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Abstract  

Computing a neural network is, in essence, a large unconstrained optimization problem, 
though this fact is often obscured by machine learning jargon. We present a gentle in-
troduction to deep learning for operations researchers, describing in a didactic manner 
the underlying optimization problem and providing examples developed from scratch. 
These examples are solved using both standard modeling languages and modern ma-
chine learning frameworks. We conclude by discussing applications of neural networks 
in operations research, illustrated through a concrete example involving the knapsack 
problem. 
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1.  Introduction  

Neural networks (NNs) are one of the main tools in machine learning and data sci-
ence, and they form the core computational model behind modern large language mod-
els (LLMs), such as ChatGPT. As we will show, computing a NN reduces to solving a 
very large unconstrained optimization problem. However, this fact is not always appar-
ent from the notation and jargon used in machine learning. In this work, we aim to fll 
this gap by providing a gentle introduction to (deep) NNs for operations researchers. 
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90 A gentle introduction to deep neural networks for operations researchers 

A NN can be defned as a function y = f (x;θ) that depends on a set of parameters 
θ ∈ Rn . Its purpose is to model the nonlinear relationship between the input and output 
vectors x and y. If n is large enough, any continuous function can be approximated by a 
NN; this result, known as the universal approximation theorem, was proven in Cybenko 
(1989); Hornik, Stinchcombe and White (1989). For instance, the number of parameters 
in modern NNs underlying LLMs is on the order of billions, and there are estimates that 
the latest version of ChatGPT ranges from one to a few trillion parameters. Therefore, 
to fnd the best values of θ , a huge unconstrained optimization problem must be solved. 

There are excellent monographs on deep learning and NNs, focusing both on method-
ology (Goodfellow, Bengio and Courville, 2016) and software (Chollet, 2017), as well 
as surveys and monographs on optimization methods for NNs (Bottou, Curtis and No-
cedal, 2018; Sra, Nowozin and Wright, 2011). Unlike those references, this manuscript 
is intended for an audience seeking a quick, gentle, and practical introduction to NNs 
that combines theory with examples developed from scratch and solved using both stan-
dard tools in operations research (e.g., the AMPL modeling language (Fourer, Gay 
and Kernighan, 2003)) and state-of-the-art machine learning frameworks (e.g., Google’s 
TensorFlow (Abadi et al., 2016)). 

This work focuses on two of the simplest types of NNs: feedforward and con-
volutional neural networks (CNNs). For more advanced NN functions (such as en-
coder–decoder models and transformers, which underlie LLMs), we refer the reader 
to Goodfellow et al. (2016); Sutskever, Vinyals and Le (2014); Vaswani et al. (2017). 

Although NNs rely on optimization methods to compute their best parameters, once 
trained they can be applied to approximate, accelerate, or guide traditional operations 
research (OR) algorithms. The survey Bengio, Lodi and Prouvost (2021) reviews recent 
applications of machine learning techniques to combinatorial optimization problems. A 
short discussion of these topics is provided in the last part of the paper, together with an 
illustrative example involving the knapsack problem. 

The remainder of the paper is structured as follows. Section 2 describes the structure 
of a feedforward NN. Section 3 presents two illustrative applications of feedforward NNs 
with different model complexity. Section 4 introduces CNNs, which are particularly 
well suited for image data. Section 5 presents an application of CNNs. Finally, Section 
6 discusses applications of NNs in OR. 

2. Feedforward neural networks 

Mathematically, a NN can be defned as a function 

f : Rd → Rk 
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Figure 1. Example of a 4-layer feedforward NN. 

that models the nonlinear relationship between an input vector x ∈ Rd and an output 
vector y ∈ Rk . In other words, 

y = f (x;θ), (1) 

where θ ∈ Rn denotes the set of parameters that determine the specifc form of the func-
i ∈ Rdtion. A set of points {(x ,yi ∈ Rk), i = 1, . . . , p}, called the training set in machine 

learning jargon, is used to compute the best θ through an optimization procedure that 
iminimizes the discrepancies between f (xi;θ ) and y . Another set of points, called the 

testing set, is used to evaluate the accuracy of the computed parameter values θ . 
The NN is composed of several elements, which are described in the following sub-

sections. 

2.1. Nodes and layers 

A NN is composed of a number of nodes distributed across several layers. The number 
of layers, l, determines the depth of the network. We denote by d j the number of nodes 
in layer j, for j = 1, . . . , l. When the number of layers l is large, the network is said to 
be deep, and we then speak of deep learning. 

The frst layer is called the input layer. This layer simply receives the input and 
passes it to the next layer (possibly reshaping it when the input is not already a vector). 
It consists of d1 = d nodes, matching the dimension of the input vector x or of its 
reshaped version. The layers from the second to the penultimate are called hidden layers 
(or intermediate layers). They analyze and process the data, and then send it to the next 
layer. The last layer is the output layer, which provides the fnal result of the network’s 
computation. It consists of dl = k nodes, corresponding to the size of the network’s 
output vector. 

Nodes within the same layer are not connected to each other, but nodes in one layer 
may be connected to all the nodes of the next layer. This particular structure is known as 
a feedforward NN. Figure 1 shows an example of a 4-layer feedforward NN. 
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2.2. Parameters and mathematical formulation 

Connections between nodes of different layers are represented by arcs joining pairs of 
nodes in consecutive layers. Each arc connecting node u in layer j − 1 with node v in 
layer j, for j ≥ 2, has an associated weight wuv ∈ R. These arcs are analogous to the 
synapses linking neurons in the nervous system. In addition, each node v also has a 
parameter bv ∈ R, called the bias. Nodes in the frst layer usually do not have a bias. 

Any node v in layer j≥ 2 receives the sum of the output values of all nodes from the 
previous layer j − 1, each multiplied by the corresponding weight, plus the bias term bv. 

