative structure of IPF, it inherits the fundamen-
tal theoretical properties of IPF under standard regularity conditions (Bishop, Fienberg
and Holland, 2007). Specifically, if the seed array is strictly positive and the weighted
marginal constraints are mutually compatible, then a feasible solution satisfying all
weighted sum constraints exists, is unique within the multiplicative family generated
from the seed, and the iterative procedure converges to this solution. The justification
follows from the fact that each WIPF step is a multiplicative scaling operation analogous
to the updating steps of classical IPF, with margins computed as convex combinations
determined by the weights. These properties hold for any set of non-negative weights,
provided that the target margins are consistent and compatible.

4.2. Formulation as a weighted Kullback—Leibler minimization problem

WIPF can equivalently be expressed as the solution of a convex optimization problem
that minimizes the weighted Kullback-Leibler (KL) divergence between the fitted array
and the initial seed, subject to the weighted sum constraints. Formally, in the three
dimensional case, if § = [ ], denotes the seed array and W = [w;;;] the array of non-
negative weights, the optimization problem can be written as

arg min,l._/.k>o Z wijklijilog (%Ii) subject to the weighted marginal constraints.
i,jk ijk

The strict convexity of the weighted KL objective and the convexity of the feasible
set ensure the existence of a unique minimizer whenever the constraints are compatible.
Note that the classical KL representation of IPF is recovered as the special case in which
all weights are equal to one.

This equivalence provides an alternative perspective for understanding WIPF and fa-
cilitates connections with other convex optimization techniques. A simple example illus-
trating the equivalence between the solutions of this weighted KL optimization problem
and the normalized WIPF solution is provided in Appendix B.
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4.3. Bregman projection interpretation

Finally, WIPF can be also interpreted as a sequence of Bregman projections onto convex
sets defined by the weighted marginal constraints, using the corresponding generalized
weighted Kullback-Leibler divergence (Kurras, Greenewald and Grosse, 2015) as the
generating function:

L
k(1% =Y win llijk log 5= —lijx +I | -
T ik

Each iterative adjustment of a particular margin corresponds to projecting the cur-
rent array onto the associated constraint set in the space of positive arrays, ensuring
consistency while maintaining multiplicative relationships with the seed. From this per-
spective, WIPF can be seen as an alternating projection method, where the weighted KL
divergence defines the geometry of the space. Convergence follows from general results
on cyclic Bregman projections onto convex sets (Censor and Zenios, 1997), which ap-
ply because the weighted marginal sets are convex and compatible. This interpretation
provides both a geometric intuition for convergence and a theoretical framework linking
WIPF with a broader class of iterative projection methods in convex analysis.

4.4. Computational considerations

From an algorithmic standpoint, WIPF performs multiplicative updates across the en-
tries of the array in a manner analogous to classical IPF. Consequently, the computa-
tional complexity of WIPF can be assessed drawing on the existing IPF literature. Each
iteration requires O(T - M) operations, where 7 is the total number of entries in the array
and M is the number of marginal constraints applied per iteration (Bishop et al., 2007).
Although the calculation of weighted marginal sums introduces additional per-cell mul-
tiplications compared to classical IPF, this only affects the constant factor and does not
change the asymptotic complexity.

The number of iterations needed for convergence depends on the initial seed, the
weight distribution, and the chosen tolerance, but is typically modest when the margins
are compatible. These considerations suggest that WIPF is computationally tractable
for most practical multiway arrays encountered in applied settings, with solutions typi-
cally obtained within a few seconds on a standard laptop, even for problems involving
thousands of entries and dozens of constraints.

5. The wier package

The wipr package provides a general and flexible implementation of the weighted iter-
ative proportional fitting (WIPF) algorithm for arrays of arbitrary dimension, together
with a set of auxiliary functions intended to facilitate its practical use. Its functions
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operate on an initial seed array and an array of non-negative weights of the same di-
mension. Given a set of target margins—possibly of different orders and with some
margins missing—the algorithm iteratively updates the seed so that the weighted sums
over the specified dimension index subsets match the supplied margins, whenever these
are compatible with the weights. The implementation supports arbitrary combinations
of one-dimensional, two-dimensional, and higher-order margins, making it suitable for
high-dimensional applications.

The core functionality of the package is the wirpr function, which applies the algo-
rithm to arrays of dimension N > 2. The one-dimensional case is not handled by wrpF,
as it reduces to a trivial rescaling problem; this setting is instead covered by the function
wipr1. For convenience and computational efficiency, dedicated shortcuts are also pro-
vided for the two- and three-dimensional cases through the functions wipr2 and wipF3,
respectively. These functions follow the same logic as the general routine but exploit the
specific structure of low-dimensional arrays, requiring simpler inputs.