( j−1)Denoting by x , h = 1, . . . ,d j−1, the output values of the nodes in layer j − 1, the h 
( j)result zv of this linear combination is 

d j−1 
( j) ( j−1)zv = ∑ wuhv x +bv, j = 2, . . . , l,h 

h=1 

where (uh,v) denotes the arc connecting the h-th node of layer j − 1 with node v in layer 
j. We can compute the vector z( j) of these linear combinations for all nodes v in an 
arbitrary layer j as 

( j) =W ( j) ( j−1) +b( j)z x , j = 2, . . . , l, (2) 

where W ( j) ∈ Rd j×d j−1 are the weights between layers j − 1 and j, b( j) ∈ Rd j are the 
biases of layer j, and x( j−1) is the output vector of the nodes in layer j−1, for j = 2, . . . , l. 
The vector x(0) is equal to the input x, the point at which the NN is evaluated. The output 
of the frst layer, x(1), is equal to x(0) if layer 1 is the identity function; otherwise, x(1) is 
a reshaped version of x(0). In any case, layer 1 does not introduce any parameters into 
the NN. Hence, the parameters of the NN are θ = (W ( j),b( j), j = 2, . . . , l) ∈ Rn , with 
n = ∑l

j=2(d jd j−1 +d j). 
The values z( j) must be nonlinearly transformed before being sent to the nodes of 

the next layer j + 1. Otherwise, the overall NN would be just a composition of linear 
functions, hence linear, and could not model nonlinear relationships between x and y. 
For this purpose, a nonlinear function, called the activation function, 

g( j) : R → R, 

is applied to all components of z( j), so that the output values x( j) at the nodes of layer 
j≥ 2 are ˜ ° 

( j) ( j) W ( j) ( j−1) ( j−1))x = g( j)(z( j)) = g x +b( j) = ϕ( j)(x , (3) 

that is, each layer j≥ 2 of the NN is a function ϕ( j) : Rd j−1 → Rd j , defned as 

˜ ° 
( j) = ϕ( j)(x ( j) W ( j) ( j−1) +b( j)x ( j−1)) = g x j = 2, . . . , l. (4) 
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Figure 2. ReLU. 

Therefore, the NN can be viewed as the composition of these functions: 

˜ ° 
f (x;θ) = ϕ(l) ϕ(l−1)( . . .ϕ(2)(ϕ(1)(x)) . . .) , (5) 

where ϕ(1) is either the identity function or a function that reshapes the input (e.g., 
fattening a matrix or tensor into a vector). The next subsection provides an overview of 
several activation functions frequently employed in NNs. 

2.3. Activation functions 

As stated above, activation functions introduce nonlinearity at each level of the NN. The 
activation function of layer j is denoted by g( j). Each layer may use a different activation 
function, although it is common to employ the same function for all hidden layers, one 
for the input layer, and another for the output layer. Among the most commonly used 
activation functions are the following: 

Identity. This activation function is 

g(z) = I(z) = z, z ∈ R, (6) 

and it is commonly used in layers with no trainable parameters. 

ReLU. The rectifed linear unit (know as ReLU) function is defned as: 

˛ 

g(z) = ReLU(z) = max(0,z) =  
0, if z ≤ 0, 

z, if z > 0. 
(7) 

This function, shown in Figure 2, is not differentiable at z = 0. To avoid numerical 
issues with the optimization methods used to compute the optimal parameters θ 
of the NN, the derivative at 0 is defned as g ′ (0) = 0, that is 

˛ 
0, if z ≤ 0, 

g ′ (z) =  (8)
1, if z > 0. 

-10 -5 0 5 10 
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Figure 3. Sigmoid. 

ReLU is one of the most widely used activation functions in NNs, especially in 
hidden layers. Since the function is zero for negative values, only a few nodes (or 
neurons) are activated, which makes computations more effcient. Moreover, the 
derivative never vanishes for positive z, improving the effciency of the optimiza-
tion methods used to compute the network parameters (which, as described later, 
rely on the gradient of the objective function). 

Sigmoid. 

The sigmoid or logistic function, denoted by σ , is defned as 

1
σ(z) =  , z ∈ R. (9)

1 + e−z 

This function, shown in Figure 3, has range (0,1), is monotonically increasing, 
and changes very sharply in the interval (−2,2), where its derivative is large. An 
appealing property of this function is that its derivative can be expressed directly 
in terms of σ(z): 

-10 -5 0 5 10 

˜ ° 
e−z 

σ ′ (z) =  = 
1

1 − 
1 

= σ(z)(1 − σ(z)),
(1 + e−z)2 1 + e−z 1 + e−z 

which made it a very attractive activation function in early NNs implementations, 
as it simplifes computations. 

Since this function returns values between 0 and 1, it is used in the output layer of 
models that predict probabilities, as well as in hidden layers. Its main drawback is 
that for large |z|, the derivative σ ′ (z) approaches 0, slowing down the optimization 
algorithms used to compute the network parameters, which rely on the gradient of 
the objective function. 

Softmax 

The softmax function generalizes the sigmoid function to a k-dimensional vector 
and returns a probability distribution; therefore it depends on more than one vari-
able. It is used in the output layer l when classifying among k classes, as it predicts 
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the probability associated with each class. 

Unlike previous activation functions, softmax is a vector-valued function 

g(l) : Rk → [0,1]k , 

which maps the vector of values z = (z1, . . . ,zk) at the nodes of the last layer. Each 
(l)component g is defned asi 

ezi
(l)
(z) = , i = 1, . . . ,k. (10)gi 

∑
k
j=1 ez j 

(l) (l)Clearly, gi (z) ∈ [0,1], for all i = 1, . . . ,k, and ∑k
i=1 gi (z) = 1, thus providing a 

valid probability distribution. 

2.4. Optimization problem and objective function 

Given a NN with a certain number of layers and nodes, suitable activation functions, and 
corresponding weights and biases, together with a training set {(xi ∈ Rd ,yi ∈ Rk), i = 
1, . . . , p}, for a given input vector xi the network returns a response f (xi;θ), which may 
be a scalar or a vector depending on whether the output layer has one or several nodes. 
This output vector depends on the network parameters θ . The goal is for f (xi;θ) to be as 
close as possible to the true values yi in the training set. When the discrepancies between 

if (xi;θ ) and y are small or close to zero, the network makes a good prediction. The 
function that measures these discrepancies is the objective function of the optimization 
problem used to compute the best parameter values θ ; in machine learning jargon, this 
function is called the loss function. The optimization problem can thus be formulated as 

p 

min F(θ ) = 
1 

∑ Fi(θ), (11)
θ∈Rn p i=1 

where Fi : Rn → R measures the particular discrepancy between f (xi;θ ) and yi at point 
i, and F : Rn → R computes the average overall discrepancy for all points in the training 
set. 

Two of the most commonly used functions Fi(θ) to compute the discrepancy are: 

Mean squared error. The mean squared error (MSE) is simply the square of the Eu-
clidean norm of f (xi;θ) − yi: 

Fi(θ ) = MSE( f (xi;θ ),yi) = ∥ f (xi;θ) − yi∥2 = ( f (xi;θ) − yi)⊤( f (xi;θ ) − yi). 

Cross-entropy. Cross-entropy is used when the last layer of the network has k nodes 
and the network output f (xi;θ) ∈ Rk for input xi represents a probability distri-
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bution, that is, f (xi;θ) j ≥ 0 for j = 1, . . . ,k and ∑k
j=1 f (x

i;θ) j = 1. The values 
f (xi;θ ) j give the probability that point i belongs to class j, which is the case 
when the activation function of the last layer is softmax. Cross-entropy measures 
the difference between the predicted distribution f (xi;θ) and the true distribution 
yi, and is defned as: 

k 
iFi(θ) = H( f (xi;θ ),yi) = − ∑ y j log( f (xi;θ) j). (12) 

j=1 

2.5. Optimization algorithms 

Although both MSE and cross-entropy are convex functions with respect to f (xi;θ ), 
since f (x;θ), as defned in (5), is a composition of l nonlinear and nonconvex functions 
due to the activation functions, the objective function in (11) becomes a highly nonlin-
ear, nonconvex function of θ . Therefore, optimization methods for solving the uncon-
strained problem (11) are only expected to fnd a local minimum rather than a global 
solution. Most current methods used for the optimization of (11) in state-of-the-art ma-
chine learning frameworks rely on variants of the frst-order steepest descent method, 
commonly referred to as the gradient method, originally proposed by Cauchy (1847). 
Second-order methods (i.e., methods that compute or approximate second derivatives), 
such as Newton or limited-memory quasi-Newton methods, have also been tested, but 
only on small NNs (Bottou et al., 2018). Here, we focus exclusively on the gradient 
method. 

Unconstrained optimization methods for solving (11) are iterative algorithms that 
generate a sequence of points {θ t }t≥0 according to 

θ
t+1 = θ t + α t

∆θ
t , (13) 

where ∆θ t ∈ Rn is the search direction and α t ∈ R is the step length at iteration t. The 
step length is referred to as the learning rate in machine learning jargon. 

Convergence to the solution θ ∗ is guaranteed if the objective function, the search 
direction, and the step length satisfy certain conditions. Among these conditions are 
the following: the objective function must be smooth and bounded below; the search 
direction must be a descent direction; and the step length must satisfy suffcient decrease 
conditions, known as the Armijo-Wolfe conditions (Luenberger and Ye, 2008; Nocedal 
and Wright, 2006). In machine learning, these conditions are only loosely enforced 
when solving (11) due to the very large scale of the problem, where n can be on the 
order of billions. In particular, the step length (learning rate) is not checked to satisfy 
the Armijo-Wolfe conditions and is instead adjusted heuristically. 
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Algorithm Stochastic/mini-batch gradient for NNs 
Set starting point θ 
Set mini-batch size p ′ > 0 for set P ′ 

Set T number of epochs 
for t = 1, . . . ,T ˜ ° 

pfor j = 1, . . . ,  p ′ 

Select subset of points P ′ 

Compute ∇FP ′ (θ) 
Compute step length (learning rate) α 
θ := θ − α∇FP ′ (θ ) 

end_for 
end_for 
Return: θ 

End_algorithm 

Figure 4. The stochastic gradient method. 

The gradient method takes as its search direction the negative gradient of the objec-
tive (or loss) function in (11) at the current point: 

p 

∆θ t =−∇F(θ t ) =  
1 ∑ ∇Fi(θ t ). (14)
p i=1 

Computing ∇F(θ t ) therefore requires the gradient ∇θ f (x;θ ) of the NN function (5) for 
all p points in the dataset. The challenging computation of ∇θ f (x;θ ) is carried out in 
machine learning frameworks using an algorithm known as backpropagation. Backprop-
agation is often mistaken for the optimization algorithm in NNs, whereas it is in fact the 
procedure used to compute the gradient. 

In practice, instead of computing the p gradients ∇Fi(θ t ), i = 1, . . . , p, for the com-
plete set of points P = {1, . . . , p}, it is common to consider only a subset P ′ ⊆ P of 
p ′ < p points, so that an estimate of the negative gradient is used as the search direction: 

∆θ t =−∇FP ′ (θ t ) =− 
1 ∑ ∇Fi(θ t ). (15)
|P ′| i∈P ′ 

In machine learning, the set P ′ is called the mini-batch set. When p ′ = 1 this procedure 
is known as the stochastic gradient; if p > p ′ > 1 it is called the mini-batch gradient; and 
when p ′ = p (i.e., the classical gradient method) it is referred to as the full-batch gradi-
ent. The stochastic/mini-batch gradient algorithm is outlined in Figure 4. The procedure 
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has two main loops: the outer loop, called epochs in machine learning, corresponds to 
the iterations of the (full-batch) gradient method, while at each iteration of the inner 
loop the algorithm selects a subset P ′ of p ′ points to compute the search direction. Each ˜ ° 

pepoch thus consists of p ′ iterations, where the fnal mini-batch may contain fewer than 

p ′ points. The number of epochs is usually predetermined (parameter T in the algorithm 
of Figure 4), although early stopping may be used when the iterates stabilize. 

More effcient variants of the standard algorithm in Figure 4 can be obtained either 
by modifying the search direction or by adapting the computation of the step length. 
Among the former are the gradient with momentum (Polyak, 1964) and the Nesterov ac-
celerated method (Nesterov, 1983), which combine the current and previous gradients to 
determine the search direction. Among the latter, which compute adaptive step lengths, 
we fnd AdaGrad, RMSProp, and Adam; the last of these is one of the most widely 
used methods in modern machine learning frameworks (see Goodfellow et al. (2016) for 
details). 

3. Two illustrative applications of feedforward neural networks 

The next two subsections present two classic applications of feedforward NNs: the XOR 
(exclusive or) function and the fashion-MNIST problem. The XOR model is solved 
from scratch using both AMPL and Google’s TensorFlow, whereas the fashion-MNIST 
problem, due to its greater complexity, is solved only with TensorFlow. 

3.1. Neural network for XOR 

The XOR problem was used in several of the seminal papers on NNs to illustrate their 
capabilities (Minsky and Papert, 1969; Rumelhart, Hinton and Williams, 1986). The 
XOR (exclusive or) is a binary operation that, given two binary inputs, returns 1 (“true”) 
if and only if exactly one input is 1, and 0 (“false”) otherwise. It is defned as XOR : 
{0,1}2 →{0,1}, with truth table shown below: 

x1 x2 

0 0 0 
0 1 1 
1 0 1 
1 1 0 

XOR 

The training set for this problem contains the four points of the domain, so p = 4, and 
the dataset is 

i i{(xi = (x1,x2),y
i), i = 1, . . . ,4}= {((0,0),0),((0,1),1),((1,0),1),((1,1),0)}. 

We consider a NN with l = 3 layers; an input layer, one hidden layer, and an output 
layer. Figure 5 shows the structure of the network. The number of nodes of the frst 
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layer 1 layer 2 layer 3 

b3 

1 

2 

3 

4 

5 

x1 

x2 

w13 

w14 

w23 

w35 

w45 

b5 

b4 

w24 

f (x) = ϕ(3)( ϕ(2)( ϕ(1)(x))) 

Figure 5. XOR NN. 