When the supplied margins are mutually incompatible given the weights, the pack-
age includes procedures to restore compatibility prior to the main fitting step. Such
adjustments are not performed silently: the user is informed through a warning mes-
sage whenever they occur, and the full output of the functions report the magnitude
of the corresponding margin corrections. In such cases, lower-dimensional WIPF rou-
tines are applied recursively to adjust the margins themselves, following a well-defined
updating order based on the dimensionality and ordering of the associated index sets.
Lower-dimensional margins are made compatible first, with row-margins taking prefer-
ence over column-margins, which in turn take precedence over layer-margins, and so on.
This strategy ensures that the algorithm remains well-defined and convergent even when
the initial margin specifications cannot be jointly satisfied. Convergence is ensured be-
cause each pre-adjustment applies wIpF to a lower-dimensional problem, which inherits
the same theoretical properties described in Section 4.

As one of the intended uses of WIPF is the reconciliation of statistical indices, it is
not uncommon to encounter slightly incompatible margins due to statistical uncertainty
or, as illustrated in the example presented in the next section, to rounding in both the
weights and the initial estimated indices. In this context, the availability of automated
compatibility adjustments is particularly valuable. Furthermore, when the weighted sum
of one-dimensional marginal indices does not equal one, wipr1 can be used to enforce
this condition, since margins of dimension zero are not allowed in wipr. The functions
also incorporate utilities to check dimensional consistency across inputs and to assess
margin deviations on convergence.

To support data manipulation, the package includes auxiliary functions to convert
between array- and tabular-based representations. In particular, array2df transforms an
N-dimensional array into a long-format data frame, while df2array performs the inverse
operation, reconstructing an array from a data frame with factor columns and a column
of values. These utilities are especially useful when seed arrays or margins are obtained
from external data sources in tabular form, or when wIipF outputs need to be exported to
other environments in tabular form.
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The inputs required by the wipF function are summarized in Table 3. These include
an initial seed array, the associated weights, a list of target margins, and a set of indices
identifying the dimensions to which each margin corresponds. Additional arguments

control normalization, convergence tolerance, and the maximum number of iterations.

Table 3. Inputs of the WIPF function.

Argument Description
seed An N-dimensional array of non-negative values providing the initial
configuration.
weights An N-dimensional array of non-negative weights associated with the
entries of seed.
margins A list of lower-dimensional arrays containing the target weighted margins.
indices A list of index vectors identifying the dimensions corresponding to each
element of margins.
normalize Logical indicator specifying whether weights are normalized before
computing weighted sums.
tol Convergence tolerance for the iterative algorithm.
maxit Maximum number of allowed iterations.
full Logical indicator specifying whether the more complete output should be saved.
Source: compiled by the authors.
Table 4. Outputs of the WIPF function.
Output Description
sol An array with the same dimension as seed, containing the solution
at convergence (or at the final iteration).
iter Number of iterations performed by the algorithm.
margins A list of arrays with the margins effectively used to reach the solution;

dev.margins

dev.congrue

inputs

margins that are compatible with the weights coincide with the
original inputs.

A list of arrays, structured as margins, containing the maximum
absolute deviations between target margins and the corresponding
weighted sums of sol.

A list of arrays, structured as margins, containing the differences
between the original target margins and the adjusted margins
actually used in the fitting procedure.

A list collecting all input objects used in the call to wipF.

nce

Source: compiled by the authors.
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The full output of the function (see Table 4) includes the fitted array, the number
of iterations required for convergence, and detailed information on the final deviations:
between the original and (if necessary) adjusted target margins and between the margins
finally used as constraints and corresponding weighted sums implied by the fitted array.

In short, the wipr functions are designed to work directly with multidimensional
arrays and collections of lower-dimensional margins, following the theoretical frame-
work described in the previous sections. Taken together, these components make the
wipF package a flexible and transparent tool for applying weighted proportional fitting
methods in multidimensional settings.

6. wrer in action: adjusting death-risk indices

To illustrate the procedure and the use of the package, we adjust raw initial estimates
of risk indices for Spanish males aged 70, cross-classified by four levels of habitat size
(11, H2, H3, H4) and four levels of contextual wealth (w1, w2, w3, w4). Table 5 reports the
initial and WIPF-adjusted estimates in the left and right panels, respectively, rounded
to four decimal places. The central panel provides the weights used in the adjustment
process.