(input) and third (output) layers are d1 = 2 and d3 = 1, matching the input and output 
dimensions of the XOR function. The hidden (second) layer has d2 = 2 nodes. For the 
activation functions, we choose the identity for the frst and third layers, and the sigmoid 
for the second layer. 

The XOR NN is the composition of three functions f (x) = ϕ(3)( ϕ(2)( ϕ(1)(x))), 
where x ∈ R2. From (5), we have that ϕ(1) : R2 → R2 is the identity function, and, since 
x(0) = x, it follows that 

(1) = ϕ(1)(x (0)x (0)) = x = x, (16) 

that is, the frst layer simply passes the input vector to the second layer. f (x) = ϕ(3)( ϕ(2) 

( ϕ(1)(x))), In the second layer, we have ϕ(2) : R2 → R2. Since g(2)(z) = σ(z), and the 
matrix of weights and vector of biases are 

˜ ° ˜ ° 

W (2) 
w13 w23 b(2) 

b3 = , = ,
w14 w24 b4 

we obtain 

˜ ° 

x(2) x(1) 
g(2)(w13x1 +w23x2 +b3)= ϕ(2)(x(1)) = g(2)(W (2) +b(2)) =  = 
g(2)(w14x1 +w24x2 +b4)˜ ° (17)

1/(1 + e−(w13x1+w23x2+b3))
= .

1/(1 + e−(w14x1+w24x2+b4)) 

Finally, in the third (output) layer we have ϕ(3) : R2 → R, and, as a modeling deci-
sion, we choose the node to have no bias, i.e., b5 = 0. Since g(3)(z) = I(z), and 

W (3) 
˛ ˝ 

= w35 w45 , b(3) = (b5) = (0), 
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we obtain 

(3) (2) (2) (2)f (x) = x = ϕ(3)(x(2)) = g(3)(W (3)x +b(3)) = w35x +w45x . (18)1 2 

Combining (16), (17), and (18), the fnal expression of the XOR NN is: 

w35 w45f (x) = ϕ(3)( ϕ(2)( ϕ(1)(x))) = + . (19)
1 + e−(w13x1+w23x2+b3) 1 + e−(w14x1+w24x2+b4) 

Taking the MSE as the objective (loss) function, the resulting optimization problem 
is: ˜˜ ° ° 24 4 41 1 wk5i)− yi)2 i∑ ∑∑min ( f (x (20)− y= 

1 + e−(∑2 
j+bk)j=1 w jkxi4 4i=1 i=1 k=3 

1 param d >= 1, integer; #dimension input points 
2 param p >= 1, integer; #number points 
3 param y {i in 1..p}; #output vector 
4 param x {1..p,1..d}; #input points 
5 param nodes; #number of nodes/neurons 
6 set LINKS within (1..nodes cross 1..nodes); # set of links between nodes 
7 param init{LINKS}; # initial values of weights 
8 # variables 
9 var w{(i,j) in LINKS} := init[i,j]; # weights 

10 var b{1..nodes}; # biases 
11 # Objective function 
12 minimize MSE: 1/p*sum{i in 1..p} ( (sum{k in {3,4}} (w[k,5]*(1/(1+exp(-( 

b[k]+sum{j in 1..2} w[j,k]*x[i,j])))))) - y[i])^2 ; 

Figure 6. AMPL model for the XOR NN. 

Figure 6 shows the AMPL model for the XOR NN. The network topology is defned 
by the number of nodes (line 5) and the set of links (line 7). The optimization variables 
(the weights and biases) are declared in lines 9 and 10. The objective function in line 
12 corresponds exactly to (20). Initial values for the weights are provided in the data 
fle shown in Figure 7. Different initial values may lead to different solutions, as the 
objective function is nonlinear and nonconvex. 

Solving the problem with MINOS, one of AMPL’s available solvers (which imple-
ments, for unconstrained optimization problems, a quasi-Newton method based on the 
BFGS formula), we obtain an objective (loss) function value of 6.4 · 10−13 in only 33 
iterations, with the following optimal weights and biases: 

˛ ˝ ˛ ˝ 

W (2) W (3) 
˙ ˆ 

b(2)
14.19 11.56 0.29 

= , = 5.85 −6.71 , = .
0.96 0.96 0 
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1 param d := 2; 
2 param p := 4; 
3 param nodes := 5; 
4 set LINKS := (1,3) (1,4) (2,3) (2,4) (3,5) (4,5) ; 
5 param init := 
6 1 3  1  
7 1 4 0.1 
8 2 3 0.1 
9 2 4 0.1 

10 3 5 0.1 
11 4 5 -1.0 ; 
12 param y := 
13 1 0 
14 2 1 
15 3 1 
16 4  0 ;  
17 param x : 1 2 := 
18 1 0 0 
19 2 0 1 
20 3 1 0 
21 4  1  1 ;  

Figure 7. AMPL data for the XOR NN. 

Evaluating the function f (x) at the four input points we obtain: 

  
0−10−6 

 
1.00 
1.00 

≈ 
 

1 
1 

f (x) =  = y, 

10−6 0 

showing the function is an excellent approximation to XOR. Having predicted and input 
values that are too similar (a situation known as overftting) is not always desirable, since 
the results for new different testing points may be incorrect. This issue is not relevant 
for the XOR problem, since we only have the four training points. 

Although modeling languages such as AMPL greatly simplify the formulation and 
solution of optimization problems (in particular, the symbolic computation of deriva-
tives), implementing a deep NN (i.e., one with many layers) can be challenging, as the 
objective function is a composition of multiple functions, each potentially using a dif-
ferent activation function. To address this complexity, several machine learning frame-
works have been developed, specifcally designed for modeling deep NNs. One of the 
most widely used is Google’s TensorFlow (Abadi et al., 2016). 

Figure 8 shows the implementation of the XOR problem using the Python interface 
to TensorFlow, called Keras (Chollet, 2017). Line 2 of the code imports the TensorFlow 
package. Lines 4–7 defne the training set and force the testing set to be identical to the 
training set. Lines 9–11 describe the structure of the network by defning the second and 
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1 import numpy as np 
2 import tensorflow as tf 
3 # XOR data 
4 X_train = np.array([ [ 0, 0], [0 ,1] ,[1 ,0], [1 ,1]]); 
5 y_train= np.array([0,1,1,0]); 
6 X_test= X_train 
7 y_test= y_train 
8 # create NN 
9 network = tf.keras.models.Sequential([ 