Box 1 presents the reproducible code, which starts by installing the package (line 1)
and loading it in the active R session (line 2). The wipr package is available under the
General Public License (GPL > 2) on the Comprehensive R Archive Network (CRAN)
at <https://CRAN.R-project.org/package=WIPF>.

Since, due to rounding, the initial row and column marginal death-risk estimates are
incompatible with the weights as their weighted sums do not match unity exactly, WIPF
in one dimension (w1PF1) is first applied to adjust the margins to unitary weighted sums
(see lines 7 and 8 in Box 1). Subsequently, two-dimensional WIPF (w1pr2) is used to
obtain fully compatible two-factor death-risk indices (line 9).

More generally, in practical applications we recommend performing the adjustments
hierarchically, as implemented by default in the wipr functions: first ensuring that the
weighted sum of first-order estimates equals the dimension-one margins; next, adjust-
ing second-order estimates using the corrected first-order values; and proceeding analo-
gously for higher-order terms.

After this process, final estimates of the marginal and joint risk indices for habitat
size and contextual wealth are obtained (see Table 5). For instance, the final estimates
indicate that among men aged 70, and relative to the average, the wealthiest men living
in rural areas exhibit a mortality risk that is almost 18% lower, whereas the poorest men
in urban areas face a risk that is more than 22% higher.

To quantify the magnitude of the adjustment introduced by WIPF in this example,
we compare the raw and adjusted indices. The relative changes are generally small, with
an average absolute relative change of about 1.15%. The largest adjustment corresponds
to a relative increase of approximately 3.53%, while most entries change by less than
1.30%. These results indicate that the procedure preserves the overall structure of the
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original indices while ensuring compatibility with the imposed margins. Naturally, the
magnitude of the adjustments is case-dependent and reflects how compatible the original
indices are with the marginal constraints given the weights.

Code example

1 install.packages ("WIPF")

2 library (WIPF)

# Initial row margins

3 | row.margin0 <- c¢(0.9687, 1.0286, 1.0097, 0.9921)

# Initial column margins

4 | col.margin0 <- c(1.1388, 1.0366, 0.9702, 0.8549)

# Initial inner indices: seed

5 cross0 <- matrix(c(1.0487, 0.9835, 0.9175, 0.8297,
1.1123, 1.0653, 0.9949, 0.8733,
1.1986, 1.0461, 0.9773, 0.8517,
1.1812, 1.0594, 1.0023, 0.8578),
nrow = 4, byrow = TRUE)

# Weights

6 | weights <- matrix(c (140378, 149253, 112978, 54399,

142328, 149483, 114749, 80757,

133018, 120618, 133842, 150811,

67276, 74263, 91499, 213701),

nrow = 4, byrow = TRUE)

# Adjustment of margins, to unitary weighted sum

7 | row.margin <- WIPF1l (seed = row.marginO,
weights = rowSums (weights),
margin = 1)

8 | col.margin <- WIPFI1 (seed = col.marginO,
weights = colSums (weights),
margin = 1)

# Adjustment of inner indices

9 cross <- WIPF2(seed = cross0, weights = weights,
marginl = row.margin,
margin2 = col.margin)

Box 1: Reproducible code for the example developed in Table 5.

For clarity of exposition, the numerical example presented here focuses on the two-
dimensional case. Although the motivating application is inherently multidimensional,
displaying higher-dimensional contingency structures within the constraints of a two-
dimensional page would require large and cumbersome tables that may obscure the main
ideas. Hence, interested readers are referred to the accompanying documentation of the
functions wipr and wiPF3 in the package (Pavia, 2026) for illustrative examples of three-
dimensional applications of the algorithm.
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Table 5. Example of adjusted death-risk indices using WIPF for Spanish males aged 70.

Raw initial estimates Weights Final adjusted estimates
w1 w2 W3 w4 W1 w2 w3 W4 W1 W2 W3 W4
H1|1.0487 0.9835 0.9175 0.8297[0.9687 |140378 149253 112978 54399 | |1.0563 0.9818 0.9115 0.8201 |0.9680
H2|1.1123 1.0653 0.9949 0.8733|1.0286 |142328 149483 114749 80757 | |1.1189 1.0621 0.9871 0.8621 |1.0279
H3|1.1986 1.0461 0.9773 0.8517|1.0097 |133018 120618 133842 150811 |1.2066 1.0437 0.9703 0.8414|1.0090
H4|1.1812 1.0594 1.0023 0.8578|0.9921 | 67276 74263 91499 213701 |1.2229 1.0871 1.0235 0.8715|0.9914
1.1388 1.0366 0.9702 0.8549 1.1393 1.0371 0.9707 0.8553

Source: compiled by the authors using data from Spain between 2010 and 2019.
Note: The final solution reflects adjustments to both the marginal and inner indices. The indices were
adjusted hierarchically: first, the initial row and column marginal death-risk estimates were scaled to yield

unitary weighted sums; then, the inner estimates were adjusted conditionally on these corrected margins.

7. Conclusions

The iterative proportional fitting (IPF) procedure is a widely-established algorithm for
adjusting an initial cross-classification of counts to align with specified target marginal
distributions while preserving the original association structure. Despite numerous gen-
eralizations of IPF proposed over time, a method that allows differential weighting of
cells has been lacking. This paper addresses this gap by introducing the Weighted It-
erative Proportional Fitting (WIPF) algorithm and implementing it in an R package
of the same name. This novel approach can be applied to adjust an initial set of in-
dices/indicators subject to weighted sum-convex constraints across marginal dimensions.

The WIPF algorithm can be applied to adjust multidimensional sets of indices or
indicators while preserving marginal consistency. For example, it can be used to rec-
oncile economic indicators defined across multiple dimensions, such as region and de-
mographic group, or to harmonize poverty measures disaggregated simultaneously by
region and age group.

Another possible application arises in consumer choice modeling (Qu et al., 2025),
where data can be arranged in a two-dimensional array representing quantities of prod-
ucts purchased across different consumer groups. This array may need to be adjusted to
match a pre-specified marginal consisting of total product sales. In this context, weights
can represent product prices, and the balancing procedure ensures consistency between
observed quantities, prices, and aggregate spending patterns.

An important avenue for future research concerns the systematic study of the sta-
tistical properties of the WIPF procedure. In many practical applications, the initial
seed arrays used as inputs are themselves estimated from data and therefore subject to
sampling variability. Understanding how such uncertainty propagates through the WIPF
adjustment, and how it affects the resulting reconciled indices, deserves further inves-
tigation. In particular, simulation-based studies could explore how the performance of
WIPF varies with the number of dimensions, the number of categories across margins,
the structure of the weights, and the magnitude of sampling variability in the initial
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indices. Such analyses would provide valuable insights into the bias, variance, and ro-
bustness properties of the method in different empirical settings.

Another promising direction concerns the extension of the method to settings with
missing or unreliable cells in the initial arrays. In many empirical contexts, some cells
may be unobserved or estimated with different levels of reliability. Incorporating cell-
specific measures of uncertainty or confidence into the adjustment procedure could allow
the algorithm to regulate the magnitude of changes across cells according to the quality
of the underlying information. Developing such reliability-aware reconciliation proce-
dures represents a natural extension of the WIPF framework.

Appendix A. Numerical counterexample on the non-equivalence
between recast IPF and WIPF

A natural question is whether the weighted iterative proportional fitting (WIPF) proce-
dure proposed in this paper can be reproduced by applying the classical IPF algorithm
to a suitably transformed problem. In particular, one might conjecture that the weighted
problem can be converted into a standard IPF problem by redefining the seed as the ele-
mentwise product of the original seed and the weights, and redefining the margins as the
product of the initial target margins and the corresponding partial sums of weights.

To illustrate the non-equivalence between the two approaches, consider the following
simple numerical example. Let the seed matrix and the weights be

g 0.8 1.3 W— 500 9000
~\1.6 09/’ ~ \8000 1000/ "
Suppose that the weighted row and column constraints are both equal to the vec-

tor (1,1). Then the solutions obtained using the recast IPF formulation and the WIPF
procedure (rounded to four decimals) are

g _ (00133 05002 oo (04922 1.0282
TPE=10.4462 0.0403 )’ WIPE={1.0317 0.7461 )"

The two fitted matrices are clearly different. This simple example therefore shows
that WIPF cannot, in general, be reproduced by applying classical IPF to a reweighted
seed and correspondingly transformed margins.

The results can be easily verified using the reproducible code provided in Box 2.
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Reproducible code Appendix A

# Data
seed <- matrix(c(0.8, 1.3, 1.6, 0.9),
ncol = 2, byrow = TRUE)
weights <- matrix(c (500, 9000, 8000, 1000),
ncol = 2, byrow = TRUE)
margin.c <- margin.r <- c(1, 1)

weights <- weights/sum(weights)

# IPF recast solution
install.packages ("mipfp")
library (mipfp)
sol.rIPF <- Ipfp(seed x weights,
target.list = list (1, 2),

target.data = list (margin.r =
rowSums (weights),
margin.c * colSums (weights)) )

round (sol.rIPF[[1]], 4)

# WIPF solution

install.packages ("WIPE")

library (WIPF)

sol .WIPF <- WIPF2 (seed, weights, margin.r,

margin.c)

round (sol .WIPF, 4)

Box 2: Reproducible code for the example developed in Appendix A.