10 tf.keras.layers.Dense(2,activation=’sigmoid’,input_shape=(2,)), 
11 tf.keras.layers.Dense(1, activation=’linear’, use_bias= False) 
12 ]) 
13 # information about NN structure 
14 network.summary() 
15 # create optimization problem 
16 network.compile(optimizer=’sgd’, 
17 loss=’mean_squared_error’, 
18 metrics=[’accuracy’]) 
19 #solve optimization problem 
20 network.fit(X_train, y_train, epochs=100, batch_size=4) 
21 #retrieve optimal solution 
22 network.get_weights() 
23 # test NN 
24 results= network.evaluate(X_test, y_test) 
25 print(’test loss, test accuracy:’, results) 

Figure 8. Python code using TensorFlow for the XOR NN. 

third layers; the frst layer is omitted, as it simply passes the input data to the second 
layer. The second layer, defned in line 10, contains two nodes with the sigmoid acti-
vation function and receives two values from the frst layer. The output layer, defned 
in line 11, consists of a single node with an identity activation function (linear activa-
tion in Keras/TensorFlow notation) and no bias term. Line 14 produces a summary of 
the network structure, including the number of parameters to be optimized. This sum-
mary, shown in Figure 9, indicates that there are six parameters in the second layer (four 
weights in W (2) and two biases in b(2)) and two parameters in the output layer (the two 
weights in W (3), since b(3) = 0). In this case, the summary does not provide information 
about the frst layer because it is simply the identity function. Lines 6–8 defne the op-
timization problem, setting the MSE as the objective function and using sgd (stochastic 
gradient descent) as the optimization method. In addition to the objective function value, 
another metric, the accuracy (defned as the fraction of correctly classifed points in the 
testing set), is specifed in line 8 to monitor the optimization process. The optimization 
itself is performed in line 20, considering p ′ = 4 as the size of the mini-batch set P ′ , 
and T = 100 epochs. After the optimization, the optimal parameters are retrieved in 
line 22, and the accuracy and objective function value for the test data are reported in 
lines 24–25. 



Layer ( t ype) 

dense ( Dense) 

dense_l ( Dense) 

Total pa rams : 8 
Trai nabl e params : 8 
Non-t rai nabl e pa rams: 0 

Out put Shape 

( None, 2) 

( None, 1) 

Par am # 

6 
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Figure 9. Summary of the structure of the XOR NN. 

With the TensorFlow code of Figure 8, we obtain a solution with an objective func-
tion value of 0.41, an accuracy of 0.5, and the following optimal parameters: 

°˜°˜ ˝˛0.01 0.15 
0.05 0.14 

, W (3) = 
0.62

W (2) = , b(2) =0.01 −0.20 −0.70 
. 

From the accuracy value, it is evident that this solution is far from optimal. Indeed, 
evaluating the NN function at the four input points yields 

˘˙˘˙ 
0.0108 0 

f (x) =  
ˆ̂
ˇ 

0.1486 
0.0543 

��� °= 
ˆ̂
ˇ 

1 
1 
���= y. 

0.1417 0 

This result indicates that the quasi-Newton method used by MINOS clearly outperforms 
stochastic gradient descent as an optimization algorithm for this small NN. To obtain a 
better solution with TensorFlow, the size of the network must be increased. In particular, 
by replacing the sigmoid activation function of the second layer with a ReLU, increasing 
the number of nodes in the second layer to 15 (resulting in an optimization problem with 
62 parameters), and raising the number of epochs to 500, we obtain an accuracy of 1.0, 
although f (x) still exhibits signifcant discrepancies with y. In spite of these limitations, 
stochastic gradient descent and its variants are currently essential for the optimization of 
very large NNs. 

3.2. Neural network for the fashion-MNIST problem 

The fashion-MNIST problem was introduced in Xiao, Rasul, Vollgraf (2017). The goal 
of this problem is to classify a  set of images of garments into k = 10 categories: “T-
shirt/top”, “Trouser”, “Pullover”, “Dress”, “Coat”, “Sandal”, “Shirt”, “Sneaker”, “Bag”, 
and “Ankle boot”. The dataset consists of 70,000 images (60,000 for training and 10,000 
for testing), where each image is represented by a 28 × 28 matrix of pixels, and each 
pixel is a number in [0,255] corresponding to a grayscale intensity. In other words, the 
training set consists of 60,000 matrices of size 28 × 28, and a vector y ˝ R60,000, where 

https://intensity.In
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Figure 10. Example of a garment of category “Dress”. 

each component yi ∈ {1, . . . ,10} denotes the garment category. Figure 10 illustrates one 
of the images, corresponding to a garment of category “Dress”. 

For this multiclass classifcation problem, we consider a NN that, given a 28 × 28 
matrix corresponding to an image, returns a probability distribution f (x) ∈ R10, where 
the predicted garment category is selected as argmaxi=1,...,10 f (x)i. Figure 11 shows 
the Python code for this NN. Lines 4–10 read the dataset, declare the category names, 
and scale the pixel values from the range [0,255] to [0,1]. Lines 12–16 describe the 
structure of the network, which contains three layers. The input layer (line 13) simply 
reshapes the input matrix into a vector of 28 · 28 = 784 components, so this frst layer 
has 784 nodes; this operation is called fatten in the code. The hidden layer (line 14) 
contains 128 nodes and uses a ReLU activation function. The output layer (line 15) 
has 10 nodes and applies a softmax activation function. Lines 20–22 formulate the 
optimization problem, where adam (a modifcation of stochastic gradient descent) is 
used as the optimization algorithm, and cross-entropy is the objective function. More 
precisely, line 21 sets sparse categorical cross-entropy, which means that for an input 

iimage i with output value y = j, where j ∈ {1, . . . ,k}, this value is transformed into 
iy = e j, with e j being the j-th vector of the k-dimensional identity matrix. As in the XOR 

example, besides the objective function value, the accuracy is also used as a metric to 
monitor the optimization process (line 22). The optimization problem is solved in line 24 
considering 10 epochs. Finally, the accuracy is computed and reported in lines 26–27. 

Figure 12 shows the output produced by line 18 of the code in Figure 11. It can 
be observed that the input layer has no parameters, as it simply recasts the input matrix 
as a vector. The second layer has 100,480 parameters to optimize, corresponding to 
784×128 = 100,352 weights plus 128 biases. The last layer contains 1,290 parameters, 
128 × 10 = 1,280 weights plus 10 biases. Overall, the optimization problem involves 
101,770 variables. 

Once the optimization problem is solved, we obtain an optimal solution with an 
objective function value of 0.2391 and an accuracy of 0.9098. The accuracy for the 
testing data, reported by line 27, is 0.8797; that is, 87.97% of the test images are correctly 
classifed. Figure 13 shows the predictions made by the NN on a subset of 25 test images. 
All 25 images are correctly classifed. 
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1 import numpy as np 
2 import tensorflow as tf 
3 #load fashion-MNIST data 
4 fashion_mnist = tf.keras.datasets.fashion_mnist 
5 (x_train, y_train),(x_test, y_test) = fashion_mnist.load_data() 
6 #name labels 
7 class_names = [’T-shirt/top’, ’Trouser’, ’Pullover’, ’Dress’, ’Coat’, 
8 ’Sandal’, ’Shirt’, ’Sneaker’, ’Bag’, ’Ankle boot’] 
9 #scale pixels 0-255 to 0-1 

10 x_train, x_test = x_train / 255.0, x_test / 255.0 
11 #create NN 
12 model = tf.keras.models.Sequential([ 
13 tf.keras.layers.Flatten(input_shape=(28, 28)), 
14 tf.keras.layers.Dense(128, activation=’relu’), 
15 tf.keras.layers.Dense(10, activation=’softmax’) 
16 ]) 
17 #information about NN structure 
18 model.summary() 
19 #create optimization problem 
20 model.compile(optimizer=’adam’, 
21 loss=’sparse_categorical_crossentropy’, 
22 metrics=[’accuracy’]) 
23 #solve optimization problem 
24 model.fit(x_train, y_train, epochs=10, validation_data=(x_test,y_test)) 
25 #test NN 
26 results= model.evaluate(x_test, y_test) 
27 print(’test loss, test acc:’, results) 

Figure 11. Python code using TensorFlow for the fashion-MNIST NN. 

4. Convolutional neural networks 

CNNs (LeCun et al., 1998) are an extension of feedforward NNs, particularly suitable for 
image data (e.g., pictures, videos, and similar types of structured grids). CNNs introduce 
new types of layers in addition to the fully connected ones described in previous sections. 
Two of the most important types are the convolutional and pooling layers, which are 
outlined in the following two subsections. 

4.1. Convolutional layers 

Convolutional layers are applied to images, which can be represented as three-dimensional 
arrays of size t1 × t2 × t3 (or higher); such structures are referred to as tensors. Com-
monly, the last dimension has t3 = 3, meaning that the image is composed of three t1 × t2 
matrices of pixels. Each of these three matrices is referred to as a channel, corresponding 
to the RGB (red, green, blue) components of the image. The entry (i, j) in each channel 
gives the amount of red, green, or blue in pixel (i, j) of the image. 
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Figure 12. Summary of the structure of the fashion-MNIST NN. 

pre dic te d: An kle boot pre dic ted: P u llover pre dic te d:T rou ser pre dic te d: Trou ser pre dic ted: Sh irt 

pre dicte d: Trouse r pr e dicte d: Coa t pre dic te d: Sh irt pr e dicte d: San da l pre dic te d: Sn e a ke r 

pre dic te d: Coat pre dic te d: Sa n da l pre dic te d: San da l pre dic te d:D re ss pre dic te d: Coat 

pre dicte d: Trouse r pre dic ted: P u llover pre dic ted: Coa t pre dic ted: B ag pre dic ted: T-sh irt/ top 

pre dicte d: Pu llove r pre dic te d: Sa n da l pre dic ted: Sn e a ke r pr e dicte d: San da l pr e dicte d: Trou se r 

Figure 13. Predictions for some images. 

Convolutional layers consist of a set of matrices (called kernels or flters) of dimen-
sion h1 × h2 × h3, where h1 = h2 = h for a chosen h (typically 3, 5, or 7), and h3 = t3 

(in the case of RGB images, h3 = t3 = 3). These kernels scan the tensor that defnes the 
image in order to detect patterns. For the case of RGB images, the scan is performed 
over subtensors of dimension h × h × 3, moving from the frst corner of the tensor (top 
left of frst channel), to the last one (bottom right of last channel), and computing a linear 
combination of the subtensor with the kernel at each position. The kernel values are the 
parameters to be optimized in the NN. 

Figure 14 illustrates the convolutional operation for the case of an image with only 
one 4 × 4 channel, considering a 3 × 3 kernel K. For instance, for an image with the 
following particular channel 

 

A = 
 

0.5 0.7 0.2 1 
0.3 0.2 0.3 0.7 
0.1 0.8 0.1 0.9 
0 0.4 0.3 1 

 , (21) 

https://00.40.31
https://0.50.70.21
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Figure 14. Example of convolutional layer 

and a kernel 3 × 3,   
k11 k12 k13 K = k21 k22 k23 , 
k31 k32 k33 

the convolutional operation would provide a matrix R of size 2 × 2 with the following 
four entries: 

• For top left 3 × 3 submatrix of A: R11 = 0.5k11 + 0.7k12 + 0.2k13 + 0.3k21 + 
0.2k22 + 0.3k23 + 0.1k31 + 0.8k32 + 0.1k33. 

• For top right 3×3 submatrix of A: R12 = 0.7k11 +0.2k12 +1k13 +0.2k21 +0.3k22 + 
0.7k23 + 0.8k31 + 0.1k32 + 0.9k33. 

• For the bottom left 3×3 submatrix of A: R21 = 0.3k11 +0.2k12 +0.3k13 +0.1k21 + 
0.8k22 + 0.1k23 + 0k31 + 0.4k32 + 0.3k33. 

• For the bottom right 3 × 3 submatrix of A: R22 = 0.2k11 + 0.3k12 + 0.7k13 + 
0.8k21 + 0.1k22 + 0.9k23 + 0.4k31 + 0.3k32 + 1k33. 

The resulting matrix after the convolution operation with the kernel has dimension (t1 − 
h + 1) × (t2 − h + 1). If layer j of the NN is a convolutional layer with d j nodes, then 
the number of resulting matrices in this layer is d j. Since for each of these d j nodes, 
kernels of size h × h × t3 are required, plus one bias, the total number of NN parameters 
to optimize for layer j is d j(t3h2 + 1). In state-of-the-art NN frameworks, the kernel is 
also allowed to move more than one pixel (horizontally and vertically) across the channel 
matrices during the convolution operation. This pixel step size is called the stride. To 
simplify the exposition, we assume a stride of one in the examples above and below. 
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Figure 15. Example of max pooling layer 

After the convolution operation is performed, the activation function of the layer is 
applied to each entry of the resulting matrix. 

4.2. Pooling layers 

Pooling layers are used to reduce the dimensionality of the data, allowing faster compu-
tations, freeing memory, and helping to prevent overftting. These layers do not add new 
parameters to the NN; they simply apply a specifc function to submatrices of the input 
matrices. Commonly used functions include the max function, which returns the max-
imum value of each submatrix, and the average function, which returns the mean of its 
values. For example, if layer j of the NN is a pooling layer that receives matrices of size 
t × t from layer j − 1, and the size of the pooling operation is h (assuming h divides t), 
then the matrices generated by layer j will have dimension t/h × t/h. Pooling layers are 
typically placed after convolutional layers to reduce their output dimensions. Figure 15 
illustrates a max pooling operation of size 2 on a 4 × 4 matrix. 