Appendix B. Numerical illustration: Weighted KL formulation of
WIPF

This appendix illustrates, using the example introduced in Appendix A, that the weighted
iterative proportional fitting (WIPF) solution can be obtained, when no null indices are
involved, as the solution of a weighted Kullback-Leibler (KL) minimization problem
whose objective function is given by

I;;

. J

IIlll’l]I.j>() Z W,‘j Iij IOg IT) y
ij ij

subject to the corresponding weighted marginal constraints. In our example, these con-
straints are (1w +1iowia)/(wii +wi2) =1, (iwar +Iaw) /(w1 +waa) = 1, (1w +
Diwar)/(wir +war) = 1, and (Ipwiz +Iawn )/ (Wi2 +wa2) = 1.
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This result can be easily illustrated using the reproducible code provided in Box 3,
which solves the corresponding KI.-based optimization problem in R using the Rsolnp

package.

Reproducible code Appendix B

# Package
install.packages ("Rsolnp")
library (Rsolnp)

# Data
I0v <- ¢(0.8, 1.3, 1.6, 0.9)
wv <- ¢ (500, 9000, 8000, 1000)

wv <— wv / sum(wv)

# Objective function

fobj <- function(x) sum(wv * x * log(x/I0v))

# Constraints

heg <- function (x) {

c( (wv[l]l*x[1] + wv[2]*x[2]) / sum(wv[1l:2]) - 1,
(Wv[3]*x[3] + wv[4]*x[4]) / sum(wv[3:4]) - 1,
(wv[1]*x[1] + wv[3]*x[3]) / sum(wv[c(1,3)]) - 1)

# Solution
sol <- Rsolnp::solnp(

pars = ¢(0.5,0.5,0.5,0.5),
fun = fobj,

egqfun = heq,

egB = rep(0,3),

LB = rep(le-12,4) }

matrix (round(sol[[1]]1, 4), 2, 2)

Box 3: Reproducible code for the example formulated as a weighted KL optimization problem.

Appendix C. Effect of weight normalization on WIPF solutions

In the WIPF algorithm, the choice of normalized versus non-normalized weights system-
atically affects the resulting solution. Normalized weights ensure that, for each marginal
dimension, the sum of the weights across the missing dimensions equals one. In this

formulation, the target margins are preserved exactly in the scale of the seed array.

Non-normalized weights retain the original magnitudes of the weights. In this case,
the resulting solution generally differs in scale from the normalized version: while the
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relative distribution of values within each marginal remains consistent with the weight
ratios, the absolute magnitudes of the fitted entries may change. Equivalence up to a
simple rescaling does not generally hold unless all weights along a given marginal are
proportional. Therefore, practitioners should be aware that the normalize argument in
the R implementation can produce genuinely different solutions.

In practice, the normalized formulation is recommended when the goal is to main-
tain comparability with classical IPF and to preserve the interpretability of the fitted
array in the same units as the seed. Conversely, the non-normalized formulation may be
preferable when absolute magnitudes need to reflect the raw weights.

To illustrate the non-equivalence up to a simple rescaling, we consider the same
small numerical example analyzed in the previous appendixes and compare the WIPF
solutions obtained with normalized and non-normalized weights.

As shown by the solutions of the example, the two solutions are not proportional,
highlighting the practical impact of the normalization choice.

~ 1.7293 1.9595 ~ 0.4922 1.0282
SawIPF = , SwipF = .

2.2044 0.8647 1.0317 0.7461

The corresponding R code to reproduce both solutions (normalized and non-norma-
lized) is provided in Box 4.

Reproducible code Appendix C

# Data
seed <- matrix(c(0.8, 1.3, 1.6, 0.9),
ncol = 2, byrow = TRUE)
weights <- matrix(c (500, 9000, 8000, 1000),
ncol = 2, byrow = TRUE)
margin.c <- margin.r <- c(1, 1)

weights <- weights/sum(weights)

# WIPF non-normalized solution

install.packages ("WIPF")

library (WIPF)

sol.nWIPF <- WIPF2 (seed, weights, margin.r,
margin.c, normalize = FALSE)

round (sol.nWIPF, 4)

# WIPF normalized solution
sol .WIPF <- WIPF2 (seed, weights, margin.r,

margin.c, normalize = TRUE)

round (sol.WIPF, 4)

Box 4: Reproducible code for the example developed in Appendix C.
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