As an example, for matrix (21), applying a max pooling operation of size 2 yields 
the resulting matrix 

˜ 
R11 R12 

° 
R11 = max{0.5,0.7,0.3, 0.2}, R12 = max{0.2,1,0.3,0.7},

R = , where
R21 R22 R21 = max{0.1,0.8,0,0.4}, R22 = max{0.1,0.9,0.3, 1}. 

Although the max function is not differentiable, NNs are still optimized using stochastic 
gradient methods, since it is piecewise linear and differentiable almost everywhere. 
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1 import tensorflow as tf 
2 from tensorflow.keras import datasets, layers, models 
3 import numpy as np 
4 #load data 
5 (train_images, train_labels), (test_images, test_labels) = datasets. 

cifar10.load_data() 
6 #name labels 
7 class_names = [’airplane’, ’automobile’, ’bird’, ’cat’, ’deer’, 
8 ’dog’, ’frog’, ’horse’, ’ship’, ’truck’] 
9 # scale pixels from [0,255] to [0,1] 

10 train_images, test_images = train_images / 255.0, test_images / 255.0 
11 #create NN 
12 m = models.Sequential() 
13 m.add(layers.Conv2D(32,(3,3),activation=’relu’,input_shape=(32,32,3))) 
14 m.add(layers.MaxPooling2D((2, 2))) 
15 m.add(layers.Conv2D(64, (3, 3), activation=’relu’)) 
16 m.add(layers.MaxPooling2D((2, 2))) 
17 m.add(layers.Conv2D(64, (3, 3), activation=’relu’)) 
18 m.add(layers.Flatten()) 
19 m.add(layers.Dense(64, activation=’relu’)) 
20 m.add(layers.Dense(10,activation=’softmax’)) 
21 #information about NN structure 
22 m.summary() 
23 #create optimization problem 
24 m.compile(optimizer=’adam’, 
25 loss=’sparse_categorical_crossentropy’, 
26 metrics=[’accuracy’]) 
27 #solve optimization problem 
28 m.fit(train_images, train_labels, epochs=10, 
29 validation_data=(test_images, test_labels)) 
30 #test NN 
31 results = m.evaluate(test_images, test_labels, verbose=2) 
32 print(’test loss, test acc:’, results) 

Figure 16. Python code using TensorFlow for the CIFAR-10 CNN. 

5. An illustrative application of convolutional neural networks 

To illustrate the use of CNNs we consider the CIFAR-10 dataset (Krizhevsky, 2009). 
CIFAR-10 contains 60,000 color images, 50,000 for training and 10,000 for testing. 
Each image consists of three 32 × 32 pixels matrices, each matrix corresponding to one 
of the RGB channels. As in the fashion-MNIST problem, the goal is to classify the color 
images into k = 10 categories: "airplane", "automobile", "bird", "cat", "deer", "dog", 
"frog", "horse", "ship", and "truck". 

The CNN for the CIFAR-10 problem is a composition of nine functions, that is, 
f (x) = ϕ(9)(ϕ(8)(...ϕ(2)(ϕ(1)(x))...)), where each function (layer) is as follows: 

• The frst (input) layer simply takes the three RGB channels of an image and passes 
them to the second layer. Hence, ϕ(1) : R32×32×3 → R32×32×3. 

• The second layer is a convolutional layer with 32 kernels (and thus 32 nodes) of 
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size 3 × 3 × 3, followed by a ReLU activation function. The 32 output matrices 
have dimensions 30 × 30. Hence, ϕ(2) : R32×32×3 → R30×30×32. The NN parame-
ters to be optimized include the kernel weights and the node biases, which amount 
to 32 · 3 · 3 · 3 + 32 = 896. 

• The third layer is a max pooling layer of size 2 × 2; thus, the dimensions of the 
matrices generated by the second layer are halved. Therefore, ϕ(3) : R30×30×32 → 
R15×15×32 . 

• The fourth layer is another convolutional layer with 64 kernels (64 nodes) of size 
3 × 3 × 32, with a ReLU activation function. The 64 output matrices have dimen-
sions 13 × 13. Hence, ϕ(4) : R15×15×32 → R13×13×64. The NN parameters to be 
optimized include the kernel weights and the 64 node biases, which amount to 
64 · 3 · 3 · 32 + 64 = 18,496. 

• The ffth layer is another max pooling layer of size 2 × 2. Therefore, it halves the 
dimensions of the matrices generated by the fourth layer, and ϕ(5) : R13×13×64 → 
R6×6×64 . 

• The sixth layer is the third convolutional layer, with 64 kernels (and thus 64 nodes) 
of size 3 × 3 × 64, followed by a ReLU activation function. The 64 matrices gen-
erated by this layer have dimensions 4× 4. Therefore, ϕ(6) : R6×6×64 → R4×4×64. 
The NN parameters to be optimized are the kernel weights and the 64 node biases, 
that is 64 · 3 · 3 · 64+ 64 = 36,928. 

• The seventh layer simply recasts the 64 4 × 4 matrices produced by the previous 
layer into a vector (fatten operation) of size 4 · 4 · 64 = 1,024. Hence, ϕ(7) : 
R4×4×64 → R1,024 . 

• The last two layers (eighth and ninth) are standard fully connected layers of a 
feedforward NN. The frst of them has 64 nodes and a ReLU activation function. 
Therefore, it adds 1,024 · 64 = 65,536 weights and 64 biases (a total of 65600 pa-
rameters) to the optimization problem. The last layer has 10 nodes and a softmax 
activation function, thus adding 64 · 10 + 10 = 650 parameters to the NN. Hence, 
ϕ(8) : R1,024 → R64 and ϕ(9) : R64 → R10 . 

From the previous description, the total number of parameters in the optimization prob-
lem is 896 + 18,496 + 36,928 + 65,600 + 650 = 122,570. Figure 16 shows the Python 
code for solving the CIFAR-10 problem using TensorFlow. The structure of the CNN is 
defned in lines 12–20, one line per layer, except for line 13, which defnes the frst con-
volutional layer and implicitly the input layer as well. The rest of the code follows the 
same structure as in the fashion-MNIST example. The summary of the CNN produced 
by line 22 is shown in Figure 17; it can be observed that the dimensions and number of 
parameters to be optimized in the different layers are exactly as described above. 

Once the optimization problem is solved using the cross-entropy objective function, 
we obtain an objective function (loss) value of 0.5891 and accuracies of 0.7889 and 
0.6976 for the training and testing sets, respectively. Figure 18 shows the predictions 
made by the CNN for a subset of images. Although some errors remain, most images 
are correctly classifed. 
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Figure 17. Summary of the CNN. 

predicted: cat predicted: ship predicted: ship predicted: airplane predicted: frog

predicted: frog predicted: automobile predicted: frog predicted: cat predicted: automobile

predicted: deer predicted: truck predicted: dog predicted: horse predicted: truck

predicted: ship predicted: dog predicted: horse predicted: ship predicted: frog

predicted: horse predicted: airplane predicted: airplane predicted: truck predicted: deer

Figure 18. Predictions for some images. 
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6. Applications of neural networks in operations research 

NNs have several applications in OR algorithms, for instance: 

• Predicting good solutions or heuristics. NNs can predict near-optimal decisions 
(e.g., routing choices or resource allocations) instead of solving optimization mod-
els from scratch. 

• Learning objective or constraint structures. In complex systems where the true 
objective or constraints are unknown or hard to model (for example, demand fore-
casting in supply chains), NNs can learn these relationships directly from data. 

• Combining with classical solvers (hybrid approaches). For example, a NN can 
help generate feasible starting points or parameter settings for mixed-integer pro-
gramming solvers, cutting planes, or metaheuristics. 

Most applications of NNs in OR focus on heuristics for combinatorial optimization 
problems, including vehicle routing, knapsack, and assignment problems. These NN-
based heuristics may follow several strategies, two of the most common being: 

• Supervised learning (or data-driven approaches): a NN is trained on pairs of prob-
lem instances and their corresponding (optimal or heuristic) solutions, and later 
used to predict near-optimal solutions for new instances. 

• Reinforcement learning: the NN acts as an agent that iteratively learns to make 
good decisions by interacting with an environment. 

A discussion of these NN-based heuristics can be found in the recent survey Bengio et 
al. (2021). 

For illustration purposes, the next subsection shows how NNs can be used to con-
struct a simple data-driven heuristic for the knapsack problem. It is worth remarking that 
our purpose is not to promote the use of NNs for OR problems. Indeed, NNs have several 
limitations in this context: (1) they usually provide only approximate solutions rather 
than optimal ones; (2) they require large training datasets; and (3) the interpretability 
and feasibility of their solutions can be problematic for strict OR models with hard con-
straints. In addition, for most problems, classical optimization solvers (such as CPLEX) 
remain far superior. 

6.1. Supervised learning for the 0–1 knapsack problem 

Consider a dataset of N independent instances of the 0–1 knapsack problem. Each in-
stance j contains n items with given values vi

j > 0, weights wi
j > 0, and capacity C j > 0, 

for i = 1, . . . ,n and j = 1, . . . ,N. Therefore, the optimization problem for instance j is: 
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n 

v j j 
i xmax ∑ i 

x j 
i=1 

n 

w 
(22) 

i
jxi

j ≤C j,∑s. to 
i=1 

jxi ∈ {0,1}, i = 1, . . . ,n. 

nFor each instance j, an optimal binary solution x ∗ j ∈ {0,1} can be obtained exactly 
using a standard solver (such as CPLEX). These optimal solutions are used as training 
labels in a supervised learning framework. 

For every item i in instance j, we defne a feature vector zi
j ∈ R4 as 

˜ ° j j j j j jzi = vi , wi , vi /wi , wi /C j , (23) 

∗ jand associate it with the corresponding optimal label x . The resulting training set isi 
therefore ˛ ˝j ∗ j(z ) , i = 1, . . . ,n, j = 1, . . . ,N , (24)i ,xi 

which contains Nn labeled samples. 
A small feedforward NN f : R4 → (0,1) is trained to approximate the probability

jthat item i belongs to the optimal knapsack solution. Given the feature vector zi , the 
network predicts f (zi

j;θ), which is interpreted as the probability of including item i in 
the solution. The model parameters θ are estimated by minimizing a suitable objective 
(loss function) over the entire dataset, as done in the examples of the previous sections. 

Once trained, the network can be used to make fast approximate decisions for new 
jknapsack instances. Given the predicted probabilities f (zi ) for a new instance j, a  

jfeasible binary solution is obtained by sorting items according to f (zi ) (or the ratio 
j j j j jf (zi )vi /wi ) and selecting them greedily as long as the capacity constraint ∑n

i=1 wi xi ≤ 
C j is satisfed. 

The previous heuristic has been implemented in Python. The full code is not included 
here for space reasons, but it is freely available from the corresponding author. AMPL 
and CPLEX are used to defne and solve knapsack problems exactly in order to obtain 
a training set of N = 500 instances, each with n = 10 items (thus 500 ·10 = 5,000 data 
points), and a testing set of 50 additional instances with the same number of items. The 
NN considered has four layers: an input layer with four nodes, two hidden layers with 64 
nodes and ReLU activation functions, and an output layer with one node and a sigmoid 
activation that returns the estimated probability of an item being in the optimal solution 
of its corresponding instance. 

For the 50 · 10 = 500 items in the testing set, using the naive rule that selects an 
jitem if its predicted probability f (zi ) exceeds 0.5, the accuracy of the NN lies in the 

range 85%–90%; that is, 85%–90% of the items predicted as optimal by the NN are in-
deed optimal in the exact solution of the instance. Using the more sophisticated greedy 

jheuristic described above (i.e., sorting items by f (zi ) and selecting them greedily as 
long as the capacity constraint is satisfed) leads to better results. For example, for 
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the instance with objective coeffcients v = [82,70,8,67, 28,99,71,25,13,54], weights 
w = [14,14,18,11,9,3,3,10,6,7], and capacity C = 38, the heuristic produces the solu-
tion x = [1,0,0,1,0,1,1,0,0,1], which coincides with the optimal solution returned by 
CPLEX. 

This simple supervised learning approach illustrates how NNs can approximate clas-
sical optimization rules (e.g., selecting items by decreasing value-to-weight ratio) through 
data-driven training, while providing a bridge between exact combinatorial optimization 
and predictive modeling. 

7. Conclusions 

In a didactic manner, this work has illustrated the origin of the optimization problems 
underlying modern deep NNs. We have shown that, due to the large composition of 
functions involved, standard modeling languages used in OR and optimization (such as 
AMPL) can only be conveniently applied to shallow NNs, and that specialized tools 
(such as TensorFlow) are required to model and optimize more complex architectures. 
Intentionally, we have left aside more theoretical aspects, aiming instead to provide an 
accessible introduction to the feld of deep NNs for operations researchers. 

In addition, a simple NN-based heuristic for the knapsack problem has illustrated 
how neural models can be combined with classical OR tools to obtain fast, data-driven 
approximations to combinatorial optimization problems. Because NNs are trained through 
stochastic gradient–based optimization, these heuristics can be interpreted as an ap-
proach based on unconstrained optimization for generating approximate solutions to 
combinatorial optimization problems. This connection emphasizes once more the central 
role of optimization in the design, training, and practical use of modern neural network 
techniques. 
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